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Abstract

:

In this paper, the authors present the design of a suitable gear transmission with the continuously changing gear ratio in the range from 0.5 through 1.0 to 2.0 and back during one revolution of intermeshing gears, according to demands specified for a practical application. The gear train was designed as a pair of identical elliptical gears and the design procedure of the suitable pitch curve (ellipse) is described. The center of rotation of each of the gears is coincident with one of the pitch ellipse foci, so the gears are placed eccentrically. The gear teeth have involute profiles, but the involutes for the active and for the passive tooth sides are different. These are gears with an asymmetrical tooth profile. In the final part, the paper deals with kinematical characteristics of the designed non-circular gear transmission, which differ from the kinematical characteristics of standard circular gear transmissions with a constant gear ratio.
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1. Introduction


Gears are one of essential components of machines and mechanisms. They are still very important elements in machine design and are irreplaceable in many cases. Gears were known and used by mankind even before the current era (BCE), mainly in the propulsion of water mills, for pumping water or lifting heavy loads. There is evidence of the knowledge in the works of Aristotle (384–322 BCE), who knew gear transmissions. The mathematician and physicist Archimedes (287–212 BCE) used gear transmissions in order to pump water (Archimedes’ winch, 278 BCE). The oldest findings of gears, which were parts of the first mechanisms, include the remains of the planetarium mechanism from the first century BCE found near the island of Antikythera. A lot of gear transmissions used today were found in the schemes of Leonardo da Vinci (1452–1519) [1].



The non-circular gears were invented and designed a long time ago by predecessors of today’s engineers. The first record of such a gear was a sketch by Leonardo da Vinci. Non-circular gears were mainly used in specific mechanical devices, such as clocks and toys. Later, in the 19th century, mechanical engineer Franz Reuleaux sought these types of gears to help him understand kinematics, for which he ordered a series of non-circular gear models at Gustav Voight´s “Mechanische Werkstatt” in Berlin. Back then, the gear’s tooth shapes were simplified. Therefore, in all cases the meshing conditions were incorrect [2,3].



In practice, “standard” gear transmissions are used the most commonly. They can be characterized by a constant gear ratio. This means that when the drive gear rotates, the driven gear also rotates evenly, so the gear ratio has to be constant during one revolution. The teeth of these “standard” gears have the same shape on one gear and the teeth profile is symmetrical (in exceptional cases also asymmetrical) [4].



Gear transmissions, whose gear ratio is not constant during one revolution, also find their applications in practice [5]. Such gear transmissions are used, for example:




	
in flying drum shear drives as a synchronization mechanism which operates in acceleration-deceleration mode. In the period between two cuts, the blades are accelerated to the belt feed speed and decelerated again after shearing to gain time between cuts, which determines how much of the belt was fed at a given speed [6],



	
in the textile industry, in order to optimize processes by improving the kinematics of machines,



	
in the drives of window shade panels, in order to generate vibrations, which interfere with the natural oscillations and cancel them out [7],



	
in machines for forging, for optimizing the work cycle parameters (reducing the pressure dwell time),



	
non-circular gears have their application in oval gear flowmeters,



	
in the automotive industry, for example in VW diesel engines, where the manufacturer reduced the load of the belt by the use of multiple atypical design elements, which also included a non-circular gearing with “nonidentical” teeth.








A non-circular transmission is the most used transmission for providing a periodically variable ratio [8]. Its advantage is that it can also provide a special motion, designed according to the equation of the motion. Nowadays, the non-circular gear set contains non-circular cylindrical gears and non-circular bevel gears with variable gear ratio [9,10,11,12,13]. A variable transmission ratio can also be achieved using a set of planetary gear transmissions [3].



The problem of the non-circular gear is currently devoted to several contributions. The design of non-circular gear transmission is solved in [14,15]. The design of a planetary mechanism with non-circular gear transmission is solved in [16,17]. Kinematic analysis of non-circular gears is presented in research papers [18,19]. The manufacture of non-circular gears is presented in research paper [20].



The work presented in this paper deals with the design of the geometrical model of a nonstandard eccentric elliptical gear transmission with a continuously changing gear ratio for specific parameters and with the description of its meshing, velocity and force relations.




2. Materials and Methods


2.1. Characteristics of Demands on the Gear Transmission with Changing Gear Ratio


According to demands specified by the customer for his practical application, it was necessary to create the geometrical model of a gear transmission with continuously changing gear ratio so that given transmission meets the conditions for the correct mesh of the gears. At the design of this gear transmission, the following conditions needed to be taken into consideration:




	
the gear set had to be made up of two identical gears,



	
the gear ratio has to change harmonically in the range from u = 0.5 through 1.0 to 2.0 and back during one revolution of the intermeshing gears,



	
the number of teeth of the gears z1 = z2 = 24,



	
the standardized value of the gearing module mn = 3.75 mm,



	
the axial distance a = 90 mm,



	
the pressure angles αn = 20°,



	
intended for one sense of rotation.








In order to illustrate the issue, the customer provided also a “roughly manufactured” gear set (Figure 1). The provided gears did not meet the conditions for correct mesh.




2.2. Conditions of Correct Meshing of Gears


The quality of gear transmissions is determined mainly by their geometrical design [21]. In the case of an incorrect geometrical design, even the use of highest quality materials does not ensure the reliability of a gear transmission. On the contrary, the excellent geometrical design of a gearing can sometimes save the costs of an expensive material [22,23].



For the design of correctly intermeshing gears without a backlash, the essential conditions of correct meshing have to be fulfilled, according to [24,25]:




	
The condition of common profile normal at each mesh point of intermeshing gears, which has to pass through the pitch point.



	
The condition of mesh continuity, which means the condition of the existence of the mesh of two consecutive profiles. Providing that the pitches measured on both working circles of two intermeshing gears (for standard circular gears) are equal, this condition is fulfilled.



	
The condition of the contact of teeth along the whole face width of a gearing. Providing that the helix angles on working circles are equal, this condition is fulfilled.



	
The condition of circumferential velocities, which means the projections of circumferential velocities to the common profile normal have to be equal in each mesh point.



	
The condition of working circle contact (the sum of the working radiuses of intermeshing gears in each mesh point equals the center distance).








The industrial standard for the involute tooth shape has been chosen for non-circular gears. Therefore, involute gearing standards and methods, which already exist, can be used and adopted [26]. Basic conditions that are required of the gearing determine the correct design for the meshing. The profiles of the teeth forming a shape bond are designed to retain a requirement for continuous meshing [27]. Transmitting of a uniform rotary motion between shafts using gear teeth, requires the normals to these teeth profiles. Every point of contact has to intersect with a virtual fixed point. For transmission of rotary motion between two shafts by gear teeth means, the instantaneous normals of the teeth profiles have to pass through a virtual fixed point [28,29].



Figure 2 represents non-circular gears like cylinders rolling together without slipping and given addendum undergone no modification. This means that nominal axle distance is applied. The gear set are depicted by the pitch curves k1 and k2, which have centers in the points O1 and O2. The pitch curve radii r1(φ) and r2(φ), which are variable, are determined for the non-circular gear set with gear ratio:


  i  ( φ )  =    d φ     d ψ    =  1    ψ ′    ( φ )    = −    r 2   ( φ )     r 1   ( φ )    =    ω 1   ( φ )     ω 2   ( φ )    ,  



(1)




where ω1(φ) and ω2(φ) represent functions for the angular velocity of the gear 1 and 2.



Equation for the center distance is the following:


  a = constant =  r 1   ( φ )  +  r 2   ( φ )  ,  



(2)




where ψ´(φ) is the transmission function, which describes pitch curves of the non-circular gear set relation.




2.3. Velocity Relations in Ideal Intermeshing Spur Gears


Standard (circular) spur gears perform a rotary motion of angular velocities ω1,2 about their axes of rotation. Individual points of gears move in circular paths at the circumferential velocity, which is determined in the central point of mesh C by the distance of pitch radii r1,2 according to the equation [30]:


  v =  v 1  =  v 2  =  r 1 X  ∗  ω 1  = −  r 2 X  ∗  ω 2  ,  



(3)




where r1X and r2X represents connecting lines of the point X to the centers of rotation O1 and O2 (Figure 3).



The circumferential velocity of intermeshing gears is an important indicator in the velocity relations. Depending on the circumferential speed (v), gears can be divided into three groups: low-speed gears (v ≤ 5 m.s−1); medium speed gears (5 m.s−1 < v < 20 m.s−1) and high-speed gears (v ≥ 20 m.s−1) [31].



In any mesh point X on the line of action τ, the circumferential velocity of the point of contact of the driver (with the center of rotation in the point O1) is v1 and the circumferential velocity of the point of contact of the driven gear (with the center of rotation in the point O2) is v2 (Figure 3). The directions of these velocities are perpendicular to the connecting lines r1X r1X and r2X of the point X to the centers of rotation O1 and O2.



In the transverse plane, the velocities v1 and v2 can be decomposed into two perpendicular components, according to the equations:


     v →   1  =    v →   b  +    v →    p 1     and      v →   2  =    v →   b  +    v →    p 2    



(4)







The velocities vp1 and vp2 are sliding velocities. They are situated on the common tangent to the profiles of both gears and are perpendicular to the line of action. The velocity vb is a driving velocity. It is situated on the line of action τ and it is the velocity of the point X, which is moving in the path of action (in the straight line τ).



From the condition of the continuous contact of the profiles of both teeth in any point X on the line of action, it follows that the driving velocity vb of both intermeshing gears has to be equal.



The sliding velocities vp1 and vp2 are not equal and their vector subtraction equals the relative velocity of the instantaneous mesh point vs:


   v  s 21   =  v 2  −  v 1  =  v  p 2   −  v  p 1   = −  v  s 12    



(5)







The velocities v1 and v2 are circumferential velocities on the radii r1,2X and their magnitude is given by Equation (3). The velocity vb follows from velocity triangles and using Equation (3) we acquire:


   v b  =  v 1  ∗ cos  α 1 X  =  v 2  ∗ cos  α 2 X  =  r  b 1      ∗ ω   1  = −  r  b 2      ∗ ω   2   



(6)







The velocities vp1 and vp2 follow from velocity triangles:


   v  p 1   =  v 1  ∗ sin  α 1 X  =  r 1 X  ∗ sin  α 1 X  =  ρ 1     ∗ ω   1   



(7)






   v  p 2   =  v 2  ∗ sin  α 2 X  = −  r 2 X  ∗ sin  α 2 X  = −  ρ 2     ∗ ω   2  ,  



(8)




where ρ1,2 are the radii of curvature in the mesh point X. In Equation (7) are the minus signs in order to the corresponding velocities were positive with regard to the sense of r2X and ω2.



That means that the projections of the circumferential velocities v1 and v2 in any point of mesh onto the common normal have to be equal, while the circumferential velocities consist of the driving velocity vb and the sliding velocities vp1 a vp2, which lie on the common tangent to the profiles of both gears and thus perpendicular to the line of action.





3. Results and Discussion


3.1. Design of the Pitch Curve Shape


These non-circular gear sets were developed considering the law of motion of the driven gear, for variable gear ratio and the elliptical shape of pitch curve of the driving gear wheel [32].



The first step in a gearing design is the design of a pitch curve. Regarding “standard“ gears, the pitch curve is created by a pitch circle with the center situated on the axis of rotation.



Based on the results of the solution of the given problem using gears with circular shape and eccentrically placed centers of rotation, the elliptical shape of the gears was chosen. The geometrical gear wheel center is not same as the rotation center of this gear wheel. The center of rotation of the gear was chosen in the focus of the ellipse. The dimensions of the chosen pitch ellipse of the gear are visible in Figure 4.



The length of the semimajor axis of the pitch ellipse ae = 45 mm was computed from the given axial distance a = 90 mm. The centers of rotation of the gears O1 and O2 were determined according to the demand to create a transmission with the time-variable gear ratio in the range from 0.5 through 1.0 up to 2.0. When r1 + r2 = 90 mm, where r1 = r2 and r2 / r1 = 1.0, the gear ratio equals 1.0 and the length of the semiminor axis of the ellipse be can be determined: be = 42.426 mm (Figure 4). The points O1 and O2 are the foci of the pitch ellipses as well. According to the property of an ellipse, which is true for each point X of the ellipse, the sum of the distances O1X and O2X equals the twice the length of the semimajor axis, in this case the sum equals the axial distance.



In Figure 5, the pitch ellipses of the eccentrically placed intermeshing elliptical gears and also the pitch ellipse division into 24 pitches (according to the number of teeth z = 24), which are equal in length, are shown. Both gears are identical, therefore the same marking of teeth was chosen on both intermeshing gears. The rotational speed of the driving elliptical gear wheel has the symbol n1 in the Figure 5, n2 is the rotational speed of the driven wheel.



There are values of pitch radii and values of variable gear ratio for designed elliptical gear set in Table 1.



In Table 1 are the values of pitch radii, in particular mesh points, denoted by the symbols r1-i or r2-j where the index 1 stands for the driving gear, index 2 for the driven gear, index i, or j is the order number of the mating tooth (Figure 5) at one revolution of the driving and driven gear. This table shows the variable gear ratio of the intermeshing gears as well, in the range from 0.5 (the first pair of teeth mates, the tooth 24 of the driving gear is in mesh with the tooth 12 of the driven gear) through the gear ratio = 1.0 (if the tooth 6 of the driving gear is in mesh with the tooth 6 of the driven gear), up to the gear ratio = 2.0 (if the tooth 12 of the driving gear is in mesh with the tooth 24 of the driven gear) and back through the gear ratio = 1.0 to the gear ratio = 0.5.



For each tooth, the pitch ellipse has to meet the condition that the sum of radii equals the axial distance:


   r  1 − i   +  r  2 − j   = a = 90 mm  



(9)







The pitch ellipse is given by the parametric equations (φ is the eccentric anomaly of an ellipse   φ ∈ 0 , 2 π  ) [33]:


      x =  a   e      ∗ cos φ       y =  b   e      ∗ sin φ      



(10)







The length of the semimajor axis of the ellipse is ae = 45 mm, which is the half of the axial distance. The length of the semiminor axis is determined by the distance of 45 mm from the focus (Figure 3), which position was determined considering the needed gear ratio. The length of the semiminor axis was computed according to the formula:


   b e  =    a e 2  −    (   a e  − 30  )   2    = 42.426407 mm  



(11)







The numerical eccentricity of the ellipse [34]:


       a e 2  −  b e 2       a e    = 0.3333 mm ,  



(12)




where ae—semimajor axis of the ellipse (mm), be—semiminor axis of the ellipse (mm).




3.2. Creation of the Geometrical Model of the Elliptical Gear Set


The tooth side profile curve consists of two portions, the involute and the non-involute portion. Only the involute portion of the tooth profile is allowed to be active during meshing of a gear [35]. The function of the non-involute portion of the tooth profile is to create a smooth rounded transition between the involute portion of the toothing and the root cylinder.



In general, an involute is created as the trajectory of a point on a piece of taut string as the string is unwrapped from a curve. The geometrical locus of the curvature centers of an involute is called evolute (Figure 6).



Regarding standard involute gears, in order to create the teeth profiles the involute is used, of which the evolute is a circle. Therefore, the created straight line is the normal of the involute and also the tangent to the base circle (evolute) with the point of contact in the curvature center of the involute. In this case, the involute is unambiguously determined by one parameter, namely the base circle radius.



In the first solution, the involute was created by rolling the created straight line on the base circle despite fact that in this case we dealt with elliptical gears. The center of the base circle was always coincident with the center of rotation in the eccentrically placed gear. It means that an involute was created by each central point of rolling. The involute was created by rolling the created straight line on the base circle of variable diameter according to the relation:


   d  bi   =  d i  ∗ cos  α   n       



(13)




where di is the pitch circle size for individual teeth and the pressure angle in the normal plane αn = 20° (Figure 7). For the drawing of the involute portion of the tooth side profile, the trochoidal method of involute construction was used.



The diameters of the base circles for the left and the right side of a tooth are different. The resulting shape of the gear created this way is shown in Figure 8a and it is identical with the shape of the model provided by the customer. These gears are not functional (Figure 8b), because the teeth interfere and the conditions of correct meshing are not met.



Based on this finding, a more accurate tooth design was needed, so the involute portion of the tooth side profile was created by rolling the tangent on the base ellipse as the trajectory of a point. For this solution, the first step of constructing the involute portion of the teeth side profiles was the construction of tangents in the central points of contact on the pitch ellipse.



In order to create the tangents, a separate construction was used (Figure 9). In Figure 9, the construction of the normal (denoted by the letter n) and the tangent (denoted by the letter t) for the active side of the tooth denoted by the number 4 in the central point of mesh of this tooth, so the construction of the normal and tangent to the pitch ellipse is shown. The points 1p, 2p, 3p, etc., marked in red are the points for the passive sides of individual teeth. The center of rotation of the gear is denoted by the letter O. This center is also one of the foci—F1 of the pitch ellipse. The second focus of the pitch ellipse is denoted by the symbol F2.



The second step was the determination of the evolute of the involute, so the geometrical locus of the points Ni as the last points of mesh (Figure 10).



Therefore, it was necessary to construct straight lines tilted at the pressure angle αn = 20° in the central point of mesh for each tooth individually and to determine the position of the involute curvature centers Si and Spi (for the left and also right side of each tooth). The curvature centers of the ellipse lie on the normal and they are determined by the curvature centers rie.


   r  ie   =  1   a e 4   b e 4         (   a e 4   y i 2  +  b e 4   x i 2   )   3     



(14)




where xi, yi are the coordinates of a point on the pitch ellipse. The left and the right side of each tooth were solved individually. The points Ni for the right sides of the teeth determine the evolute. The points Npi determine the second evolute for the left sides of the teeth. Figure 10 illustrates the construction of the evolutes for the left and right side of the tooth number 4.



In Figure 11 is the trochoidal method of construction of the involute curve of the tooth side profile if the evolute of the involute is the ellipsis.



Using the trochoidal method of involute construction (Figure 11), the points of the involute for each side of a tooth were laboriously created. The more involute points are created using the above described trochoidal method, the more accurate the shape of the involute portion of the tooth side profile we acquire.



The difference in the construction of these tooth profiles from the reference [36] is in the formation of the active curve of the tooth profile. The methods of involute construction used in the references used the base circle as the evolute. The procedure described in this article is different. The evolute has the shape of a (basic) ellipse (Figure 11). The difference in the procedure is also visible in the position—the location of the wheel teeth with respect to the center of rotation. The principal difference between the shape of teeth due to the differential creation of the involute is in Figure 12.



A root transition is the surface between the involute surface of a tooth and the root cylinder. The function of the non-involute portion of the profile of a tooth is to create a smooth transition between the involute portion of the toothing and the root cylinder. It is a very important region, because it determines considerably the flexural strength and the interference phenomena during meshing [37]. The shape of the non-involute portion of the profile of a tooth depends on the manufacturing method of the toothing. The manufacture of a toothing by a rack cutter is one of the most used manufacturing methods, where the non-involute portion of the tooth side profile is the envelope of the positions of the rack cutter which rolls on the pitch circle of a gear. Such creation of the non-involute portion of the tooth side profile is not suitable for the given elliptical eccentrically placed gear. For the geometrical design, the following formula for computing the fillet radius of the non-involute portion of the tooth side profile was used [38]:


   r f  = 0.38  m n   



(15)




where mn is the module in the normal plane. For spur gears (with straight teeth), the value of mn equals the value of the module in the transversal plane, mn = mt = m. Non-involute portions of the tooth profile (its left and right side) were constructed using the same fillet radius rf = 1.425 mm.



By connecting the involute and the non-involute portion of a tooth side profile we create one tooth side profile. In order to create one complete tooth profile, we need further inputs such as the dimensions of the tip and root cylinders (for circular gears) which create the height boundaries of the tooth. In the case of the created model of the elliptical gear set with eccentrically placed centers, the dedendum is determined by the pitch ellipse offset in the distance of 1.25 times of the module value in the normal plane (Figure 13). The addendum does not equal the module, because the involute and the non-involute portion of the tooth side profile would be in mesh. The addendum has to be reduced so that the correct mesh of the intermeshing gears occurs.



Based on the tooth contact analysis, it was necessary to adjust the height of the addendum. Three-dimensional contact analysis in SolidWords was used. The reduction in height of addendum is shown in Figure 14. The design of parameters for gear dimensions was based on the modulus value mn = 3.75 mm. This module was specified by the customer. The tooth dedendum is hf = 1.25mn. The addendum of the tooth was modified, its value was reduced from value ha = mn = 3.75 mm to value ha = 3 mm.



The difference between the tooth profile of the designed elliptical gear set and the tooth profile of the standard spur gear is shown in Figure 15. The profile of spur gear tooth with the number of teeth z = 24 and the module mn = mt = m = 3.75 mm is drawn using black color. The profile of the tooth denoted by the number 6 in the central point of mesh (Figure 5) is drawn using red color. At the mesh of the tooth with the intermeshing gear, the gear ratio u = 1 of the designed elliptical gear set is achieved.



Standard spur teeth are teeth with a symmetrical profile. Left and right active—involute curve has the same shape. The teeth of the designed non-circular gear have an asymmetrical tooth profile. The left involute curve of the tooth profile is different from the right. In Figure 16 is an example of the difference for the left and right side of tooth number 6 of the proposed gear. It is the result of different evolutes of involute tooth curves (Figure 10).



The gears for the given transmission with the time-variable gear ratio were designed as elliptical gears which were eccentrically placed so that the conditions of correct mesh were met (Figure 17).




3.3. Velocity Relations in the Designed Elliptical Gear Set


When researching the kinematics of the designed gear set with eccentrically chosen centers of rotation, we followed the condition of a correct mesh, which defined that circumferential velocities in the central point of mesh are equal and their projections to the profile normal are equal. Studied kinematical parameters are processed for the driving elliptical gear—index 1 (with the center of rotation in the point O1) and for the driven elliptical gear—index 2 (with the center of rotation in the point O2). The graphical representation of kinematical dependences of both gears is chosen in a single graph (on the horizontal axis are the driving gear teeth—z1). For solving the given issue, the constant angular velocity of the driving elliptical gear, ω1 = 100 s−1 was chosen.



In Figure 18, the courses of angular velocity of the driving (ω1 = 100 s−1) and the driven (ω2i) elliptical gear are shown. Unlike standard circular gears, where the angular velocity of the driving and also of the driven gear is constant, in this case, the angular velocity of the driven eccentrically placed gear is not constant, but it varies depending on the continuously changing gear ratio (Figure 19). For example, if the teeth are meshing where a gear ratio of 0.5 is achieved (tooth number 24 on the driving wheel and tooth number 12 on the driven wheel), at that moment the angular velocity of driving wheel has the value ω1 = 100 s−1, but on the driven wheel there is an angular velocity ω2 = 200 s−1. These values apply if the point of teeth contact is at the pitch point. When tooth number 6 on the driving wheel is meshing with tooth number 6 on the driven wheel, the angular velocity is the same for both the driving wheel and the driven wheel (ω1 = ω2 = 100 s−1). The angular velocity of the driving wheel is constant, ω1 = const. The angular velocity of the driven wheel is not constant, it depends on the changing gear ratio, ω2 = f(u).



Simultaneously, it follows from Figure 20 that the gear ratio of the designed, eccentrically placed elliptical gear transmission depends on the angle of rotation φ of the driving gear (Figure 21) and thus the gear ratio of the designed gear transmission is the function of this angle of rotation:


  u = f  ( φ )   



(16)







Figure 22 shows the length of part of contact of tooth number 24 of the driving wheel with tooth number 12 of the driven wheel. The point A is the first point of meshing of tooth number 24 of driving wheel. The point E is the last point of meshing of tooth number 24 of the driving wheel. The change of the gear ratio was investigated for this tooth—see Figure 23.



The standard spur gears have the constant (same) contact ratio for all teeth of meshing. The value of the contact ratio (CR) of meshing for spur gears is in the range 1 < CR < 2. This is not the case with the designed elliptical gearing. The values of length of meshing line AE and contact ratio for elliptical and spur gearing are shown in Table 2 and Figure 24.



To compare the difference in the change of the contact ratio, the value of the contact ratio for a pair of teeth with a gear ratio equal to 1 (u = 1) was chosen as the basis. Figure 25 shows a comparison of the change in the contact ratio parameter.



Designed elliptical gearing has the greatest meshing line AE value for the teeth meshing pair which has a gear ratio u = 1.0. This elliptical gearing is characterized in that the gearing is composed of teeth whose profiles are not the same shape. Therefore, the length of the meshing line AE and contact ratio are not constant for each pair of teeth in meshing, as in a standard circular spur gear.



In Figure 26, the velocity diagram for intermeshing teeth 4 (driving gear) and 8 (driven gear) in the central point of mesh is shown.



For the designed elliptical gear set, the magnitude of the circumferential velocity in the central point of mesh is different for each intermeshing pair of teeth. The direction of circumferential velocities of individual pairs of intermeshing teeth is identical, their position between the centers of rotation changes (Figure 27).



In Figure 28, the change of the circumferential velocity magnitudes in the central points of mesh for individual intermeshing pairs of teeth at one revolution of the elliptical gears is shown.



The circumferential velocity in the central points of mesh of individual intermeshing pairs of teeth is not constant, but it changes continuously depending on the changing gear ratio.




3.4. Verification of the Correctness of the Design of Elliptical Gearing


The correctness of the gear meshing was verified using 3D contact analysis of the teeth by SolidWorlds. A motion analysis was performed here. Motion simulation provides complete, quantitative information about the kinematics (for example about position, velocity, acceleration, etc.). Everything needed to perform motion simulation has been defined in the CAD assembly mode. In the case of this elliptical gear set, it was necessary to define the input angular velocity, the monitored points and the result of the motion in the motion simulation program. Some information from the research work [39] was also used in the kinematic analysis. The result was an examination of tooth collisions during gearing meshing. Based on this analysis, there is no collision of teeth during gearing meshing. The angular velocity was also verified. In Figure 29 on the left is the course of angular velocities for the driving wheel and on the right for the driven wheel obtained by SolidWorks motion analysis.



The designed non-circular wheels were printed as 3D models (Figure 30). The geometric model of the elliptical wheel also served as a basis for production. Elliptical gears were made on an NC machine for electrospark cutting. An NC machine for electrospark cutting (so-called wire cutter) EIR 005 B with RS-ER5 control was used for production. Its accuracy is 0.01 mm and roughness Ra 1.6 µm. The wheels were tested by the customer and met all his requirements.





4. Conclusions


Gear transmissions with a continuously changing gear ratio are finding more and more applications in practice. A suitable design of the pitch curve shape for the required range of the changing gear ratio is the first crucial step for the successful solution of a problem. For the required continuously changing gear ratio, the elliptical shape of the pitch curve was designed. The gear set was designed as a pair of identical elliptical gears. The center of rotation is in one of the foci of the pitch ellipse, they are eccentrically placed elliptical gears. The active curve of the tooth profiles is an involute and it is different for the active and passive side of a tooth. These are gears with an asymmetrical tooth profile. Unlike the involute portion of teeth profiles of “standard” circular gears, where the evolute of the involute is the base circle, in this case the evolute of the involute is the ellipse. Each of the twelve teeth of the gear is different and the other twelve teeth of the same gear are the same.



The gear ratio of the designed elliptical gear set is not constant, but is continuously changing in the range from 0.5 through 1.0 to 2.0 and back. This is how the gear ratio varies during one revolution.



Unlike standard circular gears, where the angular speed of the driving and also of the driven gear is constant, in this case, the angular velocity of the driven eccentrically placed gear is not constant, but it varies depending on the continuously changing gear ratio.



In the case of the designed elliptical gear set, the magnitude of the circumferential velocity in the central point of mesh is different for each intermeshing pair of teeth. The direction of circumferential velocities of individual pairs of intermeshing teeth is identical, their position between the centers of rotation changes.



In further research, the authors plan to deal with the problem of the deformation and stiffness of the created gearing. The deformation of the designed elliptical, eccentrically placed gear set differs from the deformation of a standard gearing. The overall course of the deformation changes during the mesh and it is different for each pair of intermeshing teeth.
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Figure 1. Model of the gear set. 






Figure 1. Model of the gear set.
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Figure 2. Example of non-circular pitch curves. 
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Figure 3. Velocity relations in intermeshing spur gears. 
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Figure 4. Dimensions of the designed pitch ellipse. 
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Figure 5. Pitch ellipses of the eccentrically placed intermeshing gears. 
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Figure 6. Involute, evolute. 
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Figure 7. Example of involute construction from base circle for the tooth with order number 3. 
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Figure 8. (a) Resulting shape of the gear; (b) the teeth interfere—the conditions of correct meshing are not met. 
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Figure 9. Construction of the tangent “t“ and normal “n“ to the pitch ellipse. 
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Figure 10. Construction of the last points of mesh Ni. 
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Figure 11. Example of involute construction from base ellipse for the tooth with number 4. 
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Figure 12. Principal difference between the shape of teeth due to the differential creation of the involute. 
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Figure 13. Resulting shape of the gear toothing. 
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Figure 14. Dedendum and addendum of teeth. 
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Figure 15. Tooth profile comparison for tooth No. 6. 
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Figure 16. Asymmetry of tooth No. 6. 
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Figure 17. Designed model of elliptical gear set. 
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Figure 18. The course of angular velocities in the designed elliptical gear set. 
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Figure 19. The course of changing gear ratio in the designed elliptical gear set. 
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Figure 20. Defining the angle of rotation of the driving gear. 






Figure 20. Defining the angle of rotation of the driving gear.



[image: Applsci 11 01000 g020]







[image: Applsci 11 01000 g021 550] 





Figure 21. The course of the gear ratio dependent on the angle of rotation of the driving gear. 






Figure 21. The course of the gear ratio dependent on the angle of rotation of the driving gear.



[image: Applsci 11 01000 g021]







[image: Applsci 11 01000 g022 550] 





Figure 22. The length of part of contact. 
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Figure 23. The course of changing gear ratio of the meshing teeth pair, driving wheel tooth number 24 and drive wheel tooth number 12. 
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Figure 24. The course of contact ratio for elliptical and spur gear sets. 
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Figure 25. Comparison of the change of the contact ratio parameter. 
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Figure 26. Velocity relations for the intermeshing teeth 4 and 8 in the central point of mesh. 
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Figure 27. Change of the magnitude and the position of the circumferential velocity in central points of mesh of teeth pairs. 
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Figure 28. Circumferential velocities in the central point of mesh of teeth pairs. 
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Figure 29. Motion analysis by SolidWorks. 






Figure 29. Motion analysis by SolidWorks.



[image: Applsci 11 01000 g029]







[image: Applsci 11 01000 g030 550] 





Figure 30. 3D printing of a designed elliptical gear. 






Figure 30. 3D printing of a designed elliptical gear.
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Table 1. Pitch radii and changing gear ratio.
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	Tooth of Driving Gear—Order Number
	Pitch Radius

r1-i (mm)
	Tooth of Driven Gear—Order Number
	Pitch Radius

r2-j (mm)
	Gear Ratio

ui = r2-j/r1-i
	Axial Distance

r1-I + r2-j (mm)





	24
	60
	12
	30
	0.5
	90



	01
	59.458972
	11
	30.541025
	0.5136
	90



	02
	57.891981
	10
	32.108009
	0.5546
	90



	03
	55.449504
	09
	34.550498
	0.6230
	90



	04
	52.336954
	08
	37.663046
	0.7196
	90



	05
	48.778898
	07
	41.221102
	0.8450
	90



	06
	45
	06
	45
	1
	90



	07
	41.221102
	05
	48.778898
	1.1833
	90



	08
	37.663046
	04
	52.336954
	1.3896
	90



	09
	34.550498
	03
	55.449504
	1.6048
	90



	10
	32.108009
	02
	57.891981
	1.8030
	90



	11
	30.541025
	01
	59.458972
	1.9468
	90



	12
	30
	24
	60
	2
	90



	13
	30.541025
	23
	59.458972
	1.9468
	90



	14
	32.108009
	22
	57.891981
	1.8030
	90



	15
	34.550498
	21
	55.449504
	1.6048
	90



	16
	37.663046
	20
	52.336954
	1.3896
	90



	17
	41.221102
	19
	48.778898
	1.1833
	90



	18
	45
	18
	45
	1
	90



	19
	48.778898
	17
	41.221102
	0.8450
	90



	20
	52.336954
	16
	37.663046
	0.7196
	90



	21
	55.449504
	15
	34.550498
	0.6230
	90



	22
	57.891981
	14
	32.108009
	0.5546
	90



	23
	59.458972
	13
	30.541025
	0.5136
	90
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Table 2. Length of part of contact AE and contact ratio.
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Elliptical Gearing

	
Gear Ratio

ui = r-j/r1-i

	
Spur Gearing (mn = 3.75 mm)




	
AE (mm)

	
CR

	
Pitch Radius

r1-i (mm)

	
Pitch Radius

r2-j (mm)

	
AE (mm)

	
CR






	
14.482

	
1.3081

	
0.5

	
60

	
30

	
17.527

	
1.5832




	
14.494

	
1.3092

	
0.5136

	
59.458

	
30.541

	
17.542

	
1.5845




	
14.526

	
1.3122

	
0.5546

	
57.891

	
32.108

	
17.583

	
1.5883




	
14.568

	
1.3159

	
0.6230

	
55.449

	
34.550

	
17.636

	
1.5931




	
14.607

	
1.3195

	
0.7196

	
52.338

	
37.663

	
17.686

	
1.5976




	
14.634

	
1.3219

	
0.8450

	
48.779

	
41.221

	
17.721

	
1.6001




	
14.644

	
1.3228

	
1.0

	
45

	
45

	
17.733

	
1.6002




	
14.634

	
1.3219

	
1.1833

	
41.221

	
48.779

	
17.721

	
1.6001




	
14.607

	
1.3195

	
1.3896

	
37.663

	
52.338

	
17.686

	
1.5976




	
14.568

	
1.3159

	
1.6049

	
34.550

	
55.449

	
17.636

	
1.5931




	
14.526

	
1.3122

	
1.8030

	
32.108

	
57.891

	
17.583

	
1.5883




	
14.494

	
1.3092

	
2.0

	
30.541

	
59.458

	
17.542

	
1.5845
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