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Abstract: In this study, a method is presented for estimating the number density of fine dust particles
(the number of particles per unit area) through numerical simulations of multiply scattered ultrasonic
wavefields. The theoretical background of the multiple scattering of ultrasonic waves under different
regimes is introduced. A series of numerical simulations were performed to generate multiply
scattered ultrasonic wavefield data. The generated datasets are subsequently processed using an
ultrasound data processing approach to estimate the number density of fine dust particles in the air
based on the independent scattering approximation theory. The data processing results demonstrate
that the proposed approach can estimate the number density of fine dust particles with an average
error of 43.4% in the frequency band 1–10 MHz (wavenumber × particle radius ≤ 1) at a particle
volume fraction of 1%. Several other factors that affect the accuracy of the number density estimation
are also presented.

Keywords: ultrasound; multiple scattering; attenuation; independent scattering approximation

1. Introduction

Airborne particulate matter, such as fine dust, is a global concern owing to its detri-
mental impact on human health [1–4]. Particles with a diameter of 10 µm or less (PM10)
include dust from construction sites, industrial sources, and wind-blown dust from open
lands. PM10 can cause eye, nose, and throat irritation and causes adverse health effects
when it is inhaled into the lungs [5]. Particles with a diameter of 2.5 µm or less (PM2.5)
can be emitted from the combustion of gasoline, diesel, and wood produce. The smaller
particles (PM2.5) are more dangerous as they can enter the deep parts of the lungs and
blood [5]. In this regard, the measurement of fine dust concentration has been recognized
as a critical task for maintaining human health and there is an increasing need for accurate
measurements of fine dust concentration.

Studies have been conducted to measure fine dust concentrations [6]. The avail-
able measurement techniques include the beta-attenuation method, gravimetric method,
and light scattering method [7–9]. Among the various measurement methods, the light
scattering method, which measures fine dust concentration by measuring scattered light
intensity by airborne particles, is arguably the most widely accepted. This method allows
for online measurements as well as low-cost, compact instrumentation. However, the light
scattering method is an indirect method; the measured quantity is not an absolute physical
quantity and requires additional calibration work to estimate the fine dust concentration.
Moreover, it is susceptible to environmental factors, such as relative humidity, since light is
an electromagnetic wave.

Unlike light, mechanical waves are less susceptible to changes in the electromagnetic
properties of a medium (e.g., relative humidity), but they are sensitive to mechanical
changes in a medium. Numerous studies have demonstrated the successful use of mechan-
ical waves to characterize the mechanical properties of various media [10–13]. Mechan-
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ical waves have been employed to estimate particle concentration in various industrial
applications [14,15]. Despite its potential, the authors were unable to find a work that
reports the use of mechanical waves in measuring fine dust concentration.

In this study, we propose a mechanical wave-based method to estimate the number
density of fine dust particles (the number of particles per unit area) in air. Here, the number
density is defined as the number of particles per unit area rather than the number of
particles per unit volume (in 3-D), because we performed 2-D simulation studies. The pro-
posed method uses ultrasonic acoustic waves multiply scattered by fine dust particles
in the air and the number density of fine dust particles is computed by processing the
measured multiple scattering data based on the independent scattering approximation
theory. The proposed number density estimation method was validated using ultrasonic
wavefield data generated by a series of numerical simulations. The unique contributions of
this study are: (1) the effective use of mechanical waves to estimate the number density
of fine dust particles, (2) development of an ultrasonic wavefield data processing tech-
nique that directly computes the number density from measured wavefield data, and (3)
understanding of the physical interaction between ultrasonic acoustic waves and fine dust
particles randomly distributed in the air.

The remainder of this article is organized as follows: in Section 2 the theoretical
background on the multiple scattering of acoustic waves in a discrete random medium
is introduced; Section 3 describes the proposed ultrasound data processing approach
to estimate the number density of fine dust particles; Section 4 provides details on the
numerical simulations of multiply scattered ultrasonic wavefields; in Section 5 numerical
simulation results of the number density estimation are demonstrated; in Section 6 we
discuss several factors that affect the accuracy of the number density estimation.

2. Theoretical Background on Multiple Scattering of Acoustic Waves

Air with fine dust can be considered a discrete random medium where fine dust parti-
cles are randomly distributed within a background medium (i.e., air). When acoustic waves
propagate through a discrete random medium, they interact with scatterers. The wave
propagation lies in a different regime depending on the wave propagating distance (L) and
scattering mean free path (lS), as illustrated in Figure 1. Here, lS is the characteristic length
of the exponential decay of a coherent wave that propagates in its initial direction after
taking ensemble averaging over multiple realizations of disorder [16].Appl. Sci. 2020, 10, x FOR PEER REVIEW 3 of 14 
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exponential decay of a coherent wave that propagates in its initial direction after taking ensemble averaging over multiple
realizations of disorder.
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In the single-scattering regime (Regime 1), where L is comparable to or less than
lS, unscattered and singly scattered wave components (presumably coherent waves) are
dominant in the measured response. In this regime, the medium can be considered quasi-
homogeneous, but with a renormalized wave speed. When the value of L is equivalent to a
few mean free paths, single scattering becomes unimportant, and the wave propagation lies
in the intermediate multiple scattering regime (Regime 2). In this regime, multiply scattered
wave components are developed, but coherent waves are still observable with sufficient
ensemble averaging. As L further increases to become much greater than lS, most wave
energy is diffusively transferred by incoherent waves (Regime 3). In this regime, the transfer
of the average wave intensity can be approximated by the diffusion equation. In this study,
we focus on using coherent waves under Regimes 1 and 2 to estimate the number density
of fine dust particles in the air, considering that acoustic wave propagation in the air–
fine dust system typically lies in Regimes 1 and 2. Moreover, the independent scattering
approximation (ISA) method, the basis of the proposed approach, works for Regimes 1 and
2 but not for Regime 3.

For a discrete random medium (e.g., air with fine dust), the solution of acoustic wave
motion G(ω, r, r′) at the angular frequency ω and the position vector r given a point source
location r’ can be represented as the summation of the incident wave and all possible waves
scattered by the scatterers (e.g., random particles) [16]. It is given by:

G
(
ω, r, r′

)
= G0

(
ω, r− r′

)
+
∫

G0(ω, r− r1)V(r1)G
(
ω, r1, r′

)
dr1, (1)

where G0(ω, r− r′) is the Green’s function (solution) of the homogeneous background
medium (a non-scattering medium such as air without particles) at the frequency (ω) given
the source position (r′) and the receiver position (r), and V(r1) is the scattering potential at
position (r1). G(ω, r, r′) represents the complete wave response solution including incident
and all the scattered waves for the discrete random medium. Note that G0 is a nonlocal
operator that depends only on the distance between the source and receiver (|r− r′|), and it
is expressed in the wavenumber (k) domain as:

G0(ω, k) =
1

k02(ω)− k2 , (2)

where k0(ω) = ω/c0, and c0 is the wave speed in the homogeneous background medium. Consider-
ing that Equation (1) is implicit, the exact closed-form solution for G(ω, r, r′) is not available. When
the distance (|r− r′|) is much shorter than lS, G(ω, r1, r′) in Equation (1) can be approximated as
G0(ω, r1 − r′), which is called the Born approximation. However, as the distance (|r− r′|) increases,
the Born approximate solution diverges from the actual solution. To obtain an accurate solution that
considers the multiple scattering effects, the integral equation (Equation (1)) needs to be expanded to
nearly infinite orders with respect to G0, which is computationally intractable.

Instead of seeking an exact solution for Equation (1), a statistical solution that is computa-
tionally tractable can be sought. Taking ensemble average responses, the mean Green’s function
〈G(ω, r− r′)〉 can be obtained as follows:〈

G
(
ω, r− r′

)
〉 = G0(ω, r− r′

)
+
∫

G0(ω, r− r1)Σ(ω, r1 − r1)
〈
G
(
ω, r2 − r′

)
〉 dr1dr2, (3)

where the notation < > represents ensemble averaging and Σ is the self-energy that contains informa-
tion about multiple scattering of acoustic waves. Equation (3) is known for the Dyson equation [17].
Note that the mean Green’s function <G> shown in Equation (3) is a nonlocal (translation-invariant)
operator, similar to G0, unlike the Green’s function G shown in Equation (1). Then, the mean Green’s
function in the k domain is given by

〈G(ω, k)〉 = 1
k02(ω)− Σ(ω, k)− k2 . (4)

A comparison between Equations (2) and (4) reveals that the self-energy modifies the dispersion
relation resulting in a modified wave speed and attenuation in the mean wavefield. Numerous
multiple scattering theories have been proposed to model the self-energy term and hence to compute
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the effective wavenumber (ke) [18–22]. In this study, we incorporate the independent scattering
approximation (ISA) method [22] to estimate the number density of fine dust in the air from the
measured acoustic wave responses.

In the ISA method, each scatterer is assumed to be uncorrelated. The self-energy Σ is then
expressed by the product of the scattering contribution of one scatterer and the number density (n) of
scatterers

Σ(ω, k) = nTk,k, (5)

where Tk,k is the T-matrix that describes the contribution of a single scatterer [23]. Within a certain
range of frequencies where the wavelength is not much larger than the scatterers, the self-energy be-
comes independent of k. In this regime, the random medium can be considered a quasi-homogeneous
medium (effective medium) with an effective wavenumber ke given by

ke
2(ω) = k0

2(ω)− Σ(ω). (6)

Note that ke is a complex number whose real part is related to the phase velocity of the effective
medium and imaginary part the attenuation. An important characteristic distance for coherent wave
propagation is the mean free path lS given by

ls =
1

2Im(ke)
=

1
α(ω)

, (7)

where α is the attenuation of the coherent wave. Within a few mean free paths, the coherent wave
propagates with the speed of ω/Re(ke) and decays exponentially with attenuation α. Here, the
coherent wave attenuation is caused by scattering. In the ISA, lS is further related to the number
density n, given by

ls =
1
α
=

1
nσt

, (8)

where σt is the total scattering cross-section of one scatterer. Note that the theory introduced in this
section can apply to both 2-D and 3-D conditions without loss of generality. In 2-D, n has a unit of
(1/m2), and σt (m). In 3-D, n and σt have a unit of 1/m3 and m2, respectively. Equation (8) depicts
the fundamentals of the proposed fine density estimation technique: the number density of scatterers
can be estimated using α obtained from the ensemble average wave responses and the analytically
computed σt. More detail about the ISA theory can be found in [22]. The proposed fine dust density
estimation technique is detailed further in the following section.

3. Number Density Estimation Approach Based on Independent Scattering
Approximation

An overview of the proposed fine dust number density estimation technique is presented in
Figure 2. First, ensemble averaging is carried out over multiple realizations to obtain coherent wave
responses 〈s(x, t)〉 ,

〈s(xi, t)〉 = 1
M

M

∑
m=1

sm(xi, t), (9)

where M is the number of realizations, sm(xi, t) is the mth scanning measurement data, and xi is the
ith sensor position at each realization. The coherent wave responses are subsequently converted from
the time domain to the frequency domain using the Fourier transform below

〈S(xi, f )〉 =
∫ ∞

−∞
〈s(xi, t)〉 e−j2π f tdt, (10)

where 〈S(xi, f )〉 is the converted frequency-domain coherent wave response data. Here, the magni-
tude of the frequency-domain data A(xi, f ) can be represented as

A(xi, f ) = A0( f )e−α( f )(xi−x0), (11)

where A0( f ) is the coherent wave magnitude at the first sensor position x0. The coherent wave
attenuation α( f ) is then computed by seeking the slope of the least-squares fit of ln(A(xi, ω)), where

ln(A(xi, f )) = ln(A0( f ))− α( f )(xi − x0). (12)
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Next, the total scattering cross-section σt for one fine dust particle is analytically computed. In
this study, we use σt for the rigid cylindrical cavity seen in [24] to compute the number density of
fine dust in the air, given by

σt = 4a
1
ka


∣∣∣∣∣∣ J ′0(ka)

H(2)′

0 (ka)

∣∣∣∣∣∣
2

+ 2 ∑

∣∣∣∣∣∣ J ′l (ka)

H(2)′

0 (ka)

∣∣∣∣∣∣
2
, (13)

where a is the radius of the cylindrical cavity, and J0 and H(2)
0 are the Bessel function of the first kind

and Henkel function of the second kind, respectively. Note that an additional elastic contribution
term exists in σt when the scatterer is an elastic solid [25]. However, this term is negligibly small in
the frequency range (ka ≤ 1) that is primarily used in this study; for example, ka is approximately 0.45
at the frequency of 5 MHz, which is employed in this study. Therefore, we use the rigid contribution
of σt displayed in Equation (13) and neglect the elastic contribution when computing σt of a fine
dust particle. Finally, the fine dust number density n is obtained based on the ISA described in the
previous section, given by

n( f ) =
α( f )
σt( f )

. (14)

Note that the obtained n can vary for each frequency, and it is represented by taking an average
value of the n values across the excitation frequency band.

4. Numerical Simulations
Two-dimensional acoustic plane wave propagation in air with fine dust particles was simulated

to generate acoustic wavefield data and evaluate the proposed number density estimation approach.
A finite-difference time-domain (FDTD) simulation tool, k-wave, was used in this study [26]. The sim-
ulation was performed using a desktop computer with a graphical processing unit (GPU) (NVIDIA
GeForce RTX 2060 Super), and the total calculation time per model was approximately 23 h.

The overall structure of the numerical simulation model is illustrated in Figure 3 and the
numerical simulation parameters are summarized in Table 1. The simulated media represent 1425 µm
× 57 µm air spaces where 10 µm fine dust particles were randomly spread out with different volume
fractions (1, 2, 5, 10, and 15%). For each particle volume fraction case, two models with different
particle placements were simulated. A spatially random distribution of dust particles is assumed to
represent the air-particle system in reality. Perfectly matched layers (PMLs) [27] were added at the
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two ends of the simulation space to eliminate boundary reflections, as shown in Figure 3. PMLs were
not added to the two edges parallel to the wave propagation path to model a plane wave incidence
condition. Plane acoustic waves were generated with an excitation signal that was a linear chirp,
across 0 to 10 MHz (see Figure 3), applied to the left end of the air space. We chose the frequency
band (0–10 MHz) that gives a ka value below 1 to use the simplified analytical solution of the total
scattering cross-section (Equation (13)). The corresponding acoustic wavefields were captured by a
35 × 30 sensor array at each model, as shown in Figure 3. Here, each of the 35 acoustic wave signals
along the x-axis represented a signal set (1-D scan data) for a single realization sm(xi, t). To obtain an
ensemble-averaged signal set 〈s(xi, t)〉 , multiple realizations were needed. For each volume fraction
case with two medium models, 60 acoustic wave signal sets (30 signal sets per model) were obtained
to give the number of ensemble averaging (M) of 60. Two separate models, each providing 35 signal
sets, were simulated, instead of a unified model providing 60 signal sets, for each volume fraction
case due to limited computation power.

Table 1. Summary of the numerical simulation parameters.

Material Properties

Wave Speed (m/s) Mass Density (kg/m3)

Air 343 1.2754
Fine dust particle 343 1050

Simulation Parameters

Number of grid points (Nx × Ny) 25,000 × 1000
Grid spacing (dx and dy) 0.057 µm

Time step (dt) 0.0166 ns
Time duration (T) 8 µs

Number of sensing points at
each medium

1050
(35 × 30)

Sensor spacing along x axis 36 µm
Sensor spacing along y axis 1.65 µm

Fine dust particle
volume fractions 1, 2, 5, 10, and 15%

Appl. Sci. 2020, 10, x FOR PEER REVIEW 7 of 14 

 

 
Figure 3. The overall structure of the numerical simulation model. At each volume fraction case, two models that had 
different scatterer distributions were simulated to obtain acoustic wave responses across multiple realizations. 

Table 1. Summary of the numerical simulation parameters. 

Material Properties 
 Wave Speed (m/s) Mass Density (kg/m3) 

Air 343 1.2754 
Fine dust particle 343 1050 

Simulation Parameters 
Number of grid points (Nx × 

Ny) 
25,000 × 1000 

Grid spacing (dx and dy) 0.057 μm 
Time step (dt) 0.0166 ns 

Time duration (T) 8 μs 
Number of sensing points at 

each medium 
1050 

(35 × 30) 
Sensor spacing along x axis 36 μm 
Sensor spacing along y axis 1.65 μm 

Fine dust particle 
volume fractions 1, 2, 5, 10, and 15% 

5. Results and Discussion 
In this section, acoustic wavefield data generated by numerical simulations are pre-

sented, followed by the number density estimation results obtained by the proposed ap-
proach. Additionally, we discuss several factors that affect the number density estimation 
accuracy as well as the validity of ISA in number density estimation. 

Figure 3. The overall structure of the numerical simulation model. At each volume fraction case, two models that had
different scatterer distributions were simulated to obtain acoustic wave responses across multiple realizations.



Appl. Sci. 2021, 11, 555 7 of 13

5. Results and Discussion

In this section, acoustic wavefield data generated by numerical simulations are pre-
sented, followed by the number density estimation results obtained by the proposed
approach. Additionally, we discuss several factors that affect the number density estima-
tion accuracy as well as the validity of ISA in number density estimation.

5.1. Multiply Scattered Acoustic Waves

Acoustic wavefields (represented by the particle velocity) for the 1% volume fraction
case for a single realization and the ensemble-averaged wavefield with 60 realizations are
shown in Figure 4a,b, respectively. Figure 4a represents sm(xi, t) and Figure 4b denotes
〈s(xi, t)〉 . In these figures, wave rays with a positive slope indicate forward-propagating
wave components and those with a negative slope indicate backward-propagating wave
components. To clearly visualize incoherent wave components, the amplitude range
(particle velocity) was limited to −1 to 1 m/s in Figure 4a,b. The single realization case
(Figure 4a) displays a mixture of coherent forward-propagating waves and incoherent
noise-like wave components that are set up by the network of fine dust particles. For the
ensemble-average case (Figure 4b), the incoherent wave components that are distinct in
Figure 4a are suppressed. Coherent forward-propagating waves are dominant in the
ensemble-averaged wavefield and coherent back-scattering components are also observed.
Acoustic wave signals at the first sensor position for the single realization and ensemble-
average cases are depicted in Figure 4c,d, respectively. The two signals also demonstrate
incoherent wave suppression by ensemble averaging.
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Figure 4. Acoustic wavefields for the 1% volume fraction case: (a) wavefield for a single realization
and (b) ensemble-average wavefield. Acoustic wave signals at the first sensor position for the two
cases are shown in (c) and (d), respectively.

The coherent wave attenuation for the 1% volume fraction, computed using the
coherent wavefield data presented in Figure 4b, is illustrated in Figure 5. As a reference,
the ISA-based analytical attenuation computed by multiplying the analytical total scattering
cross-section and the known number density value of 123 is also displayed. Overall,
the coherent wave attenuation obtained using the simulation wavefield data exhibits
good agreement with the analytical attenuation in the increasing trend over frequencies.
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However, as the frequency increases, the deviation between the two attenuation curves
(data and analytical) becomes more distinct, revealing the possibility of number density
estimation error.
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Figure 5. Coherent wave attenuation for the 1% volume fraction case. An analytical attenuation curve
computed using independent scattering approximation (ISA) is displayed as a reference. A smoothed
coherent wave attenuation curve obtained by applying moving averaging is also displayed.

5.2. Number Density Estimation Results

The total scattering cross-section (σt) used to compute the number density for a circular
particle with a diameter of 10 µm is illustrated in Figure 6. The σt values were computed
using the analytical solution in Equation (13) and a numerical simulation for a scattered
wavefield by a circular particle. Here, the numerical simulation case models the scatterer
as a circular particle having the material properties listed in Table 1, while the analytical
solution assumes the scatterer to be a rigid cavity. Despite the discrepancy in the physical
conditions of scatterers, the curves for the two cases are generally similar. In this study,
we use the σt values computed by the analytical solution for number density computation,
owing to its simplicity and ease of computation.
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The number density values computed by the proposed approach are presented in
Figure 7a. The exact number density value (123) is also indicated in the figure. Except for
the low-frequency region (below 1 MHz), the estimated number density values are close to
the exact number density with some variation. The mean and standard deviation of the
estimated number density values in the frequency region between 1 MHz and 10 MHz
are 99.18 and 91.83, respectively. The number density estimation error over the frequency
region is displayed in Figure 7b. The estimation error varies with frequency. The mean
of the estimation error within 1–10 MHz was 43.4%, and the minimum error was 1.19%
at 1.88 MHz. Considering that the number density values were back-calculated from
complicated wavefield data from a discrete random medium, the obtained number density
values and the error level seem to be reasonable.
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Figure 7. Scatterer number density estimation results for the 1% volume fraction case: (a) computed number density and (b)
estimation error. A zoom-in plot of the computed number density in the frequency region (1–10 MHz) is displayed in (a).

5.3. Effects of Particle Volume Fractions

To investigate the effects of particle volume fraction on the number density estimation
accuracy, numerical simulation data for different particle volume fractions were used.
Figure 8a–d present the number density estimation results (left) and estimation error (right)
for volume fractions of 2%, 5%, 10%, and 15%, respectively. Along with Figure 7 (1%
volume fraction), Figure 8 indicates that the estimated number density values over the
frequency region of interest (1–10 MHz) become more deviant from the exact number
density values as the volume fraction increases. In general, a higher estimation error is
observed as the particle volume fraction increases. The higher errors observed in the cases
with higher volume fractions are mainly because the scattering attenuation computed by
the ISA is valid within lower volume fractions of scatterers [28].

Multiple scattering models can be divided into first-order and second-order models
with respect to the number density [29]. The effective wavenumber (i.e., phase velocity and
attenuation) computed by the first-order model is valid under lower number density media
(roughly volume fractions below 10%). A second-order model, in most cases, provides
higher accuracy when computing phase velocity and attenuation for higher number density
media (higher volume fractions) [28], with a cost of higher computation complexity. Note
that the ISA used in this study is inherently a first-order model. The ISA is selected as the
basis of our approach, considering that it is computationally simple and most real-world
applications may have a low volume fraction of fine dust particles, possibly below 1%.

In reality, the reported index of fine dust in the air is the mass concentration that can
be obtained by multiplying the number density, mass density, and spherical volume of
fine dust. The volume fractions (2–15%) considered in this study exceed the air quality
guideline from the World Health Organization, which is 50 µg/m3 per day in the unit of
mass concentration [30]. In other words, the volume fraction of fine dust, in reality, may be
lower than 1%.
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5.4. Effects of Particle Shapes

When computing a total scattering cross-section for a circular fine dust particle, the an-
alytical solution for the case of a rigid circular cavity is used. This is because the scattering
cross-section for a circular fine dust particle is similar to that for a rigid circular cavity (see
Figure 6) and the rigid cavity case is computationally comprehensive. However, the shape
of fine dust particles can vary in real-world applications.

The effects of varying particle shapes on the total scattering cross-section were in-
vestigated by considering six different particle shapes, as shown in Figure 9a. The upper
three particle shapes (standard, ellipse, and two aggregated circles) were artificially de-
signed by the authors, and the lower three particles (SEM 1 to 3) were obtained by image
segmentation from scanning electron miscopy (SEM) images of actual fine dust particles.
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The total scattering cross-sections computed for the six particle shapes are depicted in
Figure 9b along with those computed from the analytical solution (Equation (13)) with
a cavity diameter of 2 µm. Figure 9b indicates that the scattering cross-section values
vary significantly for the six particle shapes and are different from the analytical solution,
especially at frequencies higher than 4 MHz. These results reveal that varying particle
shapes can be sources of uncertainty when estimating the number density in real-world
applications. Modeling the scattering cross-section as a point estimate can cause an er-
roneous number density estimation. Rather, we suggest the scattering cross-section as a
probability distribution as an output across possible values. This approach can provide a
probability distribution that enables not only the estimation of the number density but also
the uncertainty quantification of the estimate.
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6. Conclusions

This study investigates the application of ultrasonic multiple scattering features to
estimate the number density (number of particles per unit area) of fine dust particles.
We propose a number density estimation approach based on the independent scattering ap-
proximation theory. Based on the presented results, the following conclusions were drawn:

1. Independent scattering approximation can be used to estimate the number density,
especially when the volume fraction of fine dust particles is low.

2. The proposed ultrasonic wave data processing approach enables the estimation of the
number density of fine dust particles with an average error of 43.4% in the frequency
band 1–10 MHz (ka ≤ 1) at a particle volume fraction of 1%.

3. Variation of fine particle shapes is a cause of uncertainty in number density estimation.

Despite the potential to estimate the number density of fine dust particles in the air,
the presented work has some limitations. The number density estimation performance
varies across the studied frequency band, and the overall error in the number density
estimation is still high (43.4%). In future work, we will further investigate how to improve
the number density estimation performance and translate the proposed approach to an
experimental system.
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