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Abstract: In periodic condition monitoring, the main problem lies in determining the inspection
time intervals. This paper presents a new method for setting an optimum calendar to inspect a
critical component that fails due to wear and tear as described by a Weibull probability function.
By considering a set of inspection intervals, such that reliability between every two inspections
is kept equal or below a pre-set threshold while keeping the total costs of inspection, degraded
production, consequences of failure, and repair to a minimum. The resulting calendar may be
adjusted dynamically over time as inspections take place and test results are found to be negative, by
considering the inspector’s confidence in the test and the likelihood of the method’s yielding false
negatives. Consequently, the method becomes self-adjustable as it returns a new calendar after the
observations of each test are known and properly interpreted. There are several studies that deal
with this issue, but none addresses the concept of safe and unsafe time windows which results from
merging two other concepts: descendant inspection time intervals and the time delay between a
potential failure and a functional failure (the P-F period).

Keywords: conditional maintenance; inspection intervals; reliability; P-F curve

1. Introduction

A critical component of an equipment unit under preventive maintenance (PM) is
periodically replaced or repaired, either alone or with other critical components to take
advantage of equipment stoppage for that purpose. This PM policy has been replaced
over the past few years by a predictive (condition-based) maintenance (PdM) policy, which
has proven to be more cost-effective. In the processing industry, PdM is much preferred
due to the severe consequences of shutdowns [1–3]. PdM can be performed on-line and
off-line, the latter consisting mainly of periodic inspections and deciding whether to stop
or proceed until the next inspection based on the results. This conclusion is often doubtful
as a false negative may result, depending on the accuracy of the test and the inspector’s
confidence in it [4,5].

In many cases the onset of a failure is not immediately noticed. Instead, the inspection
reveals some signal that a failure is about to occur (potential failure). If nothing is done,
it will evolve and give rise to a functional failure after some time. This issue is often
addressed as the P-F time interval. The more accurate the measuring method, the longer
the P-F time interval might be. On the other hand, inspections must be carried out at times
when a minimum reliability threshold is observed between successive inspections. This
gives rise to decreasing time intervals when a degradation failure mode is addressed to
prevent a failure in progress from going unnoticed. If these two concepts (P-F period and
decreasing time intervals) are merged, a series of safe and unsafe time windows is obtained.
Inspections might represent a high cost, particularly when production must be interrupted,
but the voluntary shutdown of an equipment unit for preventive replacement of a critical
component might also incur a high cost, which leads to the event’s being postponement
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as much as possible. If this is the case, the likelihood of a failure increases progressively
as does the degraded production cost. This suggests that all these costs must be properly
equated and balanced in accordance with all safe and unsafe time windows. A particular
reliability threshold might exist such that a global minimum cost might be achieved [6,7].

In this paper, a numerical method to determine an optimum set of dates (“calendar”)
for inspections is demonstrated. The method assumes that the failure mode behavior under
consideration is described by a Weibull probability function. The method also takes into
consideration the loss of monetary value over time. The method is suitable for a first
phase where a preliminary calendar is based on prior probabilities of failure and the cost is
evaluated for budgetary or bidding purposes. A second phase will take place if the result
of an inspection is negative at which time the calendar will be reformulated in view of
the accuracy of the test and the inspector’s confidence in the prevailing test conditions.
In other words, the calendar must be adjusted to consider the subsequent probabilities of
failure, given the results of the test observations. The recalculation of the calendar after
each inspection is definitively a dynamic attribute of the proposed method.

In the literature, several researchers have addressed this issue. Cost optimization is
often the main approach for determining time inspection intervals. Wang [8] developed an
optimization model for a process with two types of inspections and repairs to minimize
the expected cost from a time delay. Barker and Newby (2009) [9] aimed at optimizing a
non-periodic inspection policy by evaluating the expected lifetime costs with the use of a
multivariate stochastic process. Li and Pham [10] proposed a model to estimate the opti-
mum policy for minimizing the average long-run maintenance cost rate for systems with
multiple competing processes. Mathew [11] assumed that for the frequency of inspections
to be optimal, it had to exactly match the failure rate of the equipment, so he proposed
an optimal inspection frequency model to be used as a tool for planning and forecasting
maintenance costs that uses a cost rate factor. Rouhan and Shoefs [12] evaluated the global
cost of inspection planning for offshore structures based on decision and detection theories
and included both the probability of false alarms and detection. Revealed and unrevealed
failures were tackled by Badía et al. [13] whose objective was to minimize the cost per
unit time over an infinite time span by selecting a unique interval for both inspection and
maintenance. Bahoe [14] formulated an optimal inspection and diagnosis policy for a mul-
timode system through the optimization of expected total profit and proposed reliability
indices. Kuntz et al. [15] presented a Markov model for visual inspections of distribution
feeders in electric power distribution systems, where the objective was to minimize the
total cost of inspection, repair, and reliability. Bahrami-Ghasrchami, Price and Mathew [16]
derived an optimal inspection frequency model that minimizes downtime cost based on
a three-layered structure for decreasing, constant or increasing hazard rates. Wang and
Christer [17] suggested cost, downtime, or reliability as optimization criteria to determine
the optimal critical level and inspection interval, based on a random coefficient growth
model where coefficients follow known distributions functions. Wang [18] presented five
cost criteria functions in a model for optimal inspection intervals based on failure delay
time and conditional residual time concepts. None addressed an method equivalent to
the one proposed in this paper [19], which is organized as follows: Section 1 presents a
basic introduction and a brief literature review. Section 2 describes how to build a decision
model to establish inspection time intervals such that the sum of all pertinent costs is
minimized. Section 3 illustrates how the decision model can be applied. Section 4 provides
a conclusion of the main results.

2. Materials and Methods
2.1. Determination of an Optimal Inspection Calendar

Consider an equipment unit scheduled for overhauling within a certain period, where
an evident critical failure mode exists for which a P-F time interval is known and mon-
itored off-line over time. Contrary to the case of PM, where a component is regularly
repaired or replaced, in PdM, the interval between inspections might not be constant. More
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appropriately, it will vary with the course of the failure mechanism. When, for instance,
the hazard rate h(t) increases with time, the adoption of shorter and shorter time intervals
seems to make common sense. A calendar may thus assume a minimum threshold of
reliability between inspections. If optimization is envisaged, then all costs have to be taken
into consideration [2,18]. According to Elsayed [6], the reliability between inspections is a
conditional probability; that is, the probability R that a failure will not happen within a
period ∆t (time until next inspection) is given by R(∆t|t) = R(t+∆t)

R(t) . From this expression,
one can determine R(t + ∆t) = R(∆t|t)·R(t). Because reliability must be kept constant
between successive inspections, the condition R(∆t|t) = R(t) = Ri must apply. Therefore,
considering n as the nth inspection, one can determine (1):

R(t + ∆t) = Rn (1)

This expression can now be combined with any distribution that might describe the
specific failure behavior. If it is combined with the Weibull distribution, the time intervals
between every two inspections are determined by the expression [6,19]:

tn = t0 + β·[− ln(Rn)]
1
α (2)

Keeping R(t) constant between successive inspections and giving α the values de-
scribed below, one can conclude

� when α < 1, (tn+1 − tn) < (tn+2 − tn+1), and the risk function h(t) decreases;
� when α = 1, (tn+1 − tn) = (tn+2 − tn+1), and the risk function h(t) is constant; and
� when α > 1, (tn+1 − tn) > (tn+2 − tn+1), and the risk function h(t) increases.

As the risk function decreases, the time interval between inspections increases and
vice-versa. The value α = 1 plays the role of a “division line” between infant and wear-out
failures. The model described so far has not considered the existence of a P-F time interval
(see Figure 1). According to Moubray [7], when a failure commences it deteriorates to the
point at which it can be detected (point P). If it happens not to be detected and corrected, the
deterioration process proceeds—usually at an increasing rate—until the point of functional
failure (point F) is reached. Sometimes an intermediate point M is defined as the minimum
time interval (M-F) available for an action to be carried out to prevent functional failure. If
expression (2) is merged with the P-F time interval and all related costs, a mathematically
optimized calendar of inspections can be obtained.
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2.2. Equating All Pertinent Costs

A critical component after H working hours presents a predominant failure mode
described by a Weibull probability distribution of three parameters t0, α, and β. The
equipment unit to which this component belongs is scheduled to be overhauled at moment
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Tp (Tp > H). To assess the condition of this component, expensive means of diagnosis are
necessary. Each inspection n = 1, 2, 3, . . . costs Ci and will take place at moments ti1, ti2,
. . . tin. The last inspection detected no sign of a failure in progress. Periods P-F and M-F
are known. If a potential failure is not noticed or there is insufficient time to do anything if
it is, functional failure will occur, and the equipment will come to a halt. The estimated
opportunity cost is Cop, which is obtained multiplying the standard production rate by the
contribution margin. The contribution margin is the difference between the unit sale price
of the product and its standard variable cost. If a potential failure is detected and there is
enough time to prevent functional failure, the equipment unit is scheduled to stop as soon
as possible, and the component will be repaired or replaced at a cost Crp; meanwhile, the
production degradation cost Cd builds up slowly. R(tn|tn−1) is the conditional reliability
between inspections and the annual ITR is the company’s current interest tax rate, which
must be adjusted to conform to the base period of the analysis. If m represents the number of
base periods in a year, the adjusted tax rate can then be derived from j = (1 + ITR)1/m − 1.

Once these four costs are known, they are multiplied twice: first, by the probability
of each of them occurring at certain times up to moment Tp and second, by a conversion
factor that allows calculating its value from moment H for each of the points mentioned
above.

After each of these four categories of costs is obtained, the corresponding expected
costs are calculated. These are referred to in subsequent sections as:

� Ci, the cost of each inspection;
� Crp, the cost of repairing or replacing a potential failure at any time or at moment Tp;
� C f , the cost of a functional failure due to repair or replace and lost production; and
� Cd, the cost of degradation incurred over time.

The sum of these four costs is “the expected global cost (Cg)” Next, the expected life
of component V is calculated to allow the transformation of Cg into a uniform series of
payments Ch spread over the period H–Tp. This capital recovery, Ch, is the variable that can
now be minimized by trial and error. Varying R(tn|tn−1) progressively and maintaining
Tp constant, a value of R(tn|tn−1) exists which will turn Ch into a minimum, the optimal
value for R(tn|tn−1). The same reasoning can be applied to keeping R(tn|tn−1) constant
and making Tp vary, a value of which exists that will turn Ch into a minimum, the optimal
value for Tp. Each inspection n must then be performed at moments tn from (2) until the
period where the condition (tn+1 − tn) < P–M (see Figure 1) is verified.

After entering this period, inspections must be performed with P-M periodicity (see
Figure 1). A sequence of safe time windows (STW) was given by (Mn − Pn) and unsafe time
windows (UTW) by (Pn −Mn−1) (See Figure 2). The probability of a failure in progress
not being detected is given by the sum of probabilities that point P will fall within any
UTW. Because it is assumed that all inspections will occur at moments Mn ≡ tn, STW will
hence extend backwards in time by (Mn − Pn). If a potential failure is noticed to be in
progress within a STW, the equipment unit will be scheduled to stop, the component will
be promptly removed or repaired, and the incurred cost will be only Crp. If, on the contrary,
a potential failure occurs within a UTW and is not noticed, a functional failure will happen
with all the undesired consequences Cop. If no potential failure occurs until moment Tp,
then the component will be replaced or recovered at this very moment at a cost Crp.

Appl. Sci. 2021, 11, x FOR PEER REVIEW 5 of 12 
 

 
Figure 2. Safe time windows Pn–Mn (grey), moment H (today), moment Tp (overhauling). Arrows represent inspection 
moments (authors’ figure). 

This stochastic economic assessment model consists of four different costs spread 
over the period H–Tp: 
 Inspections cost supposed to be performed at moments Mn; 
 Opportunity cost due to the built up of production degradation; 
 Repair cost of a potential failure, which may or may not happen; 
 Consequence cost of a functional failure (repair and loss of production), which may 

or may not happen. 
An optimal solution can be found after a few trials (scenarios) making R(tn|tn−1) vary 

and keeping Tp constant, or vice-versa, if interest exists. The best scenario is found when 
⎯Ch is a minimum. 

2.3. Expected Cost of a Functional Failure 
Let n* be the order number of the STW from which a potential failure will be surely 

noticed; that is, since the moment the condition (Pn − Mn−1) < (P-F − M-F) was observed. 
The probability of a functional or undetected potential failure is given by the sum of the 
probabilities of a potential failure occurrence within any UTW (Pn − Mn−1) over the period 
H–Tp. Similarly, the expected cost of a functional failure fC  will result from the sum of 
the present worth of the opportunity cost Cop weighted with probabilities of time intervals 
(Pn − Mn−1).  

( )[ ] ( )[ ]{ }.||.
*

1
1

=
− −−−=

n

n
nnf HHMFHHPFC ( ) HMPop

nn
C

;1
.

−−  (3)

In this formula ( ) HMPop
nn

C
;1−−  represents the average worth of the opportunity cost Cop 

if a functional failure happens within any of the time intervals (Pn − Mn−1). 

( ) ( )
−

− +−
=

−
−

n

n
nn

P

M
n

op

nn
HMPop dn

j

C
MP

C
1

1
.

1
1

1
;

 (4)

This expression can be solved to yield (5):  

( ) ( ) ( ) ( ) 











+
−

++−
=

−−
−

− −− HPHM
op

nn
HMPop

nnnn jjj
C

MP
C

1
1

1
1.

1ln
.1

11
1

;  (5)

2.4. Expected Repair Cost of a Potential Failure 
The moments at which a repair might take place are inside an STW (Mn − Pn), where 

(Pn − Mn−1) ≥ (P-F − M-F); inside an STW (Mn − Mn−1), where (Pn − Mn−1) < (P-F – M-F) applies, 
and the onset of a failure is certain to be detected; and at Tp if no failure is detected during 
the whole period H–Tp. 

Let N be the total number of inspections performed at moments Mn. Like the previous 
section, the expected cost of a repair may be expressed as (6). 

Figure 2. Safe time windows Pn–Mn (grey), moment H (today), moment Tp (overhauling). Arrows represent inspection
moments (authors’ figure).
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This stochastic economic assessment model consists of four different costs spread over
the period H–Tp:

� Inspections cost supposed to be performed at moments Mn;
� Opportunity cost due to the built up of production degradation;
� Repair cost of a potential failure, which may or may not happen;
� Consequence cost of a functional failure (repair and loss of production), which may

or may not happen.

An optimal solution can be found after a few trials (scenarios) making R(tn|tn−1) vary
and keeping Tp constant, or vice-versa, if interest exists. The best scenario is found when
Ch is a minimum.

2.3. Expected Cost of a Functional Failure

Let n* be the order number of the STW from which a potential failure will be surely
noticed; that is, since the moment the condition (Pn −Mn−1) < (P-F −M-F) was observed.
The probability of a functional or undetected potential failure is given by the sum of the
probabilities of a potential failure occurrence within any UTW (Pn −Mn−1) over the period
H–Tp. Similarly, the expected cost of a functional failure C f will result from the sum of the
present worth of the opportunity cost Cop weighted with probabilities of time intervals
(Pn −Mn−1).

C f =
n∗
∑
n=1
{F.[(Pn − H)|H]− F[(Mn−1 − H)|H]}.Cop(Pn−Mn−1);H

(3)

In this formula Cop(Pn−Mn−1);H
represents the average worth of the opportunity cost

Cop if a functional failure happens within any of the time intervals (Pn −Mn−1).

Cop(Pn−Mn−1);H
=

1
Pn −Mn−1

Pn∫
Mn−1

Cop

(1 + j)n .dn (4)

This expression can be solved to yield (5):

Cop(Pn−Mn−1);H
=

1
Pn −Mn−1

.
Cop

ln(1 + j)
.

[
1

(1 + j)Mn−1−H −
1

(1 + j)Pn−H

]
(5)

2.4. Expected Repair Cost of a Potential Failure

The moments at which a repair might take place are inside an STW (Mn − Pn), where
(Pn −Mn−1)≥ (P-F−M-F); inside an STW (Mn −Mn−1), where (Pn −Mn−1) < (P-F – M-F)
applies, and the onset of a failure is certain to be detected; and at Tp if no failure is detected
during the whole period H–Tp.

Let N be the total number of inspections performed at moments Mn. Like the previous
section, the expected cost of a repair may be expressed as (6).

Crp =
n∗
∑
n=1
{F[(Mn − H)|H]− F[(Pn − H)|H]}.Crp(Mn−Pn);H

+

+
N

∑
n∗+1
{F[(Mn − H)|H]− F[(Mn−1 − H)|H]}.Crp(Mn−Mn−1);H

+
{

1− F
[(

Tp − H
)∣∣H]}.Crp(Tp ;H)

(6)

where Crp(Mn−Pn);H
and Crp(Mn−Mn−1);H

represent the average present worth of the repair
cost Crp if a failure ever happens, and Crp(Tp ;H) represents the present current worth of the
repair cost Crp performed at moment Tp. The term

{
1− F

[(
Tp − H

)∣∣H]} represents the
conditional reliability until moment Tp; that is, the probability that no failure will occur
from H to Tp.
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2.5. Expected Cost of Inspections

While a failure may be revealed randomly at any moment inside an STW or UTW,
inspections only take place at moments Mn. Consequently, the expected cost of inspections
Ci may be expressed as

Ci = Ci.
N

∑
n=1

1

(1 + j)(Mn−H)
{F[(Mn − H)|H]− F[(Mn−1 − H)|H]}+

Ci.

[
N

∑
n=1

1

(1 + j)(Mn−H)

]
.
{

1− F
[(

Tp − H
)∣∣H]} (7)

The first term of (7) is determined by summing the present worth of inspection
costs Ci weighted by the probability increments of potential failure inside time intervals
(Mn −Mn−1). The second term is obtained multiplying the present worth of inspection
costs Ci by the conditional reliability until moment Tp.

2.6. Expected Cost of Lost Production

Whether or not a failure may be developing, the efficiency of the system to which the
component under surveillance belongs may be diminishing with time. From an economic
perspective, this fact will favor the anticipation of a halt. Let Cd be the expected cost
of degradation. The accumulated degraded production d(%) until any moment Mn can
typically be equated by a third-order polynomial d(%) = K1 + K2.Mn + K3.Mn

2 + K4.Mn
3.

The average production loss occurred in the time interval (Mn −Mn−1), assuming linearity
if the interval is sufficiently short, can be given by ∆d(%)/2.(Mn – Mn−1). Once converted
to product units, this loss can be expressed by [∆d(%)/2.(Mn −Mn−1)].1/100.P, where P
represents the nominal capacity of the system, e.g., kWh or Ton/hour).

Let m be the contribution margin (the difference between selling price and variable
cost), of units produced in the equipment. The opportunity cost increment originating
at time interval (Mn – Mn−1) will then be given by P.m.[∆d(%)/200.(Mn – Mn−1)]. The
expected degraded production cost can now be determined by (8).

Cd =
P.m
200

.[∆d(%)(Mn −Mn−1)].
N

∑
n=1

1

(1 + j)(Mn−H)
{F[(Mn − H)|H]− F[(Mn−1 − H)|H]}+

+
P.m
200

.[∆d(%)(Mn −Mn−1)].

[
N

∑
n=1

1

(1 + j)(Mn−H)

]
.
{

1− F
[(

Tp − H
)∣∣H]} (8)

The first term is determined by summing the present worth of the opportunity
costs Cd weighted by the probability increments of potential failure inside time inter-
vals (Mn −Mn−1). The second term is obtained multiplying the present worth of the
opportunity costs Cd by the conditional reliability until moment Tp

2.7. Expected Cost Per Time Unit

To determine the expected cost per unit time, the expected global cost (sum of the
four costs in the previous sections) has to be divided by the expected life of the component,
which can be achieved by adding up three different expected lives: (1) VF f , life until the
functional failure occurs; (2) VFp, life until a potential failure is detected; and (3) VnF, life
until the moment Tp when no failure has occurred.

The expected life until the functional failure VF f is given by adding up the products
of the various UTW average lives with the correspondent probabilities (9).

VF f =
n∗
∑
n=1
{F.[(Pn − H)|H]− F[(Mn−1 − H)|H]}. (Pn −Mn−1)

2
(9)
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The expected life until detection of a potential failure VFp can be found by adding
up the products of the various STW average lives with the corresponding probabilities
(1 ≤ n ≤ n* in the case of alternate STW and UTW and n* + 1 ≤ n ≤ N when only STW
are left).

VFp =
n∗
∑
n=1
{F[(Mn − H)|H]− F[(Pn − H)|H]}. (Mn − Pn)

2
+

N

∑
n∗+1
{F[(Mn − H)|H]− F[(Mn−1 − H)|H]}. (Mn −Mn−1)

2

(10)

Life until the moment Tp if no failure has occurred, VnF, is given by the product of Tp
and the conditional reliability until moment Tp.

VnF =
{

1− F
[(

Tp − H
)∣∣H]}.Tp (11)

Finally, the expected life of the component V, which might undergo a failure (noticed
in time to avoiding functional failure) or a functional failure, or on the contrary survive
until moment Tp can now be obtained by adding up those three expected lives (12).

V = VF f + VFp + VnF (12)

The expected cost per unit time Ch is finally given by a uniform series of payments (13).

Ch =
(

C f + Crp + Ci + Cd

)
.

j.(1 + j)V

(1 + j)V − 1
(13)

3. Results

In this section, a decision model application was presented through which results
were shown to check the consistency of the model proposed for the selection of inspection
intervals. This application was based on a confidential case study in a sanitary ceramics
company. Although the figures were not the real data, they were conveniently changed to
represent a realistic and consistent context.

In this company, a component that comprised part of the natural gas burning system
of a tunnel oven was subjected to erosion and fatigue and failed according to a Weibull
distribution with two parameters α = 2 and β = 8000 h. This component had accumulated
3000 h of running time. The equipment worked round the clock (365 days per year ×
24 h a day = 8760 h per year) and was presently scheduled to be overhauled by 9000 h.
The nominal production rate was 350 units/hour, and the contribution margin was EUR
100/unit. Based on historical data, as symptoms were aggravated, the throughput had
to be lowered and the cumulated production loss was estimated over time from new as
being described by a third order polynomial d(%) = −4.8983 + 0.0032Mn − 6.10−7Mn

2

+ 7.10−11Mn
3. If a potential failure is noticed in due time, the repair will take place

immediately and its cost is estimated to be EUR 35,000. If a functional failure arises, the
equipment will have to stop unexpectedly costing EUR 100,000 due to repair and lost
production mainly. Inspections will be performed for EUR 4000 each. The interest tax rate
currently used in the company is 25% per year. Periods P-F and M-F are approximately 500
and 50 h, respectively. The component has already accumulated 2.000 h of work (H = 2000).

If the company sets a minimum reliability between inspections of 0.9, what will the
hourly cost of this course of action be?

The limit time interval during which an inspection must take place after point P has
been noticed is (P–M) = (P-F) − (M-F) = 500 − 50 = 450 h. If inspections are accomplished
at moments M, each STW will therefore extend 450 h backwards in time. The interest tax
rate must be adjusted for the hour as time is measured in hours in this example.

j = (1 + ITR)1/m – 1 = (1 + 0.25)1/8760 − 1 = 0.002547%.hour.
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Expected costs until 9000 h from now will have to be computed. Excel enabled all the
calculations in a tabular form. Table 1 and Figure 3 show the results. In Table 1, one can
see that 17 inspections were necessary to accomplish a minimum reliability of 0.9 between
every two inspections until 9000 h from the present moment. From the ninth inspection
onwards, inspections were performed with a periodicity of (P–M) = 450 h because only
STW remained. The expected costs obtained were: Failure: EUR 15,931; Inspections: EUR
30,881; Repair: EUR 25,404; Degraded production: EUR 4238, the sum of which yielded a
total of EUR 76,454 over almost 11,000 h.

Table 1. Expected costs.

Order of
Inspection

(n)

Moments of
Inspection

(Mn)

Time
Intervals
between

Inspections

Moments
(Pn−1)

Probability of a
Functional Failure

(Pn −Mn-1)

Failure
Expected

Cost

Inspection
Expected

Cost

Repair
Expected

Cost

Degraded
Production
Expected

Cost

1 2597 2597 2147 0.009462 969 165 1127 0
2 3672 1076 3222 0.052975 5176 745 1445 60
3 4498 825 4048 0.038167 3640 994 1587 82
4 5193 696 4743 0.027059 2531 1181 1640 102
5 5806 613 5356 0.018516 1703 1316 1640 120
6 6361 554 5911 0.011877 1077 1409 1606 136
7 6870 510 6420 0.006699 599 1468 1551 149
8 7345 474 6895 0.002660 235 1499 1482 161
9 7795 450 7345 0 0 1522 1405 172
10 8245 450 7795 0 0 1595 1319 191
11 8695 450 8245 0 0 1640 1227 208
12 9145 450 8695 0 0 1657 1130 224
13 9595 450 9145 0 0 1648 1032 237
14 10,045 450 9595 0 0 1615 934 248
15 10,495 450 10,045 0 0 1562 839 256
16 10,945 450 10,495 0 0 10,864 5439 1894

0.167418 EUR 15931 EUR 30881 EUR 25404 EUR 4238
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Figure 3. Moments Mn and Pn (authors’ figure).

A failure inside a UTW takes place at 665 h on average (9). A failure inside a STW
takes place every 4594 h on average (10). When no failures occur, the expected life from
until 9000 h from now is 0.1674 × 9000 = 1841 h (11). The total expected life is therefore
(1841 + 665 + 4594) = 7100 h (12).

Finally, the expected hourly cost can be found (13):

Ch = (76454).
(0.00002547).(1 + 0.00002547)7101

(1 + 0.00002547)7101 − 1
= EUR 11.77/h

The Search for Optimality

The hourly maintenance cost Ch given by equation (13) can be set to a minimum by
finding a suitable value of the conditional probability R(tn|tn−1). As matter of fact, this is
the right variable to be considered as it is set arbitrarily; there are no strong arguments for it
to assume any value in advance. Given the discrete nature of equations seen previously, an
iterative method is appropriate. For instance, considering the previous example and letting
the minimum reliability between inspections vary by increments of, say, R(tn|tn−1) = 0.05,
gives results that are depicted in Figure 4.
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Figure 4. Variation of Ch with R(tn|tn−1) (authors’ figure).

Figure 4 shows that for R(tn|tn−1) ∼= 0.8, Ch is approximately a minimum equal to
EUR 9/hour. In practice, it would be of no use to adopt more accuracy.

4. Conclusions

This study demonstrated how to determine an optimal inspection calendar to monitor
the status of any critical component of a piece of production equipment. It was delivered
as a combination of foreseeable failure, the time interval between the onset of a failure and
functional failure, and all associated costs (inspections, production degradation, failure
consequences and repair). The resultant inspection calendar was composed of increasingly
shorter time intervals. A sensitivity analysis allowed the search for a particular value of
the decision variable “reliability between inspections”, which returned a minimum global
maintenance cost per running hour. Similarly, it was shown that the calendar might be
automatically updated each time an inspection turned out negative. For this purpose, the
probability of false negatives that might occur, as well as the inspector’s confidence in the
test, were taken into consideration. As a result, the method proved to be dynamic and
self-adjusting.
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Abbreviations

Acronyms
ITR Interest Tax Rate
MTTF Mean Time To Failure
MTTR Mean Time To Repair (or Replace)
STW Safe Time Window
TTF Time To Failure
TTR Time To Repair (Replace or Recover)
UTW Unsafe Time Window
Notation
α Weibull shape parameter
β Weibull scale parameter
Ch Total expected cost
C f Failure expected cost
Crp Repair expected cost
Ci Inspections expected cost
Cd Degraded production expected cost
f (t) Failure density function
F Moment of a functional failure
F(t) Probability of failure
F(tn-t|t) Conditional probability of failure in the interval (tn − t) given age t has been attained
F′(t) Prior probability of a failure being in progress despite the test has been negative
F”(t) Subsequent probability of a failure being in progress despite the test has been

negative with a confidence level of Pc
h(t) Hazard function
H Today
M-F Minimum time span to prevent a functional failure after a potential failure has

been detected
Mn Moments of inspection or start of an unsafe time window
n* Order number of the STW from which a potential failure will be surely noticed
N Number of inspections that took place until moment Tp
P Moment of detection of a potential failure
P-F Time span between a potential failure and a functional failure
Pn Start of a safe time window
Pt Accuracy of the test
Pt(T−|Fs) Likelihood of a false negative in a test
Pt(T+|Fn) Likelihood of a false positive in a test
R(t) Reliability to the moment t
R(∆t|t) Conditional reliability in the time interval ∆t, given age t is accumulated
t0 Weibull location parameter
Tp Scheduled moment for overhauling
VF f Expected life until the occurrence of the functional failure
VFp Expected life until the occurrence of the potential failure
VnF Expected life until moment Tp
V Total expected life
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