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Abstract: This study was performed to evaluate the probabilistic characteristics of the flexural
strength of reinforced concrete (RC) flexural members adopted for underground box culverts. These
probabilistic models were developed to be adopted for the development of limit state load combina-
tion formats for underground RC box culverts. The probabilistic models of uncertainties inherent
in the basic design variables were developed to evaluate flexural strength using field material test
data as well as field survey data collected from various domestic construction sites of underground
box culverts in Korea. The basic design variables include concrete strength, steel rebar strength, and
section dimensions, such as slab thickness and rebar locations. Some design variables are assumed to
have inherent construction error characteristics, which may be different from those inherent in the
RC members for buildings and bridges. The bias models on flexural strength were evaluated based
on the experimental results of four-point flexural tests on one-way RC slabs, which were fabricated
following the general practice adopted in the local underground box culvert construction process.
Based on the probabilistic models of basic design variables, as well as the bias models of flexural
strength, Monte Carlo simulations were performed to examine the probabilistic characteristics of
both ultimate flexural strength and yield moment strength of RC slab members. Some sensitivity
analyses were performed to confirm the soundness of various probability models and the assump-
tions adopted in the development procedure. The proposed procedure may be applied to develop
probabilistic resistance models for structural members, in which the construction error characteristics
are assumed to be different from other practices.

Keywords: probabilistic model; RC slab member; ultimate flexural strength; yield flexural strength;
Monte Carlo simulation

1. Introduction

The utilization of underground space has become quite important in urban areas due
to the increasing demand for city infrastructure. Underground transportation systems
and utility spaces can alleviate the increasing demand on infrastructure and would pro-
vide more open and green spaces for urban dwellers. Underground RC box culverts are
widely adopted for utility tunnels for electricity power lines, water pipes, and communica-
tions lines.

The underground box culverts constructed for the local electric company in this study
have a very typical cross-section, as shown in Figure 1. The spans (internal distances
between two walls) range from 2.0 m to 2.6 m generally, and the rises (internal distances
between the top and bottom slabs) range from 2.0 m to 2.2 m. The earth fills over the top
slabs are generally required to be greater than 1.2 m to prevent freezing damage. Most
underground box culverts are constructed along existing urban highways. Haunches are
constructed at the top two corners because the corner end moments of the bottom slab are
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not large due to the strengthened foundation under the bottom slab. The cover depth (the
distance from the center of the rebar to the outside surface) of the outside main rebar is
fixed at 80 mm, and it is 60 mm for the inside main rebar.
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Various probabilistic resistance models have been proposed and adopted to perform
reliability-based code calibrations [1–9], mainly for buildings and bridges. Ellingwood et al. [1]
proposed a probabilistic model of the flexural resistance of RC members in order to develop
the load combinations and load factors for limit state design, in which the basic data
were collected mainly from RC buildings and prestressed concrete beams. Nowak [2]
developed a probabilistic resistance model of general bridge structural members based
on the statistical models of the basic design variables proposed by Ellingwood et al. [1].
Nowak, Park, and Ojala [3] performed a reliability-based calibration of design codes
for buried structures. However, the resistance model in this study [3] is adapted from
previous works on bridge structures [10,11]. Nowak et al. [4,5] and Rakoczy and Nowak [6]
proposed resistance models of building RC components, revised with new material test
data. Galasso et al. [7] investigated the uncertainty of the flexural strength of an RC
beam, in which the probabilistic model of rebar strength was only modified based on data
collected from local (Italian) industries. All other models have been adapted from previous
studies [1,4,12]. Similarly, Foster et al. [8] studied the statistical characteristics of material
properties as well as uncertainties in strength of RC members based on local data and local
laboratory tests (Australia). Wisniewski et al. [9] proposed the probabilistic models for
mechanical properties of materials including concrete, reinforcing steel, and prestressing
steel to account for a recent improvement in production. Most studies [4–7] adopted
probabilistic models of geometric dimensions, as well as the experimental strength bias
values in relation to flexural strength, from Ellingwood’s [1] models, in which geometric
dimension errors were measured based on building members and the flexural strength
biasness model was developed based on the experimental results obtained from RC beams
and prestressed beams.

Most underground utility culverts are constructed through a process involving open-
excavation, concrete formwork, rebar assembly, concrete cast-in-place, field curing, earth
refill, and pavement. Therefore, quality control for underground RC culverts has not
been able to maintain constancy throughout the construction process in relation to the
load-carrying capacity of RC culvert members. The variability of the member strength
of RC culverts should be considered in the design process in order to achieve consistent
structural safety as well as to ensure the construction of cost-efficient structures. RC box
culverts, which consist of slab- and wall-type members, may have different characteristics
compared with the members of buildings or bridges. In addition, the target reliability levels
for underground power supply culverts may be different from the safety levels inherent in
building design and bridge design.

In this study, probabilistic resistance models that address the variability inherent in the
flexural strength of the slab members of underground RC box-type culverts are proposed



Appl. Sci. 2021, 11, 8520 3 of 19

based on real field data collected and measured at local construction sites of underground
RC box culverts in South Korea. In addition, 48 RC slab specimens are tested to verify
uncertainties in the nominal flexural capacity.

2. Flexural Moment Strength of RC Members
2.1. Ultimate Moment Strength

The ultimate moment strength is calculated based on strain compatibility and the
equilibrium of internal forces. An elastic, perfectly plastic model is used for steel rebar
and an equivalent rectangular stress block is used for concrete in compression [13,14]. The
nominal ultimate moment strength can be estimated using Equation (1), considering only
the lower rebar [14]:

Mn = fy As

(
d− β1c

2

)
(1)

where fy is the yield strength of steel rebar, As is the area of lower reinforcement, d is the
effective depth of the section, β1 is a factor relating the depth of the equivalent rectangular
stress block to the depth of the neutral axis, and c is the depth of the neutral axis [14].

For doubly reinforced concrete members, the calculation of moment strength may
depend on the induced strain of the upper reinforcement. When the upper reinforcement is
in the compression zone, the moment strength can be evaluated using Equation (2), where
fck is the compressive strength of concrete, b is the width of RC member, A′s is the area
of upper reinforcement, f ′s is the stress in the upper rebar, and d′ is the distance from the
extreme compression fiber to the centroid of the upper rebar [14].

Mn = 0.85 fckbβ1c
(

d− β1c
2

)
+ A′s

(
f ′s − 0.85 fck

)(
d− d′

)
(2)

Furthermore, the moment strength is calculated by Equation (3) when the upper rebar
is in the tension zone [14].

Mn = 0.85 fckbβ1c
(

d− β1c
2

)
+ A′s

(
f ′s − 0.85 fck

)(
d− d′

)
(3)

When the strain in the steel rebar is greater than its yield strain, the stress in the steel
rebar is equal to the yield stress.

2.2. Yield Moment Strength

The reinforcing steel in the tension side will yield before the concrete reaches its
ultimate strain on the compression side since the RC slabs are designed to be under-
reinforced. To evaluate the yield moment strength, the strain of the tensile rebar is assumed
to be equal to the yield strain, and the section equilibrium between tension and compression
must be established [14–16] (Figure 2). The concrete stress is estimated with Equation (4)
(Figure 3).

fcy = 0.85 fck

(
2

εcy

ε0
−
(

εcy

ε0

)2
)

(4)

The upper rebar stress is not considered because it is observed that the upper rebar is
located near the neutral axis when the bottom rebar yields in the RC slab section and the
contribution is negligible. The stress of the lower rebar is set to its yield stress.

A simple iteration procedure to calculate the yield moments of the RC slabs is proposed
in Figure 4. Based on iterations with various slab designs, εcy is assumed to be 3

7 εy at the
beginning of the calculation to accelerate the iterations. The depth of the neutral axis c is
adjusted by calibrating εcy until section equilibrium is established. Then, the yield moment
My can be estimated using Equation (5).

My = fy As(d− 0.35c) (5)
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rectangular section.

The proposed iteration process is based on the algorithm of Laupa et al. [15]; however,
steps 2 and 5 in Figure 4. have been proposed here to improve the iteration procedure.
Those functions are selected from various computational examples of slab-type members.
De Cossio et al. [16] proposed a simplified computational method to improve the iteration
method of Laupa et al. [15], compromising the accuracy of the estimated yield moment.
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The computational results from the proposed iteration shown in Figure 4. will be compared
with the experimental results as well as the computational results obtained by previous
methods [15,16] in Section 4.

3. Probabilistic Model of Basic Design Variables
3.1. Probabilistic Model of Concrete Compressive Strength

The probabilistic model of concrete compressive strength was developed using com-
pressive test results of 407 field-collected and field-cured concrete cylinders. The design’s
compressive strength of concrete is 27 MPa, which is the strength recommended by the
local power company.

The cumulative distribution function (CDF) of concrete compressive strength (28-days)
is plotted on a normal probability paper in Figure 5. The compressive strengths are
quite widely scattered, because the design strength is relatively low and the field curing
environments vary greatly depending on the ambient weather and site conditions. Since
the lower tail of the concrete strength distribution is the critical part affecting the flexural
strength of the slab member, a linear regression line is fitted to sample points below
x− 1·sX , as shown in Figure 5, where x is the sample mean and sX is the sample standard
deviation. Finally, a normal probability density function (PDF) model with a mean of
30.4 MPa (bias factor 30.4/27 = 1.13) and coefficient of variation (cov) of 0.222 (standard
deviation, SD, 6.75 MPa) is proposed for concrete compressive strength with the design
strength of 27 MPa.
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For similar concrete models (design strength 27.6 MPa = 4000 psi), Ellingwood et al. [1]
recommended a normal distribution with a mean of 23.4 MPa and cov of 0.18; Nowak et al. [4,5]
suggested a normal distribution model with a bias factor of 1.24 and a cov of 0.15.

3.2. Probabilistic Model of Yield Strength of Steel Rebar

The tensile strength tests were performed at a national laboratory using 318 test
samples of SD400-grade steel rebar ( fy = 400 MPa) with diameters ranging from 10 mm to
32 mm, produced by nine different local reinforcing steel manufacturers. Table 1 provides
a summary of the yield strengths. Except for the 10 mm rebars, the statistical mean
values were quite similar for the various diameters, which was the general trend in other
studies [4,5]. D10 and D13 rebars are not used for structural reinforcements in the local
underground RC culverts.

A linear regression line is proposed with most of the data set, excluding 5% of the
upper tail (n = 16) since the lower region data are more important in the structural safety
evaluation, as described in Figure 6. A normal distribution model with a mean of 468.7 MPa
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(bias factor 1.17) and a cov of 0.043 (SD 20.34 MPa) is proposed for the yield strengths of
steel rebar.

Table 1. Statistical yield strength data of SD400 rebars (unit: MPa).

Diameter D10 D13 D16 D19 D22 D25 D29 D32 Total

Mean, x 502.7 474.3 471.1 467.3 463.7 466.3 463.5 464.3 468.4
cov, δX 0.011 0.045 0.032 0.043 0.045 0.029 0.049 0.035 0.042

n 6 54 54 54 48 36 33 33 318
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For steel reinforcing bars of 420 MPa (60 ksi), Ellingwood et al. [1] proposed a beta
distribution function model (bias factor 1.125, cov 0.10), Nowak et al. [4] recommended a
normal distribution function model (bias factor 1.145, cov 0.05), and Nowak et al. [5] also
suggested a normal distribution function model (bias factor 1.13, cov 0.03). Galasso et al. [7]
proposed a log-normal PDF with a bias factor of 1.22 and a cov of 0.054 for steel rebars of
450 MPa grade (Italy).

3.3. Probabilistic Models of Dimensions of Cross Sections

The sectional dimensions (thickness and cover depths) of slab members of RC box
culverts were measured from various construction sites, whereby a core was drilled through
the depth of the slab. As shown in Figure 7, the bias factor of slab thickness (λt) was found to
be 1.004 with a cov of 0.032, based on the fitting of a normal probability distribution function.

The vertical locations of the upper and the lower reinforcements were measured using
a rebar detector. The design value for cover depths is 60 mm for the inner cover depth
(cs1distance from the bottom side of the slab to the centroid of the lower rebar) and 80 mm
for the outer cover depth (cs2distance from the top side of the slab to the centroid of the
upper rebar). These are the recommended cover depths for all local underground RC
culverts for the electricity supply.

The probabilistic flexural strength models herein were developed for positive moment
capacity (cover depths of tensile and compressive rebars—60 mm and 80 mm) and negative
moment capacity (cover depths of tensile and compressive rebars—80 mm and 60 mm).
The effective depth decreases when the cover depth of the tensile rebar increases. Hence,
these probabilistic models are evaluated considering the upper part of the distribution.
Furthermore, probabilistic models of the cover depth of the compressive rebar are deter-
mined with the lower part of the distributions, because the moment capacity decreases as
the cover depth of compressive rebar decreases.
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As illustrated in Figure 8, a normal PDF with a mean of 71.5 mm and an SD of 4.66 mm
(cov 0.065) is proposed for the cover depth of a tensile rebar (positive moment). A normal
PDF with a mean of 67.2 mm and SD of 4.35 mm (cov 0.065) is proposed for the cover depth
of a compressive rebar (negative moment).
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The outer cover depth (nominal depth—80 mm) is modeled with a log-normal dis-
tribution. A log-normal PDF with a median of 75.8 mm and a ζ (logarithmic standard
deviation or zeta) of 0.144 is proposed for the cover depth of a tensile rebar (negative
moment), as illustrated in Figure 9. For the cover depth of a compressive rebar (positive
moment), a log-normal PDF with a median of 78.6 mm and a ζ of 0.068 is proposed.

Ellingwood et al. [1] proposed a unified normal distribution model for construction
errors in members of all dimensions, which have been adopted in other studies [4–7].



Appl. Sci. 2021, 11, 8520 8 of 19

Appl. Sci. 2021, 11, x FOR PEER REVIEW 8 of 20 
 

The outer cover depth (nominal depth—80 mm) is modeled with a log-normal distri-

bution. A log-normal PDF with a median of 75.8 mm and a ζ (logarithmic standard devi-

ation or zeta) of 0.144 is proposed for the cover depth of a tensile rebar (negative moment), 

as illustrated in Figure 9. For the cover depth of a compressive rebar (positive moment), a 

log-normal PDF with a median of 78.6 mm and a ζ of 0.068 is proposed. 

 

Figure 9. CDF for outer cover depth of slab member (log-normal PDF). 

Ellingwood et al. [1] proposed a unified normal distribution model for construction 

errors in members of all dimensions, which have been adopted in other studies [4–7]. 

4. Uncertainty Evaluation of Flexural Strength of a Reinforced Concrete Slab 

4.1. Overview of One-Way RC Slab Test 

The flexural strength can be different from the design strength due to variations in 

material properties and the dimensions of the member, as well as errors inherent in the 

design formulations and assumptions (Nowak and Collins [18]). To evaluate the uncer-

tainty in flexural strength, four-point flexural tests were conducted with 48 one-way RC 

slab specimens with a width of 1000 mm and length of 3000 mm. The thickness of the slab 

specimens varied from 250 mm to 400 mm. The design compressive strength of concrete 

is fixed to 27 MPa. SD400-grade steel rebars (𝑓𝑦 = 400 MPa), with various diameters rang-

ing from 16 mm to 25 mm, were used for longitudinal reinforcements, as shown in Figure 

10. 

 

Figure 10. Section reinforcement of RC slab specimens (unit: mm). 

For shear reinforcement, stirrups of 13 mm in diameter were placed with 200 mm 

spacing at the center, and 16 mm diameter stirrups were placed with 120 mm spacing at 

both ends, as shown in Figure 11. The sectional information of the slab specimens is sum-

marized in Table 2. The cover depth of bottom rebars varied from 30 mm to the design 

value of 60 mm in order to investigate the effect on ultimate flexural strength. Slabs were 

simply supported at 250 mm from both ends and tested under two concentrated loads, 

placed symmetrically at 700 mm apart, as illustrated in Figure 11. 

a
d
'

c'

d t

H16~H25@200

H16~H25@400

100200200100 200200

Figure 9. CDF for outer cover depth of slab member (log-normal PDF).

4. Uncertainty Evaluation of Flexural Strength of a Reinforced Concrete Slab
4.1. Overview of One-Way RC Slab Test

The flexural strength can be different from the design strength due to variations
in material properties and the dimensions of the member, as well as errors inherent in
the design formulations and assumptions (Nowak and Collins [18]). To evaluate the
uncertainty in flexural strength, four-point flexural tests were conducted with 48 one-way
RC slab specimens with a width of 1000 mm and length of 3000 mm. The thickness of
the slab specimens varied from 250 mm to 400 mm. The design compressive strength
of concrete is fixed to 27 MPa. SD400-grade steel rebars ( fy = 400 MPa), with various
diameters ranging from 16 mm to 25 mm, were used for longitudinal reinforcements, as
shown in Figure 10.
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Figure 10. Section reinforcement of RC slab specimens (unit: mm).

For shear reinforcement, stirrups of 13 mm in diameter were placed with 200 mm
spacing at the center, and 16 mm diameter stirrups were placed with 120 mm spacing
at both ends, as shown in Figure 11. The sectional information of the slab specimens is
summarized in Table 2. The cover depth of bottom rebars varied from 30 mm to the design
value of 60 mm in order to investigate the effect on ultimate flexural strength. Slabs were
simply supported at 250 mm from both ends and tested under two concentrated loads,
placed symmetrically at 700 mm apart, as illustrated in Figure 11.

4.2. Experimental Results of One-Way RC Slab Tests

Figure 12 shows some photographs of the loading experiments. Figure 12a provides a
view of the test setup and the broken lines on the side surface indicate the locations of both
the lower rebars and upper rebars, which were detected using a rebar detector before the
test setup. Figure 12b shows the cracks on the side surface, in which the 2-point loading
positions were located at “35” (350 mm in both the left and right directions from the center).
It was found that the tensile cracks started from the bottom and grew upward over the
upper rebar and the upper rebar experienced the tensile stress before the ultimate moment
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capacity was reached. The major cracks around the center approached the crush region of
the top surface concrete. Figure 12c shows the typical crush patterns on the top surface
concrete of another specimen. The depth of the concrete crush region was measured to
be about 30 mm to 40 mm, depending on the slab depth. The nominal cover depth of the
upper rebar is 80 mm in the local underground culverts.
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Figure 11. Test setup of four-point flexural test of RC slab (unit: mm).

Table 2. Dimensions of one-way RC slabs.

Specimen Title n (Specimens) d’ (mm) a (mm) c’ (mm) t (mm)

SA-H16-300T 7 80 160 60 300
SA-H19-300T 5 80 160 60 300
SA-H22-300T 2 80 160 60 300
SA-H25-300T 2 80 160 60 300
SB-H16-300T 3 60 180 60 300
SC-H16-300T 3 80 175 45 300
SC-H19-300T 3 80 175 45 300
SD-H16-270T 3 80 130 60 270
SE-H16-250T 3 60 130 60 250
SF-H16-240T 3 80 125 35 240
SH-H19-400T 5 80 260 60 400
SI-H19-400T 3 80 280 40 400
SJ-H19-400T 6 80 290 30 400

The experimental ultimate load Pu and the yield load Py were obtained from the
load–displacement curves of the slab specimens and confirmed from the load–strain curves
of the bottom rebar, upper rebar, and top surface concrete. Figure 13 presents some load–
displacement curves of the RC slab members. The ultimate load Pu caused the crushing
of the concrete at the top surface of the slab. The yield load Py caused the yielding of
the bottom reinforcements. The load–displacement curves presented in Figure 13 show
two different behaviors: one for specimens with a small bottom rebar area and another
for specimens with a large bottom rebar area. The slabs with small tensile bottom rebar
areas (Figure 13a,b) withstood loads until large deflections occurred; however, the slabs
with large amounts of bottom tensile rebar (Figure 13c,d) reached the ultimate moment
capacities earlier because the top concrete was crushed earlier.

The experimental moment strengths were compared to the analytical moment strengths.
The analytical moment strengths were calculated with 28-day concrete strength, as well as
the measured sectional dimensions (thickness and cover depths). The yield strength of the
rebar was adopted from the mean values of the rebar tensile tests, summarized in Table 1.

The yield moment strengths are calculated as described in Section 2.2 and compared
with the experimental results as well as the computational results estimated by the other
methods suggested in the previous studies [15,16]. As shown in Figure 14, De Cossio’s
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procedure [16] shows relatively noticeable errors in some cases while both Laupa’s proce-
dure and the proposed procedure provide better estimations to the experimental results(

My−exp
)
. The proposed iteration procedure is found to be simpler and converge faster

than the procedure of Laupa et al. [15]. The computational results of My−exp/My−comp
estimated for 48 specimens by those 3 methods are summarized in Table 3. It is found that
the proposed procedure reduces the estimation errors.
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Table 3. Estimation of yield moment strengths.

Statistical Parameter This Study Laupa et al. [15] De Cossio et al. [16]

Mean (n = 48) 0.982 0.969 1.052
SD 0.043 0.047 0.044
cov 0.043 0.049 0.042
min 0.860 0.830 0.923
max 1.075 1.063 1.153

max–min 0.214 0.233 0.229

The bias factors of the yield moment strength (λy = My−exp/My−comp) are well-
plotted on a normal probability paper, as shown in Figure 15. The biasness of the yield
moment strength (λy) is modeled with a normal PDF with a mean of 0.99 and SD of 0.046,
which are close to the sample mean and sample cov, shown at the top-left of Figure 15.

The bias factors of ultimate moment strength (λu = Mu−exp/Mu−comp) are also plotted
on a normal probability paper, as shown in Figure 16. The probabilistic slope in the upper
region for λu > 1.16, which is the sample mean value marked with a vertical line in
Figure 16, is larger than that in the lower region for λu ≤ 1.16.
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Figure 14. Estimation of yield moments.

In Figure 17, the bias factors of ultimate flexural capacity, grouped in the lower region
of λu ≤ 1.16 (in which 1.16 is the sample mean λu), are marked with circles, numbering
29 in total, and the bias factors of yield moment capacity

(
λy
)

obtained from the same
specimens are also marked with circles. It was found that the λy values for the specimens
in the lower group of λu (marked with “o”) were scattered in either the lower group (17
out of 29) of λy values (≤0.98: 0.98 is the sample mean, λy) or the upper group (12 out of
29) of λy values (>0.98). It can be concluded that λu and λy do not have any relation and
are not affected by the particular design variables, such as fy. The yield strength of the
rebar is the major design variable in terms of both the ultimate moment capacity and the
yield moment capacity.
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Figure 17. CDFs for experimental strength biasness (λy or λu ).

The major contribution to the probability of flexural failure in the slab will result from
the probabilistic characteristics of the lower region. Therefore, the lower tail distribution in
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Figure 16 has been adopted for the bias model of ultimate flexural strength. A normal PDF
model is proposed with a mean of 1.15 and a cov of 0.043 (SD 0.049).

Ellingwood et al. [1] assumed λu to follow a normal distribution, having a mean of
1.01 and a cov of 0.046 for the flexural strength of structural members, based on the tests of
simply supported reinforced and prestressed concrete beams. Nowak et al. [4] modified
the model presented in Ellingwood et al. [1] as a normal PDF with a mean of 1.02 and a
cov of 0.06, which was also adopted in Nowak et al. [5] and Galasso et al. [7]. As the upper
rebars in RC slabs with medium depths of 300 mm to 500 mm are found to contribute
significantly to the flexural moment capacity, the experimental capacities are found to be
much higher than the nominal capacities calculated without the contributions of the upper
rebars, and λu in this study has a higher mean value than the model of λu presented in
Ellingwood et al. [1].

5. Probabilistic Flexural Strength Model of RC Slab Members

The probabilistic characteristics of the flexural strength of RC members are exam-
ined through Monte Carlo simulations based on probabilistic models of design variables
( fck, fy, λt, cs1, cs2) and probabilistic models of experimental strength biasness (λy and λu).
The Monte Carlo method is a numerical process of repeatedly calculating a mathematical
operator including random variables with prescribed probability distributions to obtain
the solution to complex probabilistic problems [19]. Probabilistic models of variables are
summarized in Table 4.

Table 4. Probabilistic models of variables.

Variables Mean/Median Cov/Zeta PDF

λu (Mu) 1.15 0.043 Normal
λy (My) 0.99 0.046 Normal

fck (27 MPa) 30.4 MPa 0.222 Normal
fy (400 MPa) 468.7 MPa 0.043 Normal

λt (slab thickness biasness) 1.004 0.032 Normal

Positive moment
cs1 (cover depth of bottom rebar/tensile rebar) 71.5 mm 0.065 Normal

cs2 (cover depth of upper rebar/compressive rebar) 78.6 mm 0.068 LN

Negative moment cs2 (cover depth of upper rebar/tensile rebar) 75.8 mm 0.144 LN
cs1 (cover depth of bottom rebar/compressive rebar) 67.2 mm 0.065 Normal

The thicknesses of the simulation slab models range from 300 mm to 500 mm. The
section areas of the reinforcements in the tension side vary from 993 mm2 to 2578 mm2 (ρ:
0.0022–0.0095), which are widely used design values in local underground RC box culverts,
and the area of the reinforcements in the compression side is taken generally as half of the
bottom rebar area. The positive moment capacity at the middle of the top slab and the
negative moment capacity at the end of the top slab in the box section are investigated in
this study. The middle section and the end section have different nominal cover depths
(60 mm and 80 mm), which result in different effective depths.

Different simulation sizes are assigned to the different slab models based on the
inventory survey, presented in Table 5. The basic simulation size is 100 K. The slab with
a thickness of 300 mm and bottom rebar area of 1324.0 mm2 has a weight factor of 20 in
Table 5. Therefore, 2000 K simulations are generated for the positive moment capacity. For
the slab with a thickness of 500 mm and bottom rebar area of 1324.0 mm2, 100 K ultimate
moments are simulated. In total, 8300 K simulation results are used to investigate the
ultimate flexural strength model for the positive moment in the RC box slab. The same
procedure is repeated for the negative moment model.

The evaluation process for the probabilistic model of flexural strength for RC members
is illustrated in Figure 18. The ultimate moment strength is calculated considering both
upper rebars and lower rebars that are effective in their load-carrying capacity. The yield
moment strength is estimated considering only the lower rebar because the effect of the
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upper rebar is negligible until the yield moment is developed. The moment strengths
(ultimate Mu and yield My) are normalized with the nominal moment strength (Mn),
calculated with the nominal design values of all the design variables, in which only the
rebars on the tension side are considered (Equation (1)), as in most design practices.

Table 5. Simulation size for slab model.

Thickness, t
(mm)

Bottom Rebar Area, As (Mm2)

993.0 1324.0 1909.8 2578.1

300 12 20 4 1
350 4 16 8 1
400 4 4 4 1
500 1 1 1 1
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Figure 18. Flowchart for the evaluation of the probabilistic model of flexural strength of RC members.

The simulation results for the ultimate moment strength are plotted on normal prob-
ability papers in Figure 19. Even though the ultimate moments show a good fit to the
normal PDF, as shown in Figure 19, adaptive local PDFs are proposed for selected regions
with various probable failure points of Mu, as summarized in Table 6. The adaptive PDF
is selected to fit the simulation results in the selected lower region, below (mean +α), in
which α is the failure point location factor. The value of (mean +α) is assumed to be close
to the value of Mu at the probable failure point in the calculation of the reliability index
through the advanced first-order second-moment (AFOSM) method.

As described in Figure 20, the positive yield moment fits better with the 1, whereas
the normal PDF is more appropriate for the negative yield moment. For the yield moment
models, the failure point location factor α is selected between−1.0 and−1.5, as summarized
in Table 6, because the expected reliability levels inherent in the yield moment limits could
be lower than those for the ultimate moment limits. This is shown in Figures 21 and 22.
For the log-normal PDF, λR is the median and ζR is the logarithmic standard deviation.
The probability models with either α = −1.25 or α = −1.5 show almost the same statistical
parameters for both the positive moment and the negative moment.
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Table 6. Probabilistic models of flexural moment strength with adaptive PDF.

(a) Ultimate moment strength model of an RC slab (normal PDF).

Probable Failure Point
Positive Moment Negative Moment

λR VR λR VR

Entire 1.39 0.083 1.44 0.093
α = −2.0 1.39 0.080 1.44 0.089
α = −2.5 1.38 0.079 1.45 0.090
α = −3.0 1.38 0.078 1.45 0.091

(b) Yield moment strength model of an RC slab.

Probable Failure Point
Positive Moment (Long-Normal PDF) Negative Moment (Normal PDF)

λR ζR λR VR

Entire 1.05 0.079 1.12 0.089
α = −1.0 1.06 0.083 1.12 0.085

α = −1.25 1.06 0.084 1.12 0.084
α = −1.5 1.06 0.084 1.12 0.084
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The limit state function selected for the reliability evaluation is related to the major
load combinations adopted in the design of local underground RC culverts, presented in
Equation (6):

M− D− Lv − Hv − Hh < 0 (6)

where M = flexural resistance, D = dead load effect (bias factor 0.94, cov 0.04, normal PDF),
Lv = traffic live load effect (bias factor 2.24, cov 0.10, Gumbel’s Type-I PDF), Hv= vertical
earth load effect (bias factor 1.18, cov 0.17, normal PDF), and Hh = horizontal earth load
effect (bias factor 1.00, cov 0.28, normal PDF) for an example case with an earth fill depth
of 4 m, in which the bias factor is the ratio of the probability model mean to the nominal
design value.

Figure 21 summarizes the failure point location factors resulting from the reliability
evaluations for various earth fill depths with the probability model (α = −2.5) of Mu, as
shown in Table 6. Most location factors were found to be about−2.5 for the positive ultimate
moment and ranged from −2.5 to −3.0 for the negative ultimate moment. However, the
probabilistic model was not very sensitive to the location factor of α, as presented in Table 6.

Figure 22 presents the failure point location factors resulting from the reliability
evaluations with the probability model (α = −1.25) of the positive My, as shown in Table 6,
which ranged from −1.0 to −1.5. Similarly, most failure location factors were found to be
around −1.5 for the negative yield moment.

It was concluded that probabilistic ultimate strength models for flexural members
may be proposed with a normal PDF having a mean of 1.38 and a cov of 0.08 for the
positive moment region and a normal PDF having a mean of 1.45 and a cov of 0.09 for the
negative moment region. For the probabilistic yield strength models, a log-normal PDF
with a median of 1.06 and a logarithmic standard deviation of 0.085 for the positive yield
moment region and a normal PDF with a mean of 1.12 and a cov of 0.085 for the negative
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moment region may be representative. The probabilistic models need to be modified
slightly, depending on the target reliability level, even though the PDF models were found
not to be very sensitive to the reliability levels.

To compare the resistance models obtained in this study with the flexural resistance
models proposed in previous studies, the statistical parameters of basic random variables
and flexural resistance of structural members proposed in the previous studies are sum-
marized in Tables 7 and 8, respectively. The original references are provided in the “Ref.”
column in Table 7 and others are based on their own data. The statistical parameters in
Table 8 were obtained through Monte Carlo simulations with the probabilistic models
given in Table 7.

Table 7. Probabilistic models of basic random variables in previous studies.

Study Basic Random Variables Bias Factor Cov PDF Ref.

Ellingwood et al. [1]

fck (20.7, 27.6, 34.5 MPa) 0.92, 0.85, 0.81 0.18, 0.18, 0.15 Normal [20]
fy (420 MPa) 1.13 0.10 Beta [21]

Effective depth, bottom rebar −3.30 mm * SD = 8.89 mm Normal [22,23]
Effective depth, upper rebar −10.16 mm * SD = 12.70 mm Normal [22,23]

Experimental strength biasness 1.01 0.046 Normal [24]

Nowak et al. [4]

fck (20.7~41.3 MPa) 1.35~1.12 0.10 Normal -
fy (420 MPa) 1.15 0.05 Normal -

Area of rebar, As 1.00 0.02 Normal -
Effective depth of slab,

cast-in-place 0.92 0.12 Normal [1]

Experimental strength biasness 1.02 0.06 Normal [1]

Nowak et al. [5]

fck (20.7~44.8 MPa) 1.31~1.14 0.17–0.12 Normal -
fy (420 MPa) 1.13 0.03 Normal -

Area of rebar, As 1.00 0.02 Normal -
Effective depth of slab,

cast-in-place 0.92 0.12 Normal [1]

Experimental strength biasness 1.02 0.06 Normal [1]

Galasso et al. [7]

fck (25 MPa) 1.35 0.18 Normal [1,4,12]
fy (450 MPa) 1.22 0.05 LN -

Area of rebar, As 1.00 0.01 Normal [1,4,12]
Effective depth of beam 0.99 0.04 Normal [1,4,12]

Width of beam 1.10 0.04 Normal [1,4,12]
Experimental strength biasness 1.02 0.06 Normal [1,4,12]

Present study
(Positive

moment strength)

fck (27 MPa) 1.13 0.222 Normal -
fy (400 MPa) 1.17 0.043 Normal -

λt (slab thickness biasness) 1.004 0.032 Normal -
cs1(cover depth of bottom rebar) 1.19 0.065 Normal -
cs2(cover depth of upper rebar) 0.98 ** 0.068 *** LN -
Experimental strength biasness 1.15 0.043 Normal -

*—mean error; **—median; ***—zeta.

Table 8. Statistical parameters of flexural resistances in previous studies.

Study Structural Type Bias Factor Cov

Ellingwood et al. [1] One-way RC slab; 127 mm-thick 1.21 0.15
Nowak et al. [4] RC slab cast-in-place 1.08 0.15
Nowak et al. [5] One-way RC slab; 102~203 mm-thick 1.06 0.15
Galasso et al. [7] RC beam; 500–850 mm-thick 1.65 **** -

Present study One-way RC slab; 300~500 mm-thick 1.38 0.08

****—median; material partial safety factors are included.

The resistance model investigated in this study showed a higher mean value and a
lower cov compared with the previous studies [1,4,5], except for that of Galasso et al. [6].
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In Galasso et al. [6], the material partial factors were included in the nominal resistance
to be divided and the higher bias factor was evaluated. The main reason for this result
is that the mean value of the experimental strength biasness was higher than that of
other studies [1,4–6], as mentioned in Section 4.2. The mean biasness of fy based on the
Korean industrial data was slightly higher than those in other studies, except for that
of Galasso et al. [6]. However, the cov values of the basic design variables were slightly
smaller than others, because the probabilistic models of the basic design variables adopted
in this study were based on the critical regions—either the lower tail region or the upper
tail region. Therefore, the cov of the resistance model results in a smaller cov.

To verify the simulation procedure proposed in this study, the simulation procedure
was performed with the basic random variable models recommended in Ellingwood et al. [1]:
fckbias factor 0.85, cov 0.18; fybias factor 1.13, cov 0.10; effective depth of bottom rebar—
mean error −3.30 mm, SD 8.89 mm; experimental strength biasness—bias factor 1.01,
cov 0.046; the cover depth of the upper rebar was assumed to be deterministic at 80 mm.
All basic random variables were assumed to follow normal distribution functions. As
summarized in Table 9, the mean value was found to be same, but the cov at 0.11 was
smaller than 0.15 because the effective depth error models were fixed with a mean of
−3.30 mm and standard deviation of 8.89 mm, regardless of the structural member depths.

Table 9. Statistical parameters of flexural resistance, based on Ellingwood models.

Structural Type Mean Cov

Ellingwood et al. [1] Continuous one-way RC slab in flexure; 127 mm-thick 1.21 0.15
Present study with Ellingwood et al.’s [1] data One-way RC slab in flexure; 300~500 mm-thick 1.21 0.11

6. Conclusions

To develop probabilistic models of flexural strengths for slab members adopted in
underground RC box culverts in Korea, probabilistic models of basic design variables
(concrete compressive strength, yield strength of the rebar, thickness, and cover depth)
were established based on material testing data of concrete and reinforcements, and field
measurement data on the sectional properties, which were collected from the construction
sites for underground RC box culverts in Korea. The biasness models for flexural strength
(ultimate and yield strength) were evaluated as the ratio of experimental moment strength
to analytical moment strength, calculated with the material strength test results and the
measured sectional properties of one-way RC slab specimens.

The probabilistic characteristics of the flexural strength of RC slab members were
examined through a Monte Carlo simulation with the probabilistic models of basic design
variables and the biasness models of the moment strengths. Most moment strengths
exhibited a better fit with normal PDFs, whereas log-normal PDFs were more suitable
for positive yield moments. The positive ultimate flexural strength model was observed
to follow a normal PDF with a mean of 1.38 and cov of 0.08, and the negative ultimate
flexural strength model to follow a normal PDF with a mean of 1.45 with cov of 0.09 with
respect to the nominal moment strength. The yield moment strengths were modeled using
a log-normal PDF with a median of 1.06 and a logarithmic standard deviation of 0.085
for positive moment section, and a normal PDF with a mean of 1.12 and cov of 0.085 for
negative moment section.

The proposed procedure may be applied to develop probabilistic resistance models
for structural members, in which the construction error characteristics are expected to be
different from other practices.
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