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Abstract: This paper presents an optimization of a method to reconstruct the radiated emissions
of an equipment under test by the measurement of the electric field samples collected on the walls
of a reverberation chamber. This means that only the orthogonal component of the electric field
is necessary to obtain the radiative behavior of the device in free space conditions. The use of the
equivalence principle allows one to reduce the number of equivalent sources used to reconstruct the
radiation of the device. In fact, in the previous version of the method, the sources are placed into
the entirety of working volume of the reverberation chamber. In the current version of the method,
only the surface surrounding the equipment under test is discretized. The analytical implementation
of the method is proposed for a particular stirring action: the multiple monopole source stirring
technique. This technique is based on an array of monopoles placed onto the walls of the cavity, and
therefore no further hardware is needed for the reconstruction of the radiated emissions. The method
is experimentally validated in a real scenario.

Keywords: reverberation chamber; radiated emissions; electromagnetic compatibility; equivalent
sources

1. Introduction

The measurement of radiated emissions is a fundamental aspect in electromag-
netic compatibility; in fact, in order to ensure the correct behavior of several devices
in the same environment, it is necessary to establish maximum emission and minimum
immunity limits.

Historically, the first measurement environment was the open-air test site (OATS),
which was subsequently substituted by anechoic alternative test sites as anechoic chambers
and TEM or GTEM cells. For this reason, how to correlate the measurements performed in
these sites to OATS conditions has been investigated. In this direction, [1–7] introduced
a set of equivalent sources to replace the equipment under test (EUT) and to extrapo-
late the radiation in free space conditions from the measurements performed in these
alternative sites.

Nowadays, one of the alternative sites that has been more extensively investigated
in electromagnetic compatibility research is the reverberation chamber (RC). An RC is a
metallic enclosure where the electromagnetic field is properly stirred to be statistically
uniform, unpolarized, and anisotropic. There are two main typologies of stirring actions:
mechanical stirring and source stirring. The first is based on the variation of the boundary
conditions by rotating metallic paddles [8], or by moving [9] or vibrating [10] the RC’s walls.
The second kind of stirring technique acts on the source [11] by varying its positions or its
frequency and therefore its coupling with the eigenmodes of the chamber. In this second
set of actions, the multiple monopole source stirring (MMSS) technique was developed [12],
validated [13], and successfully compared to the other techniques [14,15].

The standard rules [16] support the use of RCs as an alternative site for EMC measure-
ments. In particular, for the radiation emission measurements, the value of the maximum
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electric field radiated by the EUT is derived from the measurement of its average total
radiated power and the estimation of the directivity of the EUT, analytically derived by its
geometrical dimensions.

Recently, a novel method was proposed [17] to directly reconstruct the emissions of
an EUT by an RC. It is based on the measurement of a set of samples of electric fields
collected on the walls of the RC, and subsequently on the setting of equivalent sources
able to provide the emission values in free space conditions. The main advantage of this
method is that the value of the electric field over all the directions is directly obtained,
avoiding the estimation of the directivity of the EUT, without moving or rotating neither
antennas nor EUT.

In the generalized formulation of the method, six equivalent sources are placed at each
point of a volumetric grid, placed in the whole volume containing the EUT. The main scope
of this paper is to improve the method’s computational efficiency through the reduction of
the number of equivalent sources, obtained by enforcing the equivalence principle.

In fact, the equivalence principle states that the radiation of a device can be described in
terms of the only electric and magnetic currents tangential to a closed surface surrounding
the device. According to this formulation, only four equivalent current components are
necessary for each point of the equivalence surface. Therefore, by passing from a 3D to
a 2D distribution of the equivalent sources, the problem complexity is strongly reduced
without losing accuracy.

The traditional application of the equivalence principle is based on a direct measure-
ment of the tangential electric and magnetic field components on the equivalence surface.
In our case, the EUT is inside an RC where the antennas are located on its walls, so we
extrapolate the complex value of the equivalent currents by measuring only the electric
field component normal to the RC walls.

Under the assumption that the power radiated by a device inside an RC and the one
radiated in free space are the same, the estimation of the EUT emission can be carried out
in three steps. In the first step, the EUT is placed in the working volume of the RC and the
radiated field is measured in a number of selected points on the RC walls. In the second
step, from the knowledge of these field samples, the values of the equivalent sources that
characterize the EUT radiation are evaluated. In the third step, the equivalent currents are
considered to be radiating in free space, and the emission of the EUT is finally evaluated.

In this paper, we focus our investigation on step two, concerning the evaluation of
the equivalent sources. In particular, the aim of this paper is to improve the efficiency of
the method, reducing the number of equivalent sources used to reconstruct the emission
of the EUT. In fact, in the previous version of the method, six equivalent sources (three
electric and three magnetic dipoles) were needed in each grid point, and the grid points
were regularly placed in the whole volume containing the EUT. In the current formulation
of the method, the surface including the EUT is discretized into sub surfaces, and in each
of them four equivalent sources (magnetic and electric current densities) are considered.

The paper is organized as follows: Section 2 describes the scenario of an RC where the
MMSS technique is implemented, the method, and the analytical formulation, using the
equivalence principle; Section 3 reports the experimental results obtained, applying the
proposed method in a real scenario, and their comparison with numerical simulations and
more traditional anechoic environment measurements. Finally, discussion on the results
and conclusions are reported in Sections 4 and 5, respectively.

2. Formulation of the Problem

The reference scenario is a reverberation chamber made by a rectangular cavity having
dimensions a along x direction, b along y direction, and c along z direction, as shown in
Figure 1. The walls of the chamber have a finite conductivity that accounts for all the
loss mechanisms, and its value is chosen to have the same quality factor obtained by
measurements [13]. A set of NS monopoles is placed on the RC’s walls to achieve the field
sampling. The EUT is placed into the working volume of the RC.
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Figure 1. The scenario: an RC, its dimensions, the working volume, and the equivalence surface
surrounding the EUT.

The application of the equivalence theorem involves the use of a closed geometrical
surface (equivalence surface) surrounding the radiating object. In our case, it is a rectan-
gular surface whose faces are parallel to the RC’s walls, and it is the geometrical support

where the electric (
→
Jeq) and magnetic (

→
Meq) equivalent currents, which characterize the EUT

radiation, flow. No particular constraint limits the choice of the equivalent surface, whose
shape is due to practical reasons.

The equivalent current distribution is discretized by introducing a proper discretiza-
tion of the equivalence surface: each face is divided into a set of small rectangular sub-areas.
If each sub-area is small enough, with respect to the wavelength, the current distribution
on each sub-area can be considered constant.

For example, Figure 2 shows a rectangular face of the equivalence surface orthogonal
to the x axis, and the i-th sub-area (S) having dimensions (2∆y, 2∆z), centered in (xH ,yH ,zH).
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In this case, the equivalent magnetic and electric currents are Equation (1) Mi
eq = Mi

eqyŷ + Mi
eqz ẑ

Ji
eq = Ji

eqyŷ + Ji
eqz ẑ

i = 1, . . . , N(x)
eq (1)

where N(x)
eq is the total number of sub-areas after the discretization of the considered face.

Equation (1) clearly shows that, for each sub-area, four current components must be
determined to characterize the EUT emission. Similar expressions can be easily obtained
for the other faces.
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The electric field radiated by the equivalent currents in a rectangular cavity can be
calculated using a modal expansion [18], including irrotational and TE and TM solenoidal
fields (2).

E = EIRR + ETE + ETM (2)

The irrotational component of the electric field is (3)

EIRR = − 1
jωε ∑

m,n,p

(∫
S

Jeq· f m,n,pdS
)

f m,n,p (3)

and the solenoidal components are (4):

ETE,TM = ∑
m,n,p

∫S Meq·h
TE,TM
m,n,p dS− jωµ

∫
S Jeq·eTE,TM

m,n,p dS

k2
m,n,p − β2

TE,TM

eTE,TM
m,n,p , (4)

where

β2
TE,TM= β2

[
1− (−1 + j)

ωn,m,p

ωQTE,TM
m,n,p

]
, (5)

f m,n,p and eTE,TM
m,n,p are irrotational and TE and TM are divergenceless electric eigenvec-

tors, respectively, whereas h
TE,TM
m,n,p are the TE and TM divergenceless magnetic eigenvectors.

km,n,p, QTE,TM
m,n,p , and ωn,m,p are the corresponding eigenvalues, quality factors, and

resonant angular frequencies, respectively, and β2 = ω2µε. The QTE,TM
m,n,p is the quality

factor of each mode, and it is calculated considering an equivalent wall conductivity value
retrieved from real chamber quality factor measurements [13,15], thus accounting for all
loss mechanisms inside the real RC. The equivalent wall conductivity may change with the
frequency, and it does not depend on the equivalent surface choice.

Because of discretization, applying the superposition of the effects, (2) can be writ-
ten as:

→
E = ∑Neq

i=1

(→
E

i

IRR +
→
E

i

TE +
→
E

i

TM

)
, (6)

where each term can be evaluated solving the integrals in (5) and (6). In particular, the
electric field radiated by the equivalent currents of the i-th sub-area in a generic point
P(x, y, z) is expressed by (7), (8) and (9).

Ei IRR(x, y, z) = − 1
jωε

32
abc ∑

m,n,p

1
k2

m,n,p
sin(kxxH) sin

(
ky∆y

)
sin(kz∆z)

[
Ji
eqz sin(kyyH) cos(kzzH)

ky

+
Ji
eqy cos(kyyH) sin(kzzH)

kz

]
kx cos(kxx) sin

(
kyy
)

sin(kzz)x̂
ky sin(kxx) cos

(
kyy
)

sin(kzz)ŷ
kz sin(kxx) sin

(
kyy
)

cos(kzz)ẑ
,

(7)

EiTE(x, y, z) = 32
abcδmδn

∑
m,n,p

1
k2

m,n,p−β2
TE

sin
(
ky∆y

)
sin(kz∆z)

{
cos(kxxH)

[
Mi

eqy sin(kyyH) cos(kzzH)

k2
c

−Mi
eqz cos(kyyH) sin(kzzH)

ky kz

]
− jωµ kx

k2
c ky kz

Ji
eqy sin(kxxH) cos

(
kyyH

)
sin(kzzH)

}
{
−ky cos(kxx) sin

(
kyy
)

sin(kzz)x̂
kx sin(kxx) cos

(
kyy
)

sin(kzz)ŷ

(8)
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EiTM(x, y, z) = 32
a b c δp

∑
m,n,p

1
k2

m,n,p−β2
TM

sin
(
ky∆y

)
sin(kz∆z)

{
Mi

eqy cos(kxxH) sin
(
kyyH

)
cos(kzzH)

−jωµ k2
c

k2
m,n,p

sin(kxxH)

[
Ji
eqz sin(kyyH) cos(kzzH)

ky kz

− Ji
eqy cos(kyyH) sin(kzzH)

k2
c

]}


kx cos(kxx) sin
(
kyy
)

sin(kzz)x̂
ky sin(kxx) cos

(
kyy
)

sin(kzz)ŷ
kz sin(kxx) sin

(
kyy
)

cos(kzz)ẑ
,

(9)

where δk =

{
1, k 6= 0
2, k = 0

and kx = mπ
a , ky = nπ

b , kx = pπ
c .

Similar expressions can be found for the faces oriented along the y and z directions.
For a better readability of the manuscript, they are reported in the Appendix A.

The algorithm to reconstruct the radiated emission in free space of an EUT placed into
an RC is detailed in [17] and here briefly reported in the flow chart of Figure 3, for the sake
of completeness.
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Figure 3. Flow chart of the algorithm for the reconstruction of the radiated emissions.

Two set of data are required. The first one is the value of the electric field measured
at the samples’ positions. The second one is the Zni matrix that represents the analytical
transfer function between each equivalent source and the electric field at sample position.

Four equivalent sources are placed in each sub surface in which the whole equivalence
surface is discretized.
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At first, the algorithm evaluates the field due to each equivalent current in all sample
positions. Then the distance between this field and the reference field is computed at the
samples’ positions according to (10):

di =
∑Ns

n=1|Eres
n − Zni Ii|

∑Ns
n=1|Eres

n |
, i = 1, . . . , Neq (10)

where Ii represents the i-th equivalent source (Ji
eq or Mi

eq) and each element of the matrix
Zni represents the electric field generated by the i-th equivalent source and normalized to
Ii, calculated at the n-th sample point.

Subsequently, the i∗ − th equivalent source, which minimizes di, is chosen and the
residual electric field, computed at each iteration, is (11):

Eres
n = Eres

n − Zni∗ Ii∗ , n = 1, . . . , Ns (11)

The relative error checked to decide when terminating the iteration is (12):

err =
∑Ns

n=1|Eres
n |

∑Ns
n=1

∣∣∣Ere f
n

∣∣∣ . (12)

Iterations terminate when err is lower than a desired threshold.

3. Results

The model was applied to the EUT reported in Figure 4a. It is a metallic box having
the dimensions 200 mm × 90 mm × 100 mm, with a rectangular slot (length 75 mm, height
5 mm), centered in the face 200 mm × 90 mm. The EUT is fed by a folded dipole connected
to the central conductor of an SMA pass-through connector. The EUT was placed into the
working volume of a rectangular RC, with the dimensions a = 800 mm, b = 900 mm, and
c = 1000 mm.
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In order to verify the model, the radiation of the EUT was simulated using a full wave
numerical tool (Figure 4b) and subsequently measured in an anechoic environment (AE).

As regards RC measurements, a vector network analyzer (VNA) was used to measure
the scattering matrix between the port used to feed the EUT, and the port was sequentially
connected to each monopole placed onto the walls of the RC. Therefore, the VNA measured
the amplitude and phase of the parameters of all 2-port scattering matrices because the
method, in the proposed formulation, is based on the knowledge of the complex value of
the electric field collected at the samples’ position.

The numerical tool used for simulation is the CST Microwave Studio; in particular,
a frequency domain solver was used because we were interested in obtaining results at a
single frequency (2 GHz).

Measurements in AE were performed by a VNA, used to feed the EUT, connected
to port 1 of the instrument. The electric field was measured using a calibrated double
ridge horn antenna, connected to port 2 of the VNA. The EUT is located on a turntable,
and two planes were considered in these measurements: the E-plane (φ = 90◦, varying θ)
and the H-plane (φ = 0◦, varying θ). During these measurements, the antenna was co-
polarized with the slot electric field orientation (y). The distance between the EUT and
the receiving antenna is 2.3 m, which is smaller than the standard prescription of 3 m due
to the environment dimensions and the length constraints of the cables. However, at this
distance, the far field condition is fulfilled in the whole analyzed frequency range. Further
details of the experimental setup can be found in [18].

The electric field samples were collected using NS = 120 monopoles, irregularly
distributed onto the chamber walls. The equivalence surface was chosen as a cube having
30 cm on each side and including the EUT. This choice was made to assure that the
equivalence surface always includes the EUT, even in the presence of a small positioning
error.

In [17], it has been demonstrated that the distance between two adjacent equivalent
sources should be no more than half a wavelength.

In the present case, we chose 2∆x = 2∆y = 2∆z = λ/4. Both in the measurements and
in the simulations, the considered frequency was 2 GHz.

Once the scenario is fixed, a quantitative consideration on the advantage of using
equivalent currents parallel to the equivalent surface instead of assuming a volumetric
placement of magnetic and electric dipoles can be done.

Using a gridding of all the volume included by the equivalent surface, there would be
512 grid points, and by placing three magnetic and three electric currents in each of them,
it would need a set of Neq = 3072 equivalent sources.

Due to the use of the proposed model, there are only 384 subareas; therefore, Neq = 1536.
The advantage of the proposed method becomes bigger, increasing the dimensions of the
EUT, and consequently of the equivalent surface, in terms of wavelength.

It must be highlighted that the choice of an iterative procedure to find the values of the
equivalent sources allows one to have a non-square Zni matrix. In this way, Neq is chosen
to satisfy the constraint on the maximum distance between the equivalent sources, whereas
NS can be limited to a reasonable maximum number for practical reasons (measurement
time, number of monopoles and cables, complexity of the switching network).

The reconstruction of the electric field samples is very accurate, and the iterative
procedure terminates after reaching the desired accuracy, as shown in Figure 5. For a
better readability of the graphics, only the first 20 samples are shown. According to our
experience, a value of err ≤ 0.01 assures a good level of reliability of the algorithm.
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Figure 5. Relative error (err) on the reconstruction of the electric field at samples’ position in function
of iterations (up) and reference and reconstructed electric field samples (down).

The same equivalent sources that reconstruct the samples of the electric field collected
inside the RC are placed in free space, so that the electric field radiated at a desired distance
can be calculated in every direction of the space. Figure 6 reports the emissions calculated
at the frequency of 2 GHz. Two planes are considered; according to the reference system of
Figure 4, the planes φ = 0◦ and φ = 90◦ are shown.



Appl. Sci. 2021, 11, 7696 9 of 13
Appl. Sci. 2021, 11, 7696 9 of 13 
 

  

(a) (b) 

Figure 6. Radiated Emissions at the frequency of 2 GHz: (a) plane ϕ = 0 and (b) plane ϕ = 90° are shown. The comparison 

reports numerical simulations (blue line), the prediction based on measurements in RC (red line), and measurements in 

AE (green line). 

Figure 7 shows the 3D reconstruction of the emission of the EUT. The good level of 

agreement between numerical simulations and the prediction from RC measurements, es-

pecially in the directions where the radiated field in higher, assures the capability of the 

method to find the maximum level of electric field radiated over the entirety of the solid 

angle. 

 

 

(a) (b) 

Figure 7. 3D reconstruction of the electric field radiated by the EUT; results of numerical simulations (a) and model pre-

diction from measurement in RC environment (b) are reported. 

This is the final value to be compared with the emission standard limits during a 

compliance EMC tests. In this sense, the non-perfect reconstruction of the backscattering 

does not significantly affect the result of an emission test. 

Figure 6. Radiated Emissions at the frequency of 2 GHz: (a) plane φ = 0 and (b) plane φ = 90◦ are shown. The comparison
reports numerical simulations (blue line), the prediction based on measurements in RC (red line), and measurements in AE
(green line).

Figure 7 shows the 3D reconstruction of the emission of the EUT. The good level of
agreement between numerical simulations and the prediction from RC measurements,
especially in the directions where the radiated field in higher, assures the capability of
the method to find the maximum level of electric field radiated over the entirety of the
solid angle.
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This is the final value to be compared with the emission standard limits during a
compliance EMC tests. In this sense, the non-perfect reconstruction of the backscattering
does not significantly affect the result of an emission test.
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4. Discussion

The results reported in the previous section show that the proposed method has a
good level of reliability. In particular, the determination of the maximum value of the
electric field is the crucial physical quantity in an emission tests because standards fix limits
for it.

The capability of reconstruction of the emissions in the entirety of the space assures
that the maximum amplitude of the radiated emission is correctly detected.

With respect to the previous formulation of the method [17], there is a reduction of
the number of equivalent sources for two reasons. The first one is that they are placed only
in the surface surrounding the EUT, while previously they were placed in the entirety of
the volume. The second reason is that, due to the application of the equivalence principle,
only the tangential electric and magnetic currents are considered. In this way, in each point,
only four equivalent sources are considered instead of six.

The computational time is therefore strongly reduced; the simulations presented in
this paper stand for about 16 h using a standard workstation (equipped with two CPU
Intel Xeon E5640 2.66 GHz, 24 GB of RAM). Applying the precedent version of the method,
the computational time was 24 h, using the same workstation.

It must be remarked that the computation of the matrix Zni is done only once for
the considered equivalence surface. This is the most burdensome operation, whereas the
rest of the code needs only a few minutes to run. In this direction, the equivalent surface
might be extended to the surface of the entire working volume of the RC. This would allow
consideration of any EUT, regardless of its geometry; in this way the Zni computation
would represent a type of chamber calibration for the application of the described method.

Finally, using parallel computing, it is possible to calculate Zni for many frequencies
simultaneously.

5. Conclusions

This paper presented an enhanced method to reconstruct the radiated emissions of an
EUT in an RC via knowledge of the values of the electric field sampled on the walls. By
enforcing the equivalence principle, the number of equivalent sources used to represent
the emissions is strongly reduced with respect to other choices. The analytical formulation
of the method is based on the use of the modal expansion of the electromagnetic field in a
rectangular cavity. The method has been validated using both numerical simulations and
experimental measurements performed in an anechoic environment.

Future work will deal with the extension of the proposed method to a scenario where
the electric field is sampled using a spectrum analyzer or an EMI receiver, so only the
amplitude of the electric field samples is known. Another fundamental aspect that will be
investigated is the influence of the loading effect of the chamber, due to the presence of
lossy EUTs, on the accuracy of the proposed method.
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Appendix A

Appendix A.1. Electric Field Generated by a Sub-Surface Orthogonal to y Axis

Let us consider the rectangular faces of the equivalence surface orthogonal to the y axis
and one of its sub-surfaces (S) having dimensions (2∆x, 2∆z), and centered in (xH ,yH ,zH).

In this case, the equivalent magnetic (Mi
eq) and electric (Ji

eq) currents are (A1): Mi
eq = Mi

eqx x̂ + Mi
eqz ẑ

Ji
eq = Ji

eqx x̂ + Ji
eqz ẑ

i = 1, . . . , N(y)
eq (A1)

where N(y)
eq is the total number of sub-areas after the discretization of the considered face.

The electric field radiated by the equivalent currents in a generic point P(x, y, z) is
reported in (A2)–(A4).

EIRR(x, y, z) = − 1
jωε

32
abc ∑

m,n,p

1
k2

m,n,p
sin(kx∆x) sin

(
kyyH

)
sin(kz∆z)

[
− Ji

eqx sin(kx xH) cos(kzzH)

kx

+
Ji
eqz cos(kx xH) sin(kzzH)

kz

]
kx cos(kxx) sin

(
kyy
)

sin(kzz)x̂
ky sin(kxx) cos

(
kyy
)

sin(kzz)ŷ
kz sin(kxx) sin

(
kyy
)

cos(kzz)ẑ
,

(A2)

ETE(x, y, z) = 32
abcδmδn

∑
m,n,p

1
k2

m,n,p−β2
TE

sin(kx∆x) sin(kz∆z)

{
cos
(
kyyH

)[Mi
eqx cos(kx xH) sin(kzzH)

kxkz

−Mi
eqz sin(kx xH) cos(kzzH)

k2
c

]
+ jωµ

ky

k2
c kx kz

Ji
eqz cos(kxxH) sin

(
kyyH

)
sin(kzzH)

}{ −ky cos(kxx) sin
(
kyy
)

sin(kzz)x̂
kx sin(kxx) cos

(
kyy
)

sin(kzz)ŷ

(A3)

ETM(x, y, z) = 32
a b c δp

∑
m,n,p

1
k2

m,n,p−β2
TM

sin(kx∆x) sin(kz∆z)
{

Mi
eqz

ky
kx kz

sin(kxxH) cos
(
kyyH

)
cos(kzzH)

−jωµ k2
c

k2
m,n,p

sin
(
kyyH

)[ Ji
eqx sin(kx xH) cos(kzzH)

kx kz

+
Ji
eqz cos(kx xH) sin(kzzH)

k2
c

]
}


− kxkz

k2
c

cos(kxx) sin
(
kyy
)

sin(kzz)x̂

− kykz

k2
c

sin(kxx) cos
(
kyy
)

sin(kzz)ŷ
sin(kxx) sin

(
kyy
)

cos(kzz)ẑ

,

(A4)

Where β2
TE,TM= β2[1− 1 + j)

ωn,m,p

ωQTE,TM
m,n,p

,δk =

{
1, k 6= 0
2, k = 0

, kx =
mπ

a
, ky =

nπ

b
, kx =

pπ

c
.

f m,n,p and eTE,TM
m,n,p are irrotational and TE, TM divergenceless electric eigenvectors

respectively, whereas h
TE,TM
m,n,p are the TE, TM divergenceless magnetic eigenvectors.

km,n,p, QTE,TM
m,n,p and ωn,m,p are the corresponding eigenvalues, quality factors, and

resonant angular frequencies, respectively, and β2 = ω2µε.

Appendix A.2. Electric Field Generated by a Sub-Surface Orthogonal to z Axis

Let us consider the rectangular faces of the equivalence surface orthogonal to the z axis,
and one of its sub-surfaces (S) having dimensions (2∆x, 2∆y), and centered in (xH ,yH ,zH).

In this case, the equivalent magnetic and electric currents are (A5): Mi
eq = Mi

eqx x̂ + Mi
eqyŷ

Ji
eq = Ji

eqx x̂ + Ji
eqyŷ

i = 1, . . . , N(z)
eq (A5)
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where N(z)
eq is the total number of sub-areas after the discretization of the considered face.

The electric field radiated by the equivalent currents in a generic point P(x, y, z) is
reported in (A6)–(A8).

EIRR(x, y, z) = − 1
jωε

32
abc ∑

m,n,p

1
k2

m,n,p
sin(kx∆x) sin

(
ky∆y

)
sin(kzzH)

[
Ji
eqx sin(kx xH) cos(kyyH)

kx

− Ji
eqy cos(kx xH) sin(kyyH)

kz

] 
kx cos(kxx) sin

(
kyy
)

sin(kzz)x̂
ky sin(kxx) cos

(
kyy
)

sin(kzz)ŷ
kz sin(kxx) sin

(
kyy
)

cos(kzz)ẑ
,

(A6)

ETE(x, y, z) = 32
abcδmδn

∑
m,n,p

1
k2

m,n,p−β2
TE

sin(kx∆x) sin
(
ky∆y

)
{

cos(kzzH)

[
Mi

eqx cos(kx xH) sin(kyyH)
kx

− Mi
eqy sin(kx xH) cos(kyyH)

ky

]
−jωµ sin(kzzH)

[
Ji
eqx sin(kx xH) cos(kyyH)

ky

+
Ji
eqy cos(kx xH) sin(kyyH)

kx

]}{
−ky cos(kxx) sin

(
kyy
)

sin(kzz)x̂
kx sin(kxx) cos

(
kyy
)

sin(kzz)ŷ

(A7)

ETM(x, y, z) = 32
abcδp

∑
m,n,p

1
k2

m,n,p−β2
TM

sin(kx∆x) sin
(
ky∆y

){
− cos(kzzH)

[
Mi

eqx cos(kx xH) sin(kyyH)
ky

+
Mi

eqy sin(kx xH) cos(kyyH)
ky

]
−jωµ kz

k2
m,n,p

sin
(
kyyH

) [
− Ji

eqx sin(kx xH) cos(kzzH)

kx

+
Ji
eqy cos(kx xH) sin(kzzH)

ky

]} 
− kxkz

k2
c

cos(kxx) sin
(
kyy
)

sin(kzz)x̂

− kykz

k2
c

sin(kxx) cos
(
kyy
)

sin(kzz)ŷ
sin(kxx) sin

(
kyy
)

cos(kzz)ẑ

,

(A8)

Where β2
TE,TM= β2[1− 1 + j)

ωn,m,p

ωQTE,TM
m,n,p

,δk =

{
1, k 6= 0
2, k = 0

, kx =
mπ

a
, ky =

nπ

b
, kx =

pπ

c
.

f m,n,p and eTE,TM
m,n,p are irrotational and TE and TM are divergenceless electric eigenvec-

tors, respectively, whereas h
TE,TM
m,n,p are the TE and TM divergenceless magnetic eigenvectors.

km,n,p, QTE,TM
m,n,p , and ωn,m,p are the corresponding eigenvalues, quality factors, and

resonant angular frequencies, respectively, and β2 = ω2µε. (Rev 2.10).
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