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Abstract: To solve the limitation of vibration synchronization, this paper investigates the dynamics
of a vibration system driven by three homodromy eccentric rotors (ERs) using control synchro-
nization. According to the synchronous condition and the stability condition, the changes of the
phase differences of the three-ERs system and the two-third ERs system are obtained. Based on the
electromechanical mathematic model of the vibration system and the master-slave control strategy,
the synchronous target that three ERs achieve the same phase motion is converted into velocity and
phase tracking of ERs. Considering the coupling characteristic of the self-adjusting of the system in
the state of vibration synchronization, the velocity and phase controllers are designed by employing
discrete-time sliding mode control. An experimental system for control synchronization is designed,
including hardware composition and software programming. For the feedback signal used to match
control targets, a method of calculating velocity and the phase difference is proposed from engi-
neering. Recording the rotational velocities, phase differences, and system response, three group
experiments with different control schemes are achieved. According to the experimental data, the
coupling characteristic of the vibration system adopting control synchronization is analyzed, which
can provide the basis for designing vibration machines using control synchronization.

Keywords: synchronization; vibration system; eccentric rotor; control; phase difference

1. Introduction

Self-synchronization of the vibration system (vibration synchronization) is a special
non-linear phenomenon first discovered by Huygens. Since then, vibration synchronization
has attracted the great interest of many scholars, who study it from all aspects including
eccentric rotors (ERs) and pendulums [1–8]. In these research results, synchronization of
ERs is of great significance in engineering and technology fields, which is used to design
vibration machines [9–12]. When it comes to the research of synchronization in a vibration
system, Blekhman [2,9] was the first to explain the synchronization mechanism of two
ERs theoretically by applying the method of the direct separation of motions. Based on
this method, Zhao [8,10] proposed the average method of the modified small parameter to
study synchronization of two ERs with opposite directions of plane motion, and obtain the
condition of synchronization and its stability condition. Based on the average method of
the modified small parameter, synchronization theories of two ERs with the same rotational
direction of plane motion [11], that with the cross axis of spatial motion [10], and that with
the same axis of spatial motion [12] are obtained separately, and can be applied successfully
in engineering.

Although a vibration machine introduces vibration synchronization to replace the
method of forced synchronization such as gears or chains, the application of vibration
synchronization is still limited by its structural parameters [11,13]. When the number of
ERs exceeds two, there is no the same phase (in-phase) motion between the rotors. From the
perspective of power, only when ERs are operating in the synchronous motion of the same
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phase is their resultant force the largest. However, it is difficult to achieve the synchronous
motion of ERs with the same phase by applying the technology of vibration synchronization,
because the synchronization state is limited by the stability condition [11,12]. Meanwhile,
forced synchronization is no longer the best choice to achieve the synchronous motion
of ERs with the same phase. To achieve the purpose of power maximization, the idea of
control synchronization applying in the vibration system is proposed by introducing the
control method into synchronous research [9,14].

At present, the control strategy of multi-motors is mainly focused on several methods,
such as master-slave control [14–16], cross-coupling control [17,18], virtual shaft control [19],
ring coupling control [20], and so on. From the view of calculative complexity and the
hardware system, the master-slave control is the most direct and effective method compared
with other methods. Because the vibration system has coupling dynamic characteristics
such as the Sommerfeld effect [21], its control synchronization is different from those of
other mechanical systems [15,22,23]. For this type of non-linear system, the most commonly
used control algorithm is PID control [5,24], the sliding mode control (SMC) [14–16],
adaptive feed forward control [15,20,25], and so on.

To satisfy the requirements of the maximum resultant force of the vibration machine,
several scholars studied control synchronization of the vibration system. Kong [14] pro-
posed a method of control synchronization employing SMC on ERs, which numerically
proves the feasibility of the control method. Adopting PI control, Tomchina [24] inves-
tigated control synchronization of two ERs in one degree of freedom vibration system.
Jia [26] proposed a fuzzy PID method to investigate the multiple-frequency synchroniza-
tion of ERs in the vibration system. Applying two PI algorithms separately, Fradkov [27]
studied the multiple control synchronization for a three-rotor vibration unit with varying
payload. Miklos [5] studied control synchronization of dual rotors in the vibration sys-
tem by applying PI control, which is used to achieve independent adjustment between
frequency and amplitude.

To sum up, the above scholars’ research results promote the development of control
synchronization of the vibration system. However, introducing a control system into the
vibration system will affect its original equilibrium state. How the stable state of the
vibration system will change has not yet been studied, especially in experimental research.
The lack of experimental research of the coupling characteristic of the vibration system still
limits the engineering application of control synchronization. Control is essentially a kind
of interference to the self-balance of the vibration system. Based on the experimental means,
this paper study the process of the vibration system seeking a new equilibrium state with
such interference. Since the object is a discrete system from the view of control, this paper
uses discrete-time sliding mode control (DSMC) to study control synchronization of three
ERs in the vibration system [28–31]. Considering the strong mechanical characteristic of an
AC(alternating current) motor, we adopt a DC(direct current) motor as the driving source
to easily observe the coupling characteristic of the vibration system in the state of control
synchronization [32]. In Section 2, the dynamics of the vibration system excited by three
ERs in vibration synchronization is analyzed. Section 3 is devoted to design the controllers.
In Section 4, an experimental system is presented for control synchronization, and a method
of calculating velocity and the phase difference is proposed for controllers. Numerical and
experimental results are provided in Section 5. Finally, conclusions are presented.

2. Dynamic Model of the Vibration System

Figure 1 shows the experimental vibration machine and its dynamic model. Compar-
ing Figure 1a,b, the dynamic model of the vibration system consists of a rigid body(Num 1),
three vibration motors including DC motor and ER(Code M1–3), springs(Num 2), and a
fixed base(Num 3). The springs connect the base with the rigid body. Three DC motors
drive three ERs in the same rotational direction, respectively. In Figure 1b, oi are the
rotational centers of ERs, r is the eccentric radius of three ERs, ϕi denote ER rotates about
its spin axis, o is the mass center of the vibration system, li is the distance between the
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rotational center oi and the center of mass o, βi is the angle between ooi and x-axis, m is the
mass of the rigid body, mi are the masses of ERs, kx, ky, kψ are stiffness of springs, fx, fy, fψ

are damping of springs, and i = 1, 2, 3. The mass center o translations are x and y, and
angular rotation is ψ.

Figure 1. The vibration machine is excited by three eccentric rotors (ERs): (a) the vibration machine; (b) the dynamic model.

To analyze the dynamics of the vibration system driven by three ERs using control
synchronization, the coupling characteristic of three ERs in the state of vibration synchro-
nization should be investigated firstly. At present, the average method of the modified
small parameter is one of the most systematic methods to study vibration synchroniza-
tion [10–12]. Considering the paper length, we only give the key equations using this
method, and the detailed deduced process can be seen in reference [33].

The electromechanical mathematic model of the vibration system is as follows [33]:
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3. Control Synchronization

From Equation (1), it can be remarked that the vibration system excited by three
ERs is a typical underactuated system, which is also a multiple-input-multiple-output
system [15]. The backstepping control is usually selected to design the controller of an
underactuated system. However, it is not necessary for the vibration system. Since the
object of this underactuated system in this paper is the motion trajectory of the mass center
of the vibration system, Equation (1) can be uncoupled from a dynamic perspective. That
is, the motion of the mass center of the system depends on the phases of three ERs. If the
phase difference is zero, the resultant force acting on the vibration system is maximum, and
its driving power is also maximum. To achieve the desired motion of the maximum force
and the maximum driving power, the object is converted into controlling the same phase
motion (synchronization) of three ERs (ϕ1 = ϕ2 = ϕ3). Due to the ER being driven directly
by the motor, the synchronous motion converts to the motion control of three motors.

However, control synchronization of three motors in the vibration system is different
from that in the general system [15,16]. Because of the self-adjusting of the vibration
system, the phases of three ERs are usually different in the case of asymmetric structural
parameters [33,34]. Figure 2 shows the self-adjusting that the motor drives ER to excite the
rigid body and the motion of the rigid body affects the load torque of the motor, which is
expressed in (ii) and (iii) using ϕi and TLi(i = 1, 2, 3).

Figure 2. Electromechanical coupling of the vibration system driven by three ERs.

Based on the above analysis, the complex motion control of the vibration system
converts the tracking control of three motors operating in the disturbance of the self-
adjusting of the vibration system. Although control synchronization may satisfy the
process requirements of the vibration machines, it still increases the manufacturing cost of
the system. Considering this engineering application, this paper will make a comparative
study on the control schemes of two motors or three motors. Based on this purpose, the
master-slave control is selected as the control strategy of this paper. For the general system
driven by three motors, velocity is usually the control object. However, the phase of ER
is the control object of the vibration system in this paper. Since the phases of ERs are
increasing with time and unbounded, the phase difference between ERs is selected as the
control object. Hence, the master motor is used only for open-loop and closed-loop velocity
control, and the slave motor is used for closed-loop phase tracking control as shown in
(i) of Figure 2.

To sum up, Figure 2 shows the electromechanical coupling of the vibration system
driven by three ERs. The vibration system using control synchronization can be divided
into three parts The key part is (ii) which acts as a bridge between (i) and (iii). The coupling
process is that controller outputs voltage ui(i = 1, 2, 3) to the motor, the motor drives ER
to produce the exciting force, the rigid body is forced to move and affects the velocity
and phase of ER, and the controller detects the signal to adjust the output voltages of the
motors. Where, 2α1 = ϕ1 − ϕ2 and 2α2 = ϕ2 − ϕ3 denote the phase difference.
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Because the AC motor has a strong mechanical characteristic, it is not easy to observe
the change of velocity with the change of load torque. Thus, a DC motor is used as the
driving source to study the control synchronization of three ERs. At present, the pulse
width modulation (PWM) of voltage is the most common technique of motor control in
engineering. Hence, the controller of the DC motor in Figure 2 is divided into two parts,
the velocity or phase controller and the PWM calculator as shown in Figure 3.

Figure 3. Control synchronization scheme of three ERs.

Although the vibration system has this self-adjusting capability, it is still bounded
from the control perspective. In other words, firstly, Equation (2) is the function of variable
ϕ1 and ϕ2 with time, and other symbols of Equation (2) are constant because the system
structure parameters are constant. Secondly, because trigonometric functions are bounded,
TLi in Equation (1) are also bounded. Therefore, the role function of the self-adjustment of
the vibration system can be considered as an internal disturbance as shown in Figure 3.

Considering the electromechanical coupling, the disturbance of the self-adjusting of
the vibration system is a fast variable with time according to Figure 2 and Equation (2).
Therefore, the method of SMC is more suitable for this kind of control synchronization
with internal parameter perturbations and disturbances [28,29].

Defining the velocity of the master motor and the phase difference between motors as
the state variables, z1 =

.
ϕ1, z2 = 2

.
α1 and z3 = 2

.
α2, the state equations of the master motor

and the slave motors are rearranged respectively as follows:

.
z1 = a1z1 + b1u1 + W1 (3)

.
z2 = a2z2 + b1u1 − b2u2 + (a1 − a2)z1 + W1 −W2 (4)
.
z3 = a3z3 + b1u1 − b3u3 + (a1 − a3)z1 + W1 −W3 (5)

where ai = −
fi Ri+KtiKei

Ji Ri
, bi =

Kti
Ji Ri

, Wi = ∆ai + ∆bi − TLi/Ji, i = 1, 2, 3; ai and bi denote
the nominal value of parameters, ∆ai and ∆bi denote the perturbation of parameters, Wi
denote the lump uncertainties from the self-adjusting of the vibration system, and it is
bounded because of TLi are also bounded.

Since there is master-slave control no matter how many motors, it is a combination of
two motors. Due to the length of the paper, the detailed design process of controllers can
be seen in reference [34].

4. Experimental Design of the Control System

The performance of the proposed controller of DSMC is experimentally evaluated
using a vibration machine, which consists of mechanical structure, hardware circuit, and
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software program in Figure 4. Next, all parts are described in Table 1. For example, code
M1 in Figure 4 denotes DC vibration motor in Table 1.

Figure 4. Control schematic diagram of the hardware circuit.

Table 1. Code table.

Code Designation Application

DSC Control platform Velocity and phase control of motor
PD Power-driven circuit Supplying power for direct current motor
LS Signal processing circuit Processing signal of the encoder
CK Keyboard Receiving order
PE Photoelectric sensor Measuring motor speed and the phase difference
E1 Encoder Providing motor phase signal to control board

AS1 Acceleration sensor(accelerometer) Measuring the acceleration amplitude of the body
M1 DC vibration motor Driven ER
VB Vibration frame Fixed motor
SP Spring Connecting vibration frame and fixed base
FB Fixed base Supporting vibration frame and spring

4.1. Hardware Scheme of the Control System

In this Section, some important parts will be introduced to prove the authenticity and
repeatability of the experiment in this work.

For the control of multiple motors, a microprocessor must control at least two motors
at the same time, and it must have strong real-time data processing capability. Because of
the closed-loop control, it must be able to receive signals from both encoders measuring
motor velocity. To satisfy the above requirements, the microprocessor TMS320F28335 made
by the TI corporation is selected in this work. It has 32 bytes size and clock frequency of
150 MHz, and high-precision PWM output, and floating-point computing capability.

In the vibration machine, the physical unit of the phase is usually expressed as the
degree. Therefore, a full rotation of the motor has 360 degrees. Hence, the accuracy of
the feedback sensor (such as encoders) must be smaller than one degree. Considering
comprehensively the above requirements, the incremental encoder E6B2-CWZ6C made by
OMROM is selected, which has 1000 resolution.

This work adopts microprocessor TMS320F28335 to assemble a digital signal control
system (DSC), which consists of the power circuit, the driven circuit, the sampling circuit,
and so on.
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4.2. Algorithm of Velocity and the Phase Difference

A method for calculating the velocity of the master motor and the phase difference
between ERs will be presented in this section to match control targets. Because of the
vibration performance, the velocity of a vibration motor in one period varies from moment
to moment, which causes the difficulty of calculating velocity. The conventional M/T
method cannot calculate the exact value of velocity for a vibration motor. For this problem,
the approach of measuring multiple rotational periods of the motor is chosen to obtain
a more accurate value of velocity. However, too long periods will result in the loss of
real-time control. Considering the experimental velocity near 1500 r/min of the motor in
this work, the calculating period of the velocity is set at four rotational periods of the motor.

Since the limit of the QEP component of TMS320F28335, the phase difference cannot be
calculated directly, which requires a data conversion process. To prevent the accumulation
of measuring errors, the Z signal of an encoder is used to clear zero for the calculator
function of QEP. Due to the calculator is affected by a clear process, it is not correct to
subtract the pulse number of two encoders directly. Next, the data conversion process will
be described in detail.

Because there is a master-slave control in this paper, we take two motors as an example
to introduce the data conversion process. As shown in Table 2, if the phases of two ERs
are either in the 1st and 4th quadrant or in the 2nd and 3rd quadrant, the phase difference
between the two ERs is less than π no matter what changes. However, there will be two
results when the phases of two ERs are, respectively, in the 1st and 4th quadrant or the 2nd
and 3rd quadrant.

Table 2. Change domain of the phase difference.

Case ER 2 in 1st and 4th Quadrants ER 2 in 2nd and 3rd Quadrants

ER 1 in 1st and 4th quadrants Phase difference < π
a. Phase difference > π

b. Phase difference < π

ER 1 in 2nd and 3rd quadrants a. Phase difference > π
Phase difference < πb. Phase difference < π

After recording the previous and current pulse numbers, it is necessary to determine
whether there is a process of clearing zero. As shown in Table 3, the determining algorithm
can be formalized through the truth table of the phase difference. To cooperate with
Table 3, the sampling period must ensure that more records are carried out in one rotational
period of the motor. In other words, the pulse difference between the previous record and
the current record must less than the total number of pulses in one rotational period of
the motor.

Table 3. The actual value of the phase difference.

Case Reading of 1st with Reset Reading of 1st without Reset

Reading of 2nd with reset Inexistence Needing to complement
Reading of 2nd without reset Normal subtraction Normal subtraction

Taking motor 1 as the master motor and motor 2 as the slave one, the calculation
flow chart of velocity and the phase difference is shown in Figure 5. Step 1, pulses of
two encoders are recorded. NewInpluse_MotorX denotes the value of the encoder in
present control period. (int 16)EQepXRegs.QPOSCNT represents the storage unit in hard-
ware system. Step 2, whether there is a clearing process is estimated using Tables 2 and 3.
OldInpluse_MotorX denotes the value of the encoder in previous control period. InpluseD-
ifference_MotorX denotes the phase change of motorX. Step 3, the phase difference is
calculated. Phase_num denotes the phase difference between motor 1 and motor 2. Step 4,
the phase leading motor is determined. Encodernum denotes the total number of pulses in
a full rotation of the motor. Step 5, the values of previous and present pulse numbers are
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interchanged, and AllInpluseNum_MotorX denotes the total pulses of every encoder are
cumulated. Step 6, Speed_MotorX denotes the velocity of the motorX is calculated where
speedp means proportionality coefficient and SpeedCntPeriod represents the calculating
period of the motor speed. The above six steps are the calculation process of the velocity
and the phase for TMS320F28335 processor.

Figure 5. Calculating flow chart of the velocity and the phase difference.

5. Results and Discussion

In this Section, three group experiments of control synchronization are completed
based on the master-slave control strategy and DSMC designed in Section 3. All acceleration
signals in the vertical and horizontal directions, velocities of motors, and phases of ERs
are collected by data acquisition equipment of the LMS corporation, and phases of ERs
are recorded by the high-speed camera. The acceleration signals are from the positions
of the mass center (code AS1) and the edge of the body (code AS2), as shown in Figure 4.
The parameters are shown in Tables 4 and 5. Figure 6 shows the experimental method in
this paper.
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Table 4. Parameters of the vibration motor.

Motor Parameter Unit Value

Rated velocity: n rpm 3000
Armature resistance: R Ω 5.5

Torque constant: Kt Nm/A 25.4
Magnet constant: Ke Vs/rad 1.7

Voltage: u V 12

Table 5. The parameters of the vibration system.

Parameters Unit Value

Mass of vibration frame: m g 640
Mass of ER: m0 g 23

Moment of inertia of system: Jψ gm2 72
Mass of encoder: me g 133
Eccentric radius: r mm 10

Stiffness of springs in x-direction: kx≈ky N/m 6000
Stiffness of springs in ψ-direction: kψ Nm/rad 1140

Damping of springs in x-direction: fx≈fy N/(m/s) 34
Damping of springs in ψ-direction: fψ Nm/(rad/s) 27

Damping of rotors: f1 = f2 = f3 Nm/(rad/s) 0.01

Figure 6. The experimental method: (a) the experimental flow; (b) the experimental equipment.

5.1. Vibration Synchronization and Control Synchronization
5.1.1. Numerical Results

Combining the self-adjusting function of the vibration system, the phase difference
is the most appropriate parameter for studying synchronization because it represents the
different synchronous states. According to references [33,35], we know that the equivalent
radius ratio is the key parameter affecting the phase difference. Considering the actual
structure of the vibration machine, we choose the equivalent radius ratio rψ < 5 to investi-
gate the vibration synchronization. Since the motor does the periodic motion, the phase
differences of ERs must be periodic change. Therefore, we choose (−2π, 2π) as the change
range of the phase difference. Applying the method provided in Figure 3 in reference [33],
we obtain some results as shown in Figure 7.
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Figure 7. Stable phase differences of three ERs, l1 = l2, β3 = 270◦: (a) l1 = l3, β1 = 30◦, β2 = 150◦; (b) l1 = 2l3, β1 = 30◦,
β2 = 150◦; (c) l1 = l3, β1 = 25◦, β2 = 155◦; (d) l1 = 2l3, β1 = 25◦, β2 = 155◦; (e) l1 = l3, β1 = 45◦, β2 = 135◦; (f) l1 = 2l3,
β1 = 45◦, β2 = 135◦.

In general, we make two kinds of comparison including the different fixed distances
li of ER and the different fixed angles βi of ER. Comparing these six group curves, the
point rψ =

√
2 is the cut-off point of the change of the phase difference. When rψ <

√
2,

each phase difference has two stable solutions, which explains that the vibration system
driven by three ERs has two synchronous states. By contrast, each phase difference only
has one solution except Figure 7a. Figure 7a has two group stable solutions because ERs
are symmetrically mounted, which is a limiting case. It can be seen from Figure 7 that
the absolution values of these phase differences are close to 120◦, which explains that the
exciting forces of ERs cancel each other out. The phenomenon conforms to the principle
of minimum potential energy, which explains why the vibration machine using vibration
synchronization does not achieve the increase of the exciting resultant force and driving
power. Because the vibration synchronization restricts the application of the three ERs
structure, we propose control synchronization to solve this limitation of the vibration
system. Therefore, control synchronization is to study how to control the absolution of the
phase difference from 120◦ to 0◦.
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Through the above theoretical analysis, we know the change rule of the phase dif-
ference as shown in Figure 8. At each moment, three ERs have to rotate close the phase
difference of ±120◦ to keep the center of mass at rest. Although the resultant forces are
offset, a torque is created, which causes the body to swing around the center of mass
according to Equation (1).

Figure 8. Motion state of three ERs using vibration synchronization: (a) one moment; (b) another moment.

To provide the basis for the master-slave control scheme, we assume two-thirds of
ERs have achieved control synchronization to study the change of the phase difference.
Figure 9a adopts motor 1 and motor 3 as the control object using control synchronization.
Then, since two ERs rotate in the same motion, they can be equivalent to ER 4. At this
moment, the three-ERs system becomes a two-ERs system. Similarly, Figure 9b adopts
motor 1 and motor 2 as the control object using control synchronization. Comparing with
Figure 9a,b is more symmetrical.

Figure 9. Motion state of two-thirds of ERs using control synchronization: (a) controlling motor 1
and 3; (b) controlling motor 1 and 2.

When two-thirds of ERs apply control synchronization, the three-ERs system turns
into the two-ERs system. Taking Figure 9b as the study example, we give the changes of
the phase difference between ER 3 and ER 4 as shown in Figure 10. It can be seen that
rψ =

√
2 is also the key point. The absolution of each phase difference is close to 180◦

when rψ <
√

2 and that is close to 0◦ when rψ >
√

2. In particular, the better the symmetry
η = m3/m4, the closer the absolution phase difference is to the limit value 180◦ or 0◦.

5.1.2. Experimental Results

Figure 11 shows the comparison between vibration synchronization and control syn-
chronization of the vibration system driven by three ERs. Figures 12–14 are the high-speed
photos for this experiment. The structural parameters are as follows: l1 = l2 = 70 mm,
β1 = 155◦, β2 = 25◦, and β3 = 270◦. The experimental scheme is that three motors firstly
operate without control, and the command of control synchronization is given by the phase
controller after 20 s. The control strategy is that the master motor 2 and the slave motor
3 adopt the open-loop control, and the slave motor 1 adopts the closed-loop control. In
the last 20 s, slave motor 3 adopts the closed-loop control. To facilitate observation of the
motion states of the vibration system from start to steady-state, the data time is delayed for
a few seconds during data processing.
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Figure 10. Stable phase differences of two-thirds of ERs using control synchronization.

Figure 11. Comparing vibration synchronization and control synchronization: (a) the velocities of three motors; (b) the
phase differences; (c) acceleration amplitude of the mass center in y-direction; (d) acceleration amplitude of the mass center
in x-direction; (e) acceleration amplitude of the edge position in y-direction; (f) acceleration amplitude of the edge position
in x-direction.



Appl. Sci. 2021, 11, 7691 13 of 21

Figure 12. The phase difference of vibration synchronization of three ERs in the clockwise rotational
direction. (a–h) are photos of continuous time intervals of 200 Hz.

Figure 13. The phase difference of vibration synchronization of three ERs in the anticlockwise
rotational direction. (a–h) are photos of continuous time intervals of 200 Hz.
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Figure 14. The phase difference of control synchronization of three ERs in the clockwise rotational
direction. (a–h) are photos of continuous time intervals of 200 Hz.

The velocities of three motors are shown in Figure 11a. It can be seen from velocity
curves that the characteristic of the DC motor rapidly reaches the stable state value after
power supply, which is different from that of the AC motor [34]. The synchronous velocity
of three motors in the state of vibration synchronization is about 1538r/min. Since motor 1
and motor 2 are controlled by the same DSP, while motor 3 is controlled by another DSP,
so the start times are not consistent. Figure 11b shows the phase difference curves of ERs.
Because of 2α3 = ϕ3 − ϕ1 = 2π− 2α1 − 2α2, we do not give the curve of 2α3 in Figure 11b
in case there are too many curves in the graph to affect the observation. For the case of
the clockwise rotational direction, the phase differences in vibration synchronization are
2α1 ≈ 96◦ and 2α2 ≈ 140◦, which proves the fact that motor 1 is the leading phase relative
to motor 2. According to Figure 7, the change of the phase difference in Figure 11 proves
that the theoretical analysis is correct and reasonable.

At about 20 s, motor 2 performs control synchronization and begins to track the phase
of motor 1. If three motors operate in the clockwise rotational direction, motor 1 is the
leading phase ER affected by the self-adjusting of the vibration system. To hold on the
synchronous motion of the zero phase difference, the motion tendency of motor 2 should
track motor 1 according to Tables 2 and 3. As can be seen from Figure 11a, when motor
2 adopts the phase control, the synchronous velocity of three motors rapidly increases
to about 1595 r/min and the velocity difference is about 57 r/min. The reason for this
phenomenon is that the self-adjusting of the vibration system reduces the load on motor 1
and increases the load on motor 2 to keep the center of mass at rest. Of course, the load
torque of the self-adjusting is smaller than the electromagnetic torque of the motor. For the
DC motor, the load decreases and the speed increases. Therefore, the synchronous velocity
increases after motor 2 using the phase control.

In the second stage, the vibration system seeks a new equilibrium because of the
interference of motor 2, which is 2α1 ≈ 0◦ and 2α2 ≈ −167◦. According to Figures 9 and 10,
the change of the phase difference in Figure 11 also proves that the theoretical analysis is
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correct and reasonable. Due to the accuracy of system modeling and parameter acquisition,
although the values are not equal in theory and experiment, the trend is the same, which
does not affect the qualitative analysis of the synchronous state. Furthermore, we can find
that the self-adjusting reduces the load on the motor of the leading phase and increases the
load on the motor of the lagging phase.

In the last 20 s, motor 3 adopts the phase control. Since the phase difference 2α2 ≈ −167◦

in the second stage, the phase of motor 3 is the leading phase relative to motor 1. According
to the control principle, motor 3 only needs to wait for motor 1 and motor 2 to track.
Therefore, the synchronous velocity is not increased in the third stage. It is important to
note that there is the overshoot phenomenon in these three stages, which is caused by the
calculation method. We use a fixed time interval to calculate the velocity and the phase
difference as shown in Figure 5, which is very susceptible to the collection method. Because
of the timeliness and accuracy of the signal feedback, the function of the control method
proposed in this paper is limited. By contrast, according to the results of the data, it is
proved that the control scheme in this paper is feasible and effective. Furthermore, this
set of data demonstrates the feasibility of the control scheme of controlling only the slave
motors in the vibration system excited by three ERs. Comparing the overshoot in the
second and third stages, it can be seen that the control synchronization is more difficult
in the three-ERs system than in the two-ERs system because of the interference of the
self-adjusting of the vibration system.

Figure 11c,d are the acceleration amplitudes of the mass center (code AS1 in Figure 4)
in both x- and y-directions. Similarly, Figure 11e,f are the acceleration amplitudes of the
body edge (code AS2 in Figure 3) in both x- and y-directions. Comparing two measuring
positions, the motion state is mainly the swing in the first stage when the vibration system
operates in vibration synchronization because y-direction acceleration amplitude of the
body edge is greater than that of the mass center. If the vibration system operates in
control synchronization, the motion state in the third stage is mainly a circle according
to the acceleration amplitude of the mass center. In Figure 11c,d, acceleration amplitudes
of the mass center are close equal in the x- and y-directions, and y-direction is about 90◦

ahead of x-direction, which corresponds to the motion pattern of the clockwise circular
motion. Furthermore, the acceleration amplitudes between the mass center and the body
edge are close to equal in two directions, and there is not the phase difference between
the acceleration amplitude curves of the two positions, which are in accordance with the
motion pattern of the rigid body. To sum up, Figure 11c–f show the coupling characteristic
that the phase difference affects the motion pattern of the vibration system.

Figure 12 shows the high-speed photos of three ERs with the clockwise rotational
directions in vibration synchronization, which is captured by a high-speed camera in 200Hz.
The data correctness of Figure 11 is verified according to eight images of the average time.
The phase differences are stable near 2α1 ≈ 96◦, 2α2 ≈ 140◦, and 2α3 ≈ −124◦, and are
consistent with the data in Figure 11b, which reflect the coupling characteristic of the
self-adjusting of the vibration system.

In order to compare Figures 7 and 13 shows the high-speed photos of three ERs with
the anticlockwise rotational directions in vibration synchronization. The phase differences
are stable near 2α1 ≈ −98◦, 2α2 ≈ −124◦, and 2α3 ≈ 138◦, which reflect another group of
solutions when rψ <

√
2.

Using the same way, the high-speed photos of three ERs with the clockwise rotational
directions in control synchronization are shown in Figure 14. From eight images of the
average time, it can be seen that the phase difference approximately equals zero.

Comparing control synchronization and vibration synchronization by the data in
Figures 11–14, it can be concluded from these results that the vibration system has achieved
the ideal motion trajectory and the max force in the state of control synchronization. Hence,
it is a very practical engineering technology applying control synchronization to replace
vibration synchronization in the design of the vibration machine driven by three ERs.
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5.2. Control Synchronization of Two Control Schemes

In Figure 11, we adopt motor 3 as the object using the open-loop control and as
slave motor using the closed-loop control. Then, Figure 15 selects motor 2 to study the
coupling of the vibration system, which is used to further verify the feasibility of control
synchronization. The control strategy of the master motor 1 and the slave motors 2 and
3 is selected in this experiment. The experiment is divided into four stages: first, motor
1 chooses the open-loop control and motor 2 and motor 3 choose the closed-loop control.
Second, motor 2 chooses the open-loop control and others remain unchanged. Third, motor
2 chooses the closed-loop control again and others remain unchanged. Lastly, motor 1
chooses the closed-loop control of the velocity and others remain unchanged.

Figure 15. Comparing different slave motor in control synchronization: (a) the velocities of three motors; (b) the phase
differences; (c) acceleration amplitude of the mass center in y-direction; (d) acceleration amplitude of the mass center in
x-direction; (e) acceleration amplitude of the edge position in y-direction; (f) acceleration amplitude of the edge position in
x-direction.
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Figure 15a shows the velocities of three motors, which is similar to Figure 11a. How-
ever, there is a different phenomenon that the velocities of three motors appear over control
at the ascending stage. The reason is that due to the master motor adopting the open-
loop control, and it being tracked by slave motors, these reduce its load torque result in
increasing its velocity, which conforms to the property of the vibration system. In fact, the
self-adjustment of the vibration system is effective only when the velocities of motors are
close. Therefore, the overshoot phenomenon of the vibration motor after reaching the rated
speed is caused by the self-adjustment of the vibration system.

In Figure 15a, motor 2 performs the phase control and begins to track the phase of
motor 1. According to the coupling characteristic of the vibration system, motor 2 is the
lagging phase ER rotating in the clockwise direction. To achieve the zero phase difference,
the motion pattern of motor 2 should increase velocity to track the phase of motor 1.
The synchronous velocity of the first stage in Figure 15a equals that of the third stage in
Figure 11a. However, the synchronous velocity of the second stage in Figure 15a does not
equal that of the second stage in Figure 11a. Since motor 2 is a lagging phase ER, in order
to achieve the zero phase difference, motor 2 only has to increase the velocity so that the
synchronous velocity of motors will rise. However, motor 3 is a leading phase ER and it
only decreases the velocity to wait for motor 1, which causes the synchronous velocity to
decrease. Comparing the synchronous velocity in two stages, it has a downward change
when motor 2 is not controlled. At this time, the synchronous velocity is about 1500r/min,
and it decreases by about 95r/min. In the third stage, the synchronous velocity equals that
in the first stage again.

When the vibration system runs into the fourth stage, the master motor adopts the
velocity control. Although there are some fluctuations at the beginning of each stage, it does
not mean that the controllers are not stable enough, but because of the limit of calculating
velocity signal. In Figure 5, it is known from the introduction to the calculating velocity
method of vibration motor that obtaining its average velocity requires multiple motor
rotational periods to ensure the accuracy of velocity value, which will affect the timeliness
of velocity closed-loop control. To verify the effectiveness of the velocity controller, the
velocity value is set higher than the synchronous velocity in the first stage, which is set
as 1680r/min. As can be seen in the fourth stage, when motor 1 operates with velocity
control, the synchronous velocity of the motors rises slowly and finally stabilizes around
1680r/min, and the synchronous velocity increases by about 85r/min.

Figure 15b shows the phase difference curves between motors. The phase difference
respectively has fluctuations when the synchronous velocity changes, and the rest time
stability near 0◦ except for the second stage. In a similar way with Figure 10, the phase
differences approach ±180◦ according to Figures 9a and 10. However, the absolution phase
difference of the second stage in Figure 15b is smaller than that in Figure 11b. This is
because the two-ERs system in Figure 11b is more symmetrical than that in Figure 15b,
which conforms to the variation in Figures 9 and 10.

Comparing the acceleration amplitudes of two positions in Figure 15c–f, it can be seen
that the vibration system implements the circular trajectory motion. In the first and third
stages, the acceleration amplitudes of x- and y-directions of two positions are approximately
equal in control synchronization, and the y-direction is 90◦ ahead of x-direction. However,
the acceleration amplitudes of two positions in the fourth stage are greater than those in
others, because the synchronous velocity in the fourth stage is greater than those in others.

According to the experimental analysis in Figure 15, the phase controller can be used
on different slave motors to achieve the synchronous motion of three ERs with the zero
phase difference, which proves the effectiveness of the proposed control scheme. Due to
the coupling characteristic of the self-adjusting of the vibration system, the acceleration
amplitudes of the vibration system are affected in the cases of vibration synchronization
and control synchronization.
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5.3. Control Synchronization of Changing Velocity

Figure 16a shows the velocities of three motors, and Figure 16b shows the phase
differences of motors. The velocities of three motors reached the stable state value quickly
after the power supply. Because the master motor is controlled at the beginning of the
power supply, the velocity controller suffers from the interference of the self-adjusting
of the vibration system moment by moment. Comparing the performance between the
velocity controller and phase controller in Figure 16, it can be seen that the stability of the
controller also depends on the accuracy of feedback data and control period according
to the analysis from Section 3. After several seconds, the velocity controller overcomes
the interference and begins to adjust the synchronous velocity to the target value. Due to
the limit of the calculating velocity period being longer than calculating phase period, the
synchronous velocity changes relatively slowly. However, it does not affect engineering
applications because it does not take a very long time to stabilize. In the second stage, the
fluctuation of velocity is greater than that in the first stage because of the robustness of the
phase controller. Once the synchronous motion of the zero phase difference is achieved by
the phase controller, the interference of the velocity controller becomes less obvious even if
the velocity is changing such as the third stage.

Figure 16. Comparing with the different velocities of the master motor: (a) the velocities of three motors; (b) the phase
differences; (c) Mass center trajectory; (d) Edge position trajectory.

From Figure 16c,d, the motion pattern of two positions is similar to the cases of control
synchronization in Figures 11 and 15. Because the synchronous velocity in the first stage is
less than that in the second stage, the acceleration amplitudes in the first stage are also less
than those in the second stage. In the same way, the acceleration amplitudes in the second
stage are also less than those in the third stage.

In this experiment, when two types of controller simultaneously start working, the
fluctuations of the data curves of velocity and the phase difference are more obvious than
other cases with only controlling slave motors. Because the interference comes from the
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vibration system itself and its changes are consistent with the input of the controller, the
effect of the interference is also obvious at the beginning of each state, which reflects the
control complexity of the vibration system.

By analyzing three group experiments, we may conclude that the same phase motion
of three ERs in the vibration system can be achieved by control synchronization of two slave
motors, but the synchronization velocity is not guaranteed because of the self-adjustment of
the vibration system. Only the master motor using velocity control and slave motors using
phase control can achieve the ideal synchronous motion of three ERs in the vibration system.

6. Conclusions

This work investigates the coupling characteristic of the vibration system excited by
three ERs using the control vibration through theory and experiment, presents a control
strategy including control schemes and controllers, and designs a complete control system
including hardware and software. The results are as follows:

1. To achieve the ideal motion of the vibration system, the control target of this un-
deractuated system is converted into velocity and phase tracking of three motors
from a dynamical perspective. The velocity and phase controllers are designed by
employing discrete-time sliding mode control. Considering the dynamic coupling
characteristic of the self-adjusting of the vibration system, a method of calculating
velocity and the phase difference is proposed to provide data for controllers, which
combines experimental conditions.

2. The essence of control synchronization is the phase tracking between the master motor
and slave motors at the same rotational velocity. According to the synchronous condi-
tion and the stability condition, we conclude that the absolution phase differences
of three ERs approach 120◦. when the system runs in the vibration synchronization.
Furthermore, when two-thirds of motors adopt the control synchronization, the ab-
solution phase difference between the master motor and the slave motor without
control approaches 180◦.

3. If the master motor is the leading phase ER, the synchronous velocity will rise because
of the tracking of other slave motors. By contrast, if the master motor is the lagging
phase ERs, the synchronous velocity will drop because the slave motor is waiting
for the master motor to track it. Of course, if the master motor adopts the velocity
controller, this phenomenon of changing synchronous velocity does not appear.

4. According to the velocity controller and phase controller, the control strategy is
divided into two control schemes: controlling only salve motors and controlling all
motors. Based on two control schemes, three experiments are achieved to study the
dynamic coupling characteristic of the vibration system in control synchronization.
The experimental results show that control synchronization is an effective and feasible
way to achieve the zero phase difference of three ERs. In addition, the method of
control synchronization should be introduced to vibration machines to replace the
method of forced synchronization.
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