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Abstract: Rheological properties of the suspension flow, especially effective viscosity, partly depend
on spatial arrangement and motion of suspended particles. It is important to consider effective
viscosity from the microscopic point of view. For elliptical particles, the equilibrium position of
inertial migration in confined state is unclear, and there are few studies on the relationship between
dynamics of suspended particles and induced local effective viscosity distribution. Contribution
of a single circular or elliptical particle flowing between parallel plates to the effective viscosity
was studied, focusing on the particle–wall distance and particle rotational motion using the two-
dimensional regularized lattice Boltzmann method and virtual flux method. As a result, confinement
effects of the elliptical particle on the equilibrium position of inertial migration were summarized
using three definitions of confinement. In addition, the effects of particle shape (aspect ratio and
confinement) on the effective viscosity were assessed focusing on the particle–wall distance. The
contribution of particle shape to the effective viscosity was found to be enhanced when the particle
flowed near the wall. Focusing on the spatial and temporal variation of relative viscosity evaluated
from wall shear stress, it was found that the spatial variation of the local relative viscosity was larger
than temporal variation regardless of the aspect ratio and particle–wall distance.

Keywords: inertial migration; rheology; effective viscosity; spatial and temporal variations; confine-
ment effect; pressure-driven flow; lattice Boltzmann method

1. Introduction

Suspension flows are ubiquitous in industrial process such as filtration, cosmetics, and
food processing and also in nature such as mud and blood flow. Rheological properties of
a suspension flow partly depend on its microstructure, which refers to spatial arrangement
and orientation of suspended particles [1]. Rheological properties of suspension play im-
portant roles in terms of product quality; therefore, it is important to reveal the relationship
between macroscopic rheological properties of suspensions and their microstructures to
handle suspension rheology effectively.

In a channel flow, suspended particles migrate transversal to the streamlines and
converge at the equilibrium position due to inertial effects. This phenomenon is known as
the “tubular pinch effect” or “Segré–Silberberg effect”. Segré and Silberberg [2] found that
rigid spheres in a Poiseuille flow through a tube accumulate at about 0.6 tube radii from
the axis. After these findings, many attempts have been made to clarify the mechanism of
inertial migration and to extend this phenomenon to broad applications. We have observed
that the microstructure of a suspension changes in time mainly due to inertial effects of the
suspended particles [3]. Such inertial effects might be significant in practical cases, such as
industrial flow or blood flow; therefore, it is important to consider inertial migration.

Strictly speaking, suspended particles are commonly not always spherical in nature,
i.e., non-spherical shapes should be considered. Chen et al. [4] investigated the motion

Appl. Sci. 2021, 11, 6727. https://doi.org/10.3390/app11156727 https://www.mdpi.com/journal/applsci

https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://doi.org/10.3390/app11156727
https://doi.org/10.3390/app11156727
https://doi.org/10.3390/app11156727
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/app11156727
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app11156727?type=check_update&version=2


Appl. Sci. 2021, 11, 6727 2 of 18

of an elliptical particle in plane Poiseuille flow. The numerical results showed that the
equilibrium position of the particle with higher aspect ratio is closer to the center of the
channel. Wen et al. [5] also numerically investigated the inertial migration of the elliptical
particle, and they showed that the equilibrium position of the elliptical particle changes
with aspect ratio. However, in these previous studies, confinement, which is the ratio of
particle size to the channel diameter (or width), or particle concentration was not kept
constant with changing aspect ratio. It is important to take into account not only aspect ratio
but also confinement when suspension rheology is considered because effective viscosity
strongly depends on confinement as well as particle concentration.

Effective viscosity of a dilute suspension including spheres was firstly studied and
summarized by Einstein [6]. According to his theory, the effective viscosity can be ex-
pressed as

ηeff= η0(1+[η]φ), (1)

where ηeff is the effective viscosity, η0 is the viscosity of the solvent, [η] is the intrinsic
viscosity, and φ is solid volume fraction in three-dimensional conditions or area fraction
in two-dimensional conditions. Intrinsic viscosity [η] is also called shape index because
it depends on particle shape; for example, [η] = 2 [7] for a rigid circular particle and
[η] = 2.3 [8] for an elliptical porous particle for Darcy number Da = 10−12 with aspect ratio
AR = 2 in two-dimensional conditions. Jeffery [9] extended Einstein’s work to the case of
ellipsoidal particles. He investigated the motion of a single ellipsoid in a shear flow and
found that increase of viscosity can be represented by modifying the intrinsic viscosity.
Huang et al. [10] numerically demonstrated that the intrinsic viscosity of spheroids depends
on rotational mode such as tumbling or log rolling mode. They showed that the intrinsic
viscosity agrees well with Jeffery’s analytical solution for various aspect ratios. Doyeux
et al. [11] studied the effects of confinement on the effective viscosity of two-dimensional
suspensions. They found that intrinsic viscosity is also a function of confinement. As
particle size becomes larger, intrinsic viscosity also increases. However, for the elliptical
particle, the confinement effect is unclear due to ambiguity in the definition of confinement
when comparing with different shapes.

It is important to consider rheological properties, especially effective viscosity, from
the microscopic point of view in field of bioengineering. We have observed that suspen-
sion flow with homogeneously scattered rigid circular particles shows undulating wall
shear stress (WSS) distribution due to existence of suspended particles [12,13]. Xiong
and Zhang [14] simulated red blood cells flowing in microvessels to examine the induced
WSS variation. They showed real dynamic features of WSS distributions. However, to
the best of our knowledge, there are few studies on the relationship between dynamics
of suspended particles, such as red blood cells, and induced local WSS distribution. Jou
et al. [15] reported that ruptured aneurysms are more exposed to low WSS. It is important
to investigate additional WSS distribution changes due to particle motion.

The aim of this study was to investigate the effects of particle–wall distance and
rotational motion of elliptical particles on the effective viscosity considering confinement
effects. Two-dimensional numerical simulations were conducted using the regularized
lattice Boltzmann method and virtual flux method. The equilibrium position of inertial
migration was investigated for various aspect ratios by introducing three definitions of
confinement for elliptical particles. In addition, the spatial and temporal variations of
relative viscosity were also evaluated.

2. Numerical Methods
2.1. Computational Models

We carried out two-dimensional numerical simulations of pressure-driven plane
Poiseuille flow including a single circular or elliptical particle. Figure 1 shows the simu-
lation model. The particle was initially located at the lower side and constrained in the
y-directional motion (details in Section 2.5). The computational domain was set to width
D = 400 µm and length L = 4D = 1600 µm with a periodic boundary condition with pressure
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difference in the flow direction [12] to reduce the computational costs. In Section 3.1, the
effects of periodic length and grid resolution are assessed. The computational domain was
filled with an orthogonal grid of equal spacing ∆x = ∆y = 0.5 µm. The Reynolds number
was set to Re = 32 for all simulations to consider inertial effects.
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Figure 1. Simulation model including a single particle in pressure-driven plane Poiseuille flow. The
center of the circular or elliptical particle was initially located at y = y0 with particle angle to the
flow direction θp = 0. The computational domain was L × D, and periodic boundary condition with
pressure difference was applied in the flow direction.

The suspended particle was assumed to be rigid, neutrally buoyant, and non-Brownian.
Aspect ratio was set to AR = 1, 2, and 4. Confinement is usually defined as the ratio of
particle size to the channel width; however, when the particle is non-spherical, it is difficult
to define it uniquely. Therefore, in this study, it was defined using three different charac-
teristic lengths as follows: C1 = 2b/D, C2 = 2a/D, and C3 = 2r/D, where a is semi-major
axis, b is semi-minor axis, and r is equivalent radius of the circular particle with the same
area as shown in Figure 2. Case 1 is for comparison of the same minor diameter. Case 2 is
for comparison of the same major diameter. Case 3 is for comparison of the same area for
different aspect ratios. The parameters of confinement were set to C3 = 0.05, 0.1, and 0.2,
which corresponds to the area fraction φ = 0.05%, 0.20%, 0.79%.
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Figure 2. Schematic view of elliptical particles for comparison of three different definitions of
confinement. The parameter of confinement C was chosen by the researchers, i.e., semi-major axis a,
semi-minor axis b, and equivalent radius r of a circular particle with the same area.

In the studies on the inertial migration using numerical simulation, the comparison in
case 2 (same major diameter) is often adopted [5,16]. Chen et al. [4] adopted the comparison
similar to case 1 (the confinement increases as increasing aspect ratio). However, compari-
son in case 3 (with the same area fraction (particle concentration)) should be considered for
rheological evaluation because the effective viscosity is predominantly dependent on parti-
cle concentration. Başaǧaoǧlu et al. [17] adopted case 3 to compare the different geometrical
shapes of particles in settling or flowing particle simulation. However, they investigated
only trajectories of particles, and equilibrium positions of the inertial migration were not
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discussed. From the above background, these three definitions of confinement effects are
discussed in this study.

2.2. Governing Equation for Fluid Part

The regularized lattice Boltzmann method (RLBM) [18] was used as a governing
equation for the fluid part. This method is based on the lattice Boltzmann method (LBM).
RLBM maintains simplicity, efficiency, and good scalability for parallel computing of LBM;
in addition, it can reduce sufficient memory usage.

The distribution function fα for the lattice Boltzmann equation can be written as

fα= wα

(
a0+bieαi+cijeαieαj+dijkeαieαjeαk + · · ·

)
. (2)

The expansion of the distribution function up to second-order moment is equiva-
lent to incompressible Navier–Stokes equations; therefore, the distribution function is
approximated as

fα ≈ wα

(
a0+bieαi+cijjeαieαj

)
, (3)

where eα is the discrete velocity vector and subscript α represents velocity direction. The
distribution functions propagate with velocities restricted to a finite set of discrete vectors,
which is modeled in the DnQm model (m denotes discrete velocities in n dimensions). The
D2Q9 model [19] was applied in our simulations. This model is one of the most common
lattice speed models for two-dimensional lattice Boltzmann simulations and it has the
following nine discrete lattice velocity vectors:

e α =


c(0, 0) (α = 0)
c
(

cos (α−1)π
2 , sin (α−1)π

2

)
(α = 1–4)

√
2c (cos (2α− 9)π

4 , sin (2α− 9)π
4

)
(α = 5–8)

(4)

In this model, weight coefficients wα are defined as follows:

wα =


4/9 (α = 0)

1/9 (α = 1–4)
1/36 (α = 5–8)

, (5)

The parameters a0, bi, and cij are determined to satisfy the following relationships:

∑
α

fα= ρ, (6)

∑
α

fαeαi= ρui, (7)

∑
α

eαieαj fα =
c2

3
ρδij+ρuiuj +Π

neq
ij , (8)

where ρ is the fluid density, u is the fluid velocity vector, c is the lattice speed defined as
c = δx/δt, δij is the Kronecker delta, and Π

neq
ij is the non-equilibrium part of the stress

tensor. The lattice units of δx = 1 and δt = 1 were used in this study. The parameters a0,
bi, and cij are expressed by ρ, u, and Π

neq
ij . The distribution function fα can therefore be

written as

fα= wαρ

[
1+ 3(eαiui)

c2 + 9(eαiui)
2

2c4 − 3(uiui)

2c2

]
+ 9wα

2c2

( eαieαj
c2 − 1

3 δij

)
Π

neq
ij .

(9)
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The first term on the right-hand side is equal to Maxwell equilibrium function f eq
α .

The second term on the right-hand side is described as f 1
α , and the distribution function

fα is expressed by
fα= f eq

α + f 1
α . (10)

The time evolution equation for the regularized lattice Boltzmann equation is then

fα(t + δt, x + eαδt)= f eq
α (t, x) +

(
1− 1

τ

)
f 1

α (t, x), (11)

where τ is single relaxation time defined using kinetic viscosity of fluid ν as follows:

τ =
3ν

cδx
+

1
2

. (12)

The single relaxation time τ was set to 0.88 for all simulations.
In addition, local pressure distribution function pα introduced by He et al. [20] was

applied to simulate incompressible flow. Local pressure distribution function pα is

pα= c2
s f α, (13)

where cs is the sound speed, and cs= c /
√

3 in this model. Therefore, the time evolution
equation for solving the fluid part is

pα(t + δt, x + eαδt)= p eq
α (t, x) +

(
1− 1

τ

)
p 1

α (t, x). (14)

Accordingly, the pressure p, the velocity components ui, and the non-equilibrium part
of the stress tensor Π

neq
ij are given by

p =∑
α

pα, (15)

ui =
1

ρcs2 ∑
α

pαeαi, (16)

Π
neq
ij =

1
cs2

(
∑
α

eαieαj pα −
c2

3
pδij −

c2

3
ρuiuj

)
. (17)

In the programming for the regularized lattice Boltzmann method, only pressure
(Equation (15)), velocity components (Equation (16)), and non-equilibrium part of the stress
tensor components (Equation (17)) need to be stored in the array to solve the time evolution
equation (Equation (14)). The distribution function can be obtained from the parameters
above, i.e., it does not need to be stored in the memory. Thus, this method is useful
to reduce the computational memory usage compared to the original lattice Boltzmann
method.

2.3. Governing Equation for Particles

The translational motion of a particle is determined by solving Newton’s equation

m
d 2xp

dt2 = Fp, (18)

where m is mass of the suspended particle, xp is the position vector, and Fp is the total
force vector acting on the particle. The rotational motion of a particle is determined by the
equation of angular motion

I
d 2θp

dt2 = Tp, (19)
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where I is the moment of inertia, θp is the particle angle, and Tp is the torque exerted on
the particle. The mass of the suspended particle m and moment of inertia I are m = ρpπab

and I = m(a 2+b2)/4, where ρp is the density of the particle. Both these two equations
were discretized with the third-order Adams–Bashforth method and third-order Adams–
Moulton method.

According to Mei et al. [21], the component of shear stress tensor τi, j in D dimension
is given by

τi, j = −
(

1− 1
2τ

)
∑
α

f neq
α (t , x)

(
eα, ieα, j −

1
D

eα·eαδi, j

)
, (20)

where f neq
α is

f neq
α (t , x)= f α(t, x)− f eq

α (t, x). (21)

The shear stress vector τw = (τx, τy) is calculated using stress tensor Tw on the particle
surface as follows:

τw= Tw·n , (22)

where n is the outward normal unit vector on the surface of the particle. The stress tensor
Tw was extrapolated by stress tensor TP and TQ, on points P and Q (Figure 3), respectively.
The components of the force Fp = (Fx, Fy) and the torque Tp on the solid particle are
given by

Fx = −
∫

C

(
pp − p0

)
nxds+

∫
C

τw, xds, (23)

Fy = −
∫

C

(
pp − p0

)
nyds+

∫
C

τw, yds, (24)

Tp = | r × τw|z, (25)

where pp is the pressure on the solid particle surface, p0 is the reference pressure, and r is
the vector on the particle surface from the particle center.

2.4. Virtual Flux Method

The virtual flux method [22,23] was applied to describe the curved boundary of
particle shape on a Cartesian grid. Suspension flows including solid particle can be
solved by reflecting the distribution functions calculated using the virtual flux method.
One of the advantages of this method is simple algorism with no iterative calculations.
The distribution function on the particle surface can be obtained by simply considering
its hydrodynamic conditions. These procedures need no iterations. Compared to the
immersed boundary method (IBM) [24], which is popularly coupled with LBM, the virtual
flux method has superior spatial resolution without adding external force to the body
surfaces to describe the arbitrary shape on the Cartesian grid.

Figure 3 shows the virtual boundary on the Cartesian grid. For example, the distri-
bution function streams to nine directions in the D2Q9 model; however, the distribution
function at grid point 3 cannot propagate to grid point 1 (described as direction α) because
the virtual boundary point w exists at the position where a:b divides the space between
grid points 1 and 3.

A brief description of the calculation procedure to obtain the distribution function at
grid point 1 fα , 1 is as follows: First, the physical quantities on the virtual boundary (point
w) were obtained by imposing both the no-slip boundary condition (uw = up) and pressure
boundary condition on the particle surface (∂p/∂n = 0). Pressure pP and pQ at point P and
Q, which were located in the normal direction to the wall surface from the boundary point,
were interpolated by using data neighboring four points. Pressure at grid point w pw was
obtained by extrapolating pressure pP and pQ as

pw =
h2

2 pP − h1
2 pQ

h22 − h2
1

, (26)
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where distances of h1 and h2 in this study were
√

2, and 2
√

2, respectively. The equilibrium
distribution function f eq

α, w on the virtual boundary was then obtained, and the distribution
function fα, w was

fα, w= f eq
α, w(uw, pw)+( f α,1 − f eq

α,1

)
. (27)

Then, the virtual distribution function f ∗α, 3 and the equilibrium distribution function
f eq∗
α, 3 at grid point 3 were obtained by extrapolation using these values at grid point 1 as

follows:
f ∗α, 3 =

a + b
a

fα, w −
b
a

fα, 1, (28)

f eq∗
α, 3 =

a + b
a

f eq
α, w −

b
a

f eq
α, 1. (29)

Finally, the distribution function at grid point 1 for the next time step considering the
virtual boundary using f ∗α, 3 and f eq∗

α, 3 can be obtained as

fα,1= f ∗α, 3 +
1
τ

(
f eq∗
α, 3 − f ∗α, 3

)
. (30)
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2.5. Lift Coefficient

The equilibrium position of inertial migration in a pressure-driven flow can be ob-
tained by the following two methods: the lift force profile of a particle constrained in lateral
motion and the trajectory of a freely moving particle. In this study, the constraint method
(the former method) was used to obtain the equilibrium position of inertial migration. This
method has been previously used by many groups [25,26].

A brief description of the calculation procedure in this study is as follows: A single
particle was released from five different initial positions (y/D = 0.2–0.4 with an interval
of 0.05) between the lower wall and center line. The motion of the particle was restricted
in the direction perpendicular to the flow direction, i.e., the particle was allowed to move
only in the flow direction with rotation. The profiles of lift coefficient CL were obtained
using time averaged lift force acting on the particle. Note that the lift force at the center
(y/D = 0.5) is assumed to be zero for the symmetry of the computational domain. The
equilibrium position was then obtained as a position where the lift force is the closest to
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zero excluding y/D = 0.5 by using a cubic spline interpolation with a precision of the order
of y/D = 0.001. The lift coefficient CL was calculated by

CL =
Fy

ρU2r
, (31)

where U is a characteristic velocity.

2.6. Relative Viscosity

Relative viscosity ηeff/η0 for pressure-driven flow [12] is given by

ηeff
η0

=
∆p
∆p0

≈
〈
τij
〉

τ0
, (32)

where ∆p is pressure drop over the channel length, ∆p0 is pressure drop for particle-free
flow over the channel length,

〈
τij
〉

is the spatially averaged wall shear stress, and τ0 is the
wall shear stress for particle-free flow.

3. Results and Discussion
3.1. Periodic Length and Grid Resolution

The effects of periodic length, which refers to the length L of the parallel plates model,
on the equilibrium position of inertial migration were assessed, and a grid independence
study was conducted.

First of all, the effects of periodic length were investigated. This length should be
sufficient to neglect the effect of the boundary condition. The lift coefficient profiles were
compared to determine the periodic length. Figure 4 shows the profiles of lift coefficient
of a single circular particle for four different periodic lengths L/D = 1, 2, 4, and 6. On
the lower wall side (y/D = 0.2), the lift force exerted on the particle was positive, which
indicates that particle in this region is lifted up toward the center. On the other hand, when
the lift force is negative, particle is lifted down from center region to the wall side. The
profiles for L/D = 4 and 6 were almost the same. Table 1 shows equilibrium positions
obtained from the lift coefficient profiles. The periodic length L/D = 4 was thus adopted in
the simulation conditions.
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Table 1. Normalized equilibrium position yeq/D of a single circular particle with C3 = 0.05 for
different periodic lengths L/D = 1, 2, 4, and 6 (the number of cells for D was 600).

L/D [-] yeq/D [-]

1 0.248
2 0.256
4 0.258
6 0.258

Secondly, a grid independence study was performed. Figure 5 shows profiles of lift
coefficient with three different grid resolutions. When the particle flowed near the lower
wall, the lift coefficient became slightly larger with increasing grid resolutions as illustrated
in Figure 5. The equilibrium position, where the lift force is zero, moved slightly toward
the center for higher resolution. Table 2 shows equilibrium positions obtained from the
lift coefficient profiles. The results show that the number of cells for channel width is
required to be at least 600. Thus, the number of cells for channel width D was set to 800 in
all simulations to take non-spherical particle shapes into account. At least 20 cells were
used for the grid resolution of the minor axis of AR = 4 in case 3 for C3 = 0.05.
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Table 2. Normalized equilibrium position yeq/D of a single circular particle with C3 = 0.05 for
different grid resolutions. The parameters D and 2r denote the number of grids for channel width
and particle diameter, respectively.

Number of Cells for D [Cells] Number of Cells for 2r [Cells] yeq/D [-]

400 20 0.255
600 30 0.258
800 40 0.258

3.2. Effects of Aspect Ratio of Elliptical Particle on the Equilibrium Position Due to
Inertial Migration

The effects of aspect ratio on the lift coefficient profiles and the equilibrium positions
of the particles with the same area fraction (in case 3) are discussed. Figure 6 shows
profiles of lift coefficient of an elliptical particle for different aspect ratios with various
confinements. Note that the vertical axis scale depends on each figure for clarity. The lift



Appl. Sci. 2021, 11, 6727 10 of 18

coefficient profiles were similar between AR = 1 and AR = 2. On the contrary, those for
AR = 4 were different from those for AR =1 and 2. When the particle flowed on the lower
wall side, the lift coefficient became larger with increasing aspect ratio, i.e., the repulsive
force from the wall became larger with increasing aspect ratio. Table 3 shows equilibrium
positions for different aspect ratios with various confinements. The equilibrium position
shifted toward the center with the increase of aspect ratio, and it was enhanced with higher
confinement (larger particle).
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Figure 6. Lift coefficient profiles of a single circular and elliptical particle with (a) C3 = 0.05, (b) C3 = 0.1, and (c) C3 = 0.2 for
different aspect ratios AR = 1, 2, and 4. Note that the vertical axis scale is different for each figure for clarity.

Table 3. Normalized equilibrium position yeq/D of a single circular and elliptical particle with
C3 = 0.05, 0.1, and 0.2 for different aspect ratios.

AR [-]
yeq/D [-]

C3 = 0.05 C3 = 0.1 C3 = 0.2

1 0.258 0.263 0.277
2 0.260 0.267 0.284
4 0.260 0.282 0.314

The effects of aspect ratio on the equilibrium positions with the different confinement
definitions are discussed. Figure 7 shows the comparison of equilibrium position as a
function of confinement with three different definitions for AR = 1–4. For each confinement,
changes in the equilibrium position with increasing AR are described. For comparison
among C1, which corresponds to the comparison with the same minor axis, the equilibrium
position was shifted to the center with increasing AR. On the contrary, for comparison
among C2, which corresponds to the comparison with the same major axis, the equilibrium
position was slightly shifted to the wall side (AR = 2), then shifted to the center (AR = 4)
with increasing AR. For comparison among C3, which corresponds to the comparison with
the same area fraction, the equilibrium position was shifted to the center with increasing
AR. These results showed that the effects of aspect ratio on the equilibrium position strongly
depend on the confinement definition.
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Our results are qualitatively consistent with other results for case 1 and 2. Chen
et al. [4], who discussed the effects of aspect ratio in a comparison similar to case 1,
showed that the equilibrium position with higher AR is closer to the center. Hu et al. [16],
who discussed the effects of aspect ratio with C2 for non-Newtonian fluids, reported that
the equilibrium position shifted toward the wall with increasing AR. Wen et al. [5] also
discussed the effects of aspect ratio with C2 on the equilibrium position. They reported that
the equilibrium position changes from being closer to the wall to being closer to the center
when a certain aspect ratio was exceeded. Our results are consistent with their results. The
novel contribution of the present study is to determine the equilibrium positions in case 3
and to compare them among their definitions.

3.3. Effects of Aspect Ratio of Elliptical Particle on the Effective Viscosity

In this section, the relative viscosity contributed by a single particle with various
aspect ratios and various distances from the walls is compared. Figure 8 shows the relative
viscosity contributed by the elliptical particle with different aspect ratios for the various
particle–wall distances. Note that the vertical axis scale is different for each figure for clarity.

For all cases, contribution of the particle to the viscosity increases when particle flows
near the wall. Doyeux et al. [11] simulated the motion of confined circular particle in
shear flow. They showed that the viscosity increases when the particle approaches the
wall. Our results are consistent with their results. When the particle flows near the center
line, the relative viscosity was almost independent of aspect ratio and confinement. For
small particles, the relative viscosity was almost independent of aspect ratio. In a two-
dimensional simulation, Liu et al. [8] reported that the intrinsic viscosity of the elliptical
particle is higher than that of the circular particle. Although some factors such as flow field
conditions and particle concentration are different from theirs, a significant contribution to
the viscosity due to particle shape was not confirmed in this study. In order to validate our
numerical results, the intrinsic viscosity in three-dimensional conditions was calculated,
and the results were compared with those from Huang et al. [10]. Details of the simulation
results are given in Appendix A.

On the contrary, for larger particles, when the particle flowed near the wall, effects of
particle shape on the relative viscosity became significant. The contribution of particles
with high aspect ratio to the viscosity is minor when the particle flows near the walls. One
of the reasons is that particles are oriented in the flow direction for a long time. In previous
research, Pozrikidis [27] investigated particle orientation under shear flow and reported
that the effective viscosity decreases with higher aspect ratio. Our results are consistent
with these results.
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3.4. Spatial and Temporal Changes in the Effective Viscosity

The fluctuation of effective viscosity in time and space due to particle behavior was
found to be quite significant [12,13]. In this section, the effects of the particle flow position
and rotational motion on the spatial distribution of the relative viscosity are discussed, and
the spatial and temporal changes in the viscosity are evaluated.

Figure 9 shows distributions of local WSS on the upper and lower wall for a circular
particle flowing at y/D = 0.2 with various confinements C3 = 0.05, 0.1, and 0.2. Figure 9b
shows axial velocity distribution and particle position in connection with Figure 9a,c for
C3 = 0.2. Note that local WSS can also be interpreted as the local relative viscosity from
Equation (32). The lowest local WSS lies on the lower wall in the region near the particle
(Figure 9c). This is already reported by previous studies [12,14,28]. The higher regions of
WSS on the lower wall were observed near the edge of the particle. The peak in front of
the particle is denoted by τ1, and that behind the particle is denoted by τ2 (Figure 9c). In
contrast, on the upper wall, the local relative viscosity near the particle becomes higher
(Figure 9a). These characteristics are qualitatively consistent with the results from Inamuro
et al. [28] who studied the inertial migration of a single circular particle flowing between
the parallel plates using IBM-LBM.

In order to capture the characteristics of the variation of the spatial WSS distribution
with rotational motions of the particle, we focused on the difference of peaks τ1−τ2.
Figure 10 shows the time history of angular acceleration and difference of peak τ1−τ2.
The elliptical particle rotates, accelerating and deaccelerating during the cycle. When the
peak is positive, τ1 is higher than τ2, and vice versa. When the angular acceleration of the
particle equals 0, the particle is oriented in the flow direction around non-dimensional time
t = 4.6 and t = 7 in Figure 10, and the particle is perpendicular to the flow direction around
non-dimensional time t = 6 and t = 8 in Figure 10. In addition, the negative difference
of peak is dominant, which indicates that τ2 is higher than τ1 when the particle flows at
y/D = 0.2, and this depends on the particle–wall distance.
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Figure 9. Distributions of local relative viscosity determined by wall shear stress on the (a) upper
and (c) lower wall for a circular particle flowing at y/D = 0.2 with various confinements C3 = 0.05
(blue dashed line), 0.1 (green dot-dashed line), and 0.2 (red solid line). The red shadow indicates
the region where the particle exists for C3 = 0.2 as shown in (b) with axial velocity distribution. The
forward and backward peaks of the local relative viscosity on the lower wall are denoted by τ1 and
τ2, respectively.
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Figure 10. Time history of difference of peak relative viscosity on the lower wall (red solid line) and
angular acceleration (blue dashed line) for AR = 2 and C3 = 0.1.

Since the rotational motion of the non-circular particle is unsteady, the effective
viscosity dramatically changes not only in space but also in time. The spatial and temporal
changes in viscosity were evaluated, and these effects were compared. Figure 11 shows
the comparison of spatial and temporal standard deviation (SD) of effective viscosity. The
temporal and spatial SD was calculated by

SDtime =

√
1
n

n

∑
t=1

(
〈τ(t)〉 − 〈τ(t)〉

)2
, (33)

SDspace(t) =

√√√√ 1
2L

2L

∑
i=1

(τ(t, i)− 〈τ(t, i)〉 )2, (34)

where 〈τ〉 symbolizes the spatial average for τ, and τ symbolizes time-average for τ. The
spatial SD was evaluated as the one-cycle rotational averaged value of Equation (34).

The spatial SD of relative viscosity became large when the particle flowed near the
wall, the same as the contribution of particle motion to the relative viscosity. The spatial SD
of effective viscosity was larger than the temporal deviation, and these differences become
larger with increasing confinement.

In the previous studies, Xiong and Zhang [14] observed peak-valley-peak structure
of WSS induced by red blood cells, and τ1 was larger than τ2. Freund and Vermont [29]
showed that blood cells led to WSS with fluctuations that may significantly exceed mean
values. The present study extends their findings by focusing on the particle rotational
motions, and it was found that the difference between the peaks on the lower wall around
the particle was associated with the unsteady rotational motion of the elliptical particle.
As Xiong and Zhang [14] mentioned, channel size is a major factor in the fluctuation of
WSS. This change is expected to be important especially in microvessels where the particle
surface is close to the wall.
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Figure 11. Comparison of temporal (circle) and spatial (triangle) standard deviation of effective
viscosity for AR = 2 with confinement C3 = 0.05 (filled in blue) and 0.1 (red).

4. Conclusions

The contribution of a single circular or elliptical particle motion, especially the particle–
wall distance and rotational motion to the effective viscosity was studied using the regular-
ized lattice Boltzmann method coupled with the virtual flux method. First, the effects of
elliptical particle shape on the equilibrium position of inertial migration were summarized
using three definitions of confinement. It was found that the effects of aspect ratio on
the equilibrium position depend on the confinement definition. The effects of particle
shape on the viscosity were also studied, and the contribution of particle shape to the
effective viscosity was found to be enhanced when the particle flows near the wall. In
terms of temporal and spatial variation of the relative viscosity, spatial variation is larger
than temporal variation regardless of the aspect ratio and particle–wall distance.
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Nomenclature

AR aspect ratio
a semi-major axis
b semi-minor axis
C (C1, C2, C3) confinement
cs sound speed
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c lattice speed
D channel width (characteristic length)
Dp diameter of sphere
eα discrete velocity vector
fα distribution function
f eq
α equilibrium distribution function

f neq
α non-equilibrium distribution function

f ∗α virtual distribution function
f eq∗
α virtual equilibrium distribution function

Fp total force vector acting on the particle
I moment of inertia
L channel length
m mass of the suspended particle
n normal unit vector
p0 reference pressure
pp pressure on the solid particle surface
∆p0 pressure drop for particle-free flow
∆p pressure drop
pα pressure distribution function
Re Reynolds number
Rep particle Reynolds number
r radius of circular particle
t time
Tp torque for particle
Tw stress tensor
U characteristic velocity
u fluid velocity vector
∆x, ∆y grid resolution
xp position vector for particle
yeq equilibrium position of inertial migration
y0 initial position of a particle in y-coordinate
wα weight coefficients
ε ellipticity
ηeff effective viscosity
η0 viscosity of solvent
[η] intrinsic viscosity
θp particle angle
Π

neq
ij non-equilibrium stress tensor

ρ fluid density
τ single relaxation time
τw shear stress tensor
τ0 wall shear stress for particle-free flow
φ area fraction

Abbreviations

eq equilibrium
neq non-equilibrium
eff effective

Appendix A

In order to validate the numerical results, a numerical simulation of shear flow with a
tumbling plorate spheroid was carried out, and the intrinsic viscosity was calculated from
Equations (1) and (32). The diameter of sphere Dp included 20 cells, and the computational
domain was 20 Dp × 20 Dp × 20 Dp. The confinement was set to C3 = 0.05, and each volume



Appl. Sci. 2021, 11, 6727 17 of 18

of the spheroids was the same. The particle Reynolds number was set to ReP = 0.125. To
compare the geometry of the spheroid, ellipticity ε was defined as

ε =
a− b

a
, (A1)

by referring to Huang et al. [10]. The intrinsic viscosity was determined to be averaged for
non-dimensional time t = 15–20 for ε = 0 and for one rotational period at t > 20 for ε > 0.
The results are shown in Figure A1 with others.

Appl. Sci. 2021, 11, x FOR PEER REVIEW 18 of 19 
 

ε = 
a− b

a
, (A1) 

by referring to Huang et al. [10]. The intrinsic viscosity was determined to be averaged for 

non-dimensional time t = 15–20 for ε = 0 and for one rotational period at t > 20 for ε > 0. 

The results are shown in Figure A1 with others. 

 

Figure A1. Intrinsic viscosities of a single prolate spheroid in the shear flow in three-dimensional 

conditions. 

References 

1. Stickel, J.; Powell, R.L. Fluid Mechanics and Rheology of Dense Suspensions. Annu. Rev. Fluid Mech. 2005, 37, 129–149, 

doi:10.1146/annurev.fluid.36.050802.122132. 

2. Segré, G.; Silberberg, A. Behaviour of macroscopic rigid spheres in Poiseuille flow: Part 2. Experimental results and interpreta-

tion. J. Fluid Mech. 1962, 14, 136–157. 

3. Fukui, T.; Kawaguchi, M.; Morinishi, K. Numerical Study of the Microstructure of a Dilute Suspension to Assess Its Thixotropic 

Behavior by a Two-Way Coupling Scheme. Adv. Fluid Mech. XIII 2020, 128, 47–58, doi:10.2495/afm200051. 

4. Chen, S.-D.; Pan, T.-W.; Chang, C.-C. The motion of a single and multiple neutrally buoyant elliptical cylinders in plane 

Poiseuille flow. Phys. Fluids 2012, 24, 103302, doi:10.1063/1.4757387. 

5. Wen, B.; Chen, H.; Qin, Z.; He, B.; Zhang, C. Lateral migration and nonuniform rotation of suspended ellipse in Poiseuille flow. 

Comput. Math. Appl. 2019, 78, 1142–1153, doi:10.1016/j.camwa.2016.09.011. 

6. Einstein, A. Eine neue bestimmung der molekuldimensionenm. Ann. Phys. 1906, 19, 289–306. 

7. Brady, J.F. The Einstein viscosity correction in n dimensions. Int. J. Multiph. Flow 1984, 10, 113–114. 

8. Liu, J.; Li, C.; Ye, M.; Liu, Z. On the shear viscosity of dilute suspension containing elliptical porous particles at low Reynolds 

number. Powder Technol. 2019, 354, 108–114, doi:10.1016/j.powtec.2019.05.068. 

9. Jeffery, G.B. The motion of ellipsoidal particles immersed in a viscous fluid. Proc. R. Soc. Lond. Ser. A Math. Phys. Sci. 1922, 102, 

161–179, doi:10.1098/rspa.1922.0078. 

10. Huang, H.; Wu, Y.; Lu, X. Shear viscosity of dilute suspensions of ellipsoidal particles with a lattice Boltzmann method. Phys. 

Rev. E 2012, 86, 046305, doi:10.1103/physreve.86.046305. 

11. Doyeux, V.; Priem, S.; Jibuti, L.; Farutin, A.; Ismail, M.; Peyla, P. Effective viscosity of two-dimensional suspensions: Confine-

ment effects. Phys. Rev. Fluids 2016, 1, 043301. 

12. Fukui, T.; Kawaguchi, M.; Morinishi, K. A two-way coupling scheme to model the effects of particle rotation on the rheological 

properties of a semidilute suspension. Comput. Fluids 2018, 173, 6–16. 

13. Fukui, T.; Kawaguchi, M.; Morinishi, K. Numerical study on the inertial effects of particles on the rheology of a suspension. 

Adv. Mech. Eng. 2019, 11, 1–10, doi:10.1177/1687814019847000. 

14. Xiong, W.; Zhang, J. Shear Stress Variation Induced by Red Blood Cell Motion in Microvessel. Ann. Biomed. Eng. 2010, 38, 2649–

2659, doi:10.1007/s10439-010-0017-3. 

Figure A1. Intrinsic viscosities of a single prolate spheroid in the shear flow in three-dimensional
condi-tions.

References
1. Stickel, J.; Powell, R.L. Fluid Mechanics and Rheology of Dense Suspensions. Annu. Rev. Fluid Mech. 2005, 37, 129–149. [CrossRef]
2. Segré, G.; Silberberg, A. Behaviour of macroscopic rigid spheres in Poiseuille flow: Part 2. Experimental results and interpretation.

J. Fluid Mech. 1962, 14, 136–157. [CrossRef]
3. Fukui, T.; Kawaguchi, M.; Morinishi, K. Numerical Study of the Microstructure of a Dilute Suspension to Assess Its Thixotropic

Behavior by a Two-Way Coupling Scheme. Adv. Fluid Mech. XIII 2020, 128, 47–58. [CrossRef]
4. Chen, S.-D.; Pan, T.-W.; Chang, C.-C. The motion of a single and multiple neutrally buoyant elliptical cylinders in plane Poiseuille

flow. Phys. Fluids 2012, 24, 103302. [CrossRef]
5. Wen, B.; Chen, H.; Qin, Z.; He, B.; Zhang, C. Lateral migration and nonuniform rotation of suspended ellipse in Poiseuille flow.

Comput. Math. Appl. 2019, 78, 1142–1153. [CrossRef]
6. Einstein, A. Eine neue bestimmung der molekuldimensionenm. Ann. Phys. 1906, 19, 289–306. [CrossRef]
7. Brady, J.F. The Einstein viscosity correction in n dimensions. Int. J. Multiph. Flow 1984, 10, 113–114. [CrossRef]
8. Liu, J.; Li, C.; Ye, M.; Liu, Z. On the shear viscosity of dilute suspension containing elliptical porous particles at low Reynolds

number. Powder Technol. 2019, 354, 108–114. [CrossRef]
9. Jeffery, G.B. The motion of ellipsoidal particles immersed in a viscous fluid. Proc. R. Soc. Lond. Ser. A Math. Phys. Sci. 1922, 102,

161–179. [CrossRef]
10. Huang, H.; Wu, Y.; Lu, X. Shear viscosity of dilute suspensions of ellipsoidal particles with a lattice Boltzmann method. Phys. Rev.

E 2012, 86, 046305. [CrossRef] [PubMed]
11. Doyeux, V.; Priem, S.; Jibuti, L.; Farutin, A.; Ismail, M.; Peyla, P. Effective viscosity of two-dimensional suspensions: Confinement

effects. Phys. Rev. Fluids 2016, 1, 043301. [CrossRef]
12. Fukui, T.; Kawaguchi, M.; Morinishi, K. A two-way coupling scheme to model the effects of particle rotation on the rheological

properties of a semidilute suspension. Comput. Fluids 2018, 173, 6–16. [CrossRef]
13. Fukui, T.; Kawaguchi, M.; Morinishi, K. Numerical study on the inertial effects of particles on the rheology of a suspension. Adv.

Mech. Eng. 2019, 11, 1–10. [CrossRef]

http://doi.org/10.1146/annurev.fluid.36.050802.122132
http://doi.org/10.1017/S0022112062001111
http://doi.org/10.2495/afm200051
http://doi.org/10.1063/1.4757387
http://doi.org/10.1016/j.camwa.2016.09.011
http://doi.org/10.1002/andp.19063240204
http://doi.org/10.1016/0301-9322(83)90064-2
http://doi.org/10.1016/j.powtec.2019.05.068
http://doi.org/10.1098/rspa.1922.0078
http://doi.org/10.1103/PhysRevE.86.046305
http://www.ncbi.nlm.nih.gov/pubmed/23214675
http://doi.org/10.1103/PhysRevFluids.1.043301
http://doi.org/10.1016/j.compfluid.2018.04.038
http://doi.org/10.1177/1687814019847000


Appl. Sci. 2021, 11, 6727 18 of 18

14. Xiong, W.; Zhang, J. Shear Stress Variation Induced by Red Blood Cell Motion in Microvessel. Ann. Biomed. Eng. 2010, 38,
2649–2659. [CrossRef]

15. Jou, L.-D.; Lee, D.; Morsi, H.; Mawad, M. Wall Shear Stress on Ruptured and Unruptured Intracranial Aneurysms at the Internal
Carotid Artery. Am. J. Neuroradiol. 2008, 29, 1761–1767. [CrossRef]

16. Hu, X.; Lin, J.; Guo, Y.; Ku, X. Motion and equilibrium position of elliptical and rectangular particles in a channel flow of a
power-law fluid. Powder Technol. 2021, 377, 585–596. [CrossRef]
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