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Abstract: This theoretical study is devoted to the effects of pressure and temperature on the
optoelectronic properties assigned to the first lowest transition of the (D+, X) excitonic complex
(exciton-ionized donor) inside a single AlAs/GaAs/AlAs spherical quantum dot. Calculations are
performed within the effective mass approximation theory using the variational method. Optical
absorption and refractive index as function of the degree of confinement, pressure, and temperature
are investigated. Numerical calculation shows that the pressure favors the electron-hole and electron-
ionized donor attractions which leads to an enhancement of the binding energy, while an increasing
of the temperature tends to reduce it. Our investigations show also that the resonant peaks of the
absorption coefficient and the refractive index are located in the terahertz region and they undergo
a shift to higher (lower) therahertz frequencies when the pressure (temperature) increases. The
opposite effects caused by temperature and pressure have great practical importance because they
offer an alternative approach for the adjustment and the control of the optical frequencies resulting
from the transition between the fundamental and the first excited state of exciton bound to an ionized
dopant. The comparison of the optical properties of exciton , impurity and (D+, X) facilitates the
experimental identification of these transitions which are often close. Our investigation shows that
the optical responses of (D+, X) are located between the exciton (high energy region) and donor
impurity (low energy region) peaks. The whole of these conclusions may lead to the novel light
detector or source of terahertz range.

Keywords: terahertz properties; quantum dots; (D+, X) complex; temperature; pressure

1. Introduction

Quantum dots (QD) are considered as among important nanomaterials who are al-
ready entering the industry of the future [1,2]. Based on their fascinating physical properties
due to the quantum confinement, these nanoforms of semiconductor materials are very us-
able for manufacturing a new generation of optoelectronic devices such as lasers, terahertz
detectors, solar cells, LEDs, diodes, and transistors [3,4]. Among the important optical
properties in such nanostructures are attributed to excitonic complexes transitions such as
exciton X, biexciton X2, exciton bound to a donor (D0, X), exciton bound to an acceptor
(A0, X) and exciton bound to an ionized donor (D+, X). Whether in bulk or confined
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medium, numerous experimental and theoretical research have studied and identified the
spectral lines attributed to these transitions [5–10].

One of the most interesting and fascinating complexes is (D+, X), which is formed by
the Coulomb interactions between an ionized donor, one hole, and one electron (D+, e, h).
Thus, it admits two possible paths for its formation or even for its dissociation (D+, X)→
D+ + X or (D+, X) → D0 + h. Stébé et al. [11] have discussed its stability in spherical
quantum dots and demonstrated that the first process is more stable. In the last few years,
we have developed many theoretical studies concerning the identification of the spectral
lines of this complex using an electric field and comparing the Stark shift [12]. More
recently, the effects of the magnetic field and host dielectric environment on the (D+, X)
binding energy has been analysed [13]. The comparison between the two protocols of
dissociation has been studied and analysed deeply by considering the binding energy and
optical absorption [14]. We have found considerable investigations on optical properties
in literature, for more detail we refer the reader to some interesting manuscripts [15–
25]. Recently we have studied the non-linear optical properties of an exciton confined in
different QD shapes taking into account the pressure (P) and temperature (T) effects. We
have shown that all these properties are deeply dependent on these external perturbations
[26–28].

Related to our current work, there is a few studies which have treated the optical
properties of the (D+, X) complex. The most important of them concerns the oscillator
strength related to the intersubband transition in a disc-like parabolic QD as function of
the frequency of the parabolic confining potential [29]. Xie et al. [30] also analysed the
effects of T and P on the absorption properties of an exciton-donor complex in a disc-
shaped quantum dot with Gaussian potential. Other interesting studies are those done
by Z. Dongmei et al. [31] who calculated the optical properties of (D+, X) confined in
strained wurtzite ZnO/Mg0.25Zn0.75O quantum dots. They have found that the absorption
coefficient peak presents a blueshift for strong confinement. At last, an investigation was
done by L. Dallali et al. [32], which concerns a comparison of optoelectronic properties
of exciton, donor and acceptor exciton complexes, (D+, X) and (A−, X) respectively, in
ZnO/SiO2. They have shown that their optical transition energies and binding energy are
dependent on both the dot sizes and the type of the impurities in interaction with exciton.
To discover some particularities related to the optical transition between the lowest states
1s and 1p of the exciton bound to an ionized donor, we report in this paper a full theoretical
analysis of the linear and non-linear optical properties associated to the existence of this
entity. Our investigation will consider the effects of QD sizes, temperature and pressure.
Thus, we will analyse the behaviours of the change of the refractive indexes (RI) and the
linear and non-linear absorption coefficients (AC) variations involving the first allowed
transition (1s − 1p). For a better comprehension of the phenomenon, we compare all
(D+, X) peaks with those obtained for the exciton and impurity. After this introduction, in
Section 2 is provided a detailed theoretical method. The results are discussed in Section 3,
and the final remarks are given in Section 4.

2. Background Theory

Let us consider an exciton, X(e, h), bound to an ionized donor impurity (D+) confined
in a single GaAs spherical quantum dot (SSQD) embedded in a glass matrix or host
material with large band gap. The system formed (D+, X) is similar to the Helium like-
atom which constitute a physical three bodies problem. To reduce the number of variables,
we suppose that the ionized donor is located at the centre of the SSQD. Within the
framework of the effective mass approximation and considering the thermal and strain
effects, the Hamiltonian of (D+, X) complex can be written as:

H = − h̄2

2 m∗e (P, T)
∆e −

h̄2

2 m∗h(P, T)
∆h −

e2

ε(P, T)

(
1
re

+
1

reh
− 1

rh

)
+ Ve

w + Vh
w, (1)
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where reh =
∣∣−→re −−→rh

∣∣ is the electron to hole distance. ε(P, T), m∗e (P, T) and m∗h(P, T) are
the dielectric constant, electron and hole effective masses, respectively. All these parameters
depend on the temperature T, and pressure P. They can be expressed by the following
variation laws [33,34]:

ε(P, T) =


12.7 exp(−1.67× 10−3P) exp(9.4× 10−5(T − 75.6))

for 0 ≤ T ≤ 200 K
13.18 exp(−1.73× 10−3P) exp(20.4× 10−5(T − 300))

for T > 200 K

(2)

m∗e (P, T) = m0

(
1 + 7.51

(
2

Eg(P, T)
+

1
Eg(P, T) + ∆0

))−1
(3)

and

m∗h(P, T) = m0

(
0.09− 0.2× 10−3P− 3.55× 10−5T

)
, (4)

where ∆0 is the spin-orbit splitting. Here, the band gap Eg(P, T) is given by the Varshni
relation [33,35]:

Eg(P, T) = 1.519− 5.4× 10−4 T2

T + 204
+ 0.01261 P + 3.77× 10−5P2. (5)

In glass matrix or in other medium with large band gap, the confinement relative to a
SSQD can be described by [12–14] :

Vi
w(ri) =

{
0 inside
∞ ; outside

i = (e, h). (6)

On the other hand, under strain effect, the radius of the SSQD can be obtained by
applying the strain tensor components of spherical dot radius [36]:

R(P) = R(0)[1− (S11 + 2S12)P]1/3 (7)

where R(0) is the unstrained SSQD size and S11 and S12 are the compliance parameters
obtained using the elastic constant C11 and C12 such as [16,37,38]:

S11 =
C11 + C12

(C11 − C12)(C11 + 2C12)
(8)

and

S12 =
C12

(C11 − C12)(C11 + 2C12)
. (9)

By using the effective units, aD = ε0h̄2/m∗e e2 for length and RD = h̄2/m∗e a2
D for energy,

the Hamiltonian given in Equation (1) can be written as:

H =
m∗e
2

(
− 1

m∗e (P, T)
∆e −

1
m∗h(P, T)

∆h −
ε0

ε(P, T)

(
1
re

+
1

reh
− 1

rh

))
. (10)

In such a situation, the Hylleraas coordinates (re, rh, reh, ze, zh) are the best coordinate
system that can be used [39]. Thus, the Laplacian operator can be simply written in the
following form:
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∆e = −
∂2

∂r2
e
− ∂2

∂r2
eh
−
(

r2
e − r2

h + r2
eh

rereh

)
∂2

∂re∂reh
− 2

re

∂

∂re
− 2

reh

∂

∂reh
. (11)

Note that ∆h can be obtained by interchanging e and h. The Schrödinger equation
H Ψ(D+ ,X) = E(D+ ,X) Ψ(D+ ,X) does not admit an exact solution, so only a numerical
approach can determine the lowest energy states. In order to solve this equation, we use a
variational calculation based on a good choice of wave function and a minimization of the
Hamiltonian mean value < H >.

E(D+ ,X) = min
< Ψ|H|Ψ >

< Ψ|Ψ >
, (12)

In our last sudies [25,40], we have demonstrated that the lowest states (n,l,m) of
neutral donor (D0) in spherical QDs correspond to 1s (1,0,0) and 1p (1,1,0) states. The same
concept is used in order to built the variational wave functions of the (D+, X) complex. In
these conditions, the trial wave function of the (D+, X) for the fundamental state (1s) is
taken as:

Ψ(D+ ,X)
1s = A0 j0(re) j0(rh)Y0

0 (θe, ϕe)Y0
0 (θh, ϕh) e−β1s re−η1s reh (13)

while the first excited state trial wave function 1p is taken as:

Ψ(D+ ,X)
1p = A1 j1(re) j1(rh)rerhY0

1 (θe, ϕe)Y0
1 (θh, ϕh) e−β1p re−η1p reh (14)

A0 and A1 are the normalization constants. j0(ri) =
sin(πri/R)

ri
and j1(ri) =

sin(κri/R)
(κri)2 −

cos(κri/R)
κri

(i = e, h) are the first and second order of the the first kind of Bessel function
respectively [41]. They represent the two first states obtained analytically by solving the

Schrödinger equation of one particle in spherical QD. Y0
0 (θi, ϕi) = 1/

√
1

4π and Y0
1 (θi, ϕi) =√

3
4π cos(θi) are the spherical harmonics for the fundamental and the first excited states

respectively. The exponential factors e−βire and e−ηireh (i = 1s, 1p) traduce the Coulomb
interactions of the electron with the ionized donor and the hole respectively. The βi and ηi
are variational parameters. We underline that in the 1p state, j1(ri) represents the radial
polynomial resulting from the resolution of the Schrödinger equation of Hydrogen-like
atom. In these conditions, the energies are obtained by minimizing the mean value (12) by
respect to the parameters βi, ηi .

Furthermore, to compare the optical properties behaviour of (D+, X) with the exciton
X and the neutral donor D0 (donor is fixed on the sphere center), it is necessary to follow
the same method to determine the ground and first excited states energies of X and D0

with the same accuracy as that of the complex (D+, X). To this purpose we have performed
variational calculations for both X and D0 using the following trial wave functions:

ΨX
1s = A0 j0(re) j0(rh)Y0

0 (θe, ϕe)Y0
0 (θh, ϕh) e−γ1s reh (15)

ΨX
1p = A1 j1(re) j1(rh)Y0

1 (θe, ϕe)Y0
1 (θh, ϕh)rerhe−γ1p reh (16)

for the exciton and

ΨD0

1s = A0 j0(re)Y0
0 (θe, ϕe) e−δ1sre (17)

ΨD0

1p = A1 j1(re) Y0
1 (θe, ϕe)ree−δ1pre (18)
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for the donor impurity. We note that in these cases the Coulomb potentials are given by
Vc = −1/reh and Vc = −1/re for X and D0, respectively.

On the other hand, linear and non-linear optical properties are given in non-linear
optical theory [42–49] in which the total refractive index changes (RIC), nr, can be written as:

∆n(ω, I)
nr

=
∆(1)n(ω)

nr
+

∆(3)n(ω, I)
nr

, (19)

where

∆(1)n(ω)

nr
=

1
2ε0n2

r

σ|M f i|2(E f i − h̄ω)

(E f i − h̄ω)2 + (h̄Γ f i)2 , (20)

and

∆(3)n(ω, I)
nr

= −
µcIσ|M f i|4

ε0n3
r

(E f i − h̄ω)[
(E f i − h̄ω)2 + (h̄Γ f i)2

]2

[
1−

(M f f −Mii)
2

4|M f i|2(E2
f i + (h̄Γ f i)2)

{
E f i(E f i − h̄ω)− (h̄Γ f i)

2 − (h̄Γ f i)
2 (2E f i − h̄ω)

(E f i − h̄ω)

}]
(21)

Here, E f i = E f − Ei corresponds to the energy of transition between 1p and 1s
states, M f i = e〈Ψi|−→re − −→rh |Ψ f 〉 = e〈Ψi|reh|Ψ f 〉 is the dipolar matrix element for light
polarization, c is the speed of light in vacuum, σ is the electron density in the occupied
volume (σ = n/V(P)), ε0 is the vacuum permittivity, µ is the permeability of GaAs, h̄ω is
the incident photon energy, Γ f i is the non-diagonal matrix element defined as inverse of
the relaxation rate Γ f i = 1/τf i and finally I is the intensity of the incident radiation.
At last, the total absorption coefficient can be deduced from the same formalism,

α(ω, I) = α(1)(ω) + α(3)(ω, I), (22)

where

α(1)(ω) = ω

√
µ

ε

σh̄Γ f i|M f i|2

(E f i − h̄ω)2 + (h̄Γ f i)2 , (23)

and

α(3)(ω, I) = −ω

√
µ

ε

(
I

2ε0nrc

) 4σh̄Γ f i|M f i|4[
(E f i − h̄ω)2 + (h̄Γ f i)2

]2

1−

∣∣∣M f f −Mii

∣∣∣2
4|M f i|2

3E2
f i − 4h̄ωE f i + h̄2(ω2 − Γ2

f i)

E2
f i + (h̄Γ f i)2

. (24)

In the next section, we present the corresponding numerical results.

3. Results and Discussions

Before presenting the behaviour of optical properties, we will focus on the influence
of size, pressure, and temperature on the binding energy of the (D+, X) complex confined
in a GaAs SSQD. All parameters used in our calculation are given in Table 1.
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Table 1. Physical parameters of GaAs and light properties [50].

m∗e = 0.067 m0 m∗h = 0.079 m0
Eg = 1.607 eV ε = 13.18

σ = 3× 1022 m−3 ∆0 = 0.341 eV
n = 3.2 Γ f i = 0.2 ps−1

S11 = 1.16× 10−2 GPa−1 aD = 10.41 nm
S12 = −3.7× 10−3 GPa−1 RD = 10.5 meV

I = 200 MW/m2

In our previous work [14] we have demonstrated that the most probable disso-
ciation process of the (D+, X) complex is : (D+, X) → D+ + X. This is why it is
more convenient to analyse this stability by defining the binding energy Eb

(D+ ,X)
(P, T)

as the difference of the correlated and non-correlated charge carriers: Eb
(D+ ,X)

(P, T) =

Ee(P, T) + Eh(P, T)− E(D+ ,X)(P, T), where Eh and Ee are the confined energies of single
hole and electron respectively. E(D+ ,X)(P, T) is the total energy of (D+, X) complex ob-
tained by minimization. According to this definition, we present in Figure 1a,b the contour
plot of the (D+, X) complex binding energy as function of pressure and temperature for
two confinement regimes, R = 2 aD and 3 aD respectively.

Figure 1. Binding energy variation of an exciton bound to an ionized donor as a function of pressure
and temperature for the radius R = 2aD (a) and R = 3aD (b).

As a first remark, when the pressure is applied, we observe an increase in binding
energy for both types of confinements. This growth is slightly sensitive to pressure for
R = 2 aD due to the fact that the strong confinement is predominant and the (D+, X)
complex is not influenced by this external perturbation. For R = 3 aD the effect becomes
significant. This is because in the case of weak confinement, the wave function is more
extensive, and the charge carriers become more sensitive to the effect of pressure. Indeed,
when the pressure increases, the dot size reduces which leads to a strong localization of
the electronic density around the ionized donor, and therefore the pressure effect becomes
more remarkable. To confirm this interpretation, the fit of our numerical results concerning
the variation of Eb

(D+ ,X)
as function of pressure leads to an interesting law:

Eb
(D+ ,X)(P) = Eb

(D+ ,X)(0) + 0.00239P.

From these curves we can see also, that Eb
(D+ ,X)

decreases when temperature (T)
increases, because the T tends to reduces the Coulomb interaction between the opposite
charges in (D+, X) what leads to loss of the stability of complex i.e. an increase of the
temperature leads to significant decrements of the geometrical confinement contribution in
the (D+, X) binding energy. The variation of Eb

(D+ ,X)
according to the temperature follows
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the law: Eb
(D+ ,X)

(T) = Eb
(D+ ,X)

(0)− 0.00178 T. Furthermore, looking at these behaviours,
we see clearly that pressure and temperature generate two antagonistic effects which allow
the control of transition energies without modify the sizes.

Figure 2. The absorption coefficients (a) and the refractive index changes (b) as function of incident
photon energy h̄ω for R = 2 and 3 aD.

Now let us turn to the optical responses including the linear, non-linear and total
AC and RI related to the 1s − 1p transition of (D+, X) complex. Figure 2a shows the
behaviours of the three components of AC versus the incident photon energy h̄ω taking
into account just the confinement effect. In order to analyse the effect of the confinement
on these properties, our calculations are developed for two dot sizes R = 2 aD and 3 aD.
We see clearly that these components of AC are strongly dependent on the dot size. As it
is well known, the (D+, X) complex energy decreases when the dot size increases, due to
the decrease of the Coulomb interactions which leads to a diminishing of the transition
energy E f i = E1p − E1s. For this reason the curves of the AC show a shift to higher (lower)
therahertz frequencies region when the dot size decreases (increases). We remark also that
the peaks amplitude increases for strong confinement because the energy difference E f i
dominates the tendency of strength of AC. In Figure 2b, the three parts of RI are drawn
against the incident photon energy, as in the case of the AC, all components of RI exhibit
the same behaviour, they shift to the higher (lower) energies, for large (small) QD sizes.
Finally, we should notice that the peaks resonance position are about 6.38 THz and 2.6 THz
for R = 2 aD and 3 aD respectively, the importance of these results is that the absorption
thresholds are located in the range of the low terahertz frequencies. Thus, the control of the
frequencies can be realized by tuning the size of the dots. These results can be exploited in
the conception of new optoelectronic devices [51–53], where successful deposition of multi
AlAs/GaAs/AlAs spherical quantum dots on substrates (and specifically on graphene) is
a key milestone toward the goal to use spherical quantum dots and graphene quantum
dots for in situ ultrasensitive terahertz spectroscopy [3,54–56].

To give a good picture of the temperature and pressure effects on the (D+, X) complex
optical responses, we draw in Figure 3a,b the linear and third non-linear and total AC
and RI, respectively, versus the incident photon energy h̄ω for different values of P and
T (P = 0 , P = 25 kbar and T = 10, T = 250 K). In the case of the pressure effect, we
remark that the applied pressure causes an AC shift toward the high value of therahrtz
frequencies with an intensities enhancement (Figure 3a). This behaviour was expected
because the pressure reinforces the confinement by reducing the GaAs lattice parameter
a0. This dependence of the lattice parameter of GaAs can be modeled by the following
formula: da/dP = −2.6694× 10−4a0 [57]; so when the pressure is applied the dot size
decreases, i.e., the pressure strengths the spatial confinement by shrinking the orbital
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wave functions of the three particles (hole, electron and ionized donor) and behaves as an
additive confinement and therefore the transition energy E f i increases and consequently
a shift of the peaks toward the high value of therahrtz frequencies is observed. On the
other hand, and by looking the AC and RI expressions, we see that AC depends on the
electric dipole matrix element |M f i|, the transition energy E f i and the dielectric constant
ε(P), which are related to the pressure in a different way, so a competition between these
quantities appears. Our calculations indicate that the pressure application causes a big
change in ε(P) compared to |M f i| and E f i [26], so the intensities of AC are dominated
by the dielectric constant dependent of pressure. Concerning the RI variation (Figure
3b), the same behaviour of AC was found for all components of RI. Regarding the RI
amplitudes, we have found a ”stability” of intensities when pressure is applied, because RI
is independent of ε(P) [28].

In the case of the influence of the temperature on the AC and RI, we remark that,
when the temperature decreases, the curves of AC shift to the higher terahertz frequencies
and the peak intensities of AC are reduced (Figure 3a). Indeed, our calculations show
that the temperature induces a variation of the electron and hole effective masses and
of the band gap energy of GaAs, leading to a decrease in energies of the uncorrelated
electron-hole-ionized donor, and consequently the energy transition (E f i) decreases. Also
we remark that, as the AC situation, the RI (Figure 3b) deeply depend on the temperature;
the peaks of RI move to the lower energies region when the temperature increases.

Figure 3. The absorption coefficients (a) and the refractive index change (b) as function of incident
photon energy h̄ω for P = 0, P = 25 kbar, T = 10, T = 250 K and for 2 aD.

We will finish our investigation with a very important study which is the compari-
son between the optical responses of the impurity (D0), the exciton (X) and the (D+, X)
complex. This study is very helpful for the identification of the optical peaks for differ-
ent materials. To do that, we have followed the same procedures taken to calculate the
energies of (D+, X) complex, by choosing the wave functions given in background theory
section (expressions (15)–(18)) corresponding to the exciton and the impurity respectively.
In Figure 4a, the absorption coefficients (AC) against the incident photon energy, of the
exciton, the impurity and the complex are presented. As we can see, the optical peaks of
(D+, X) complex are located between the exciton peaks (high energy region) and donor
impurity (low energy region) i.e the interaction of the donor with the exciton, causes a shift
toward THz low frequencies compared to the exciton and a shift to THz higher frequencies
compared to the impurity. This behavior is explained by the transition energy difference

(E f e = E1p − E1s) where: ED0

f e < E(D+ ,X)
f e < EX

f e. Figure 4b indicates the variation of the
refractive index of X, (D+, X) and impurity as a function of the energy of incident photon.
We notice that the RI behaves in the same way ((D+, X) complex RI peaks are located
between those of exciton and donor impurity) as in the case of AC (Figure 4a).
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Figure 4. The absorption coefficients (a) and The refractive index changes (b) against incident photon
energy h̄ω for exciton, (D+, X) complex and impurity and for 2 aD.

4. Conclusions

The binding energy and the optical responses of the (D+, X) complex depending on
the influences of temperature and pressure combined to the size effect, have been investi-
gated. Our results show that the pressure increases the electron-hole and electron-ionized
donor attraction, consequently reinforcing the confinement effect. On the other hand, the
temperature effect decreases the binding energy due to the electron-hole-ionized donor
recombination reinforcing. We also have shown that in the strong confinement regime
(R < 1 aD) the Eb

(D+ ,X)
is less sensitive to both T and P. Also, the optical investigation

shows that the AC and the RI depend deeply on the pressure and the temperature as the
curves show a shift to higher (lower) therahertz frequencies when the pressure (temper-
ature) increases. These effects can be exploited to change the (D+, X) optical properties
without modifying the radii of QD, but just by controlling the applied pressure and tem-
perature. In a future work it is worthy to investigate the coupling effects between multiple
quantum dots and to see how these effects influence the opposite effects caused by tem-
perature and pressure which offer an alternative approach for the adjustment and the
control of the optical frequencies. For now, we believe that this study contributes to a better
understanding of the (D+, X) optical properties associated to 1s− 1p transitions and to
exploit them in different terahertz applications. We have finished our study by a significant
comparison between optical properties of (D+, X) complex, exciton and donor impurity.
We have found that the ionized donor’s interaction with the exciton causes a shift towards
the low energy regions of their optical peaks compared to those of the exciton. These
important results can help in the identification of the different optical curves obtained
experimentally for different materials and can lead to a novel terahertz detectors concept
by controlling size, pressure and temperature.
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