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Abstract: Current silo analysis and design methods developed from Janssen’s theory focus mainly
on the flow of the granules inside the silo by assuming that the overall silo structure is infinitely rigid.
A silo structure during discharge is technically a time varying mass dynamic problem, where the
properties of the overall silo structure and the discharge rate and material properties also contribute
to the development of the load. The physics of a silo system requires equilibrium between the
granules inside the silo, the silo structure as a whole and the surrounding air. The established
scientific principles and experimental data require fulfilling such equilibrium to accurately predict
the dynamic loads during discharge. This correspondence explains how the equilibrium between
the granules inside the silo, the silo structure as a whole and the surrounding air can be achieved to
better predict and control the dynamic loads generated by the silo discharge process.

Keywords: Janssen’s theory; silo loads during discharge; equation of silo quaking; time varying
mass structural dynamics; smart silo

1. Introduction

Maraveas [1] provided a comprehensive review and highlighted inconsistencies in the
commonly accepted silo analysis and design methods. The main points that could be added
to what was included in Maraveas [1] are fundamental improvements that were recently
identified by Tu and Vimonsatit [2] and Tu [3], and the relevance of the method called
Equation of Silo Quaking proposed by Tu [4]. The Equation of Silo Quaking was derived
based on scientific principles of physics equilibrium considering a discharging silo as a
varying mass dynamic problem. The Equation of Silo quaking differs from Janssen-based
methods because the flexibility of the structure, discharge rate and material properties
are required in determining the dynamic loads, whereas Janssen-based methods only
require the material properties and ignore the effects induced by the flexible structure and
discharge rate. As such, this correspondence explains the relevance of the ‘Equation of Silo
Quaking’ in the analysis and design of silos, and highlights areas requiring fundamental
improvements in the commonly accepted silo analysis and design methods in the journal
article published by Maraveas [1].

According to Tu [3], while existing methods appear scientifically sound within the
problem formulated, such methods require fundamental improvements to follow some es-
tablished scientific principles and engineering mechanics, such as Conservation of Energy,
Conservation of Momentum, Newton’s laws of motion, Hooke’s law, Young’s modulus of
elasticity, Vibration, and Fatigue. To fully understand the scientific principles cited [3], it is
necessary to systematically evaluate and consider the conditions of the silo prior to dis-
charge to understand how such laws of applied physics and fundamentals of engineering
apply to the phenomena observed during discharge:
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1. The silo is loaded with the material before discharge. The load due to the material
causes the silo to deform elastically—bulging of the container, elongation of the
container, and shortening of the columns (Figure 1). Conservation of Energy suggests
that the potential energy is stored in the elastic deformations in the silo structure;

2. When the gate is opened to discharge the material inside the silo, the forces that
cause the initial elastic deformations are lost. The sudden loss of such forces causes
the elastic deformations to spring back to their unloaded positions (Hooke’s law);
therefore, the potential energy is converted to kinetic energy (Conservation of Energy);

3. As suggested by the Conservation of Energy, the potential energy (elastic deforma-
tions) is equal to the kinetic energy (motions of the silo structure). As such, the rate of
loss of the forces that caused the elastic deformations prior to discharge is compen-
sated by the rate of development of the spring-back forces (Newton’s laws of motion).
There are many examples of this phenomenon, for example, a simple spring-mass
system. When the rate of loss in mass is insignificant, it can be observed that the
spring returns to its original position slowly compared to a much quicker rate of loss
of the mass. One can install strain gauges, accelerometers and other instruments on
the silo to validate;

4. Prior to discharge, the silo is initially stretched longitudinally, radially, and the
columns are shortened, causing it to behave like a slingshot (Figure 1). Upon the
release of the loads that cause the elastic deformations, the stored material is lifted
and dropped.

5. The impact forces caused by the stored material being lifted and dropped can cause
buckling in the short term and induce accelerations that cause fluctuating pressures
as per Newton’s laws of motion for the entire duration of the discharge cycle;

6. The amplitudes of the motion are dependent on the dynamic structural properties of
the silo and its supporting structure such as mass, damping and stiffness; and

7. The fluctuating pressures will cause the entire silo to vibrate. Strong vibrations can
result in fatigue failures in the long term.

Figure 1. Slingshot motions.

The established scientific principles explained above suggest that during discharge,
the fluctuating pressures inside the silo are dependent on the motions of the structure,
discharge rate and material properties. Therefore, to achieve equilibrium, the forces during
discharge need to be determined from the conditions of the silo prior to discharge, the
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rate of change of the mass, the properties of the materials inside the silo and the dynamic
properties of the overall silo structure. This assertion is backed by the scientific principles
presented and by numerous experimental data [4].

The pressures during discharge cannot be static and are certainly not independent
of the motions of the structure in the way suggested in silo analysis and design methods
(ACI313-97/313R-97, 1997; AS3774, 1996; ASABE, 1998; ANSI/ASAE EP433 DEC1988
(R2011); EN1991-4, 2006, GB50077 2003) developed from Janssen’s theory. All experiments
designed to measure the pressures exerted by the flowing material report fluctuating
pressures. In fact, a simple investigation can be carried out by placing the hand on the wall
of a discharging silo to feel the vibrations. Some authors [5–9] report pressures versus time
at a location along the silo wall. Others report average or maximum pressure at the location
along the wall [10–13]. The methods presented in the international silo design codes are
formulated based on maximum pressures measured from experiments at a particular
location along the wall of the silo assuming structural properties and discharge rate have
no influence on the generated pressure. As an example, a filled silo is discharged until it is
half full; the stresses on the silo structure change from the silo being full to half full over
time may cause fatigue failure if the silo is discharged often enough.

With the aforementioned distinctions established, areas requiring fundamental im-
provements in the commonly accepted silo methods found in the silo analysis and design
codes and literature are:

1. Correlation between the pressures developed during discharge with the elastic defor-
mations of the overall silo prior to discharge, the motions of the overall silo, dynamic
structural properties of the overall silo, the flow rate and the spring back force due to
the overall silo being lighter need to be included in the analysis and design methods;
and

2. Fatigue design needs to be considered to ensure the silo and its supporting structure
are structurally adequate for their intended use.

Based on these established scientific principles, the formulations presented in the
international silo design codes are technically correct only if the silo supporting structure
is sufficiently rigid, the wall is sufficiently rigid, the discharge rate is sufficiently low and
the frequency of discharge during the design life of the silo is sufficiently low not to cause
fatigue, related structural failures and related occupational health and safety issues. It
should be noted that most peer reviewed scientific publications on this topic differ from
the method proposed by Tu [4], because the effects induced by the flexible silo structure
and discharge rate have not been adequately incorporated.

The established scientific principles require the forces generated during discharge to be
calculated from the material properties of the granules, structural properties of the silo and
discharge rate. Additionally, a number of established scientific principles from different
scientific fields have been incorporated in the Equation of Silo Quaking to ensure there is
equilibrium between the granules inside the silo, the silo structure and surrounding air. It
must be noted that the method explained in this correspondence enables the engineer to
reduce the forces generated during discharge by altering the material properties, structural
properties and discharge rates enabling the silo to be more economical and safer. It is
important to consider that altering material properties and discharge rates may not be
practical in industrial settings without impacting on the production throughput compared
to altering structural properties. In this correspondence, the established scientific principles
used in the Equation of Silo Quaking and how it is applied in the context of silo analysis
and design will be explained.

2. Theoretical Background

Tu [4] formulated the theory, which is graphically illustrated in Figures 2 and 3 and
mathematically summarised in Equation (1). to describe the phenomena observed during
silo discharge. Figures 2 and 3 and Equation (1) illustrate a state of equilibrium between
the granular material inside the silo, the silo structure and surrounding air. Although
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Equation (1). illustrates the equilibrium of the entire problem in a single degree of freedom,
it must be understood that Equation (1). is an extension of the traditional equation of
motion, which can be expanded to many degrees of freedom to capture and incorporate
relevant physics. The theory incorporated a number of established scientific principles to
illustrate equilibrium between the granules inside the silo, the silo wall and supporting
structure, and the surrounding air for the entire duration of the discharge cycle—the
commonly accepted silo theories lack such equilibrium and physics. Additionally, to
adequately incorporate the relevant physics and simulate the phenomena discussed earlier,
Equation (1). needs to be solved for the entire duration of the discharge cycle, taking into
consideration the initial elastic deformations, forces applied, material properties, discharge
rate, change in the total mass of the structure and properties of the silo structure as a whole
to maintain equilibriums between the granules, the structure and surrounding air.

(m(t)− dm)
..
y(t) + (2δ(t)

√
k(t)(m(t)− dm)

.
y(t) + k(t)y(t) = ∑ f (t) (1)

where
..
y(t) is the acceleration at time t,

.
y(t) is the velocity at time t, y(t) is the displacement

at time t, t is the time, m(t) is the total mass of the silo system including the materials
inside the silo at time t, δ(t) is the critical damping ratio at time t, k(t) is the stiffness of
the system at time t, dm is the mass loss at time t, and ∑ f (t) is the resultant dynamic
force generated by the flowing granules and mass loss at time t. The variables dm and
∑ f (t) need to be determined from the material properties and net accelerations of the silo
structure as a whole.

Figure 2. Graphical illustration of Equation (1) for a parallel wall container.



Appl. Sci. 2021, 11, 5675 5 of 14

Figure 3. Graphical illustration of Equation (1) for a converging wall container.

3. Solution Procedure

The procedure for evaluating Figures 2 and 3 and Equation (1) is graphically illustrated
in Figure 4. Prior to discharge, it is required that forces inside the silo are in equilibrium
with the flexible silo structure as a whole. During discharge—the discharge rate, forces due
to flowing granular particles, responses of the overall silo structure due to flowing granular
materials and acoustics interactions need to be evaluated. In particular, the discharge rate
and pressures due to flowing material need to be evaluated from the overall motions of the
structure for the entire duration of the discharge cycle.

It is commonly accepted in geotechnical engineering and material engineering that
each material has certain mechanical properties such as modulus of elasticity, hardness,
stiffness, particle shape, particle size, angle of internal friction, angle of repose, plastic
limit, liquid limit, moisture content, density, bulk density, void ratio, coefficient of thermal
expansion, swell factor, cohesion, adhesion, shear strength, compressive strength, and etc.
Under operating conditions, properties such as moisture content, bulk density, particular
distribution, particle size and particle shape may not be controllable. Also, some of these
material properties may vary between seasons. It is also commonly accepted that a change
in the material property can cause the material to behave differently under different loading
conditions—evidently, extra moisture absorbed by the material caused flow blockage
shown in Figure 5. Furthermore, it is established that granular material exerts a horizontal
force and vertical force along the wall of the silo, and the material properties govern the
magnitude of the force exerted by the material on the silo and how the material will flow
out of the silo.
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Figure 4. Procedure to evaluate Equation (1).

Figure 5. Blocked hopper.

3.1. Prior to Discharge

It can be observed in Figure 5 that prior to discharge, the gate is holding the material
and each material layer acts as structural supports for the layer above, as per Janssen’s
theory. Therefore, the stiffness of the hopper, its support, the gate and the material de-
termine how much of the total force is distributed to the wall, the gate and the material
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layers beneath [6]. The fundamentals of geotechnical engineering suggest that the reaction
force generated by the material layers below being in compression. Thus, material com-
pressibility is of importance. The compressibility of the material was recently highlighted
by Roberts, Shen, Beh, Chen and Donohue [14]. It was emphasised that the loads on
the gate are governed by the compressibility of the bulk material and the stiffness of the
gate in the introduction and conclusion parts of the manuscript. By definition, compress-
ibility is defined as the capability of the soil to decrease its volume under compressive
stress [15,16]. According to principles of soil mechanics, the compressibility of granular
material is influenced by its void ratio [17], moisture content [17], relative density [18],
particle distribution [18], particle size and shape [19,20], mineralogy [19], effective stress
acting on the material [17], structural arrangement of the particles [21], and is often mea-
sured by the oedometer or consolidometer or triaxial shear tester [17,22,23]. In the field
of geotechnical engineering, compressibility obtained from field or laboratory tests are
often used to estimate settlement of foundation and is commonly expressed as soil stiffness
(applied pressure vs deflection) which has a unit of kPa/mm or void ratio vs effective
stress [13] depending on the type of analysis.

The physics of the silo and equilibrium of forces before discharged is captured in
Equation (1) at time step 0 where the distributions of those forces that cause the elastic
deformations of the silo and its supporting structure are determined from the material
properties and structural properties. The redistribution of forces due to elastic deformations
of the silo mentioned by Brown, Jarrett and Moore [6] is also incorporated in Equation (1)
at time step 0. It is assumed that the velocity and acceleration of the entire silo structure are
0 at time step 0. However, there are situations where the velocity and acceleration of the
silo structure are not 0 at time step 0 (prior to discharge) because of an earthquake or heavy
machinery operating near the silo. In such situations, the velocity and acceleration of the
silo need to be incorporated, and the forces exerted on the silo due to the material inside
the silo need to be determined from the net accelerations of the structure to achieve equilib-
riums of forces as suggested by the established scientific principles and fundamentals of
engineering mechanics mentioned earlier.

3.2. During Discharge

At time step 1, when the gate is opened to enable the granular particles to flow out of
the silo, the following phenomena can be observed:

1. The support mechanism and resistant forces provided by the gate are lost;
2. The material layers spanning across the hopper at the gate level must provide the lost

forces supplied by the gate before open to prevent the material from flowing out of
the silo;

3. Assuming that the hopper is not subjected to any external force or acceleration that
induces the material to flow, thus the only force causing the material to flow is gravity;

4. Each particle must overcome the resistant forces surrounding it to flow, and if it cannot
overcome the resistant forces, it will adhere to another particle beside it, forming a
collection of particles or adhere to the boundary;

5. The particles will stop flowing if the resistant forces are sufficient to prevent the
particles from flowing. This is evident in Figure 5, where the dome formed by the
particles having sufficient strength to prevent the other particles from flowing further,
causing a blocked condition. Such dome formation is an active area of research,
and some recent contributions include Lee, Wu, Chen and Chiang [24] and Khezri,
Mohamad, HajiHassani and Fatahi [25]. The hopper shown in Figure 5 was designed
in accordance with relevant granular theories to prevent blockage. However, the
blockage suggests that such theories need fundamental improvements as well;

6. If all of the particles can overcome the resistant forces and move together, then the
flow is considered mass flow [26,27]; if some of the particles near the boundary cannot
overcome the resistant forces and adhere to the boundary while other particles far
away from the boundary flow out of the silo, then the flow is considered funnel
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flow [28,29]. Intermediate or transition flow happens when the forces causing the
material to flow near the boundary fluctuate between being higher and lower than
the forces resisting the flow, thus causing intermittent material to build up inside the
silo [30,31]. Therefore, whether the flow is mass, funnel or intermediate is dependent
on forces inducing flow and the ability of the particles to overcome the resistant forces,
such as cohesion, adhesion, friction and interlocking forces, which exist to prevent
the particles from flowing whether individually or lumped together; and

7. If gravity alone is insufficient to enable flow, then other forces such as external accel-
erations can be introduced to enable the particles to flow [32–36]. This phenomenon
can be readily observed in a saltshaker, where the salt particles do not flow out of
the saltshaker readily without the user shaking it because outlets are small; thus, the
resistant forces are significantly higher than the gravity force that causes the particles
to flow. However, to get more salt particles from the saltshaker, the user needs to
shake it. Therefore, the flow rates need to be determined from the overall motions of
the structure and the material properties, as suggested by Equation (1)

Additionally, at time step 1, as the particles start flowing out of the silo, the forces that
caused the initial deformations in the structure are lost, causing the elastically stretched silo
to spring back to its unstretched positions. This phenomenon is coupled with the sudden
loss of the total mass of the structure, which causes the elastically shortened supporting
structure to spring back. The spring back motions convert the potential energy to kinetic
energy, compress and lift the materials inside the silo then drop the granular particles inside
the silo. In addition to the spring back force, the law of physics Conservation of Momentum
suggests that the mass loss generates a dynamic force in the opposite direction, satisfying
Newton’s laws of motion. Conservation of Momentum [37,38] is one of the governing
laws of physics that explains how rockets propel forward [39]. Another source generating
dynamic load is the granular particles hitting the silo wall [40–45]. Such phenomena can
generate significant dynamic forces that have the potential to buckle the silo, buckle its
supporting structure, and cause fatigue failure in the long term. In essence, the rate of
development of the dynamic forces is equal to the rate of loss of the total mass of the silo and
the discharge rate as suggested by the established scientific principles and fundamentals of
engineering mechanics.

The distinction worth noting is the change in the total mass of the structure, which
changes the properties of the structure, as presented in Equation (1). Additionally, the
established scientific principles, fundamentals of engineering mechanics and numerous
experimental data suggest that the granules inside the silo are subjected to accelerations,
commonly referred to as g-force, induced by the moving silo structure whether globally
or locally [2]. Since the granular particles inside the silo are unrestrained, the induced
accelerations can cause many phenomena such as rarefaction waves travelling up the
material column, compression waves, directional changes to the material’s shearing di-
rection, packing density changes, volumetric changes, unsymmetrical lateral pressures,
dilation, fluctuating flow rates, periodic shock waves, periodic formation and collapse of
the arches inside the hopper, formation of the natural hopper at approximately mid-height
of the cylinder portion of the silo, slip-stick, loud foghorn-like sound at irregular intervals
and magnified vertical and lateral pressures [2,40,46–52], which can drive the response
even stronger. Therefore, the equilibrium between the flowing granular material and the
silo structure as suggested by the established scientific principles and fundamentals of
engineering mechanics needs to be evaluated at each time step [3].

3.2.1. Granular-Structure Interactions

At each time step, the response of the entire silo structure, the flow of the granular
material and most importantly, the interaction between the silo structure as a whole and
the flow of the granular must be evaluated similarly to soil-structure interaction analysis
commonly used in earthquake engineering. Such assertion is demonstrated mathematically
in Equation (1) and diagrammatically in Figures 2 and 3. The response of the structure
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equals the force generated by the flowing granular material and vice versa for the entire
duration of the discharge cycle. This type of analysis is similar to soil-structure interaction
analysis commonly found in earthquake engineering. However, the distinctions are the
g-forces experienced by the soil particles being inside the structure, move rapidly, and
damping from the surrounding mass of the earth is not available. In essence, at each time
step, the response of the structure is determined from the structural properties such as
mass, damping and stiffness; the flow rate is determined from the material properties and
net accelerations of the overall silo structure; and the force due to the material flowing is
determined from the response of the structure or net accelerations, rate of change of the
total mass, flow rate and material properties.

3.2.2. Flow Properties

In relation to flow properties, to date, granular scientists have always considered the
silo structure to be infinitely rigid in their research. Although, in developing their theories,
such as the discrete element method (DEM) and associated flow properties, granular
scientists have taken great care in ensuring their numerical models produce comparable
experimental results. However, they assumed infinitely rigid silo and supporting structure,
but their experimental or scaled physical models used were not infinitely rigid and were
vibrating throughout the experiments as suggested by the scientific principles mentioned
earlier. The motions of their experimental physical models were embedded in the data
obtained, which were used later to create and validate granular flow theories and properties.
From principles of structural dynamics, the motions of the silo structure are governed
by the properties of the structure; thus, a change in the stiffness, damping or mass of the
structure can produce different results. Therefore, according to Equation (1), the validity of
these flow properties created based on the assumption that the silo structure is infinitely
rigid need to be investigated to be used in Equation (1).

3.2.3. Structural Dynamics and Acoustics

From the fundamentals of vibro-acoustics, a specialist field of structural dynamics and
acoustics, the vibrating structure can cause a loud sound to be heard from a distance away
if the frequency of vibration is within the human audible spectrum (20 to 20,000 Hz) [53]
and the amplitude is sufficiently high [54]. Similarly, the fundamentals of wind engineering
suggest that air disturbance can cause the structure to vibrate [55]. Therefore, such physics
and engineering fundamentals are required to analyse the condition during silo discharge
where a loud sound can be heard. The established scientific principles and fundamentals
of engineering mechanics suggest that the loud sound is caused by the vibrating silo wall,
which in turn causes air disturbance at frequencies audible to human and with sufficient in
amplitude. Although, on rare occasions, the air disturbance can come from other sources,
such as the flow of air into the silo from ventilation tubes which can cause strong motions
and loud sound. The equilibrium between the air particles and the vibrating silo wall for
the entire duration of the discharge cycle is expressed in Equation (1).

It has been demonstrated theoretically in Equation (1) and experimentally that the
silo will vibrate during discharge [4,56,57]. The amplitude and frequency of vibration are
dependent on the driving force caused by the flowing granular particles, mass, damping
and stiffness of the overall silo structure. As such, it is important to analyse the frequencies
of the overall silo and the flow to avoid resonance, as argued by others. In structural
dynamics, natural frequencies would generally be required when solving the traditional
equation of motion in the frequency domain [58–60]. Equation (1) inherits all the properties
of the traditional equation of motion, traditional rocket equation and is required to be
solved in the time domain incrementally to ensure there is equilibrium between the silo
structure, flowing granular material and the surrounding air. As such, the conditions
causing resonance are already captured and resolved when solving Equation (1) incre-
mentally in the time domain, similar to solving the traditional equation of motion in full
transient dynamics analysis. The frequency analysis is more applicable in the context of
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conditional monitoring [61–63] of silo’s structural integrity, which will be discussed later
in this correspondence.

4. Applications of Equation (1)

Equation (1) can be applied to designing new silos, repair existing silos and conditional
monitoring of existing silos, similar to how the traditional equation of motion can be applied
to designing new structures, repair existing structures and conditional monitoring existing
structures. It is important to note, the established scientific principles, fundamental of
engineering mechanics and experimental data suggest that the structural response and
the dynamic force generated by the flowing granular material are interrelated and cannot
be determined independently—mathematically shown in Equation (1) and graphically
illustrated in Figures 2 and 3. As such, in designing a new silo or repairing an existing silo,
the parameters such as the material properties, structural properties, acoustic properties,
supporting ground properties, external accelerations induced by nearby equipment, flow
rates, and rate of change of the total mass of the silo need to be evaluated to ensure there
is equilibrium between the granular material, silo structure and surrounding air for the
entire duration of the discharge cycle. Since the granules are subjected to ‘g-forces’, such
equilibrium is critical in ensuring the silo is structurally safe, because it enables the engineer
to alter the mass, damping and stiffness of the silo structure; and material properties such
as particle size and moisture content to minimise the generated dynamic force.

Since dynamic forces generated during discharge are unavoidable, dependent on the
motions of the structure, and the motions of the structure are dependent on the properties
of the silo structure—to ensure that the silo is structurally safe for the entire duration of
its design life, the silo needs to be designed for fatigue with consideration given to time-
dependent structural degradations such as corrosion. As such, site specific operational
parameters such as frequency of use, duration of each discharge cycle, environmental
conditions, structural deteriorations, induced accelerations from moving vehicles and oper-
ating equipment nearby, material properties and all the variations in those parameters need
to be considered for the entire design life of the silo. In particular, structural deteriorations
cause changes to the properties of the silo structure, such as stiffness, damping and mass,
thus will lead to redistributions and amplifications of dynamic loads, as suggested by
Equation (1), which may adversely affect the integrity of the silo.

Similar to the traditional equation of motion, which is widely used in the context of
structural health monitoring, Equation (1) is also applicable in the context of structural
health monitoring to address the time varying nature and interdependency of the dynamic
loads, properties of the structure, properties of the materials and other influencing factors,
such as environmental factors, site specific operational parameters and induced accelera-
tions from plants operating nearby which cause complex stresses and fatigue failure modes.
This is achieved by mounting an array of sensors in signal communication with a computer
to detect the flow rates, the mass inside the silo, displacements of the silo structure and
granular materials over a plurality of time. The data captured was analysed with computer
software configured to solve Equation (1) and logged. Any anomaly can be automatically
reported to the designated personnel for review and maintenance planning. Emergency
alerts can be sent to the personnel working near silos to evacuate. The logged data can be
used later by emerging technologies such as machine learning and artificial intelligence
to better maintain and design silos. Such technology can be retrofitted to existing silos to
make them safer and better maintained.

5. Dynamic Response of the Structure Due to Sudden Mass Loss

To illustrate the response of the structure due to time varying mass, let us consider
the 2 m high circular hollow columns of cross sections illustrated in Table 1 and fixed
at the base. Each column is initially compressed by a point load, which is a large mass,
applied at the top of the column, and the point load is removed from the top of the column
instantaneously. For simplicity, structural damping is neglected, and the load is assumed
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to be removed from the structure instantaneously. In reality, sometimes, it may not be
possible and practical to remove the large load from the structure instantaneously. As
illustrated in Table 1 the point load was varied in increments of 10 kN, the initial deflection
was determined using linear static analysis in Strand7, and the peak acceleration was
analysed using linear transient dynamics solver in Strand7, with static deflection set as
initial condition and with the load removed instantaneously. The resultant deflections and
accelerations due to the application and removal of the loads, respectively, are graphically
illustrated in Figure 6.

Table 1. Response of the structure subjected to suddenly released load.

Column Length (m) Stiffness
(N/mm) Mass (kg) Vertical Load

(kN)
Deflection

(mm)
Peak Acceleration

(m/s2)

101.6 × 2.6 CHS 2 80,668 12.7 10 0.124 88.525
101.6 × 2.6 CHS 2 80,668 12.7 20 0.248 176.501
101.6 × 2.6 CHS 2 80,668 12.7 30 0.372 264.477
101.6 × 2.6 CHS 2 80,668 12.7 40 0.495 352.454
101.6 × 2.6 CHS 2 80,668 12.7 50 0.619 440.430
219.1 × 3.0 CHS 2 202,559 32 10 0.050 35.436
219.1 × 3.0 CHS 2 202,559 32 20 0.099 70.325
219.1 × 3.0 CHS 2 202,559 32 30 0.148 105.214
219.1 × 3.0 CHS 2 202,559 32 40 0.197 140.102
219.1 × 3.0 CHS 2 202,559 32 50 0.246 174.991

Figure 6. Load vs deflection vs peak acceleration.

It can be seen in Figure 6. that the structural properties, initial deflection and how
quickly the load applied is released are important in determining the resultant accelerations.
Fatigue failure may be a concern should the accelerations due to the sudden release of the
applied load happen frequently. In the context of silo analysis, such accelerations can cause
various observed phenomena such as rarefaction waves travelling up the material column,
compression waves, directional changes to the material’s shearing direction, packing
density changes, volumetric changes, unsymmetrical lateral pressures, dilation, fluctuating
flow rates, periodic shock waves, periodic formation and collapse of the arches inside
the hopper, formation of the natural hopper at approximately mid-height of the cylinder
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portion of the silo, slip-stick, loud foghorn-like sound at irregular intervals and magnified
vertical and lateral pressures [2,40,46–52].

6. Conclusions

In summary, silo theories developed from Janssen’s theory assume that the silo and its
supporting structure are infinitely rigid, which is not a realistic representation of some silo
systems. The assumption that the structure is rigid and does not influence the generated
forces leads to a lack of equilibrium between the granules inside the silo, the silo structure
and the surrounding air for the entire duration of the discharge cycle. Such methods suggest
that the elastic deformations of the overall silo structure prior to discharge and discharge
rate have no influence on the generated dynamic forces at the start of the discharge cycle
when the gate is opened. If such physics were valid, then the arrow would fly just as far
and fast irrespective of how far the archer stretched the cable and how quick the grip on
the arrow was released.

The alternate method explained in this correspondence incorporates many established
scientific principles from many engineering and science disciplines to establish equilibrium
between the silo structure, granular material and surrounding air for the entire duration
of the discharge cycle. Such equilibrium is not present in the silo theories developed
from Janssen’s theory. The alternate method requires the silo loads during discharge to be
determined from the conditions of the silo prior to discharge, the rate of change of the total
mass, the properties of the materials inside the silo, the dynamic properties of the overall
silo structure and, in some instances, the surrounding air. Additionally, the equilibrium
of forces needs to be determined at each time step and for the entire duration of the
discharge cycle. With equilibrium maintained for the entire duration of the discharge cycle,
the dynamic forces can be systematically reduced by altering the governing parameters
discussed, thus enabling the silo to be safer and more economical to own and operate.

7. Patents

Applications the technology suggested by Equation (1) in the context of silo analysis
and design have been patented (PCT/AU2018/050811) in various jurisdictions, as such,
permission is required to create or use such applications in the context of silo analysis
and design.
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