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Abstract: Soil-liquefaction-related hazards can damage structures or lead to an extensive loss of life
and property. Therefore, the stability and safety of structures against soil liquefaction are essential
for evaluation in earthquake design. In practice, the simplified liquefaction analysis procedure
associated with numerical simulation analysis is the most used approach for evaluating the behavior
of structures or the effectiveness of mitigation plans. First, the occurrence of soil liquefaction is
evaluated using the simplified procedure. If soil liquefaction occurs, the resulting structural damage
or the following mitigation plan is evaluated using the numerical simulation analysis. Rational
and comparable evaluation results between the simplified liquefaction analysis procedure and the
numerical simulation analysis are achieved by ensuring that the liquefaction constitutive model used
in the numerical simulation has a consistent liquefaction resistance with the simplified liquefaction
analysis procedure. In this study, two frequently used liquefaction constitutive models (Finn model
and UBCSAND model) were calibrated by fitting the liquefaction triggering curves of most used
simplified liquefaction analysis procedures (NCEER, HBF, JRA96, and T-Y procedures) in Taiwan via
FLAC program. In addition, the responses of two calibrated models were compared and discussed to
provide guidelines for selecting an appropriate liquefaction constitutive model in future projects.

Keywords: Finn model; UBCSAND model; model calibration; soil liquefaction; numerical simula-
tion; FLAC

1. Introduction

Soil-liquefaction-related hazards (lateral spreading, settlement of shallow foundations,
uplift of underground structures, etc.) can severely damage structures or result in a
considerable loss of life and property. Therefore, it is important to evaluate the stability
and safety of structures against soil liquefaction. In practice, the evaluation is usually
performed in three steps: (1) a simplified liquefaction analysis procedure or a cyclic test is
used to evaluate the occurrence of soil liquefaction at a site during the design earthquake;
(2) if the site is liquefied, effects of liquefaction hazards on structures are evaluated via
an empirical procedure, a numerical simulation analysis, or a physical model test; and
(3) a mitigation plan is necessary if structures are damaged due to liquefaction hazards.
The effectiveness of a mitigation plan can also be evaluated via an empirical procedure,
a numerical simulation analysis, or a physical model test. However, because of limited
budgets and tight schedules, physical model tests are rarely used in practice. Instead, the
simplified liquefaction analysis or the cyclic test used in the first step combined with the
numerical simulation analysis used in the senond and third steps become the most used
approaches in practice.

In the numerical simulation analysis, an appropriate liquefaction constitutive model
is required to model the soil liquefaction phenomenon. The liquefaction constitutive
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model should have a consistent liquefaction resistance with the simplified liquefaction
analysis procedure or experiment results used in the first step of the evaluation to obtain
reasonable and comparable evaluation results in the second and thrid steps. Therefore, the
input parameters of the liquefaction constitutive model should be calibrated to capture
key aspects (liquefaction triggering and post-liquefaction deformation) of the simplified
liquefaction analysis procedure or the cyclic test results [1].

In the past few decades, liquefaction constitutive models were improved from loose
coupled effective stress models (e.g., Finn model) to fully coupled effective stress models
(e.g., UBCSAND model and PM4SAND model). However, it remains a difficult task for
engineers to choose an appropriate liquefaction constitutive model and representable
values of model input parameters. Given that the techniques for sampling undisturbed
sand samples (e.g., frozen sampling) are expensive and difficult, most projects do not obtain
undisturbed sand samples; as such, reliable cyclic test results cannot be achieved. Therefore,
the results of site-specific cyclic tests are usually not available; instead, the simplified
liquefaction procedure is used to evaluate the occurrence of soil liquefaction on a site. When
numerical analysis is needed for subsequent evaluations, many engineers assign the input
parameters of the liquefaction constitutive model following the model’s default values
without performing a proper model calibration. This practice results in an inconsistent
liquefaction resistance (cyclic resistance ratio, CRR) between the simplified liquefaction
analysis procedure and the liquefaction constitutive model, leading to numerical simulation
results that are not representable and comparable.

Among all liquefaction constitutive models, the Finn model and the UBCSAND model
are widely used to explore liquefaction behaviors or liquefaction-related hazards in research
or practical projects [2–9]. In these projects, the Finn model or the UBCSAND model were
calibrated against dynamic test results [2,5,6,9], physical modeling test results [2,4,5,8], or
data from real earthquake cases [4,7,9]. However, none of these projects were calibrated
for simplified liquefaction procedures (NCEER, HBF, JRA96, and T-Y procedures) [10–13]
commomly used in Taiwan. Therefore, when subsequent numerical simulation is needed,
no calibrated input parameters can be used as references for engineers.

In this study, the Finn and UBCSAND models were calibrated by fitting the lique-
faction triggering curves of NCEER, HBF, JRA96, and T-Y procedures [10–13] via FLAC
program. In addition, model responses of the Finn model and the UBCSAND model were
compared to explore model limitations. Results of this study provide engineers with a
valuable reference for evaluating liquefaction hazards.

2. Constitutive Models
2.1. Finn Model

Martin et al. [14] noted that the irrecoverable volume strain (causing the fluid pressure
change) and the cyclic shear strain amplitude of sand are related, and this relationship is
independent of the confining stress. In addition, the accumulation rate of the volumetric
strain decreases as the accumulated volumetric strain increases. An incremental shear
volume coupling equation for sand under simple shear loading was proposed as follows:

dεv = C1(γ − C2εv) + (C3εv
2/(γ + C4εv)), (1)

where dεv is the volumetric strain increment per cycle of shear strain, εv is the accumulated
volumetric strain, γ is the amplitude of shear strain of the stress cycle in the calculation,
and C1 to C4 are model constants related to the relative density of sand.

Byrne [15] proposed an alternative form of dεv that has fewer model constants and is
simpler than the original form [14]:

dεv/γ = C1(exp(−C2εv/γ)), (2)

where C1 and C2 are model constants related to the relative density of sand.
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In Equation (2), C1 controls the amount of the volumetric strain increment, and C2
controls the rate of the volume strain accumulation. Byrne [15] provided relationships
between model constants (C1 and C2) and the SPT N-value as a reference for users.

In FLAC [16], a built-in constitutive model, the Finn model, was coded and incorpo-
rated Equations (1) and (2) into the Mohr–Coulomb model to simulate the dynamic pore
pressure generation under cyclic loading. In practice, Equation (2) [15] is mostly used
because of its convenience and simplicity.

2.2. UBCSAND Model

The UBCSAND model [17,18] is a simple elastoplastic stress/strain model for simulat-
ing the liquefaction phenomenon of sand with a relative density less than 80%. The elastic
and plastic responses of the model are briefly described in this section. The elastic response
is assumed to be isotropic and governed by shear modulus, Ge, and bulk modulus, Be,
as follows:

Ge = KG
e × Pa × (σ′/Pa)ne, (3)

Be = KB
e × Pa × (σ′/Pa)me, (4)

where KG
e is the elastic shear modulus number which can be related to the SPT N-value,

Pa is the atmospheric pressure, σ′ is the mean effective stress in the plane of loading, ne
is the exponent variable that relates the elastic shear modulus to the mean effective stress,
KB

e is the elastic bulk modulus number (which depends on Poisson’s ratio), and me is the
elastic exponent variable that relates the bulk modulus to the mean effective stress.

Plastic responses are divided into the plastic shear strain, γp, and the plastic volumetric
strain, εv

p, controlled by the yield surface and the flow rule. The yield surface is represented
by a radial line from the origin in σ′–τ space (mean effective stress–shear stress space,
Figure 1). When the shear stress ratio (η = τ/σ′) changes, the plastic shear strain increment,
dγp, occurs as follows:

dγp = (σ′/Gp) × dη, (5)

Gp = Gi
p × (1 − (η/ηf × Rf))

2, (6)

Gi
p = KG

p × Pa × (σ′/Pa)np, (7)

where Gp is the plastic shear modulus, dη is the stress ratio increment, Gi
p is the plastic

shear modulus at a low shear stress ratio level, ηf (= sinϕpeak) is the failure stress ratio,
ϕpeak is the peak friction angle, Rf is the failure ratio, KG

p is the plastic shear modulus
number, and np is an exponent variable that relates the plastic shear modulus to the mean
effective stress.
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A non-associated flow rule is adopted to connect the plastic volumetric strain incre-
ment, dεv

p, with the plastic shear strain increment, dγp, as follows:

dεv
p = (sinϕcv − τ/σ′) × dγp, (8)

whereϕcv is the constant volume friction angle or phase transformation angle. The direction
of the plastic potential increment (i.e., the direction of the arrow on the yield surface) is
shown in Figure 1. When the shear stress ratio η (= τ/σ′) is equal to sinϕcv, there is zero
plastic volumetric strain increment, and the material is in a constant-volume condition.
When η is higher than sinϕcv, dεv

p is negative, and the material is in a dilation condition.
When η is lower than sinϕcv, dεv

p is positive, and the material is in a contraction condition.
The detailed information of the UBCSAND model is described in the literature [17–19].

The UBCSAND model was coded with FLAC [16] and validated by many
studies [17,18,20–24] via application to centrifuge tests, laboratory tests, and earthquake
measurements. Beaty and Byrne [19] provide a set of calibrated model input parameters
against the liquefaction triggering curve of the NCEER procedure [10].

3. Methodology of Model Calibration

In this study, the constitutive models are calibrated using a single-element simulation
of a cyclic undrained direct simple shear (DSS) test for four simplified liquefaction analysis
procedures, including NCEER [10], HBF [11], JRA96 [12], and T-Y [13] procedures.

The initial stress condition is the Ko (coefficient of earth pressure at rest) condition.
The liquefaction criteria specify that the excess pore pressure ratio, ru (= excess pore
pressure/vertical effective consolidation stress), is equal to or greater than 95% at 15 cycles
of uniform shear loading under one atmosphere (101 kPa) vertical effective consolidation
stress (σvc

′). Given that the laboratory test results for these simplified liquefaction analysis
procedures were lacking, the Finn model and the UBCSAND model were calibrated by
fitting the liquefaction triggering curves of these simplified procedures (Figure 2). For
simplicity and comparison purposes, the constitutive models were both calibrated at
selected SPT N-values ((N1)60cs = 5, 10, 15, 20, 25, 30). (N1)60cs is the equivalent clean-sand
SPT-N value at the energy ratio of 60% and under one atmosphere overburden stress.
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Figure 2. Liquefaction triggering curves of four simplified liquefaction analysis procedures.

The primary parameters of the Finn model with Byrne formulation are listed in Table 1.
In this study, only C2 was adjusted to fit the liquefaction triggering curves. C1 and C3 were
values adopted from those proposed by Byrne [15], and other parameters were adopted
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equations suggested by Beaty and Byrne [19]. Because the Finn model cannot fully simulate
the shear modulus degradation under cyclic loadings, it was combined with FLAC’s built-
in hysteretic model during the calibration to achieve reasonable predictions of shear strain
and volumetric strain.

Table 1. Input parameters of the Finn model with Byrne formulation in FLAC.

Parameter 1 Meaning Parameter 1 Meaning

friction friction angle, ϕ ff_c2 2 C2 of Equation (1)
cohesion cohesion, C

ff_c3 2
C3, threshold shear strain—the shear
strain below which volumetric strain

will not be produced

dilation dilation angle, Ψ
shear shear modulus, G
bulk bulk modulus, B

ff_c1 2 C1 of Equation (1)
1 Parameter title in the FLAC program. 2 C1 = 8.7 × ((N1)60cs) − 1.25; C1 × C2 = 0.4; C3 = 0.005% [15].

The primary parameters of the UBCSAND model are listed in Table 2. The plastic
shear modulus, Gp, is the key factor affecting the accumulation of the excess pore pressure
and the CRR. The calibration process was simplified by adjusting the paraemeters related
to plastic shear modulus (KG

p and np) and maintaining other parameters same with the
values provided by Beaty and Byrne [19]. The UBCSAND model can model the shear
modulus degradation behavior, and no supplementary hysteretic model is needed.

Table 2. Input parameters of the UBCSAND model in FLAC.

Parameter 1 Meaning Parameter 1 Meaning

m_n160 (N1)60cs m_rf failure ratio, Rf
m_kge elastic shear modulus number, KG

e
m_hfac1 2 accounts for the confining stress effect on

the CRRm_ne elastic shear exponent, ne
m_kbe elastic bulk modulus number, KB

e
m_hfac2 2 shear modulus factor to modify the rate

of pore pressure generationm_me elastic bulk exponent, me
m_kgp plastic shear modulus number, KG

p
m_hfac3 2 factor to modify post-liquefaction

dilation responsem_np plastic shear exponent, np
m_phif peak friction angle, ϕpeak m_hfac4 2 factor to control the plastic shear strains

after liquefaction and soil dilationm_phicv constant-volume friction angle, ϕcv

1 Parameter title in the FLAC program. 2 Model parameters of the UBCSAND model.

Relationships of the input parameters provided by Beaty and Byrne [19] are listed in
Table 3 and described as follows. The small strain shear modulus (Gmax) is estimated using
equations in the literature [25,26]:

Gmax = 21.7 × (K2)max × Pa × (σ′/Pa)0.5, (9)

(K2)max = 3.5 × (DR)2/3 = 20 × ((N1)60cs)1/3, (10)

where (K2)max is a modulus parameter, Pa is atmospheric pressure, σ’ is the mean effective
stress in the plane of loading, and DR is the relative density of sand. Then, Gmax and KG

e

can be expressed as follows:

Gmax = 21.7 × 20 × ((N1)60cs)1/3 × Pa × (σ’/Pa)0.5, (11)

KG
e = 21.7 × 20 × ((N1)60cs)1/3 and ne = 0.5, (12)
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Table 3. Calibrated parameters of the UBCSAND model [19].

Parameter Value or Relationship Parameter Value or Relationship

KG
e 21.7 × 20 × ((N1)60cs)0.333 ϕcv 33◦

KB
e 0.7KG

e Rf 1.1((N1)60cs)−0.15 < 0.99
KG

p KG
e × ((N1)60cs)2 × 0.003 + 100 m_hfac11 a × (σ′/Pa)b

ne/me/np 0.5/0.5/0.4 m_hfac2 1

ϕpeak ϕcv + 0.1(N1)60cs + max(0, ((N1)60cs − 15)/5)
m_hfac3 1
m_hfac4 1

1 a = 1.05− 0.03(N1)60cs + 0.004((N1)60cs)2 − 0.000185((N1)60cs)3 + 2.92× 10−6((N1)60cs)4; b = 1/(−0.424− 0.259(N1)60cs + 0.00763 ((N1)60cs)2).

The constant-volume friction angle (ϕcv) was chosen as the typical value for quartz
sands (ϕcv = 33◦). The other inputs (ϕpeak, KG

p, np, Rf, m_hfac1) in Table 3 were obtained
based on the calibration process presented in Beaty and Byrne [19].

4. Results and Discussion
4.1. Finn Model

Tables 4 and 5 list the calibrated inputs for all four simplified liquefaction analysis
procedures. The friction angle (ϕ) was ϕpeak in Table 3 with a small modification, and
the dilation angle, Ψ (= ϕ − ϕcv), is the difference between ϕ and ϕcv. Cohesion (C) was
assigned a value of 1 kPa for numerical simulation stability. The model parameters C1
and C3 followed the suggested equations and values of Byrne [15]. The Finn model was
combined with a FLAC built-in hysteretic model (the Hardin hysteretic model) [27] to
model the shear modulus degradation curve of sand [25]. The shear modulus reduction
equation of the Hardin hysteretic model is expressed as follows:

G/Gmax = 1/(1 + (γ/γref)), (13)

Table 4. Calibrated parameters of the Finn model–Byrne formulation in FLAC.

Parameter Value or
Relationship Parameter Value or

Relationship

ϕ ϕcv + 0.1(N1)60cs C1 8.7((N1)60cs)−1.25

C 1 kPa C2 C1 × C2 = C_Finn
Tcut 0 C3 0.005%
Ψ (ϕ − ϕcv) ϕcv 33◦

G (= Gmax) Equation (11) hysteretic model γref = 0.06%
B 1.33G

Table 5. Calibrated C_Finn.

(N1)60cs NCEER HBF JRA96 T-Y

5 0.35 0.90 0.80 0.56
10 0.35 0.50 0.34 0.34
15 0.35 0.43 0.29 0.19
20 0.35 0.40 0.21 0.13
25 N.A. N.A. 0.11 0.10

N.A. = no answer.

where G is the current shear modulus under the cyclic loading, Gmax is the small strain
shear modulus (i.e., G in Table 4), γ is the current shear strain under the cyclic loading,
and γref is the reference shear strain corresponding to γ when the shear modulus reduction
ratio is 0.5 (=G/Gmax).

Table 5 shows that for NCEER and HBF procedures, the values of C_Finn at (N1)60cs = 25
could not be determined because the excess pore pressure ratio, ru, was not able to meet
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the liquefaction criteria. Values of C_Finn (= C1 × C2) for (N1)60cs between the values listed
in Table 5 could be linearly interpolated.

4.2. UBCSAND Model

In the UBCSAND model calibration, the parameters related to the plastic shear (KG
p

and np) were adjusted, and all other input parameters were kept the same as the values and
equations listed in Table 3. After several trials, in which an np of 0.4 was maintained and
KG

p was changed to fit the liquefaction triggering curves (Table 6), the model responses
yielded the best results. Because the case of (N1)60cs = 30 in NCEER and HBF procedures
were not able to meet the liquefaction criteria, the relationships of NCEER and HBF
procedures were only valid to (N1)60cs = 25.

Table 6. Calibrated KG
p of the UBCSAND model.

Procedure (N1)60cs Range Relationship 1

NCEER 5~25 KG
p = 0.06X3 + 5.65X2 + 18.18X + 160

HBF 5~25 KG
p = 0.79X3 − 8.71X2 + 66.85X + 350

JRA96 5~30 KG
p = −0.26X3 + 9.02X2 + 6.74X + 280

T-Y 5~30 KG
p = −0.16X3 + 6.29X2 + 8.00X + 210

1 X = ((N1)60cs − 5).

4.3. Comparisons of Undrained Cyclic DSS Responses

Beaty and Perlea [28] compared the responses of the Finn model and the UBCSAND
model from dynamic analyses of an embankment. However, the element responses between
the Finn model and the UBCSAND model were not discussed. In this section, the element
responses of undrained cyclic DSS simulations of the Finn model and the UBCSAND model
are compared and discussed in terms of (1) stress–strain relationships (shear stress–shear
strain, shear stress–vertical effective stress, and excess pore pressure accumulation); and (2)
factors affecting the CRR (the number of uniform loading cycles, overburden stress, and
static shear stress).

Figure 3 shows the relationships between shear stress–shear strain and shear stress–
vertical effective stress. The responses of JRA96 (N1)60cs = 10 cases were selected as an
illustration. Both models treat the unloading response as elastic to simplify the formulation
of the model. The accumulation of the volumetric strain (i.e., the accumulation of excess
pore pressure ratio, ru, or the decrease in the vertical effective stress) of the Finn model
occurs every half cycle of loading, whereas the UBCSAND model accumulates during
each cycle of loading. The key features that a liquefaction constitutive model attempts to
simulate are: (1) banana loop—the plastic shear modulus reduces and increases during
a shear stress reversal (from positive shear stress to negative shear stress and vice versa)
when the soil reaches the initial liquefaction; and (2) butterfly loop—a significant drop in
the vertical effective stress and a subsequent increase in the vertical effective stress when
the soil reaches the initial liquefaction.

The stress–strain curve and the stress path in Figure 3b show that the UBCSAND
model could imitate the banana loop and the butterfly loop well because the model tracks
the stress ratio history to account for the loading reversal effect on the plastic shear modulus.
In addition, the UBCSAND model captured the accumulation of the shear strain during
cyclic loading better than the Finn model.

Curves of excess pore water pressure generation are shown in Figures 4 and 5 against
curves suggested by Seed et al. [29]. The cycle ratio is defined as the number of cycles (N)
divided by the number of cycles to liquefaction (Nliq). When the cycle ratio was close to
1.0 (or 0.8~1.0), the excess pore pressure ratio, ru, of high (N1)60cs cases (= 20, 25, 30) of the
UBCSAND model was relatively low (Figure 5) because of the high dilation angle of these
cases. Nevertheless, in general, both models were able to capture the general trend of the
accumulated excess pore pressure during cyclic loading.
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Laboratory tests show that the CRR is related to the number of uniform loading cycles,
N (related to the earthquake magnitude). The relationship between the CRR and N can be
approximated with a power function:

CRR = a × N−b, (14)

where a and b are determined by regression against the experimental data. The normalized
CRR (CRR/CRRN=15) versus Nliq curves (the weighting curves) are plotted in Figure 6
against the b = 0.34 (typical value for clean sand) curve [30]. The weighting curves of
both models follow the trend of the typical clean sand curve, indicating that the effects of
earthquake magnitude on the CRR could be adequately modeled.
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The effects of the overburden stress and the static shear stress on the CRR were com-
pared with published relationships for cases of the NCEER procedure (Figures 7 and 8)
because only the NCEER procedure includes these effects in the CRR calculation. The overbur-
den stress effect is represented by Kσ [30] and compared with the proposed relationships [10]:

Kσ = (σvc
′/Pa)(f−1), (15)

where σvc
′ is the vertical effective consolidation stress, Pa is the atmospheric pressure, and f

is the model constant (DR = 40~60% and f = 0.8~0.7, DR = 60~80% and f = 0.7~0.6). The
parameter m_hfac1 (refer to Tables 2 and 3) of the UBCSAND model is used to include the
overburden stress effect. Using the calibrated relationships of m_hfac1 [19], Figure 7 shows
that the Kσ of the UBCSAND model was in good agreement with the proposed curves [10].
The Finn model could capture the decrease in Kσ with increasing σvc

′, but the effect of DR
on Kσ did not coincide well with those of the curves from the NCEER procedure.
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The effect of static shear stress on the CRR is represented by Kα [31] and compared
with experimental data [32]. Figure 8 shows that the Kα of the UBCSAND model was in
good agreement with experimental data. The Finn model captured the trend of Kα at the
case of (N1)60 = 5 only. In summary, Kσ and Kα were poorly modeled by the Finn model
because the dilatant behavior of sand cannot be modeled appropriately by the simple
formulation of the Finn model.

5. Conclusions

Soil-liquefaction-related hazards can damage structures via different mechanisms. In
practice, the occurrence of soil liquefaction on a site is evaluated by a simplified liquefaction
analysis procedure. Then, the damage of structures due to liquefaction hazards and the
effectiveness of mitigation plans are explored by numerical simulation. Therefore, the
liquefaction constitutive model used in numerical simulation should have a liquefaction
resistance that is consistent with the simplified liquefaction analysis procedure in order
to obtain reasonable and comparable evaluation results. In this study, the Finn model
and the UBCSAND model were calibrated by fitting liquefaction triggering curves of four
simplified liquefaction analysis procedures (NCEER, HBF, JRA96, and T-Y procedures).
The calibration results are summarized as follows:

(1) The Finn model was not capable of modeling the banana-shaped stress–strain path
and the butterfly-shaped stress path observed in the laboratory test. In contrast, the
UBCSAND model could approximately capture these behaviors by tracking the stress
ratio history to modify the plastic shear modulus.

(2) Both models provided reasonable simulations of the excess pore pressure accumula-
tion during cyclic loadings.

(3) The relationship between the CRR and the number of uniform loading cycles of the
UBCSAND model fit the proposed curves [30] well. The Finn model simulation
data deviated from the proposed curves but were still in a reasonable range. Thus,
both models were able to adequately model the effects of earthquake magnitude on
the CRR.

(4) The UBCSAND model reasonably captured the overburden stress effect and the
static shear stress effect on the CRR. Given that the dilatant behavior of sand is not
included in the formulations of the Finn model, these effects on the CRR were poorly
represented by the Finn model.

(5) The Finn model can be used for the preliminary numerical simulation of structural
damage caused by the strength reduction of the liquefiable soil. In general conditions,
the UBCSAND model is highly recommended for numerical simulation to obtain
reasonable and reliable results.

(6) When the effect of liquefaction hazards or the effectiveness of a mitigation plan need to
be evaluated via the numerical analysis, engineers can choose model input parameters
according to the (N1)60cs and the simplified liquefaction analysis procedure used in
the evaluation of the soil liquefaction occurrence. Then, the numerical analysis can
provide reasonable and comparable results.
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