
applied  
sciences

Article

Research on 3D Improved Extended Finite Element Method for
Electric Field of Liquid Nitrogen with Bubbles

Nana Duan 1,* , Xinyu Ma 1, Shaocong Lu 1, Weijie Xu 2,3 and Shuhong Wang 1

����������
�������

Citation: Duan, N.; Ma, X.; Lu, S.;

Xu, W.; Wang, S. Research on 3D

Improved Extended Finite Element

Method for Electric Field of Liquid

Nitrogen with Bubbles. Appl. Sci.

2021, 11, 4839. https://doi.org/

10.3390/app11114839

Academic Editor: John D. Clayton

Received: 13 April 2021

Accepted: 20 May 2021

Published: 25 May 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 School of Electrical Engineering, Xi’an Jiaotong University, Xi’an 710049, China;
mxy1997@stu.xjtu.edu.cn (X.M.); lsc124200@stu.xjtu.edu.cn (S.L.); shwang@mail.xjtu.edu.cn (S.W.)

2 TeBian Electric Apparatus Stock Co., Ltd., Changji 831199, China; xuweijie@xjtu.edu.cn
3 State Grid Shaanxi Electric Power Research Institute, Xi’an 710054, China
* Correspondence: duannana@xjtu.edu.cn; Tel.: +86-029-8266-8623

Abstract: In this paper, the improved extended finite element method (XFEM) for analyzing the
three-dimensional (3D) electric field is presented. The interface between two media is described by
using a four-dimensional (4D) level set function. For elements with multiple interfaces, the local level
set method is used to improve the accuracy. By using weak discontinuous enrichment function and
moving level set function, the interpolation function is modified. The new interpolation function
makes it unnecessary to repeat the mesh generation when a moving interface occurs. The cost of
calculation is greatly reduced. The reliability of 3D improved XFEM in the electric field is verified
through numerical calculation examples of single bubble, multi-bubbles, and moving deformed
bubble in liquid nitrogen.

Keywords: XFEM; 3D electric field; 4D level set function; enrichment function; moving deformed bubble

1. Introduction

Liquid nitrogen is widely used as an insulation cooling medium in high-temperature
superconducting power equipment, such as a superconducting power transformer. A
large number of suspended nitrogen bubbles will be produced when superconductors are
quenched. Bubbles tend to deform and coalesce under the action of the electric field, which
seriously affects the insulation performance of liquid nitrogen [1–4].

The conventional finite element method (CFEM) was often used to calculate the three-
dimensional (3D) transient electric field distribution in the presence of bubbles in liquid
nitrogen. CFEM has been widely used in the numerical calculation of electric fields with its
concise principle and reliable results. However, limited by the continuous shape function,
the boundary of elements in CFEM needs to fall on the interface of different materials. This
may increase the number of elements in the case of multiple bubbles and dense material
interfaces. Due to the rapid change of field near the bubbles’ interfaces, more elements are
needed to ensure the accuracy of the results.

An extended finite element method (XFEM), which is more suitable for weak disconti-
nuities in electromagnetic fields, is gradually developed based on CFEM [5,6]. In previous
studies, an improved XFEM to better deal with the dense interface problem was proposed.
It has been applied to the study of the one-dimensional (1D) eddy current field and the
quasi three-dimensional magnetic field [7–10].

Based on this research in 1D and quasi-three dimensions, an improved 3D XFEM is
proposed to study the effect of bubble deformation on the electric field in liquid nitrogen.
The interfaces are described by a four-dimensional (4D) level set function. A special enrich-
ment term is constructed to reflect the discontinuity characteristics. This change effectively
avoids the mesh repartitioning problem caused by the material interface movement.

Three numerical models of single bubble, multi-bubbles, and deformed bubbles in
liquid nitrogen are established to illustrate the reliability of 3D improved XFEM.
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2. Principle of 3D Improved XFEM

Two or more materials may be found in one element in XFEM. These elements crossed
by the interface are so-called enrichment elements. Figure 1 shows the enrichment element
and the conventional finite element in the 3D tetrahedron element.

Figure 1. Enrichment elements in 3D tetrahedron elements.

The level set method can be used to locate an interface or even track its movement.
A spatially high one-dimensional level set function φ denotes the interface under study,
and the zero level set denotes the location of the interface. For the 3D electrostatic field
problem studied in this paper, assuming that the bubble is a sphere with the center (x0, y0,
z0), the level set function φ can be chosen as:

φ(x, y, z) = (x− x0)
2 + (y− y0)

2 + (z− z0)
2 − r2 (1)

where x, y, z are the coordinates of a point; r is the radius of the sphere.
Figure 2 is the schematic diagram of the 4D level set function. Different colors represent

different function values. There are the same function value and color on the surface of the
bubble sphere.

Figure 2. 4D level set function.
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This paper takes the improved XFEM method in the electrostatic field as an example.
An improved XFEM is presented to solve the Poisson equation shown in Equation (2) for
fast calculation of 3D potential distribution.

∇ · (ε∇ϕ) = − ρ

ε0
(2)

where ϕ is the potential, ε represents the permittivity of the medium, ε0 represents the
vacuum permittivity, and ρ stands for bulk charge density.

Equation (3) shows the interpolation function of potential used by CFEM. XFEM
improves the approximate solution expression of CFEM. The material interface is taken into
account and a set of degrees of freedom of enrichment nodes is added. XFEM interpolation
function is shown in Equation (4).

ϕ(x, y, z) = ∑
i∈I

Ni(x, y, z)αi (3)

ϕ(x, y, z) = ∑
i∈I

Ni(x, y, z)αi + ∑
j∈I∗

Nj(x, y, z)Φ(x, y, z)β j (4)

Φ(x, y, z) = ∑
I

Ni(x, y, z) · |φi| −
∣∣∣∣∣∑I

Ni(x, y, z) · φi

∣∣∣∣∣ (5)

in the discretized domain, where I is the set of all nodes, I* is the set of the enriched nodes,
I*∈I, Ni, Nj are the shape functions, Φ is the enrichment function as shown in Equation (5),
and αi and βj are nodal unknowns.

Much electrical equipment has a complex structure and contains a large number of
dense thin layers. The space size of different parts sometimes differs by dozens or even
thousands of orders of magnitude. The improved XFEM adjusts the description method of
interfaces. By setting a corresponding level set function for each interface, it allows more
than two interfaces to appear in one element. The level set on each node is no longer a
single value but multiple values due to the number of interfaces in the element.

The interface description method when there are two interfaces in the same element
under 3D XFEM is shown in Figure 3. The level set function value increases gradually from
the center of the sphere to the outside. The value of the function at the interface is zero.
The approximate expression of improved XFEM potential is shown as follow:

ϕ(x, y, z) = ∑
i∈I

Ni(x, y, z)αi +
N

∑
k

∑
j∈I∗

Nj(x, y, z)Φ(k)(x, y, z)β j(k) (6)

where k = 1, 2, . . . , N, which is the indexing of the interface.
This improved XFEM using the 4D level set function is proposed based on 1D and

quasi 3D improved XFEM methods. The scope of application is 3D electromagnetic field
numerical calculation. The formula of the unknowns αi and βj can be informed as:

∂W(ϕ)
∂αi

= ε
s

D
( ∂ϕe

∂x ·
∂(∂ϕe/∂x)

∂αi
+ ∂ϕe

∂y ·
∂(∂ϕe/∂y)

∂αi
+ ∂ϕe

∂z ·
∂(∂ϕe/∂z)

∂αi
)dxdydz

∂W(ϕ)
∂βi

= ε
s

D
( ∂ϕe

∂x ·
∂(∂ϕe/∂x)

∂β j
+ ∂ϕe

∂y ·
∂(∂ϕe/∂y)

∂β j
+ ∂ϕe

∂z ·
∂(∂ϕe/∂z)

∂β j
)dxdydz

(7)
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Figure 3. (a) The level set function of the first interface; (b) The level set function of the second interface.

3. Numerical Examples

Numerical models are established to verify the reliability of the 3D improved XFEM.
Different materials may be found in one element under improved XFEM. This characteristic
makes it possible to omit the step of repartition of mesh while the bubble rises and deforms.

According to [11–15], under the action of a uniform electric field at MV/m level,
bubbles are gradually stretched and lengthened as they rise, from spheres to ellipsoids. To
verify the accuracy of improved XFEM, numerical examples are designed imitating the
experiments in the literature.

In Sections 3.1 and 3.2, the potential distribution in liquid nitrogen is analyzed without
considering the bubble movement and deformation. In these two parts, bubbles are
considered to be fixed. Only the electric field at a certain moment is analyzed. Referring
to [11,14], the radius of bubbles is around 1.5 mm. The center position and radius of
multiple bubbles are generated randomly in the solution domain.

In Section 3.3, the motion of a bubble under an electric field in liquid nitrogen is
calculated. The movement and deformation process are calculated through the commercial
software COMSOL Multiphysics 5.1 provided by COMSOL AB from Stockholm, Swe-
den. The position of the gas–liquid interface is applied to the XFEM calculation as a
known condition.

3.1. Single Bubble

The bubble exists between two parallel plate electrodes; it is equivalent to a sphere.
The uniform electric field intensity is about 2 MV/m. The potential on the upper plate
is 50,000 V, and the lower plate is grounded. The uniform electric field intensity is about
2 MV/m. The boundary condition of the side walls is shown as Equation (8). The 3D sketch
is shown in Figure 4.

ε
∂ϕ

∂n
= 0 (8)

where n represents the unit normal vector at the interface.
Figure 5 shows the mesh grid of CFEM. The whole solution domain is a

15 mm × 15 mm × 25 mm hexahedron. There is a sphere representing the bubble in
the center of the hexahedron. Its radius is assumed to be 1.5 mm. The relative permittivity
of liquid nitrogen is 1.4 and that of gas is 1. Table 1 compares the number of nodes and
elements generated by two methods. CFEM needs to consider the interface of different
materials. Improved XFEM can eliminate this process, simplifying the mesh. The number
of nodes and elements is reduced, which makes the calculation process faster.
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Figure 4. 3D single bubble model in liquid nitrogen.

Figure 5. (a) 3D single bubble mesh grid of CFEM; (b) 3D single bubble mesh grid of XFEM.

Table 1. Contrast of number of nodes and elements.

Method Node Number Element Number Calculation Time

CFEM 1400 7062 57 s
XFEM 1159 5626 37 s

Calculate the potential distribution of the single-bubble model with CFEM and XFEM.
A plane parallel to the YOZ plane is made through the center of the bubble sphere. Draw a
potential distribution cloud on this section. The potential sectional at x = 7.5 mm of XFEM
is shown in Figure 6. It can be seen that the electric field around the bubble is distorted,
which is consistent with the actual situation and the CFEM calculation results.

The comparison results of electric potential at the same coordinate position show that
the XFEM method has high accuracy. The average relative error of 1159 nodes is 0.39% and
the maximum relative error is 7.79%.
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The electric field of the node near the interface changes rapidly. Around the surface
of the sphere, select the 10 nodes closest to the sphere to compare the calculation results,
shown in Table 2.

Table 2. Contrast of the results of nodes near interface.

Nodes CFEM XFEM Relative Error

1 24,986.10 25,011.4 0.10%
2 25,262.10 25,304.2 0.17%
3 24,638.90 24,704.4 0.27%
4 24,680.60 24,704.7 0.10%
5 25,268.40 25,343.1 0.30%
6 24,596.60 24,646.4 0.20%
7 23,587.80 24,521.7 3.96%
8 24,887.50 24,959.3 0.29%
9 24,987.70 25,010.3 0.09%
10 19,976.10 18,419.6 −7.79%

3.2. Multi-Bubbles

Multi-bubble models are built to illustrate the superiority of XFEM in dealing with more
media interface problems. In these two examples, the interaction and coalescence among
bubbles are ignored. The boundary conditions are the same as the single-bubble model.

3.2.1. 5 Bubbles

The whole solution domain is a 15 mm × 15 mm × 25 mm hexahedron. There are
5 bubbles set in the hexahedron. Figure 7 shows 3D mesh grid of 5 bubbles. Table 3 shows
the coordinates of each spherical and radius.

Table 3. The center position and radius of 5 bubbles.

Number Center Position Radius (mm)

Bubble 1 (7.5, 7.5, 12.5) 1.50
Bubble 2 (2, 3, 5) 1.30
Bubble 3 (8, 8, 20) 1.70
Bubble 4 (10, 10, 5) 1.00
Bubble 5 (10, 10, 10) 1.40
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Figure 7. (a) 3D 5 bubbles mesh grid of CFEM; (b) 3D 5 bubbles mesh grid of XFEM.

Compared with the CFEM, improved XFEM greatly simplifies the mesh. Table 4
compares the number of nodes and elements generated by two methods, as well as the
calculation time cost on the same computer. Select the section with dense bubbles to draw
the potential map. The potential sectional at y = 10 mm and x = 7.5 mm of XFEM is shown
in Figure 8.

Table 4. Contrast of number of nodes and elements in 5 bubbles.

Method Node Number Element Number Calculation Time

CFEM 2407 12,997 4 min 43 s
XFEM 1159 5626 34 s
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Among the 1159 nodes, the maximum relative error is 7.93% and the average relative
error is 1.04%. Ten nodes near the boundary of the sphere are selected to compare the
calculation results. The comparison is shown in Table 5.
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Table 5. Contrast of the results of nodes near interface.

Nodes CFEM XFEM Relative Error

1 25,529.1 24,719.4 −3.17%
2 26,045.3 25,304.1 −2.85%
3 24,368.2 24,691.6 1.33%
4 24,836.3 24,988.6 0.61%
5 24,609.9 25,023.2 1.68%
6 24,554 24,954 1.63%
7 23,440.8 25,300.7 7.93%
8 24,708.2 25,028 1.29%
9 24,411.8 24,645.7 0.96%
10 24,316.5 24,635.1 1.31%

3.2.2. 10 Bubbles

Figure 9 shows a 3D multi-bubbles mesh grid. Table 6 shows the coordinates of each
spherical and radius. The number of nodes and elements generated by two methods, as
well as the calculation time cost on the same computer, are compared in Table 7. Select the
section with dense bubbles to draw the potential map. The potential sectional at y = 10 mm
and x = 7.5 mm of XFEM is shown in Figure 10.

Figure 9. (a) 3D 10 bubbles mesh grid of CFEM; (b) 3D 10 bubbles mesh grid of XFEM.

Table 6. The center position and radius of 10 bubbles.

Number Center Position Radius (mm)

Bubble 1 (7.5, 7.5, 12.5) 1.50
Bubble 2 (2, 3, 5) 1.30
Bubble 3 (8, 8, 20) 1.70
Bubble 4 (10, 10, 5) 1.00
Bubble 5 (10, 10, 10) 1.40
Bubble 6 (12.5, 2.5, 7.5) 1.40
Bubble 7 (8, 4, 2) 1.20
Bubble 8 (5, 11, 14) 1.70
Bubble 9 (4, 5, 16) 1.50

Bubble 10 (3, 9, 8) 1.40
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Table 7. Contrast of number of nodes and elements.

Method Node Number Element Number Calculation Time

CFEM 3582 19,851 15 min 47 s
XFEM 1159 5626 34 s
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Among the 1159 nodes, the maximum relative error is 7.93% and the average relative
error is 2.52%. Ten nodes near the boundary of the sphere are selected to compare the
calculation results. The comparison is shown in Table 8.

Table 8. Contrast of the results of nodes near interface.

Nodes CFEM XFEM Relative Error

1 20,288 19,907.7 −1.87%
2 22,955 24,775.6 7.93%
3 46,363 46,548.6 0.40%
4 35,053 35,484.3 1.23%
5 28,163 28,853.9 2.45%
6 38,021 38,472.6 1.19%
7 7426.6 7017.14 −5.51%
8 12,749 12,978.8 1.80%
9 3042.8 2818.45 −7.37%
10 20,027 20,461.1 2.17%

Sections 3.1 and 3.2 show that the improved XFEM can save calculation costs and
reduce calculation time compared with CFEM. At the same time, the accuracy of XFEM
calculation results rises with the increase of model complexity. The calculation saved and
the contrast of accuracy are shown in Table 9.

Table 9. Contrast of calculation saving and accuracy.

Method

Single Bubble 5 Bubbles 10 Bubbles

Elements Calculation
Time Elements Calculation

Time Elements Calculation
Time

CFEM 7062 57 s 12,997 4 min 51 s 19,851 15 min 47 s
XFEM 5626 37 s 5626 34 s 5626 34 s
Ratio 79.66% 64.91% 53.28% 11.68% 28.34% 3.6%



Appl. Sci. 2021, 11, 4839 10 of 13

As the complexity of the model increases, the ratio of element saving and time-saving
increases. The calculation accuracy decreases. The average relative error of the single-
bubble model is 0.39%, while the average relative error of the 10-bubble model increases
to 2.52%.

3.3. Moving-Deformed Bubble

The rising process of a bubble between electrodes in liquid nitrogen is calculated by
COMSOL Multiphysics 5.1 provided by COMSOL AB. Under the action of buoyancy and
electromagnetic force, the bubble gradually floats up and changes into an ellipsoid. Its
volume will change during this process figure [16–18].

The trajectory of the bubble in liquid nitrogen is calculated in COMSOL Multiphysics
5.1 with the Fluid Flow and Electrostatics modules. As shown in Figure 11, the entire
solution domain is 10 mm× 10 mm× 10 mm. There is a 1.5 mm radius bubble in the center.
The liquid material is liquid nitrogen and the bubble material is nitrogen. The temperature
is 77 K. The upper and lower plates are set to No Flow, with 20,000 V voltage added to the
top and grounded to the bottom. The initial liquid flow rate is 0. Add gravity along the Z
direction. The movement and deformation of the bubble at different times are shown in
Figure 12.

Figure 11. Numerical simulation model of bubble rising in liquid nitrogen.

Figure 12. (a) Bubble at 0 s; (b) Bubble at 0.025 s; (c) Bubble at 0.035 s.

The coordinates of the points on the gas–liquid interface at different times calculated by
the software are exported. According to the position of the gas–liquid interface at different
times, the electric field calculation model is established, and the potential distribution is
calculated by CFEM and improved XFEM, respectively.
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Figure 13 shows mesh grids for three different times in CFEM and one mesh grid for
improved XFEM.

Figure 13. (a) Mesh grid of CFEM at 0 s; (b) Mesh grid of CFEM at 0.025 s; (c) Mesh grid of CFEM at 0.035 s; (d) Mesh grid
of XFEM for all times.

CFEM is limited by its characteristics. With the change of bubble shape and position,
the mesh generation process is repeated at different times. XFEM is an excellent meshless
computing method, which can omit the steps of repeated meshing. The same mesh grid
can be used in different states, greatly reducing the calculation time cost.

The comparison of node number and elements number of the model under CFEM
and XFEM is shown in Table 10. CFEM meshed three times in three moments, while XFEM
only meshed once.

Table 10. Contrast of number of nodes and elements.

Method Node Number Element Number

CFEM 0 s 3218 16,876
CFEM 0.025 s 3214 16,818
CFEM 0.035 s 3328 17,516
Total of CFEM 9760 51,210

XFEM 3167 16,553

Figure 14 shows the potential distribution on slices parallel to the XZ plane through the
center of the sphere. In a total of 3167 nodes, the potential calculation results at 3 moments
are compared. The comparison results are shown in Table 11.
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Figure 14. (a) Potential distribution on the cross section at 0 s; (b) Potential distribution on the cross section at 0.025 s;
(c) Potential distribution on the cross section at 0.035 s.

Table 11. Contrast of calculation results.

Time Maximum Relative Error (%) Average Relative Error (%)

0 s −8.65% 1.6%
0.025 s −4.05% 1.06%
0.035 s −3.59% 1.14%
Total −8.65% 1.27%

4. Conclusions

Three kinds of bubble models in liquid nitrogen were established and calculated
by CFEM and XFEM, respectively. By comparing the number of nodes, the number of
elements, and the calculation results of the two methods, it is shown that XFEM can reduce
the number of nodes and elements required for numerical calculation and reduce the
calculation consumption. At the same time, the results of XFEM are reliable. The ratio of
element saving and time saving increases as the complexity of the model increases. But the
calculation accuracy decreases. The average relative error of the single bubble model is
0.39%, while the average relative error of the 10-bubble model increases to 2.52%.

Currently, improved XFEM can reduce computational costs by simplifying the mesh
grid. XFEM can ignore the effect of interfaces when generating mesh. It has a great
advantage when dealing with the calculation of electromagnetic fields in the tip structure
and dense interfaces.

However, as the number of elements decreases, some loss of accuracy is unavoidable
for XFEM. The accuracy of the discontinuous difference function used by XFEM can be
further improved. At the same time, the identification of enrichment elements and the
numerical integration in the enrichment elements are important factors that restrict the
accuracy of XFEM calculation results. Further optimization and research in these areas are
still needed in the future.
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