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Abstract: In this study, critical temperature and frequency characteristics of a doubly curved panel
are reinforced by graphene nanoplatelets (GPLs) with the aid of a two-dimensional generalized
differential quadrature method (2D-GDQM) are investigated. The size effects are included using
nonlocal strain gradient theory (NSGT) that has two length scale parameters, and the panel is modeled
as a panel using high order shear deformation theory (HSDT). The mechanical properties of GPLs are
calculated based on the rule of mixtures and the modified Halpin–Tsai model. The novelty of the
current study is in considering the effects of the thermal environment, various boundary conditions,
and size effects on the frequency and critical temperature of the GPLRC panel. The validation is
performed through the comparison of the numerical results for the frequency of the GPLRC panel
and the literature. For more verification, a finite element model is presented using the finite element
package to simulate the response of the current structure. The results created from a finite element
simulation illustrate a close agreement with the numerical method results. The results demonstrate
that GPLs’ weight function, the ratio of panel curvature (R1/R2), GPLs’ pattern, and size-dependent
parameters have noticeable effects on the frequency and critical temperature characteristics of the
GPLs-reinforced composite (GPLRC) curved panel. The favorable suggestion of this survey is that
when designing the GPLRC structure, special attention should be paid to size-dependent parameters
because the nonlocal and length scale parameters have an essential role in the static and dynamic
behaviors of the GPLRC panel.

Keywords: critical temperature; frequency; graphene nanoplatelets; curved panel; nonlocal strain
gradient; 2D-GDQM

1. Introduction

Due to the recent advancements in science and technology [1–9], graphene nanoplatelet (GPL)
reinforcement has attracted considerable attention. Some applications of GPL reinforcement are
reported in Ref. [10]. Also, the mechanical properties of GPL reinforcements make them an appropriate
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choice to be used in chemistry, physics, electrical engineering, materials science, and nanoengineering
applications [10].

Suna et al. [11] compared the fracture characteristics of the functionally graded (FG) cemented
carbide reinforced by the GPL with pure ones. They showed that the property of GPLs stops nanocracks
in the nanocomposites. Furthermore, an experimental study by Rafiee et al. [12] showed that the
mechanical properties of epoxy nanocomposites are reinforced by different reinforcements such as GPL,
multiwalled carbon nanotube (MWCNT), and single-walled carbon nanotube (SWCNT). Their work
showed that the reinforcement GPL makes structures stronger and stiffer than other reinforcing.
Furthermore, many studies express that adding a small amount of GPL causes a considerable change
to the thermo-electro-mechanical aspects of the properties of the systems.

In the past several years, it was remarkable that the micro and nano parts strengthened by GPLs are
much more practical in industrial fields, and for this reason, the dynamic features of the nanostructures
reinforced with GPL is a vital field of analysis. Based on nonlocal strain gradient theory (NSGT) and
by considering the thermal effects, Safarpour et al. [13] investigated the small-scale influences on a
size-dependent laminated composite cylindrical nanoshell. They showed that the ply angle is more
vital in the phase of the velocity of nanostructures and the higher wavenumbers. The wave propagation
in the laminated cylindrical microshell was scrutinized basis on NSGT and strain gradient theory by
Zeighampour et al. [14] Their results indicate that the phase velocity has an increment by decreasing
the nonlocal constant parameter. Based on NSGT in the context of a high-order shear deformation
beam theory, Sahmani et al. are studied the frequency behavior of a postbuckled GPLs-reinforced
composite (GPLRC) micro/nano beam [15]. Their results demonstrate that in the prebuckled region,
the fundamental frequency of the system decreases by increasing the value of the nonlocal parameter.
Furthermore, numerous researches [13,16–39] scrutinized the stability and instability regions of the
complex micro- and nano-structures by utilizing numerical and analytical procedures. In the field
of critical temperature study of micro- and nano-structures, by considering the thermal effects of the
environment and the axial force, the size-dependent postbuckling and buckling characteristics of
cylindrical nano panels are analyzed by Sahamni et al. [40]. They found that the value of the minimum
load of the post-buckling domain cannot be affected by the thermal influences of the environment.
Sahmani and Aghdam [41] investigated the nonlocal electro-thermomechanical instability of an
FGM nano panel based on a new shear deformation theory, which contains exponential shear stress
distribution. The nano panel has been covered by piezoelectric sheets, and the temperature effects have
been considered. They displayed that by considering the nonlocality size effects, the related minimum
load of the postbuckling domain increases, while the critical buckling load decreases. Sahmani
et al. [42] scrutinized the nonlinear instability analysis of an electrical nanoshell based upon NSGT.
It can be demonstrated from their results that the strain gradient size dependency leads to increases
the buckling stiffness, while the nonlocal size effect cause to decreases it. Sarvestani et al. investigated
the size-dependent FG doubly curved panel [43]. They applied first-order shear deformation theory
and the modified couple stress. Their results investigate various parameters such as aspect ratio, the
influences of material length scale, and panel curvature.

Shasha et al. [44] introduced an exact novel model based on surface elasticity and Kirchhoff theory
to determine the vibration performance of a double-layered microstructure. The surface effect is
captured in their model as the main novelty. The results obtained with the aid of their modified model
showed that the vibration performance of the double-layered microstructure is quite higher than the
single-layered one. Gholami et al. [45] employed a more applicable gradient elasticity theory with the
capability of including higher-order parameters and the size effect in the analysis of the instability
of the FG cylindrical microshell. Their results confirmed that the radius to thickness ratio and size
effect have a significant influence on the stability of the microsystem. Based on the first-order shear
deformation theory (FSDT), Mohammadimehr et al. [46] conducted a numerical study in the dynamic
and static stability performance of a composite circular plate by implementing two-dimensional
generalized differential quadrature method (GDQM). Moreover, they considered the thermomagnet
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field to define the sandwich structure model. As another work, Mohammadimehr et al. [47] applied
DQM in the framework of modified couple stress theory (MCST) to describe stress filed and scrutinize
the dynamic stability of an FG boron nitride nanotubes reinforced circular plate. They claimed that
using reinforcement in a higher volume fraction promotes the strength and vibration response of
the structure. Sajadi et al. studied the nonlinear oscillation and stability of microcircular plates
subjected to electrical field actuation and mechanical force [48]. They concluded that pure mechanical
load plays a more dominant role in the stability characteristics of the structure in comparison to the
electromechanical load. In addition, they confirmed the positive impact of AC or DC voltage on the
stability of the system in different cases of application. To determine the critical angular speed of
the spinning circular shell coupled with the sensor at its end, Safarpour et al. [21] applied GDQM to
analyze forced and free oscillatory responses of the structure on the base of thick shell theory. Through
a theoretical approach, Wang et al. [49] obtained critical temperature and thermal load of a nano
circular shell. Safarpour et al. [50] introduced a numerical technique with high accuracy to study the
static stability, forced, and free vibration performance of a nanosized FG circular shell in exposure
to thermal loading. Wang et al. [51] reported the nonlinear dynamic performance of size-dependent
circular plates with the piezoelectric actuator in the exposure of a thermal loading with the aid of MCS
incorporated with surface elasticity theory to consider the size effects. They highlighted the considerable
effect of geometrical nonlinearity on the dynamic characteristics of the system. By employing FSDT,
NSGT, DQM, and Hamilton’s principle, Mahinzare et al. [52] presented a comprehensive parametric
investigation in the size-dependent vibration performance of FG circular plate by considering the
electro-elastic, thermal and rotational effects. They showed the considerable impact of spinning velocity
on the natural frequencies of nanosized systems. In another investigation, the same authors [53]
studied the size-dependent vibration response of a spinning two-directional FG circular plate integrated
with the piezoelectric actuator (PIAC) based on DQM, Hamilton’s principle, and FSDT. The results
confirmed the high dependency of the dynamic performance of the circular plate to spinning load
and externally applied voltage. In the field of structural stability analysis, Safarpour et al. [54–68]
presented buckling and vibrational analysis of the structures with various geometrical parameters.

As the first research, critical temperature and frequency characteristics of a GPLRC panel in the
thermal environment are explored. The mechanical properties of GPLs are calculated based on the
rule of mixtures and the modified Halpin–Tsai model. Hamilton’s principle is employed to develop
governing equations and boundary conditions. To solve dynamic equations, FSDT and 2D-GDQM
are performed. Finally, the effects of various parameters such as geometric and NSGT parameters,
and R1/a, on the static and dynamic features of the current system are studied in detail.

2. Theory and Formulation

A GPLRC cylindrical panel in the thermal environment is shown in Figure 1. As drawn in
Figure 1, for modeling the GPLRC materials as reinforcing of the system, four different distributions
are considered. Functions of the volume fraction for each diagram along thickness direction are stated
as [69]:

VGPL(k) = V∗GPL GPL−UD, Pattern 1

VGPL(k) =
2V∗GPL |2k−NL−1|

NL
GPL−X, Pattern 2

VGPL(k) =
2V∗GPL[1−(|2k−NL−1|)]

NL
GPL−O, Pattern 3

VGPL(k) =
2V∗GPL(2k−1)

NL
GPL−A, Pattern 4

(1)
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Figure 1. Schematic of a graphene nanoplates-reinforced composite (GPLRC) cylindrical panel subjected
to thermal loading.

The parameters that are used in Equation (1) are given in Ref [69] in detail. The relation between
weight fraction gGPL and its V∗GPL are acquired as follows:

V∗GPL =
gGPL

gGPL + (ρGPL/ρm)(1− gGPL)
(2)

where ρm and ρGPL are the mass densities of the polymer matrix and the GPL, respectively. Also,
the effective elasticity modulus according to Halpin–Tsai model can be computed as [70]:

E =

(
3
8

(
1 + ξLηLVGPL

1− ηLVGPL

)
+

5
8

(
1 + ξWηWVGPL

1− ηWVGPL

) )
× EM (3)

Here ξL = 2 LGPL
tGPL

ξW = 2 wGPL
tGPL

, ηL =

(
EGPL
EM

)
−1(

EGPL
EM

)
+ξL

and ηW =

(
EGPL
EM

)
−1(

EGPL
EM

)
+ξW

. By utilizing the rule of

mixture, other material properties are stated as:

ν = νGPLVGPL + νMVM,
ρ = ρGPLVGPL + ρMVM,
α = αGPLVGPL + αMVM

(4)

In the above equations, EM, νM, αM are the elasticity modulus, Poisson’s ratio, and thermal
expansion of the matrix, respectively. Also, νGPL, and αGPL are Poisson’s ratio, and thermal expansion
of the GPL, respectively.
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Displacement Fields

Based on HSDT, the displacement field can be stated as [71]:

u(x, y, z, t) = u0(x, y, t) + zφx(x, y, t) − c1z3
×

[
∂w0(x,y,t)

∂x + φx(x, y, t)
]

v(x, y, z, t) = v0(x, y, t) + zφy(x, y, t) − c1z3
×

[
∂w0(x,y,t)

∂y + φy(x, y, t)
]

w(x, y, z, t) = w0(x, y, t)

(5)

In the Equation (5), u, v, and w show displacement components at any point in the structure.
Furthermore, u0, v0, and w0 represent the displacement components at a point on the midplane of the
plate around axial, circumferential, and thickness directions of the system, respectively. φx and φy

are the rotation of the normal to the element middle plane in the circumferential and axial directions,
respectively. In addition, c1 is expressed as 4/3h2 in HSDT. The strain components can be given by:



εxx

εyy

γxy

γxz

γyz


=



∂u
∂x + w0

R1
∂v
∂y + w0

R2

∂u
∂y + ∂v

∂x
∂u
∂z + ∂w

∂x
∂v
∂z +

∂w
∂y


(6a)

Finally, by replacing Equation (5) in Equation (6a), we have:



εxx

εyy

γxy

γxz

γyz


=



∂u0
∂x + z∂φx

∂x − z3c1

(
∂φx
∂x + ∂2w0

∂x2

)
+ w0

R1

∂v0
∂y + z∂φx

∂y − z3c1

(
∂φy
∂y + ∂2w0

∂y2

)
+ w0

R2

∂u0
∂y + ∂v0

∂x + z
(
∂φx
∂y +

∂φy
∂x

)
− z3c1

(
∂φx
∂y +

∂φy
∂x + 2∂

2w0
∂x∂y

)
(1− 3z2c1)

(
φx +

∂w0
∂x

)
(1− 3z2c1)

(
φy +

∂w0
∂y

)


(6b)

It should be noted that our displacement field satisfies stress-free boundary conditions
(σxz

∣∣∣x,y,±h/2 = σyz
∣∣∣
x,y,±h/2) and surface effects are not taken into account.

Strain–Stress Relations

The constitutive relations between stress and strain can be declared as following [24,29,72–82]:

σxx

σyy

σxy

σxz

σyz


=


Q11 Q12 0 0 0
Q21 Q22 0 0 0

0 0 Q44 0 0
0 0 0 Q55 0
0 0 0 0 Q66





εxx − α∆T
εyy − α∆T
γxy

γxz

γyz


(7)

In Equation (7) α and ∆T are thermal expansions and temperature alteration, respectively.
Additionally, ∆T = T − T0, where T0 is the ambient temperature, and it is considered as T0 = 300 K.
Furthermore, in Ref. [62], the stiffness coefficients are presented in detail.
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Hamilton’s Principle

For obtaining governing equations and their related boundary conditions using Hamilton’s
principle, the following equation must be used [37–39,75,76,83]:

t2∫
t1

(δK − δU − δW)dt = 0 (8)

The parameters of K and U are the kinetic and strain energy, respectively [84–91].

K =

∫
V

0.5× ρ

(∂u
∂t

)2

+

(
∂v
∂t

)2

+

(
∂w
∂t

)2dV (9)

The first variation of Equation (9) is presented in the Appendix A.

δU = 1
2

t

V
σi jδεi jdV =

=
s

A



Nxx(
∂δu0
∂x −

δw0
R1

) + Mxx
∂δφx
∂x − Pxxc1

(
∂δφx
∂x + ∂2δw0

∂x2

)
+Nyy(

∂δv0
∂y −

δw0
R2

) + Myy
∂δφx
∂y − Pyyc1

(
∂δφy
∂y + ∂2δw0

∂y2

)
+Nxy

∂δu0
∂y + Nxy

∂δv0
∂x + Mxy

(
∂δφx
∂y +

∂δφy
∂x

)
−Pxyc1

(
∂δφx
∂y +

∂δφy
∂x + 2∂

2δw0
∂x∂y

)
+(Qxz − 3Sxzc1)

(
δφx +

∂δw0
∂x

)
+ (Qyz − 3Syzc1)

(
δφy +

∂δw0
∂y

)


dA

(10)

The parameters that are introduced in Equation (10) are presented in the Appendix A.

Nonlinear Temperature Changes

For a typical GPLRC panel, which is in the temperature environment, it is assumed that the
temperature can be distributed across its thickness. The parameter of W is the work done by temperature
changes and is declared as following [57]:

W = 1
2

s

A

[(
NC

2

)
( ∂w0
∂x )

2
+

(
NC

1

)
( ∂w0
∂y )

2]
(1 + z

R1
)(1 + z

R2
)dA :

δW =
s

A

[(
NC

2

)
( ∂w0
∂x

∂δw0
∂x ) +

(
NC

1

)
( ∂w0
∂y

∂δw0
∂y )

]
(1 + z

R1
)(1 + z

R2
)dA

(11)

where the thermal stress resultants are defined with the following relations:

NC
1 =

∫ h/2
−h/2 (T − T0) × α× (Q12 + Q11)dz,

NC
2 =

∫ h/2
−h/2 (T − T0) × α× (Q22 + Q21)dz

(12a)

Temperature distribution along thickness direction in the panel can be obtained by solving the
following steady-state heat-transfer equation:

−
d
dz

(
k

dT
dz

)
= 0 (12b)



Appl. Sci. 2020, 10, 3251 7 of 31

where k is the thermal conductivity coefficient of the structure. Boundary conditions for transfer heat
are expressed as follows:

T(z = −h/2) = Tc,
T(z = h/2) = Tm

(12c)

We assume that the thermal conductivity in all layers are the same. Now by substituting
Equation (14) into Equation (13), the temperature distribution function for the GPLRC panel are
expressed as follows:

T = Tc −

∞∑
n=1

(Tc − Tm) × (z/h + 1/2)n (12d)

where n denotes the non-negative power index of temperature variation function. For example,
considering n ≥ 2, the temperature variation along the thickness becomes nonlinear [92]. It is assumed
that the temperature changes nonlinearly through the thickness direction from the external surface
(Tm) to the internal surface (Tc) of each layer. Eventually, by substituting Equations (8), (10), and (11)
in Equation (7) the motion equations and associated boundary conditions can be achieved as follows:

δu0 : ∂Nxx
∂x +

∂Nxy
∂y = I0

∂2u0
∂t2 + I1

∂2φx
∂t2 − I3c1

(
∂2φx
∂t2 + ∂3w0

∂t2∂x

)
,

δv0 :
∂Nyy
∂y +

∂Nxy
∂x = I0

∂2v0
∂t2 + I1

∂2φy

∂t2 − I3c1

(
∂2φy

∂t2 + ∂3w0
∂t2∂y

)
,

δw0 : c1
∂2Pxx
∂x2 + c1

∂2Pyy

∂y2 + 2c1
∂2Pxy
∂x∂y + ∂Qxz

∂x − 3c1
∂Sxz
∂x +

∂Qyz
∂y − 3c1

∂Syz
∂y

+Nxx
R1

+
Nyy
R2
−NT

1
∂2w0
∂x2 −NT

2
∂2w0
∂y2 = c1I3

∂3u0
∂x∂t2 + c1I4

∂3φx
∂x∂t2 − I6c1

2
(
∂3φx
∂x∂t2 +

∂4w
∂t2∂x2

)
+c1I3

∂3v0
∂y∂t2 + c1I4

∂3φy

∂y∂t2 − I6c1
2
(
∂3φy

∂y∂t2 +
∂4w
∂t2∂y2

)
+

(
I0
∂2w0
∂t2

)
δφx : ∂Mxx

∂x − c1
∂Pxx
∂x +

∂Mxy
∂y − c1

∂Pxy
∂y −Qxz + 3c1Sxz =

+I1
∂2u0
∂t2 + I2

∂2φx
∂t2 − I4c1

(
∂2φx
∂t2 + ∂3w

∂t2∂x

)
−c1I3

∂2u0
∂t2 − c1I4

∂2φx
∂t2 + I6c1

2
(
∂2φx
∂t2 + ∂3w

∂t2∂x

)
δφy :

∂Myy
∂y − c1

∂Pyy
∂y +

∂Mxy
∂x − c1

∂Pxy
∂x −Qyz + 3c1Syz =

I1
∂2v0
∂t2 + I2

∂2φy

∂t2 − I4c1

(
∂2φy

∂t2 + ∂3w
∂t2∂y

)
−c1I3

∂2v0
∂t2 − c1I4

∂2φy

∂t2 + I6c1
2
(
∂2φy

∂t2 + ∂3w
∂t2∂y

)

(13)

All boundary condition equations of the doubly curved panel can be divided as follows:
Simply boundary conditions:

at x = 0, a→ Mxx − c1Pxx = 0, Nxx = 0, φy = 0, W = 0, V = 0,

at y = 0, b→ Myy − c1Pyy = 0, Nyy = 0, φx = 0, W = 0, U = 0,

Clamped boundary conditions:

at x = 0, a→ φy = 0, φx = 0, U = 0, W = 0, V = 0,

at y = 0, b→ φy = 0, φx = 0, U = 0, W = 0, V = 0,

Free boundary conditions:

at x = 0, a→ Nxx = 0, Mxx − c1Pxx = 0, Nxy = 0, Mxy − c1Pxy = 0,

−c1Pxx + c1
∂Pxx
∂x − 2c1

∂Pxy
∂y + (Qxz − 3c1Sxz) = 0
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at y = 0, b→ Nyy = 0, Myy − c1Pyy = 0, Nxy = 0, Mxy − c1Pxy = 0,

−c1Pyy + c1
∂Pyy
∂y − 2c1

∂Pxy
∂x + (Qyz − 3c1Syz) = 0

For example, for the panel with Clamped at x = 0, simply at y = 0, and y = b, and Free at x = a,
the boundary condition equations are as follows:

at x = 0→ φy = 0, φx = 0, U = 0, W = 0, V = 0,

at y = 0→ Myy − c1Pyy = 0, Nyy = 0, φx = 0, W = 0, U = 0,

at y = b→ Myy − c1Pyy = 0, Nyy = 0, φx = 0, W = 0, U = 0,

at x = a→ Nxx = 0, Mxx − c1Pxx = 0, Nxy = 0, Mxy − c1Pxy = 0,

−c1Pxx + c1
∂Pxx
∂x − 2c1

∂Pxy
∂y + (Qxz − 3c1Sxz) = 0

The above boundary conditions in the Section 5 are introduced by CSFS. Furthermore, the
parameters that are introduced in motion equations and associated boundary conditions are presented
in the Appendix A.

NSGT for Size-Dependent Nanocomposite Reinforced Structure

In the present work, by considering the NSG theory, the influences of size-dependent are
investigated in the mathematical model. Based on this theory, stress–strain relations are presented as:

(1− µ2
∇

2) × σi j = Qi jck × (1− l2∇2) × εck (14)

where, ∇2 = ∂2/∂x2 + ∂2/∂y2 ,
(
1− l2∇2

)
εck; and

(
1− µ2

∇
2
)
σi j represent the components of strain

and stress tensors after applying NSGT, respectively. It should be noted that µ is Eringen nonlocal
parameter and is equal to e0a. Where e0 is a material constant, which is experimentally determined.
Furthermore, a is an internal lattice parameter of the nanostructure [93], and l is the length scale
parameter. Eventually, motion equations of the thermally affected panel utilizing NSGT are presented
in the Appendix A.

3. Solution Procedure

In this section, for other edges of boundary conditions, it is not possible to solve the equation
of motion analytically [94–98]. In this paper, GDQM is utilized to solve the governing equations.
The nth derivative of any arbitrary function as f(x,y) can be written in the summation form as
follows [13,16–36,99–104]:

∂n f
∂Rn =

M∑
m=1

C(n)
j,m fm,k (15)

where C(n) represents the nth-order derivative of weighting coefficients. Also, the calculation of C(n) is
an important part of the DQ method. To estimate the nth-order radial derivatives, two types of DQ
methods combined with the GDQ method are adopted in the present work. Consequently, by utilizing
the first-order derivative, C(n) is calculated as follows:

C(1)
i j = M(xi)/M

(
x j

)
×

(
xi − x j

)
i, j = 1, 2, . . . , n and i , j

C(1)
i j = −

n∑
j=1,i, j

C(1)
i j i = j

(16)

where,

M(xi) =
n∏

j=1, j,i

(
xi − x j

)
(17)



Appl. Sci. 2020, 10, 3251 9 of 31

Furthermore, the following relations represent the weighting coefficients of higher-order
derivatives:

C(r)
i j = r

[
C(r−1)

i j ×C(1)
i j −C(r−1)

i j /
(
xi − x j

)]
i, j = 1 : n, i , j and 2 ≤ r ≤ n− 1

C(r)
ii = −

n∑
j=1,i, j

C(r)
i j i, j = 1 : n and 1 ≤ r ≤ n− 1

(18)

In the current work, through x and y directions, a nonuniform set of points is presented as
below [55]:

xi = 0.5× a×
(
1− cos

(
(i−1)π
(Ni−1)

))
i = 1 : Ni,

yi = 0.5× b×
(
1− cos

(
(i−1)π
(Ni−1)

))
j = 1 : N j

(19)

Freedom degrees are represented as:

u = U × eiωt, v = V × eiωt, w = W × eiωt,ψx = Ψx × eiωt,ψθ = Ψθ × eiωt. (20)

Substitution of Equations (15) and (20) into governing equations, results in the following for
natural frequency: {[

[Kdd] [Kdb]

[Kbd] [Kbb]

]
−

[
[Mdd] [Mdb]

[Mbd] [Mbb]

]
ω2

}{
δd
δb

}
= 0 (21)

where, boundary and domain points are defined by subscripts b and d, respectively. Additionally,
the displacement vector is determined by the parameter of δ. It should be noted that in the stiffness
matrix, all terms of the thermal loading in the previous section are added. The standard eigenvalue
problem form of relation Equation (22) is stated as follows:

[K∗]{δi} =
(
ω2

)
[M∗]{δi}

[K∗] = [Kdd −KdbKbb
−1Kbd]

[M∗] = [Mdd −MdbKbb
−1Kbd]

(22)

It should be noted that by considering M* = 0, we can obtain the critical temperature of the structure.
It is noted that, in the critical temperature, thermal buckling occurs. For higher temperatures than

the critical temperature, the structure encounters instability conditions, and that for the modeling of
the structure, all designers should pay close attention to lower temperatures than the critical one.

Convergence Study

An adequate number of grid points is essential to attain correct results in the GDQ method in
order to achieve convergence results. Different effective parameters of the system, such as boundary
conditions (B.Cs) and materials, have been studied and compared. Furthermore, it could be observed
that the system with four clamped edges has more stiffness than the system with (C-F-F-F) boundary
conditions. Also, by adding the GPL reinforcing nanofillers to the system, the dimensionless natural
frequency enhances. This means the GPLRC cylindrical panel becomes stiffer. Based on Table 1,
the results are converged in 13 grid points. As Table 2 shows, the critical temperature results
are converged in the 15 grid points. Furthermore, it should be expressed that the changes in the
nondimensional length scale parameter have a direct influence on the critical temperature load. It
means an increment in the nondimensional length scale leads to an increment trend in the critical
temperature load. It should be noted that the dimensionless form of frequency and critical temperature
(∆T∗Cr) are presented as follows:

ω = ωh
√
ρ/E , ∆T∗cr = 100× ∆Tcr × α (23)
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Table 1. The dimensionless natural frequency of the GPLRC panel for different types of boundary
conditions, numbers of grid points and patterns when a/b = 6.5, h = a/9, R1 = R2 = 10a, ∆T = 10 (K),
and gGPL = 0.5%.

N =M=7 N =M = 9 N =M = 11 N =M = 13 N =M = 15

CFFF
Pure epoxy 0.0152839 0.0171311 0.0122786 0.0184308 0.0185104

Pattern 2 0.0320457 0.0333990 0.0379272 0.0340140 0.0340840

CSFS
Pure epoxy 0.0245107 0.0279184 0.0205209 0.0205209 0.0205209

Pattern 2 0.0411726 0.0410866 0.0407444 0.0407444 0.0407444

SSSS
Pure epoxy 0.0328041 0.0328039 0.0328039 0.0328039 0.0328039

Pattern 2 0.0685672 0.06850382 0.06844328 0.06839187 0.0683808

CSSS
Pure epoxy 0.0551124 0.05553747 0.05366811 0.05552384 0.0555205

Pattern 2 0.0971378 0.0989422 0.09917005 0.09929541 0.0992978

CCCC
Pure epoxy 0.0763170 0.0763555 0.0763567 0.0763567 0.0763567

Pattern 2 0.1388539 0.13889832 0.13889978 0.1389035 0.1389035

Table 2. The dimensionless critical temperature of the GPLRC panel for various boundary conditions,
numbers of grid points and length scale parameters when a/b = 0.5, h = a/7, GPL-UD, R1 = R2 = a,
gGPL = 0.3%.

N =M = 7 N =M = 9 N =M = 11 N =M = 13 N =M = 15

SSSS
l/h = 0 1.449919 1.449102 1.449112 1.449111 1.449111

l/h = 0.4 1.463493 1.462706 1.462714 1.462714 1.462714

CSSS
l/h = 0 2.466464 2.470683 2.470622 2.470649 2.470649

l/h = 0.4 2.512817 2.514689 2.514825 2.514884 2.514884

CCCC
l/h = 0 4.292727 4.288484 4.288339 2.288339 2.288339

l/h = 0.4 4.468242 4.431111 4.435274 4.434809 4.434809

Verification

The validation is performed by comparing the numerical results for free vibration of the GPLRC
plate with those reported in the literature. The nondimensional fundamental frequencies of the
FG-GPLRC curved panel with various GPL distributions and various geometrical parameters are
calculated in Table 3. Also, the nondimensional frequencies of the panel and the outcomes presented
by Ref. [93] are compared (for different geometrical parameters). Thus, Tables 3 and 4 illustrate the
accuracy of the presented study.

Table 3. Comparison of dimensionless fundamental frequencies of the GPLRC curved panel (a/b = 1,
a/h = 10, R1 = R2 =∞).

Resource (n, m) Pure Epoxy Pattern 1 Patter 2 Patter 3

Present (1,1) 0.0586 0.1221 0.0979 0.1417
Wang et al. [105] (1,1) 0.0584 0.1216 0.1023 0.1365
Song et al. [69] (1,1) 0.0584 0.1216 0.1020 0.1378
ANSYS [106] (1,1) 0.0563 0.1171 0.0881 0.1319

Present (1,2) 0.1405 0.2924 0.2369 0.3358
Wang et al. [105] (1,2) 0.1391 0.2895 0.2469 0.3183
Song et al. [69] (1,2) 0.1391 0.2895 0.2456 0.3248
ANSYS [106] (1,2) 0.1361 0.2833 0.2162 0.4043
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Table 4. Comparison of dimensionless frequencies (ωh
√

2ρ(1 + υ)/E) of the isotropic flat curved panel.
(a = 10, E = 30 × 106, υ = 0.3, ρ = 1, l = 0 and R1 = R1 =∞).

µ/h a/h = 10 a/h = 20

b/a = 1 b/a = 2 b/a = 1 b/a = 2

0
Ref. [93] 0.0933 0.0590 0.0239 0.01500

Presented study 0.0927 0.0583 0.0234 0.01496

1
Ref. [93] 0.0852 0.0557 0.0218 ——–

Presented study 0.0849 0.0545 0.0213 0.01474

For further validation and shape mode analysis of the GPLRC panel, finite element analyses were
presented with the aid of ABAQUS, where shell elements (S4R) with a 4-node doubly curved panel,
reduced integration, and finite membrane strains were used to create the mesh for the panel model.
In addition, the perfect bonding between neighboring layers was considered. Furthermore, boundary
conditions were applied to the nodes at the four edges of the GPLRC panel. Eventually, the Lanczos
eigensolver is presented to obtain eigenvalues of the current structure. The vector of displacement for
the eight-node element S4R would be formulated as [72,74,76,81,107]:

{δ} = (u, v, w)T =
4∑

i=1

[Ni]{δi} (24)

where ui, vi and wi are the node displacements i, and the shape function of the node is presented as
[Ni]. Then element strain vector in the system of global coordinate would be formulated as:

{
εe} = 4∑

i=1

[Bi]{δi} (25)

where
[Bi] = [∆][Ni] (26)

and

[∆] =



∂,x 0 0
0 ∂,y 0
0 0 ∂,z

0 ∂,x
2

∂,z
2

∂,z
2 0 ∂,x

2
∂,y
2

∂,x
2 0


(27)

In addition, the stress and strain vectors of an element would be formulated as:{
εe} = [B]

{
δe} (28)

where [B] =
[

B1 . . . B8
]
, {δe
} =

{
{δ1}

T , . . . , {δ8}
T
}T

, and [A] indicates matrix transforming local
coordinates into global coordinates and [108] presents the elastic constant. The matrix of stiffness ([Ke])
can be expressed as:

[Ke] =

∫
Ve

[B]T[A][B]−1[B]dV (29)

Then the total structure stiffness matrix can be formulated as:

[K] =
∑

e
[Ke] (30)
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The matrix of mass in the system of global coordinate would be determined as:

[M] =
∑

e
[Me] (31)

By using the minimum potential energy principle, the governing equation can be formulated as:

{δ}[K] −
{

”
δ

}
[M] = [0] (32)

After applying static bending, Equation (33) can be presented as follows:

{δ}[K] = [0] (33)

It is well known that if we want to have an accurate finite element (FE) model, we should pay
attention to the mesh convergency [75,79,80]. For this matter, the number of elements is increased as
long as the natural frequency of the structure does not have any change and the optimum number of
elements is selected. According to Figure 2, the convergency condition appears when there are more
than 13,000 elements.
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Figure 2. Mesh convergency for the finite element (FE) panel model.

A validation study between the numerical results and finite element outcomes is presented in
Table 5. The maximum relative discrepancies between the numerical and finite element model (FEM)
result is less than 4%. In addition, it can be seen in Table 3 that the best GPL pattern in the frequency
issue of the structure is pattern 3, and the more rigid structure will be a reason for boosting the
frequency of the GPLRC panel.
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Table 5. Validation of numerical results with finite element outcomes (b/a = 5, h = a/10, R1 = 6a, R2 = 2a,
∆T = 20K, gGPL = 1%, and NL = 5).

H = a/15

Numerical
Results for

FEM
Results

for
Pattern 4

Numerical
Results

for
FEM

Results
for

Pattern 3

Numerical
Results

for
FEM

Results
for

Pattern 2

Numerical
Results for

FEM
Results

for
Pattern 1Pattern 4 Pattern 3 Pattern 2 Pattern 1

CCCC 7.35 × 105 7.28 ×
105

7.84 ×
105

7.76 ×
105

7.12 ×
105

7.00 ×
105 7.49 × 105 7.41 ×

105

CSSS 5.28 × 105 5.21 ×
105

5.71 ×
105

5.63 ×
105

5.15 ×
105

5.07 ×
105 5.43 × 105 5.33 ×

105

H = a/10

Numerical
results for

FEM
results

for
Pattern 4

Numerical
results

for
FEM

results
for

Pattern 3

Numerical
results

for
FEM

results
for

Pattern 2

Numerical
results for

FEM
results

for
Pattern 1Pattern 4 Pattern 3 Pattern 2 Pattern 1

CCCC 7.46 × 105 7.39 ×
105

8.01 ×
105

7.92 ×
105

7.31 ×
105

7.23 ×
105 7.59 × 105 7.52 ×

105

CSSS 5.43 × 105 5.38 ×
105

5.98 ×
105

5.90 ×
105

5.26 ×
105

5.20 ×
105 5.65 × 105 5.60 ×

105

4. Results

The material properties of the GPL are summarized in Table 6. It was reported that the material
properties of epoxy are functions of temperature T. Therefore, Young’s modulus, shear modulus,
and thermal expansion coefficients of epoxy are also functions of temperature T [109]. Poly referred to
as PMMA, is selected for the epoxy, and the material properties of which are assumed to be ρM = 1150
kg/m3, νM = 0.34, αM = 45(1 + 0.0005∆T) × 10−6/K, and EM = (3.52 − 0.0034T) GPa, in which T = T0

+ ∆T (as mentioned earlier T0 is room temperature).

Table 6. Material properties of the GPL [110].

Material Properties: GPL

Young’s modulus (GPa) 1010

Density (kg m−3) 1062.5

Poisson’s ratio 0.186

Thermal expansion coefficient
(10−6/K) 5

Furthermore, the dimensions of the GPL are assumed to be lGPL = 2.5µm, WGPL = 1.5µm ,
and hGPL = 1.5 nm. In the current study, we consider the width of the panel equal to 20 µm. Figures 3–6
face us with exposure about the influences of smaller aspect ratio (a/h) and nonlocal parameter to
thickness ratio (µ/h) on the vibration response of the structure subjected to the SSSS, CCCC, CSFS,
and CFFF boundary conditions.
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Figure 3. The influences of a/h and µ/h on the frequency for the SSSS boundary conditions with
a/b = 5, l = h/5, ∆T = 100 K, NL = 10, gGPL = 0.5% and GPL-x.
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Figure 4. The influences of a/h and µ/h on the frequency for the CCCC boundary conditions with a/b = 5,
l = h/5, ∆T = 100K, NL = 10, g_GPL = 0.5%, and GPL-x.



Appl. Sci. 2020, 10, 3251 15 of 31

Appl. Sci. 2020, 10, x FOR PEER REVIEW  16  of  34 

 

Figure 4. The influences of a/h and μ/h on the frequency for the CCCC boundary conditions with a/b 

= 5, l=h/5, ∆T=100K, NL = 10, g_GPL= 0.5%, and GPL‐x. 

 

Figure 5. The effects of a/h and μ/h on the frequency for the CSFS boundary conditions with a/b = 

5, l=h/5, ∆T=100K, NL = 10, g_GPL= 0.5%, and GPL‐x. 

0 2 4 6 8 10
/l

0.02

0.04

0.06

0.08

0.1

0.12

0.14

D
im

en
si

on
le

ss
 fr

eq
ue

nc
y

CCCC

a/h=9
a/h=10
a/h=11
a/h=12

0 2 4 6 8 10
/l

0.02

0.025

0.03

0.035

0.04

0.045

0.05

D
im

en
si

on
le

ss
 f

re
qu

en
cy

CSFS

a/h=9
a/h=10
a/h=11
a/h=12

Figure 5. The effects of a/h and µ/h on the frequency for the CSFS boundary conditions with a/b = 5,
l = h/5, ∆T = 100K, NL = 10, g_GPL = 0.5%, and GPL-x.
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Figure 6. The influences of a/h and µ/h on the frequency for the CFFF boundary conditions with a/b = 5,
l = h/5, ∆T = 100K, NL = 10, g_GPL = 0.5%, and GPL-x.

According to Figures 3 and 4, for CCCC and SSSS boundary conditions, by enhancing the µ/h
parameter, the frequency response of the GPLRC panel decreases exponentially. An impressive result
is that the impact of the a/h parameter on the frequency of the system is dependent on the value of the
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nonlocal parameter. For a better understanding, there is an indirect effect from a/h on the dynamics
of the panel, and this phenomenon is more intense in the bigger value of the nonlocal parameter.
Figures 5 and 6 present that for CSFS and CFFF boundary conditions. First, it can be seen that an
increment in the nonlocal parameter leads to an enhancement in the natural frequency of the structure,
as long as a maximum point appears. Then, an indirect relation between the µ/h parameter and natural
frequency of the structure can be seen. For more detail, at the lower value of the µ/h parameter, there
is a direct relation between it and natural frequency, but at the higher value, this relation changes from
direct to indirect. Also, for CSFS and CFFF boundary conditions, there is an indirect effect of the a/h
parameter on the dynamic response of the panel.

The influences of different graphene distribution patterns and R1/a on the frequency of the
structure subjected to the (SSSS), (CSFS) and (CCCC) boundary conditions are presented in Figure 7,
Figure 8, and Figure 9.
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Figure 7. The effects of R1/a and GPLRC’s pattern on the frequency for the SSSS boundary conditions
(a/b = 5, h = b/10, R2= 5a, ∆T = 100K, gGPL = 0.5%, NL = 10, µ = h/10, l = h/5).
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Figure 8. The effects of R1/a and GPLRC’s pattern on the frequency for the CFSF boundary conditions
(a/b = 5, h = b/10, R2 = 5a, ∆T = 100K, gGPL = 0.5%, NL = 10, µ = h/10, l = h/5).
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Figure 9. The effects of R1/a and GPLRC’s pattern on the frequency for the CCCC boundary conditions
(a/b = 5, h = b/10, R2 = 5a, ∆T = 100K, gGPL = 0.5%, NL = 10, µ = h/10, l = h/5).

When pattern 2 and pattern 3 are employed to reinforce the structure, the structure encounters the
highest and lowest dimensionless frequency, respectively. This behavior stems from the mathematical
function, which was presented in the previous section. The alteration of the critical temperature (∆T∗Cr)
based on the changes of R1/a for different values of gGPL and various types of boundary conditions are
presented in Figure 10, Figure 11, and Figure 12.
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Figure 10. The effects of gGPL and R1/a on the critical temperature of the GPLRC panel for the SSSS
boundary conditions (b/a = 4, h = a/10, R2 = 5b, NL = 10, µ = h/10, l = h/5, and GPL-O).
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Figure 11. The effects of g_GPL and R_1/a on the critical temperature of a GPLRC panel for the CSSS
boundary conditions (b/a = 4, h = a/10, NL = 10, R2 = 5b, µ = h/10, l = h/5, and GPL-O).
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Figure 12. The effects of g_GPL and R_1/a on the critical temperature of a GPLRC panel for the CCCC
boundary conditions (b/a = 4, h = a/10, NL = 10, R2 = 5b, µ = h/10, l = h/5, and GPL-O).

As expected, gGPL plays an important role and has a direct influence on the static behavior of
the structure. As can be observed from figures, an increment in the R1/a parameter can be seen to
exponentially increase in the buckling load at the lower value of the R1/a. While this trend changes
at the higher values of the R1/a, it means at the higher values of the R1/a, there are no considerable
changes in the temperature due to enhancement in the R1/a parameter. It should be noted that the
effect of the gGPL parameter on the critical temperature is more noticeable at the higher values of R1/a
compared to at the lower value of that parameter. In another work, by increasing the R1/a parameter,
the panel tends to be plate without any imperfection. Thus, the dimensionless critical temperature
increases. Figure 13, Figure 14, and Figure 15 indicate the influences of the length scale (l/h) and R1/a
of the panel on the vibrational characteristics of the structure for various types of boundary conditions
such as SSSS, CSSS, and CCCC.
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Figure 13. The effects of l/h and R1/a parameters on the critical temperature of the GPLRC panel
subjected to SSSS boundary conditions (b/a = 4, h = a/10, R2 = 5b, NL = 10, µ = h/10, gGPL = 1%,
and GPL-O).

Appl. Sci. 2020, 10, x FOR PEER REVIEW  24  of  34 

 

Figure 14. The effects of l/h and 𝑅 /𝑎  parameters on the critical temperature of the GPLRC panel 

subjected to CSSS boundary conditions (b/a = 4, h = a/10, R2 = 5b, NL = 10,  𝜇 ℎ/10, 𝑔 =1%, and 

GPL‐O). 

Figure 14. The effects of l/h and R1/a parameters on the critical temperature of the GPLRC panel
subjected to CSSS boundary conditions (b/a = 4, h = a/10, R2 = 5b, NL = 10, µ = h/10, gGPL = 1%,
and GPL-O).



Appl. Sci. 2020, 10, 3251 22 of 31
Appl. Sci. 2020, 10, x FOR PEER REVIEW  25  of  34 

 

Figure 15. The effects of l/h and 𝑅 /𝑎  parameters on the critical temperature of the GPLRC panel 

subjected to CCCC boundary conditions (b/a = 4, h = a/10, R2 = 5b, NL = 10,  𝜇 ℎ/10, 𝑔 = 1%, and 

GPL‐O). 

It  can  be  observed  from  Figures  13,  14,  and  15  that  l/h  and  𝑅 /𝑎   parameters  have  direct 

influences on the critical temperature of the GPLRC panel. For better comprehension, an increment 

in the length scale and  𝑅 /𝑎  parameters provide an increase in the critical temperature of the GPLRC 

panel. Also, the influences of the length scale parameter on the critical temperature are affected by 

the  𝑅 /𝑎  parameter. Furthermore, the influence of the l/h parameter on the critical temperature is 

more considerable at the higher value of  𝑅 /𝑎  in comparison with the lower ones. Additionally, at 

the higher value of this parameter, the critical temperature does not have any significant change by 

increasing the  𝑅 /𝑎  parameter. 

4. Conclusion: 

In  this  study,  critical  temperature  and  frequency  characteristics  of  the panel  in  the  thermal 

environment using NSGT  and  2D‐GDQM were  investigated. The  equations of our mathematical 

model for the panel were formulated with Hamilton’s principle. The novelty of the current study was 

in considering the effects of the thermal environment, various boundary conditions, and size effects 

on the frequency and critical temperature of the GPLRC panel. For more verification, a finite element 

model was  presented  using  the  finite  element  package  to  simulate  the  response  of  the  current 

structure. The results created from a finite element simulation illustrates a close agreement with the 

numerical method results. Based on the results of this work can claim the following: 

 The  effects  of  the  𝑅 /𝑎   parameter  on  the  frequency  response  of  the GPLRC panel was 

dependent on the values of the l/h parameter. 

 The dynamic stability of the system, unlike static stability, could be affected by the nonlocal 

parameter indirectly. 

0.1 0.15 0.2 0.25 0.3
R

1
/a

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

3.2

T
* C

r

CCCC

l/h=0
l/h=0.3
l/h=0.4
l/h=0.5

Figure 15. The effects of l/h and R1/a parameters on the critical temperature of the GPLRC panel
subjected to CCCC boundary conditions (b/a = 4, h = a/10, R2 = 5b, NL = 10, µ = h/10, gGPL = 1%,
and GPL-O).

It can be observed from Figure 13, Figure 14, and Figure 15 that l/h and R1/a parameters have direct
influences on the critical temperature of the GPLRC panel. For better comprehension, an increment in
the length scale and R1/a parameters provide an increase in the critical temperature of the GPLRC
panel. Also, the influences of the length scale parameter on the critical temperature are affected by the
R1/a parameter. Furthermore, the influence of the l/h parameter on the critical temperature is more
considerable at the higher value of R1/a in comparison with the lower ones. Additionally, at the higher
value of this parameter, the critical temperature does not have any significant change by increasing the
R1/a parameter.

5. Conclusions

In this study, critical temperature and frequency characteristics of the panel in the thermal
environment using NSGT and 2D-GDQM were investigated. The equations of our mathematical model
for the panel were formulated with Hamilton’s principle. The novelty of the current study was in
considering the effects of the thermal environment, various boundary conditions, and size effects on
the frequency and critical temperature of the GPLRC panel. For more verification, a finite element
model was presented using the finite element package to simulate the response of the current structure.
The results created from a finite element simulation illustrates a close agreement with the numerical
method results. Based on the results of this work can claim the following:
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The effects of the R1/a parameter on the frequency response of the GPLRC panel was dependent
on the values of the l/h parameter.
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The dynamic stability of the system, unlike static stability, could be affected by the nonlocal
parameter indirectly.
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At the high value of gGPL the effect of the µ/h on the dimensionless frequency of the composite
panel was much more remarkable in comparison with the low value of it.
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 The effects of the 𝑅 /𝑎  parameter on the frequency response of the GPLRC panel was 
dependent on the values of the l/h parameter. 

 The dynamic stability of the system, unlike static stability, could be affected by the nonlocal 
parameter indirectly. 
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The effect of the gGPL parameter on the critical temperature of the structures was hardly dependent
on the values of the R1/a parameter.
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Appendix A

The first variation of kinetic energy can be achieved as:

δK =

a∫
0

b∫
0



(
−I0

∂2u0
∂t2 − I1

∂2φx
∂t2 + I3c1

(
∂2φx
∂t2 + ∂3w0

∂t2∂x

))
δu0

+
(
−I1

∂2u0
∂t2 − I2

∂2φx
∂t2 + I4c1

(
∂2φx
∂t2 + ∂3w

∂t2∂x

))
δφx

+
(
c1I3

∂2u0
∂t2 + c1I4

∂2φx
∂t2 − I6c1

2
(
∂2φx
∂t2 + ∂3w

∂t2∂x

))
δφx

+
(
−c1I3

∂3u0
∂x∂t2 − c1I4

∂3φx
∂x∂t2 + I6c1

2
(
∂3φx
∂x∂t2 +

∂4w
∂t2∂x2

))
δw0(

−I0
∂2v0
∂t2 − I1

∂2φy

∂t2 + I3c1

(
∂2φy

∂t2 + ∂3w0
∂t2∂y

))
δv0

+
(
−I1

∂2v0
∂t2 − I2

∂2φy

∂t2 + I4c1

(
∂2φy

∂t2 + ∂3w
∂t2∂y

))
δφy

+
(
c1I3

∂2v0
∂t2 + c1I4

∂2φy

∂t2 − I6c1
2
(
∂2φy

∂t2 + ∂3w
∂t2∂y

))
δφy

+
(
−c1I3

∂3v0
∂y∂t2 − c1I4

∂3φy

∂y∂t2 + I6c1
2
(
∂3φy

∂y∂t2 +
∂4w
∂t2∂y2

))
δw0

+
(
−I0

∂2w0
∂t2

)
δw0



dA (A1)

in which

{Ii} =

h/2∫
−h/2

ρ
{
zi
}
(1 +

z
R1

)(1 +
z

R2
)dz, i = 1 : 6 (A2)

The parameters that are used in Equation (10) can be formulated as follows:{
Nxy, Nyy, Nxx

}
=

∫
z

{
σxy, σyy, σxx

}
dz{

Mxy, Myy, Mxx
}
=

∫
z

{
σxy, σyy, σxx

}
× zdz{

Pxy, Pyy, Pxx
}
=

∫
z

{
σxy, σyy, σxx

}
×z3dz{

Qyz, Qxz
}
=

∫
z

{
σxy, σxz

}
dz,{

Syz, Sxz
}
=

∫
z

{
σxy, σxz

}
× z2dz

(A3)
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where
Nxx = A11

∂u0
∂x + B11

∂φx
∂x −D11c1

(
∂φx
∂x + ∂2w0

∂x2

)
+A12

∂v0
∂y + B12

∂φy
∂y −D12c1

(
∂φy
∂y + ∂2w0

∂y2

)
−A11

w0
R1
−A12

w0
R2

,

Nyy = A22
∂v0
∂y + B22

∂φy
∂y −D22c1

(
∂φy
∂y + ∂2w0

∂y2

)
+A12

∂u0
∂x + B12

∂φx
∂x −D12c1

(
∂φx
∂x + ∂2w0

∂x2

)
−A22

w0
R2
−A12

w0
R1

,

Nxy = A44
∂u0
∂y + A44

∂v0
∂x + B44

(
∂φx
∂y +

∂φy
∂x

)
−D44c1

(
∂φx
∂y +

∂φy
∂x + 2∂

2w0
∂x∂y

)
,

Mxx = B11
∂u0
∂x + C11

∂φx
∂x − E11c1

(
∂φx
∂x + ∂2w0

∂x2

)
− B11

w0
R1

+B12
∂v0
∂y + C12

∂φy
∂y − E12c1

(
∂φy
∂y + ∂2w0

∂y2

)
− B12

w0
R2

,

Myy = B22
∂v0
∂y + C22

∂φy
∂y − E22c1

(
∂φy
∂y + ∂2w0

∂y2

)
− B22

w0
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− B12

w0
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+B12
∂u0
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(
∂φx
∂x + ∂2w0

∂x2

)
,

Mxy = B44
∂u0
∂y + B44

∂v0
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(
∂φx
∂y +

∂φy
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)
− E44c1

(
∂φx
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∂φy
∂x + 2∂

2w0
∂x∂y

)
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∂u0
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∂φx
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(
∂φx
∂x + ∂2w0
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)
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−D12
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∂y + ∂2w0

∂y2

)
,

pyy = D22
∂v0
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∂φy
∂y −G22c1

(
∂φy
∂y + ∂2w0
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)
−D12

w0
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∂φy
∂x

)
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,
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where:

{A11, B11, C11, D11, E11, F11, G11} =
h/2∫
−h/2

Q11 ×
{
1, z, z2, z3, z4, z5, z6

}
× (1 + z/R1) × (1 + z/R2)dz,

{A12, B12, C12, D12, E12, F12, G12} =
h/2∫
−h/2

Q12 ×
{
1, z, z2, z3, z4, z5, z6

}
×(1 + z/R1) × (1 + z/R2)dz,

{A22, B22, C22, D22, E22, F22, G22} =
h/2∫
−h/2

Q22 ×
{
1, z, z2, z3, z4, z5, z6

}
× (1 + z/R1) × (1 + z/R2)dz,

{A44, B44, C44, D44, E44} =
h/2∫
−h/2

Q44 ×
{
1, z, z2, z3, z4

}
× (1 + z/R1) × (1 + z/R2)dz,

{A55, B55, C55, D55, E55} =
h/2∫
−h/2

Q55 ×
{
1, z, z2, z3, z4

}
× (1 + z/R1) × (1 + z/R2)dz,

{A66, B66, C66, D66, E66} =
h/2∫
−h/2

Q66 ×
{
1, z, z2, z3, z4

}
× (1 + z/R1) × (1 + z/R2)dz.

(A5)
The governing equations can be derived as below:

δu0 :
(
1−∇2l2

)(
∂Nxx
∂x +

∂Nxy
∂y

)
=

(
1−∇2µ2

)(
I0
∂2u0
∂t2 + I1

∂2φx
∂t2 − I3c1

(
∂2φx
∂t2 + ∂3w0

∂t2∂x

))
,

δv0 :
(
1−∇2l2

)(∂Nyy
∂y +

∂Nxy
∂x

)
=

(
1−∇2µ2

)(
I0
∂2v0
∂t2 + I1

∂2φy
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(
∂2φy
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,
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[
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1
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2
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∂y2
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(
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)
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)
+
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(
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)(
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)
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)(
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(
∂2φx
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∂t2∂x

)
− c1I3

∂2u0
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∂2φx
∂t2 + I6c1

2
(
∂2φx
∂t2 + ∂3w
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))
δφy :
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)(∂Myy
∂y − c1

∂Pyy
∂y +
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∂x − c1

∂Pxy
∂x −Qyz + 3c1Syz

)
=(
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I1
∂2v0
∂t2 + I2
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(
∂2φy
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∂t2∂y

)
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(A6)

It is worth mentioning that ∇2 = ∂2/∂x2+∂2/∂y2.
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