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Abstract: We demonstrate the beneficial effects of introducing glide symmetry in a two-dimensional
periodic structure. Specifically, we investigate dielectric parallel plate waveguides periodically loaded
with Jerusalem cross slots in three configurations: conventional, mirror- and glide-symmetric. Out of
these three configurations, it is demonstrated that the glide-symmetric structure is the least dispersive
and has the most isotropic response. Furthermore, the glide-symmetric structure provides the highest
effective refractive index, which enables the realization of a broader range of electromagnetic devices.
To illustrate the potential of this glide-symmetric unit cell, a Maxwell fish-eye lens is designed to
operate at 5 GHz. The lens is manufactured in printed circuit board technology. Simulations and
measurements are in good agreement and a measured peak transmission coefficient of −0.5 dB
is achieved.

Keywords: glide symmetry; higher symmetries; Maxwell fish-eye lens; metasurface; periodic
structures; printed circuit board

1. Introduction

A periodic structure is said to possess a higher symmetry if it has an additional geometrical
symmetry beyond its translational symmetry. One particular type of higher symmetry is glide
symmetry. A glide-symmetric structure is invariant under a translation by half a period and a
reflection in a glide plane [1]. Higher symmetries in one dimensional periodic structures were
extensively studied for electromagnetic purposes in the 1960s and 1970s [1–5] (some earlier works
on helical twist-symmetric structures exist [6,7]). These works outlined a theoretical basis for
the analysis of higher-symmetric structures but did not highlight all details of the propagation
characteristics in these structures. Recently, it was demonstrated that higher-symmetric periodic
structures provide attractive properties; for instance, the possibility of realizing a higher value of the
effective refractive index [8–11] and a reduction of the intrinsic frequency dispersion in periodic
structures [12–17]. It was also discovered that glide-symmetric metasurfaces can support edge
modes [18], provide an increased control of the anisotropy [19] and effective permeability [20] in
two-dimensional (2D) periodic structures. In other words, the recent studies demonstrate that
higher symmetries provide an additional degree of freedom to control the wave propagation in
periodic structures [11,14,19,21–25], which enables the design of novel millimeter wave devices;
such as lenses [26–28], filters [29,30], phase shifters [31–33], polarizers [34–37] and low-cost efficient
high-frequency waveguides and antennas [38–41]. Additionally, glide-symmetric holey structures
have been used to suppress the leakage between waveguide flanges, which enables contact-less
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measurements of electromagnetic devices [42]. The attractive properties found in higher-symmetric
structures have inspired several works on numerical methods for the analysis [16,43–50]. These
methods also give valuable physical insight.

Due to the forthcoming increase of the operation frequency to millimeter waves in communication
systems [51], the requirements on transmitters and receivers are increasing. For instance, highly
directive antennas are required to compensate for the increase in the free space path loss [52].
Graded index lenses are a viable option to achieve highly directive antennas at millimeter wave
frequencies [52–59]. One example of a graded index lens is the Maxwell fish-eye (MFE) lens. The MFE
lens is a rotationally symmetric lens that converges electromagnetic waves passing through a point
in space to its antipodal point [60], and it is an attractive solution for imaging systems. Due to the
rotational symmetry, the focusing property of the MFE lens is maintained for all angles and there is an
ongoing debate among scientists whether or not the MFE lens has the ability of perfect imaging [61–71].
Furthermore, the half MFE (HMFE) lens has received significant attention [53–58] due to its ability
to transform a spherical wave into a planar wave, similar to a Luneburg lens [26,59,72]. Contrary to
the Luneburg lens, reflection occurs at output of the HMFE lens. Additionally, since the rotational
symmetry is broken in the HMFE lens, the scanning capabilities are limited. However, the HMFE lens
is half the size of the Luneburg lens and is thus useful for size-constrained applications where only a
limited scanning is required.

In this work, we study the effect of introducing glide symmetry into a 2D periodic structure.
Specifically, we analyze a parallel plate waveguiding structure where one or both of the conductors
are loaded with slots. It is demonstrated that a less dispersive and higher effective refractive index is
obtained in a glide-symmetric structure, compared to its non-glide-symmetric counterparts. The large
achievable range of effective refractive indices enables a variety of microwave devices to be realized.
Here, we design a planar MFE lens in printed circuit board (PCB) technology using the analyzed
glide-symmetric structure. In fact, without glide symmetry, the performance of the designed lens is
severely limited. A prototype of the lens is constructed in order to corroborate the simulations.

2. Glide Symmetry

A periodic structure is glide-symmetric if it is invariant under a translation and a reflection. A 2D
glide-symmetric structure implemented in a parallel plate waveguide (PPW) is exemplified in Figure 1.
The inset displays a top view of the unit cell. The displacement between the discontinuities in the top
and bottom plates is p/2, where p is the periodicity.

Figure 1. Illustration of a 2D glide-symmetric structure implemented in a PPW. The orange and blue
crosses are placed on the bottom and top conductor, respectively. The inset displays a top view of the
unit cell.

The effect of the displacement between the discontinuities on the propagation characteristics in a
2D periodic structure is illustrated in Figure 2, where the dispersion diagram is obtained using the
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eigenmode solver of CST Microwave Studio [73]. The analyzed structure is a PPW with Jerusalem
cross slots placed in both conductors, as illustrated in Figure 2a. The displacement of the slots, s, is
varied from perfectly aligned (s = 0) to glide-symmetric (s = p/2). For a shift smaller than p/2, there
is a stop band between the first and second modes and the modes experience significant dispersion
near this stop band. However, for s = p/2, the stop band is suppressed and the modes connect.
Therefore, the group velocity is no longer required to be zero at the band edge and the dispersion is
reduced. Furthermore, it is observed that the refractive index in the glide-symmetric configuration is
increased, compared to the non-glide-symmetric structures. In the following sections, these properties
of glide-symmetric structures are employed to design a planar Maxwell fish-eye lens.

(a) (b)
Figure 2. Illustration of the effect of displacing the cross in the two PPW layers: (a) periodic
structure with a top view of the unit cell as an inset, and (b) simulated dispersion diagram for
different displacements.

3. Lens Design

3.1. Unit Cell Design

The studied unit cells are composed of two metallic layers with a dielectric in between, illustrated
in Figure 3a. A Jerusalem cross slot is placed in the top metallic layer, as illustrated in Figure 3b.
The three studied structures have different bottom conductors. Two reference structures are analyzed,
with a solid bottom conductor (Figure 3c) and with a mirror-symmetric Jerusalem cross slot in the
bottom conductor (Figure 3d). The third structure has a glide-symmetric Jerusalem cross slot in the
bottom conductor (Figure 3e). The metallic layers have a thickness of 0.035 mm.

The three unit cells are modeled and simulated with the Eigenmode solver of CST. The normalized
effective refractive index (with n0 =

√
εr) for a parametric sweep of the different structures is

presented in Figure 3f–h. The parameters are (unless otherwise specified) Le = 0.5 mm, Lt = 2.9 mm,
wb = 1.3 mm, wc = 0.5 mm, p = 7.2 mm, h = 0.8 mm, and εr = 2.53. From the parametric
sweep, we observe that the glide-symmetric structure has the least dispersive response and provides a
higher effective refractive index. Furthermore, in Figure 3h, the effective refractive index for waves
propagating in two directions (0◦ and 45◦ with respect to the x-axis) is presented. The response of the
glide-symmetric structure is almost isotropic, which is not the case over a wider range of frequencies
compared to the reference structures. A less dispersive behavior entails a broader bandwidth for the
device. A relative measure of the dispersion can be obtained by comparing the change of the effective
refractive index around a reference value at a given frequency. For instance, if we allow a maximum
change of 2 % around the normalized effective refractive index value 2 at 5 GHz the bandwidth is 4.7 %,
5.2 % and 19 % for the conventional, mirror- and glide-symmetric structures. Hence, the 2 %-deviation
bandwidth around an effective refractive index of 2 is almost four times larger in the glide-symmetric
structure, compared to its non-glide counterparts. The acceptable deviation from the nominal value,
and the bandwidth increase, depends on the intended application.
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Figure 3. Dispersion analysis for the dielectric parallel plate waveguide loaded with Jerusalem
cross slots. The unit cell is illustrated in (a) perspective view, and (b) top view. Three unit cell
configurations with different bottom metallic conductors are studied: (c) conventional, (d) mirror-,
and (e) glide-symmetric. Effective refractive index for different values of: (f) the substrate thickness,
h, (g) the substrate permittivity, εr, and (h) the parameter Lt. The level of isotropy is illustrated in
(h). The red, green and blue curves correspond to the conventional, mirror- and glide-symmetric unit
cells. The parameters are (unless otherwise specified) Le = 0.5 mm, Lt = 2.9 mm, wb = 1.3 mm,
wc = 0.5 mm, p = 7.2 mm, h = 0.8 mm, and εr = 2.53. A normalization factor of

√
εr is applied to neff.

3.2. Maxwell Fish-Eye Lens

The refractive index profile of an MFE lens is given by

n(r) =
2n0

1 + ( r
a )

2 (1)

where n0 is the refractive index of the surrounding media, a is the radius of the lens and r is the
radial position in the lens. The refractive index must range from n0 to 2n0. Such variation can be
achieved with the glide-symmetric structure by varying the parameters Lt and Le, as illustrated in
Figure 4. The refractive index profile (1) is realized by spatially varying Lt and Le throughout the lens.
A rendition of the lens is presented in Figure 5a. The radius of the lens, a, is 130 mm. The prototype
of the lens is displayed in Figure 5b and it is manufactured on a h = 0.8 mm thick Teflon substrate
(εr = 2.53 and tan δ = 0.001).

Metallic vias are placed along the perimeter of the lens to emulate a cylindrical metallic wall.
In this way, the feed and image point can be moved inside the lens [74]. This is done to avoid
uncontrolled reflection at the termination of the PPW, which facilitates the characterization of the
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lens. The vias have a diameter of 0.3 mm, are placed at the radius a, and are separated by 0.5 mm
(center to center).

(a) (b)
Figure 4. Effective refractive index at 5 GHz for a parametric sweep of: (a) Lt and (b) Le. The blue and
red line represent a wave traveling in the 0◦ and 45◦ directions, with respect to the x-axis. The effective
refractive index is normalized with

√
εr = n0. The parameters are Le = 0.5 mm (Figure 4a), Lt = 1 mm

(Figure 4b), wb = 1 mm, wc = 0.5 mm (Figure 4a), wc = 1 mm (Figure 4b), p = 7.2 mm, h = 0.8 mm,
and εr = 2.53.

(a) (b)
Figure 5. Top view of the designed lens: (a) rendition, and (b) manufactured prototype.

3.3. Feed Design

Due to the metallic shielding of the lens, an omnidirectional feed can be used. Therefore, the lens
is fed by a probe placed at the radius b = 124.5 mm. A probe is also placed at the corresponding image
point. In order to match the impedance of the lens to the generator impedance (50 Ω), a single-stub
matching circuit is designed in microstrip technology. The matching circuit is illustrated in Figure 6a.
The simulated reflection coefficient for the matching circuit when loaded with a 0.8 mm high PPW
is presented in Figure 6b. The manufactured matching circuit is presented in the inset of Figure 6b.
The dimensions are w = 2.27 mm , D = 1.0 mm, ∆r = 0.7 mm, d = 6.5 mm, l = 19.8 mm and
sl = 32.9 mm and the circuit is manufactured on a 0.8 mm thick Teflon substrate (εr = 2.53 and
tan δ = 0.001).
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(a) (b)
Figure 6. Simulation results of the matching circuit: (a) 3D model and (b) reflection coefficient when
loaded with a dielectric PPW. The manufactured prototype is presented in the inset. The dimensions
are w = 2.27 mm , D = 1.0 mm, ∆r = 0.7 mm, d = 6.5 mm, l = 19.8 mm and sl = 32.9 mm. The circuit
is manufactured on a 0.8 mm thick Teflon substrate (εr = 2.53 and tan δ = 0.001).

4. Results

The full lens is simulated in the Time domain solver of CST. Waveguide ports are used to
excite a quasi-TEM mode on the matching circuits which in turn are connected to the lens with vias.
The imaging properties of the lens are illustrated in Figure 7a with the absolute value of the electric
field sampled at 4.8 GHz. The lens is excited at probe 1, which is connected to the matching circuit
through a hole in the bottom conductor of the PPW. An image is created at the antipodal point, where
probe 2 is placed, similarly connected to a matching circuit.

The simulated and measured scattering parameters are presented in Figure 7b. The simulation
and measurement agrees well, apart from a slight frequency shift. However, since the distance between
peaks in the |S11| is similar in the simulations and measurements, the reflections occur at the same
location in the structure. The frequency shift is accounted for by the error margin in the relative
permittivity of the substrate. The measured |S21| has a peak value of −0.5 dB and it is above −3 dB
from 4.63 to 5.03 GHz. The bandwidth depends on the refractive index variation and the feed design.
Two more probes are connected to the lens at the same radius as the feed probe, but displaced 22.5◦

and 45◦ from the image point. The measured transmission coefficients to these probes are also included
in Figure 7b and are below −25 dB.

(a) (b)
Figure 7. (a) Absolute value of the electric field distribution at 4.8 GHz obtained with CST simulation.
(b) Simulated (solid lines) and measured (dashed lines) scattering parameters.
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5. Conclusions

In this paper, we have studied the effect of applying glide symmetry to a 2D periodic structure.
We have demonstrated that a glide-symmetric structure presents a more isotropic and a less dispersive
response compared to conventional periodic structures. Furthermore, a glide-symmetric structure
can obtain a higher effective refractive index, which enables a wider range of devices to be realized.
These properties have been used to design a PPW MFE lens in PCB technology operating at 5 GHz.

Without applying glide symmetry, the highest refractive index of the MFE lens could not be
practically reached for this specific thickness of the slab and dielectric constant. Measurements of the
lens agree well with the simulations, and the measured peak transmission coefficient through the lens
is −0.5 dB.
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