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Abstract: The scattering model of incident seismic waves by an empty borehole has been presented
to investigate the theoretical frequency response and the corresponding bandwidth of borehole
tensor strainmeters. Inner-diameter changes of the stainless steel instrument casing are measured by
horizontal extensometers (gauges), after the borehole tensor strainmeter is installed at a certain depth
of the borehole and boned by expansive grout with the surrounding rock. There is, however, no answer
for the difference between this case and the empty case. In this paper, the scattering model of incident
elastic seismic waves by a two-ring borehole is introduced to investigate the influence of the expansive
grout on theoretical bandwidth for the measurement of strain waves by borehole tensor strainmeters.
The calculation of wave fields in the surrounding rock and the two rings by wave function expansion
gives the inner-diameter changes of the stainless steel instrument casing. Several cases show that the
mechanical parameters of the expansive grout have great influence on the frequency responses of
borehole tensor strainmeters for different gauge combinations, but little influence on the bandwidth,
which means that the high-frequency bandwidth promises the quantitative measurability of strain
waves in the acoustical frequency range for borehole tensor strainmeters.
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1. Introduction

In order to capture gentle tectonic strain caused by volcanic activity [1], fault failure process [2–9],
etc., high-sensitivity borehole tensor strainmeters, such as RZB strainmeter [5], YRY strainmeter [10],
and GTSM (Gladwin Tensor Strainmeter) strainmeter [11,12], have been developed and installed
in Plate Boundary Observatory (PBO) [13–17] and the China Borehole Strainmeter Network [18,19].
The expansive grout cements the strainmeter to the borehole, which changes the strain that is in the
rock to the diameter change of the stainless steel instrument casing. These diameter changes measured
by four gauges of different orientation give the instrumental strains. The coupled parameters between
the strain in the rock and instrumental strains must be calibrated in situ, which is usually done by
comparison between instrumental strains and the calculated strain from theoretical earth tide [14,16].
Theoretical earth tide, though, is influenced by the deep structure of the Earth, the model of the ocean
load both near and far from the coast, and topographic and geologic effects, which will induce the
evident error in the calibration [14,17,20,21]. In order to increase the precision of in situ calibration for
borehole tensor strainmeters, the combination of measured particle velocity from collocated borehole
seismometers and local phase velocity yields the referenced strain-wave signal for high-precision,
in situ calibration of borehole tensor strainmeters [8,22–26]. The dynamic couple relation between the
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referenced strain wave from the seismometer and the measured instrumental strain wave from the
borehole tensor strainmeter must be provided for this attractive in situ calibration of the borehole
tensor strainmeter, which has not been investigated yet. [27]

The scattering model of incident seismic waves by an empty borehole has been presented to
investigate the theoretical frequency response and the corresponding bandwidth of borehole tensor
strainmeters [27]. Inner-diameter changes of the stainless steel instrument casing are measured by
horizontal extensometers (gauges), after the borehole tensor strainmeter is installed at a certain depth of
the borehole and boned by expansive grout with the surrounding rocks. There is, however, no answer
for the difference between this case and the empty case. Concerning the uncontrollability of the
mechanical parameters of the expansive grout, it is necessary to discuss the influence of these mechanical
parameters of the expansive grout in guaranteeing accuracy in determining bandwidth.

In this paper, the model of the incident elastic P/S waves scattering by a two-ring borehole is
introduced to investigate the theoretical frequency response between the referenced strain wave
and the measured instrumental strain wave, and the corresponding bandwidth of borehole tensor
strainmeters for measuring strain waves quantitatively. The influence of the mechanical parameters of
the expansive grout on the frequency response and bandwidth of borehole tensor strainmeters for the
gauge combinations are discussed in detail.

2. The Model of Incident Elastic Wave Scattering by a Two-Ring Borehole

A scattering model of an incident plane elastic P or S wave by a two-ring borehole in an infinite
space is given to investigate theoretical frequency response and the corresponding bandwidth for
borehole tensor strainmeters, as shown in Figure 1, where the two rings represent the instrument
casing and the expansive grout, respectively. The inner radius and outer radius of the stainless steel
instrument casing and the radius of the borehole are a, b, and c, respectively. The harmonic plane elastic
P or S wave propagating in the plane perpendicular to the axis of the borehole is incident at the incident
angle α with respect to the x direction. Because of the existence of the borehole, grout and instrument
casing, two kinds of scattering waves or standing waves (P and S waves) are generated from layer
interfaces. The displacement u induced by total wave fields around the borehole, which include the
incident and scattering wave fields, can be represented in terms of displacement potential φ of P wave
and displacement potential ψ of S wave [28]:

u = ∇φ+∇× (ezψ) (1)

where ez is a unit vector along the borehole axis.
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The incident P and S waves in the rock can be expressed in the form of displacement potential as:

ϕ
(i)
p = ϕ0ei(k11r cos(θ−α)−ωt)

= ϕ0
∞∑

n=−∞
in Jn(k11r)ein(θ−α)e−iωt

 , for the incident P wave (2)

ψ
(i)
S = ψ0ei(k21r cos(θ−α)−ωt)

= ψ0
∞∑

n=−∞
in Jn(k21r)ein(θ−α)e−iωt

, for the incident S wave (3)

where k11 = ω/c1p and k21 = ω/c1s are the wave number of the incident P and S waves, respectively.
c1p =

√
(λ1 + 2µ1)/ρ1 and c1s =

√
µ1/ρ1 are P and S wave velocities in the surrounding rock,

respectively. ρ1 is the mass density of the surrounding rock. ϕ0 and ψ0 are the amplitudes of the
incident P and S wave displacement potentials, respectively. ω is the circular frequency of the incident
wave. Jn denotes Bessel function of the first kind of order n. If no borehole, the incident wave-induced
strains at the borehole center, along the propagation direction of incident P/S waves, are expressed as:

ε
(i)
x′ = −ϕ0k2

11e−iωt

ε
(i)
y′ = ε

(i)
x′y′ = 0

, for the incident P wave (4)

ε
(i)
x′ = ε

(i)
y′ = 0

ε
(i)
x′y′ =

1
2ψ0k2

21e−iωt

 , for the incident S wave (5)

The scattering wave fields in the rock, grout layer and instrument casing layer can be denoted by
wave functions of Bessel function or Hankel functions, with the unknown constants as following [28]:

ϕ
(s)
1 =

∞∑
n=−∞

A1
nHn(k11r)ein(θ−α)e−iωt

ψ
(s)
1 =

∞∑
n=−∞

C1
nHn(k21r)ein(θ−α)e−iωt

 , for the surrounding rock (6)

ϕ
(s)
2 =

∞∑
n=−∞

A2
nHn(k12r)ein(θ−α)e−iωt + B2

nHn(k12r)ein(θ−α)e−iωt

ψ
(s)
2 =

∞∑
n=−∞

C2
nHn(k22r)ein(θ−α)e−iωt + D2

nHn(k22r)ein(θ−α)e−iωt

 , for the grout layer (7)

ϕ
(s)
3 =

∞∑
n=−∞

A3
nHn(k13r)ein(θ−α)e−iωt + B3

nHn(k13r)ein(θ−α)e−iωt

ψ
(s)
3 =

∞∑
n=−∞

C3
nHn(k23r)ein(θ−α)e−iωt + D3

nHn(k23r)ein(θ−α)e−iωt

 , for the instrument casing (8)

where k1∗ = ω/c∗p and k2∗ = ω/c∗s are wave numbers of scattering P and S waves in the corresponding
layers, respectively.

Substituting total wave fields, including the incident wave fields and the scattering wave fields,
into the traction-free boundary conditions at the inner wall of the instrument casing and the continuity
of stress and displacement at the borehole–grout and grout–instrument casing interfaces obtains the
unknown constants, and then radial displacement at the inner wall of the instrument casing ur|r=a .

The diameter change of the inner wall of the instrument casing, measured by the first gauge at
azimuth angle θ1 in borehole tensor strainmeters, can be expressed by

Ur(θ1) =
ur(θ1)|r=a + ur(θ1 + 180o)|r=a

2a
(9)
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Similar to the scattering model of the incident elastic waves by an empty model, theoretical
frequency responses FV2, FV4, TV, FS and TS of borehole tensor strainmeters are introduced as follows,

FV2 =
Ur(θ1)+Ur(θ1+90o)

∆

FV4 =
Ur(θ1)+Ur(θ1+45o)+Ur(θ1+90o)+Ur(θ1+135o)

∆

TV =
Ur(θ1)+Ur(θ1+60o)+Ur(θ1+120o)

∆

FS =
Ur(θ1)−Ur(θ1+90o)

∆

TS =
Ur(θ1+60o)−Ur(θ1+120o)

∆


, (10)

where ∆ =

 ε
(i)
x′ = −ϕ0k2

1e−iωt for the incident P wave

ε
(i)
x′y′ =

1
2ψ0k2

2e−iωt for the incident S wave
. Zero-frequency responses for FV2, FS,

and TV reflect the far-field areal strain representing a strain invariant. Zero-frequency responses for FS
and TS reflect the maximum far-field shear strain not representing a strain invariant.

3. Results and Discussions

Here, a borehole of radius c = 65 mm, expansive grout layer of 11.5 mm thickness, and instrument
casing of 2 mm thickness are taken as an example to discuss the frequency responses of borehole
tensor strainmeters and corresponding bandwidth. Poisson ratios of the rock and instrument casing
are ν1 = 0.25 and ν3 = 0.30, respectively. The corresponding Young’s moduli are taken as E1 = 50 GPa
and E3 = 196 GPa, respectively, and the densities are taken as ρ1 = 2.5 g/cm3 and ρ3 = 7.85 g/cm3,
respectively. During borehole tensor strainmeter installation at a certain depth, expansive grout is
used to bond the borehole tensor strainmeter and the surrounding rocks. Due to the invisibility
underground, it is difficult to control the mechanical parameters of the expansive grout. Besides,
the mechanical parameters of the expansive grout are changing over time. To discuss the influence of
the mechanical parameters of the expansive grout, we take the Poisson ratios of the grout in the range
of ν2 = 0.15~0.35; the range of corresponding Young’s moduli is E2 = 20 GPa~40 GPa, and the range of
density is ρ2 = 1.6 g/cm3~3.2 g/cm3 [29]. Because frequency responses are influenced by the incident
wave frequency and the difference between the first gauge at azimuth angle θ1 and the incident angle
α, α is set to zero to simplify the analysis.

3.1. Incident P Wave

Figure 2 gives the theoretical amplitude spectrum of gauge combination FV2 for borehole
tensor strainmeters. The amplitude of FV2 increases from zero-frequency gain (the values of gauge
combinations at f = 0) with the increase of incident wave frequency f , and reaches a peak value at a
certain f , then roll-offs (an indicator of decay rate) at a certain approximate dB/decade of f , which is
similar to the frequency responses of second-order low pass filters of a certain quality factor. Because
the peak value is about than 10% larger compared with zero-frequency gain, it will not satisfy the 1%
specification of 3 dB bandwidth waviness. The 1% bandwidth definition is adopted to determine the
bandwidth of gauge combinations, where the cut-off frequency is taken when the amplitude spectrum
is 101% compared with zero-frequency gain. The 1% bandwidth for FV2 is 1214 Hz. We also compared
the theoretical amplitude spectrum of gauge combination FV2 for the borehole tensor strainmeter with
those for the empty borehole without grout and instrument casing, shown in Figure 2. The existence
of grout and stainless steel casing will decrease the zero-frequency and peak value of FV2, and shift
the corresponding f for peak value right relative to the empty borehole, which means the increase
of resonance frequency of the empty borehole in infinite space. The response spectrums of FV4, FS,
TV and TS are similar to that of FV2, but have different zero-frequency gains, peak values, f for peak
values, roll-offs and bandwidth. Table 1 shows characteristic values for the incident P wave amplitude
spectrum of FV2, FV4, FS, TV and TS at different θ1. The gauge combinations, which reflect the far-field
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areal strain that represents a strain invariant, have the same change characteristics, while TS also has
the same change characteristics as FS.

Table 1. Characteristic values for the incident P wave amplitude spectrum of FV2, FV4, FS, TV and TS
at different θ1.

θ1(◦)
E2 = 30 GPa, ν2 = 0.25, ρ2 = 2.4 g/cm3

Zero
Frequency Gain

Peak
Value

f for Peak
Value

Roll-off
dB/dec

1%
Bandwidth

f for 1%
Bandwidth

FV2

0 2.78 (3.00) 3.05 (3.26) 5543 (5121) 7.33 (7.98) 2.81 (3.03) 1214 (1199)
15 2.78 (3.00) 3.06 (3.27) 5598 (5173) 6.95 (7.54) 2.81 (3.03) 1207 (1194)
30 2.78 (3.00) 3.08 (3.28) 5709 (5278) 6.23 (6.71) 2.81 (3.03) 1194 (1185)
45 2.78 (3.00) 3.09 (3.29) 5765 (5331) 5.89 (6.32) 2.81 (3.03) 1188 (1180)
60 2.78 (3.00) 3.08 (3.28) 5709 (5278) 6.23 (6.71) 2.81 (3.03) 1194 (1185)
75 2.78 (3.00) 3.06 (3.27) 5598 (5173) 6.95 (7.54) 2.81 (3.03) 1207 (1194)
90 2.78 (3.00) 3.05 (3.26) 5543 (5121) 7.33 (7.98) 2.81 (3.03) 1214 (1199)

FS

0 2.90 (3.00) 3.33 (3.33) 3885 (3533) 8.33 (8.42) 2.95 (3.04) 926 (905)
15 2.51 (2.60) 2.89 (2.88) 3885 (3533) 8.35 (8.43) 2.53 (2.63) 926 (905)
30 1.45 (1.50) 1.67 (1.66) 3885 (3533) 8.40 (8.45) 1.46 (1.53) 926 (905)
45 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
60 1.45 (1.50) 1.67 (1.66) 3885 (3533) 8.30 (8.45) 1.46 (1.52) 926 (905)
75 2.51 (2.60) 2.88 (2.88) 3885 (3533) 8.32 (8.43) 2.54 (2.63) 926 (905)
90 2.90 (3.00) 3.33 (3.33) 3885 (3533) 8.33 (8.42) 2.93 (3.04) 926 (905)

FV4

0 2.78 (3.00) 3.07 (3.27) 5654 (5226) 6.59 (7.12) 2.81 (3.03) 1200 (1189)
15 2.78 (3.00) 3.07 (3.27) 5654 (5226) 6.59 (7.12) 2.81 (3.03) 1200 (1189)
30 2.78 (3.00) 3.07 (3.27) 5654 (5226) 6.59 (7.12) 2.81 (3.03) 1200 (1189)
45 2.78 (3.00) 3.07(3.27) 5654 (5226) 6.59 (7.12) 2.81 (3.03) 1200 (1189)
60 2.78 (3.00) 3.07 (3.27) 5654 (5226) 6.59 (7.12) 2.81 (3.03) 1200 (1189)
75 2.78 (3.00) 3.07 (3.27) 5654 (5226) 6.59 (7.12) 2.81 (3.03) 1200 (1189)
90 2.78 (3.00) 3.07 (3.27) 5654 (5226) 6.59 (7.12) 2.81 (3.03) 1200 (1189)

TV

0 4.18 (4.50) 4.60 (4.91) 5654 (5226) 6.59 (7.12) 4.22 (4.55) 1200 (1189)
15 4.18 (4.50) 4.60(4.91) 5654 (5226) 6.59 (7.11) 4.22 (4.55) 1200 (1189)
30 4.18 (4.50) 4.60 (4.91) 5654 (5226) 6.59 (7.12) 4.22 (4.55) 1200 (1189)
45 4.18 (4.50) 4.60 (4.91) 5654 (5226) 6.59 (7.13) 4.22 (4.55) 1200 (1189)
60 4.18 (4.50) 4.60 (4.91) 5654 (5226) 6.59 (7.12) 4.22 (4.55) 1200 (1189)
75 4.18 (4.50) 4.60 (4.91) 5654 (5226) 6.59 (7.11) 4.22 (4.55) 1200 (1189)
90 4.18 (4.50) 4.60 (4.91) 5654 (5226) 6.59 (7.12) 4.22 (4.55) 1200 (1189)

TS

0 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
15 1.26 (1.30) 1.45 (1.44) 3605 (3578) 6.91 (6.79) 1.27 (1.32) 919 (901)
30 2.17 (2.25) 2.51 (2.50) 3884 (3559) 7.49 (7.44) 2.20 (2.28) 922 (903)
45 2.51 (2.60) 2.89 (2.88) 3856 (3533) 8.33 (8.43) 2.54 (2.63) 926 (905)
60 2.17 (2.25) 2.51 (2.49) 3884 (3507) 7.49 (9.56) 2.20 (2.28) 931 (908)
75 1.26 (1.30) 1.45 (1.44) 3605 (3488) 6.91 (10.48) 1.27 (1.32) 934 (909)
90 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)

Note: The characteristic values of the empty borehole model are inside the brackets, and the characteristic values of
the two-ring model are outside the brackets.

Because the grout condensation in the borehole is difficult to control after installation,
the mechanical properties of the grout have evident uncertainty. Figure 3 shows the influence
of the Young’s modulus of grout on the theoretical amplitude spectrum of gauge combinations FV2 for
borehole tensor strainmeters. The Young’s modulus of grout has a large effect on zero-frequency gain
and the peak value of FV2. The effect of the Poisson’s ratio of the grout and the density of the grout
on the theoretical amplitude spectrum of gauge combinations FV2 for borehole tensor strainmeters
are shown in Figures 4 and 5, respectively. The density has no influence on zero-frequency gain but
has a large influence on the peak value of FV2, and the Poisson’s ratio has large influence on both
zero-frequency gain and peak value.
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In order to study the influence of the mechanical parameters of the expansive grout on gauge
combinations, the effect of the Young’s modulus, the Poisson’s ratio and the density of the expansive
grout on the characteristic values of theoretical frequency responses are listed in Tables 2–4, respectively.
It can be seen in Table 2 that as the Young’s modulus of the expansive grout increases, the zero-frequency
gain, peak value and corresponding frequency of FV2, FV4, and TV, reflecting the areal strain, decrease
slightly. Similarly, the zero-frequency gain and peak values of FS and TS decrease slightly, but the
corresponding frequency of the peak value of TS increases. From Table 3, we can see that the Poisson’s
ratio in the expansive grout makes the zero-frequency gain, peak value and corresponding frequency of
FV2, FV4 and TV increase, but makes the zero-frequency gain, peak value and corresponding frequency
of FS decrease slightly, as the Poisson’s ratio in the expansive grout increases. The Poisson’s ratio
makes the same changes on TS as FS, with the corresponding frequency of peak value. Table 4 shows
that the density of the expansive grout makes the peak value and the corresponding frequency of all
gauge combinations increase slightly, but has almost no influence on zero-frequency gain.

Table 2. Influence of Young’s modulus of the expansive grout on the theoretical amplitude spectrum of
gauge combinations FV2, FV4, FS, TV and TS for the incident P wave.

θ1(◦)
E2 = 30 GPa, ν2 = 0.25, ρ2 = 2.4 g/cm3

Zero
Frequency Gain

Peak Value
(E2-) E2 (E2+)

f for Peak Value
(E2-) E2 (E2+)

abs(max)
E2-(E2+)

FV2

0 (2.85) 2.78 (2.70) (3.15) 3.05 (2.94) (5571) 5543 (5529) 0.102 (0.115)
15 (2.85) 2.78 (2.70) (3.16) 3.06 (2.95) (5622) 5598 (5590) 0.103 (0.115)
30 (2.85) 2.78 (2.70) (3.18) 3.08 (2.96) (5724) 5709 (5712) 0.104 (0.116)
45 (2.85) 2.78 (2.70) (3.19) 3.09 (2.97) (5776) 5765 (5774) 0.104 (0.116)
60 (2.85) 2.78 (2.70) (3.18) 3.08 (2.96) (5274) 5709 (5712) 0.104 (0.116)
75 (2.85) 2.78 (2.70) (3.16) 3.06 (2.95) (5622) 5598 (5590) 0.103 (0.115)
90 (2.85) 2.78 (2.70) (3.15) 3.05 (2.94) (5571) 5543 (5529) 0.102 (0.115)

FS

0 (3.00) 2.90 (2.83) (3.37) 3.23 (3.13) (3823) 3855 (3897) 0.137 (0.096)
15 (2.60) 2.51 (2.45) (2.92) 2.80 (2.71) (3823) 3855 (3897) 0.119 (0.084)
30 (1.50) 1.45 (1.41) (1.68) 1.62 (1.57) (3823) 3855 (3896) 0.068 (0.048)
45 (0) 0 (0) (0) 0 (0) (0) 0 (0) (0) 0 (0)
60 (1.50) 1.45 (1.41) (1.68) 1.62 (1.57) (3823) 3855 (3897) 0.068 (0.048)
75 (2.60) 2.51 (2.45) (2.92) 2.80 (2.71) (3823) 3855 (3897) 0.119 (0.084)
90 (3.00) 2.90 (2.83) (3.17) 3.23 (3.13) (3823) 3855 (3897) 0.137 (0.096)

FV4

0 (2.85) 2.78 (2.70) (3.17) 3.07 (2.95) (5673) 5654 (5651) 0.103 (0.115)
15 (2.85) 2 78 (2.70) (3.17) 3.07 (2.95) (5673) 5654 (5651) 0.103 (0.115)
30 (2.85) 2. 78 (2.70) (3.17) 3.07 (2.95) (5673) 5654 (5651) 0.103 (0.115)
45 (2.85) 2. 78 (2.70) (3.17) 3.07 (2.95) (5673) 5654 (5651) 0.103 (0.115)
60 (2.85) 2. 78 (2.70) (3.17) 3.07 (2.95) (5673) 5654 (5651) 0.103 (0.115)
75 (2.85) 2. 78 (2.70) (3.17) 3.07 (2.95) (5673) 5654 (5651) 0.103 (0.115)
90 (2.85) 2. 78 (2.70) (3.17) 3.07 (2.95) (5673) 5654 (5651) 0.103 (0.115)

TV

0 (4.27) 4.18 (4.18) (4.76) 4.60 (4.43) (5673) 5654 (5651) 0.155 (0.173)
15 (4.27) 4.18 (4.18) (4.76) 4.60 (4.43) (5673) 5654 (5651) 0.155 (0.173)
30 (4.27) 4.18 (4.06) (4.76) 4.60 (4.43) (5673) 5654 (5651) 0.155 (0.173)
45 (4.27) 4.18 (4.06) (4.76) 4.60 (4.43) (5673) 5654 (5651) 0.155 (0.173)
60 (4.27) 4.18 (4.06) (4.76) 4.60 (4.43) (5673) 5654 (5651) 0.155 (0.173)
75 (4.27) 4.18 (4.06) (4.76) 4.60 (4.43) (5673) 5654 (5651) 0.155 (0.173)
90 (4.27) 4.18 (4.06) (4.76) 4.60 (4.43) (5673) 5654 (5651) 0.155 (0.173)

TS

0 (0) 0 (0) (0) 0 (0) (0) 0 (0) (0) 0 (0)
15 (1.30) 1.26 (1.22) (1.46) 1.40 (1.36) (3870) 3905 (3950) 0.060 (0.042)
30 (2.25) 2.17 (2.12) (2.53) 2.43 (2.36) (3850) 3884 (3927) 0.103 (0.073)
45 (2.60) 2.51 (2.45) (2.92) 2.80 (2.71) (3823) 3855 (3897) 0.119 (0.084)
60 (2.25) 2.17 (2.12) (2.52) 2.43 (2.35) (3796) 3826 (3866) 0.102 (0.072)
75 (1.30) 1.25 (1.22) (1.45) 1.40 (1.35) (3777) 3806 (3844) 0.059 (0.042)
90 (0) 0 (0) (0) 0 (0) (0) 0 (0) (0) 0 (0)

Note: (E2-) E2 (E2 +) refers to (20 GPa) 30 GPa (40 GPa), respectively. Abs (max) is the absolute maximum of the
difference between (E2-) and E2, and between E2 and (E2+), respectively.
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Table 3. Influence of Poisson’s ratio of the expansive grout on the theoretical amplitude spectrum of
gauge combinations FV2, FV4, FS, TV and TS for the incident P wave.

θ1(◦)
E2 = 30 GPa, ν2 = 0.25, ρ2 = 2.4 g/cm3

Zero
Frequency Gain

Peak Value
(ν2-) ν2 (ν2+)

f for Peak Value
(ν2-) ν2 (ν2+)

abs(max)
ν2-(ν2+)

FV2

0 (2.74) 2.78 (2.85) (3.00) 3.05 (2.94) (5484) 5543 (5619) 0.064 (0.087)
15 (2.74) 2.78 (2.85) (3.01) 3.06 (2.95) (5537) 5598 (5678) 0.064 (0.087)
30 (2.74) 2.78 (2.85) (3.03) 3.08 (2.96) (5645) 5709 (5794) 0.064 (0.087)
45 (2.74) 2.78 (2.85) (3.03) 3.09 (2.97) (5699) 5765 (5853) 0.064 (0.087)
60 (2.74) 2.78 (2.85) (3.03) 3.08 (2.96) (5645) 5709 (5794) 0.064 (0.087)
75 (2.74) 2.78 (2.85) (3.01) 3.0 6(2.95) (5537) 5598 (5678) 0.064 (0.087)
90 (2.74) 2.78 (2.85) (3.00) 3.05 (2.94) (5484) 5543 (5619) 0.064 (0.087)

FS

0 (2.96) 2.90 (2.81) (3.30) 3.23 (3.13) (3882) 3855 (3818) 0.075 (0.106)
15 (2.56) 2.51 (2.44) (2.86) 2.80 (2.71) (3882) 3855 (3817) 0.065 (0.091)
30 (1.48) 1.45 (1.41) (1.65) 1.62( 1.57) (3881) 3855 (3818) 0.038 (0.053)
45 (0) 0 (0) (0) 0 (0) (0) 0 (0) (0) 0 (0)
60 (1.48) 1.45 (1.41) (1.65) 1.62 (1.57) (3882) 3855 (3818) 0.038 (0.053)
75 (2.56) 2.51 (2.44) (2.86) 2.80 (2.71) (3881) 3855 (3818) 0.065 (0.091)
90 (2.96) 2.90 (2.81) (3.30) 3.23 (3.13) (3882) 3855 (3818) 0.075 (0.106)

FV4

0 (2.74) 2.78 (2.85) (3.02) 3.07 (2.95) (5591) 5654 (5736) 0.064 (0.087)
15 (2.74) 2.78 (2.85) (3.02) 3.07 (2.95) (5591) 5654 (5736) 0.064 (0.087)
30 (2.74) 2.78 (2.85) (3.02) 3.07 (2.95) (5591) 5654 (5736) 0.064 (0.087)
45 (2.74) 2.78(2.85) (3.02) 3.07 (2.95) (5591) 5654 (5736) 0.064 (0.087)
60 (2.74) 2.78 (2.85) (3.02) 3.07 (2.95) (5591) 5654 (5736) 0.064 (0.087)
75 (2.74) 2.78 (2.85) (3.02) 3.07 (2.95) (5591) 5654 (5736) 0.064 (0.087)
90 (2.74) 2.78 (2.85) (3.02) 3.07 (2.95) (5591) 5654 (5736) 0.064 (0.087)

TV

0 (4.11) 4.18 (4.28) (4.53) 4.60 (4.43) (5591) 5654 (5736) 0.096 (0.130)
15 (4.11) 4.18 (4.28) (4.53) 4.60 (4.43) (5591) 5654 (5736) 0.096 (0.130)
30 (4.11) 4.18 (4.28) (4.53) 4.60 (4.43) (5591) 5654 (5736) 0.096 (0.130)
45 (4.11) 4.18 (4.28) (4.53) 4.60 (4.43) (5591) 5654 (5736) 0.096 (0.130)
60 (4.11) 4.18 (4.28) (4.53) 4.60 (4.43) (5591) 5654 (5736) 0.096 (0.130)
75 (4.11) 4.18 (4.28) (4.53) 4.60 (4.43) (5591) 5654 (5736) 0.096 (0.130))
90 (4.11) 4.18 (4.28) (4.53) 4.60 (4.43) (5591) 5654 (5736) 0.096 (0.130)

TS

0 (0 )0 (0) (0) 0 (0) (0) 0 (0) (0) 0 (0)
15 (1.28) 1.26 (1.22) (1.44) 1.40 (1.36) (3930) 3905 (3869) 0.033 (0.046)
30 (2.22) 2.17 (2.11) (2.48) 2.43 (2.36) (3910) 3884 (3848) 0.057 (0.079)
45 (2.56) 2.51 (2.44) (2.86) 2.80 (2.71) (3882) 3855 (3817) 0.065 (0.091)
60 (2.22) 2.17 (2.11) (2.47) 2.43 (2.35) (3854) 3826 (3848) 0.056 (0.079)
75 (1.28) 1.25 (1.22) (1.43) 1.40 (1.35) (3833) 3806 (3869) 0.033 (0.046)
90 (0) 0 (0) (0) 0 (0) (0) 0 (0) (0) 0 (0)

Note: (ν2-) ν2 (ν2+) refers to (0.15) 0.25 (0.35), respectively. Abs (max) is the absolute maximum of the difference
between (ν2-) and ν2, and between ν2 and (ν2+), respectively.

3.2. Incident S Wave

Here, only FS and TS reflecting shear strain are discussed because FV2, FV4 and TV reflecting
areal strain are zero for the incident S wave.

Figure 6 shows the comparison of amplitude results of the two-ring model and the empty model
for incident S wave. It can be seen that the frequency response characteristics of the incident S wave
are similar to that of the incident P wave. The existence of the grout causes the decrease of the peak
value and the increase of the corresponding frequency of peak value.
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Table 4. Influence of the expansive grout density on theoretical amplitude spectrum of gauge
combinations FV2, FV4, FS, TV and TS for the incident P wave.

θ1(◦)
E2 = 30 GPa, ν2 = 0.25, ρ2 = 2.4 g/cm3

Zero
Frequency Gain

Peak Value
(ρ2-) ρ2 (ρ2+)

f for Peak Value
(ρ2-) ρ2 (ρ2+)

abs(max)
ρ2-(ρ2+)

FV2

0 (2.78) 2.78 (2.78) (3.01) 3.05 (3.11) (5174) 5543 (5906) 0.089 (0.092)
15 (2.78) 2.78 (2.78) (3.01) 3.06 (3.11) (5230) 5598 (5959) 0.089 (0.092)
30 (2.78) 2.78 (2.78) (3.03) 3.08 (3.13) (5342) 5709 (6067) 0.089 (0.092)
45 (2.78) 2.78 (2.78) (3.03) 3.09 (3.14) (5399) 5765 (6121) 0.089 (0.092)
60 (2.78) 2.78 (2.78) (3.03) 3.08 (3.13) (5342) 5709 (6067) 0.089 (0.092)
75 (2.78) 2.78 (2.78) (3.01) 3.06 (3.11) (5230) 5598 (5959) 0.089 (0.092)
90 (2.78) 2.78 (2.78) (3.01) 3.05 (3.11) (5174) 5543 (5906) 0.089 (0.092)

FS

0 (2.90) 2.90 (2.90) (3.19) 3.23 (3.28) (3659) 3855 (4046) 0.079 (0.081)
15 (2.51) 2.51 (2.51) (2.76) 2.80 (2.84) (3659) 3855 (4046) 0.069 (0.070)
30 (1.46) 1.45 (1.45) (1.59) 1.62 (1.64) (3659) 3855 (4046) 0.040 (0.041)
45 (0) 0 (0) (0) 0 (0) (0) 0 (0) (0) 0 (0)
60 (1.44) 1.45 (1.45) (1.59) 1.62 (1.64) (3659) 3855 (4046) 0.040 (0.041)
75 (2.51) 2.51 (2.51) (2.76) 2.80 (2.84) (3659) 3855 (4046) 0.069 (0.070)
90 (2.90) 2.90 (2.90) (3.19) 3.23 (3.28) (3659) 3855 (4046) 0.079 (0.081)

FV4

0 (2.78) 2.78 (2.78) (3.02) 3.07 (3.12) (5286) 5654 (6013) 0.089 (0.092)
15 (2.78) 2.78 (2.78) (3.02) 3.07 (3.12) (5286) 5654 (6013) 0.089 (0.092)
30 (2.78) 2.78 (2.78) (3.02) 3.07 (3.12) (5286) 5654 (6013) 0.089 (0.092)
45 (2.78) 2.78 (2.78) (3.02) 3.07 (3.12) (5286) 5654 (6013) 0.089 (0.092)
60 (2.78) 2.78 (2.78) (3.02) 3.07 (3.12) (5286) 5654 (6013) 0.089 (0.092)
75 (2.78) 2.78 (2.78) (3.02) 3.07 (3.12) (5286) 5654 (6013) 0.089 (0.092)
90 (2.78) 2.78 (2.78) (3.02) 3.07 (3.12) (5286) 5654 (6013) 0.089 (0.092)

TV

0 (4.18) 4.18 (4.18) (4.53) 4.60 (4.68) (5286) 5654 (6014) 0.096 (0.130)
15 (4.18) 4.18 (4.18) (4.53) 4.60 (4.68) (5286) 5654 (6013) 0.096 (0.130)
30 (4.18) 4.18 (4.06) (4.53) 4.60 (4.68) (5286) 5654 (6013) 0.096 (0.130)
45 (4.18) 4.18 (4.06) (4.53) 4.60 (4.68) (5286) 5654 (6013) 0.096 (0.130)
60 (4.18) 4.18 (4.06) (4.53) 4.60 (4.68) (5286) 5654 (6014) 0.096 (0.130)
75 (4.18) 4.18 (4.06) (4.53) 4.60 (4.68) (5286) 5654 (6013) 0.096 (0.130))
90 (4.18) 4.18 (4.06) (4.53) 4.60 (4.68) (5286) 5654 (6013) 0.096( 0.130)

TS

0 (0) 0 (0) (0) 0 (0) (0) 0 (0) (0) 0 (0)
15 (1.25) 1.26 (1.26) (1.38) 1.40 (1.43) (3710) 3905 (4094) 0.034 (0.035)
30 (2.17) 2.17 (2.17) (2.39) 2.43 (2.47) (3688) 3884 (4074) 0.059 (0.061)
45 (2.51) 2.51 (2.51) (2.76) 2.80 (2.84) (3659) 3855 (4046) 0.069 (0.070)
60 (2.18) 2.17 (2.17) (2.38) 2.43 (2.46) (3629) 3826 (4019) 0.060 (0.061)
75 (1.26) 1.25 (1.25) (1.37) 1.40 (1.42) (3608) 3806 (3998) 0.034 (0.035)
90 (0)0(0) (0) 0 (0) (0) 0 (0) (0) 0 (0)

Note: (ρ2-) ρ2 (ρ2+) refers to (1.6 g/cm3) 2.4 g/cm3 (3.2 g/cm3), respectively. Abs (max) is the absolute maximum of
the difference between (ρ2-) and ρ2, and between ρ2 and (ρ2+), respectively.

Table 5 shows the characteristic parameters for the incident S wave. As can be seen from the table,
the peak value, attenuation rate, 1% bandwidth and amplitude of the two-ring are smaller than in
the empty borehole model, while the corresponding frequency of peak value and the corresponding
frequency of 1% bandwidth are larger than in the empty borehole model. It shows that the expansive
grout will cause the peak value to decrease, and cause the overall change trend to slow down.
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Table 5. Characteristic values for incident S wave amplitude spectrum of FS and TS at different θ1.

θ1(◦)
E2 = 30 GPa, ν2 = 0.25, ρ2 = 2.4 g/cm3

Zero
Frequency Gain

Peak
Value

f for Peak
Value

Roll-off
dB/dec

1%
Bandwidth

f for 1%
Bandwidth

FS

0 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
15 2.90 (3.00) 3.20 (3.29) 3718 (3400) 7.75 (8.26) 2.93 (3.03) 748 (723)
30 5.02 (5.20) 5.55 (5.71) 3718 (3399) 7.79 (8.28) 5.07 (5.25) 748 (723)
45 5.80 (6.00) 6.40 (6.59) 3718 (3399) 7.81 (8.30) 5.86 (6.07) 748 (723)
60 5.02 (5.20) 5.55 (5.71) 3718 (3399) 7.80 (8.28) 5.07 (5.25) 748 (723)
75 2.90 (3.00) 3.20 (3.29) 3718 (3400) 7.79 (8.26) 2.93 (3.03) 747 (723)
90 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)

TS

0 5.02 (5.20) 5.58 (5.74) 3801 (3476) 7.19 (7.47) 5.07 (5.26) 749 (716)
15 4.35 (4.50) 4.82 (4.96) 3766 (3443) 7.45 (7.81) 4.39 (4.55) 748 (719)
30 2.51 (2.60) 2.76 (2.84) 3635 (3323) 8.42 (9.13) 2.5 4(2.63) 747 (730)
45 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
60 2.51 (2.60) 2.79 (2.87) 3801 (3476) 7.17 (7.47) 2.54 (2.63) 749 (716)
75 4.35 (4.50) 4.79 (4.93) 3670 (3355) 8.14 (8.77) 4.39 (4.55) 748 (727)
90 5.02 (5.20) 5.51 (5.67) 3635 (3323) 8.40 (9.13) 5.07 (5.25) 747 (730)

Note: the characteristic values of the empty borehole model are inside the brackets, and the characteristic values of
the two-ring model are outside the brackets.

Figures 7–9 describe the influence of the Young’s modulus, Poisson’s ratio and density of the
expansive grout on the theoretical amplitude spectrum of gauge combination TS for the incident S
wave, respectively. The changes of the Young’s modulus and Poisson’s ratio cause large changes in the
amplitude of FS at small incident wave frequency f , while there is almost no change with the different
densities of the expansive grout. From Tables 6–8, we see that the influence of the Young’s modulus,
Poisson’s ratio and density of the expansive grout on FS and TS for the incident S wave are the same
as that of the incident P wave, except for the influence of the Poisson’s ratio on the corresponding
frequency of peak value.
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Figure 8. Influence of the Poisson’s ratio of the expansive grout on theoretical amplitude spectrum of
gauge combination TS for the incident S wave.
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Figure 9. Influence of the expansive grout density on theoretical amplitude spectrum of gauge
combination TS for the incident S wave.

Table 6. Influence of the Young’s modulus of the expansive grout on theoretical amplitude spectrum of
gauge combinations FS and TS for the incident S wave.

θ1(◦)
E2 = 30 GPa, ν2 = 0.25, ρ2 = 2.4 g/cm3

Zero
Frequency Gain

Peak Value
(E2-)E2( E2+)

f for Max
(E2-)E2( E2+)

abs(max)
E2-( E2+)

FS

0 (0) 0 (0) (0) 0 (0) (0) 0 (0) 0 (0)
15 (3.00) 2.90 (2.83) (3.34) 3.20 (3.11) (3687) 3718 (3760) 0.468 (0.339)
30 (5.20) 5.02 (4.90) (5.78) 5.55 (5.38) (3687) 3718 (3759) 0.811 (0.586)
45 (6.00) 5.80 (5.66) (6.67) 6.40 (6.22) (3687) 3718 (3759) 0.963 (0.677)
60 (5.20) 5.02 (4.90) (5.78) 5.55 (5.38) (3687) 3718 (3759) 0.811 (0.568)
75 (3.00) 2.90 (2.83) (3.34) 3.20 (3.11) (3687) 3718 (3759) 0.468 (0.339)
90 (0) 0 (0) (0) 0 (0) (0) 0 (0) 0 (0)

TS

0 (5.20) 5.02 (4.90) (5.81) 5.58 (5.42) (3765) 3801 (3849) 0.811 (0.586)
15 (4.50) 4.35 (4.24) (5.02) 4.82 (4.68) (3731) 3766 (3811) 0.702 (0.508)
30 (2.60) 2.51 (2.45) (2.87) 2.76 (2.68) (3609) 3635 (3670) 0.405 (0.293)
45 (0) 0 (0) (0) 0 (0) (0) 0 (0) 0 (0)
60 (2.60) 2.51 (2.45) (2.91) 2.79 (2.71) (3765) 3801 (3849) 0.405 (0.293)
75 (4.50) 4.35 (4.24) (4.99) 4.79 (4.65) (3642) 3670 (3708) 0.702 (0.508)
90 (5.20) 5.02 (4.90) (5.74) 5.51 (5.35) (3610) 3635 (3670) 0.811 (0.586)

Note: (E2-) E2 (E2+) refers to (20 GPa) 30 GPa (40 GPa), respectively. Abs (max) is the absolute maximum of the
difference between (E2-) and E2, and between E2 and (E2+), respectively.



Appl. Sci. 2020, 10, 3199 14 of 17

Table 7. Influence of the Poisson’s ratio of the expansive grout on theoretical amplitude spectrum of
gauge combinations FS and TS for the incident S wave.

θ1(◦)
E2 = 30 GPa, ν2 = 0.25, ρ2 = 2.4 g/cm3

Zero
Frequency Gain

Peak Value
(ν2-) ν2 (ν2+)

f for Max
(ν2-) ν2 (ν2+)

abs(max)
ν2-(ν2+)

FS

0 (0) 0 (0) (0) 0 (0) (0) 0 (0) 0 (0)
15 (2.96) 2.90 (2.82) (3.25) 3.20 (3.16) (3624) 3718 (3938) 0.192 (0.185)
30 (5.12) 5.02 (4.88) (5.62) 5.55 (5.48) (3624) 3718 (3937) 0.332 (0.321)
45 (5.92) 5.80 (5.63) (6.49) 6.40 (6.32) (3624) 3718 (3937) 0.384 (0.370)
60 (5.12) 5.02 (4.88) (5.62) 5.55 (5.48) (3624) 3718 (3937) 0.332 (0.321)
75 (2.96) 2.90 (2.82) (3.25) 3.20 (3.16) (3623) 3718 (3937) 0.192 (0.185)
90 (0) 0 (0) (0) 0 (0) (0) 0 (0) 0 (0)

TS

0 (5.12) 5.02 (4.88) (5.66) 5.58 (5.51) (3707) 3801 (4020) 0.332 (0.321)
15 (4.44) 4.35 (4.22) (4.89) 4.82 (4.76) (3671) 3766 (3890) 0.288 (0.278)
30 (2.56) 2.51 (2.44) (2.80) 2.76 (2.72) (3542) 3635 (3855) 0.166 (0.160)
45 (0) 0 (0) (0) 0 (0) (0) 0 (0) 0 (0)
60 (2.56) 2.51 (2.44) (2.83 )2.79 (2.76) (3707) 3801 (4020) 0.166 (0.160)
75 (4.44) 4.35 (4.22) (4.85) 4.79 (4.72) (3576) 3670 (3890) 0.288 (0.278)
90 (5.12) 5.02 (4.88) (5.59) 5.51 (5.44) (3541) 3635 (3855) 0.332 (0.321)

Note: (ν2-) ν2 (ν2+) refers to (0.15) 0.25 (0.35), respectively. Abs (max) is the absolute maximum of the difference
between (ν2-) and ν2, and between ν2 and (ν2+), respectively.

Table 8. Influence of the expansive grout density on theoretical amplitude spectrum of gauge
combinations FS and TS for the incident S wave.

θ1(◦)
E2 = 30 GPa, ν2 = 0.25, ρ2 = 2.4 g/cm3

Zero
Frequency Gain

Peak Value
(ρ2-) ρ2 (ρ2+)

f for Max
(ρ2-) ρ2 (ρ2+)

abs(max)
ρ2-(ρ2+)

FS

0 (0) 0 (0) (0) 0 (0) (0) 0 (0) 0 (0)
15 (2.90) 2.90 (2.90) (3.16) 3.20 (3.25) (3526) 3718 (3906) 0.075 (0.077)
30 (5.02) 5.02 (5.02) (5.47) 5.55 (5.63) (3526) 3718 (3906) 0.130 (0.134)
45 (5.80) 5.80 (5.80) (6.32) 6.40 (6.50) (3525) 3718 (3906) 0.151 (0.154)
60 (5.02) 5.02 (5.02) (5.47) 5.55 (5.63) (3525) 3718 (3906) 0.130 (0.134)
75 (2.90) 2.90 (2.90) (3.16) 3.2 0(3.25) (3525) 3718 (3905) 0.075 (0.077)
90 (0) 0 (0) (0) 0 (0) (0) 0 (0) 0 (0)

TS

0 (5.02) 5.02 (5.02) (5.58) 5.58 (5.66) (3801) 3801 (3986) 0.130 (0.133)
15 (4.35) 4.35 (4.35) (4.82) 4.82 (4.89) (3766) 3766 (3952) 0.113 (0.116)
30 (2.51) 2.51 (2.51) (2.76) 2.76 (2.80) (3635) 3635 (3826) 0.065 (0.067)
45 (0) 0 (0) (0) 0 (0) (0) 0 (0) 0 (0)
60 (2.51) 2.51 (2.51) (2.79) 2.79 (2.83) (3801) 3801 (3986) 0.065 (0.067)
75 (4.35) 4.35 (4.35) (4.79) 4.79 (4.85) (3670) 3670 (3860) 0.113 (0.116)
90 (5.02) 5.02 (5.02) (5.51) 5.51 (5.59) (3635) 3635 (3826) 0.131 (0.134)

Note: (ρ2-) ρ2 (ρ2+) refers to (1.6 g/cm3) 2.4 g/cm3 (3.2 g/cm3), respectively. Abs (max) is the absolute maximum of
the difference between (ρ2-) and ρ2, and between ρ2 and (ρ2+), respectively.

4. Discussions

Though the mechanical parameters of the expansive grout have an influence on the characteristic
parameters of gauge combinations, the relative difference between the maximum and minimum in
the range of mechanical parameters discussed in this paper is still small, according to Tables 2–4 and
Tables 6–8. In addressing whether borehole strainmeters can be used for quantitatively measuring
seismic strain waves independently from the mechanical parameters of expansive grout, the influence
of different modulus on bandwidth is discussed here.

As shown in Figure 10, the 1% bandwidths of FV2, FS, FV4 and TV increase with the increase of ν2.
It can be seen in Table 9 that no matter how the mechanical parameters change in the range discussed
in this paper, even if the surrounding rocks are saturated corresponding to higher Poisson ratio, the 1%
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bandwidth of all gauge combinations for borehole strainmeters is still beyond 200 Hz. This means that
it is possible to measure high-frequency microseismic strain waves quantitatively.
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Table 9. 1% bandwidth of gauge combinations for different mechanical parameters of the expansive
grout by incident P/S wave.

Wave Types Bandwidth of Gauge
Combinations

E2
(20 GPa~40 GPa)

ν2
(0.15~0.35)

ρ2
(1.6 g/cm3~3.2 g/cm3)

P wave

1% bandwidth of FV2(Hz) 923~1029 1019~1068 796~912
1% bandwidth of FS(Hz) 619~649 708~715 643~705

1% bandwidth of FV4(Hz) 916~1018 1008~1056 797~907
1% bandwidth of TV(Hz) 916~1018 1008~1056 979~907
1% bandwidth of TS(Hz) 689~732 808~713 641~705

S wave
1% bandwidth of FS(Hz) 599~605 691~701 515~586
1% bandwidth of TS(Hz) 599~606 641~703 517~586

5. Conclusions

The model of incident elastic P/S wave scattering by the two-ring borehole has been presented
to investigate the influence of the expansive grout on the theoretical bandwidth of borehole tensor
strainmeters. The existence of grout decreases the zero-frequency gains and peak values of FV2, FV4,
TV, FS, and TS, and increases the corresponding f for peak value relative to the empty borehole.
Except for the zero-frequency gains of gauge combinations, the theoretical bandwidths of gauge
combinations are not influenced by the mechanical properties of the expansive grout compared with
the empty borehole, which suggests the quantitative measurability of high-frequency seismic strain
waves by borehole tensor strainmeters with a theoretical bandwidth of more than 200 Hz. Furthermore,
it provides a theoretical basis for the in situ calibration of borehole tensor strainmeters and the further
study of seismology.
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Here we only discuss the influence of the expansive grout on the theoretical bandwidth of borehole
tensor strainmeters, and prove the possibility of quantitative measuring of high-frequency seismic
strain waves in theory. However, the actual situation is more complicated. It is necessary to do the job
using the in situ observed data in the future.
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