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Abstract: Torsion springs, which transfer power through the twisting of their coil, provide advantages
such as module simplification and efficient use of space. The design of a torsion spring has been
formulated, but it is difficult to determine the local behaviors of torsion springs according to actual
load conditions. This study proposes a torsion-spring design method through finite element analysis
(FEA) using nonuniform-rational-basis-spline (NURBS) curves. Through experimentation, the angle
and displacement values for the actual spring load were converted into useable data. Torsion-spring
displacement values were obtained via experimentation and converted into coordinates that may
be expressed using NURBS curves. The results of these experiments were then compared to those
obtained via FEA, and the validity of this method was thereby verified.
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1. Introduction

Torsion springs transfer power through the twisting of their coil, and provide advantages such as
module simplification, efficient use of space, and reduction of overall product weight. As such, they
have been widely used in various electronic products and industrial fields, including automobiles
and machinery.

Research on these springs began in 1963 with Wahl’s study on isotropic spiral compression and
tension, and torsion springs [1,2]. Thus far, the spring design formula proposed by Wahl is used as
a standard and has been extensively employed in industrial-machinery applications. This applied
design formula can easily calculate the rotation angle of the spring for the applied load. However, as
this formula simplifies the problem, it is difficult to determine the behavior or deformation of a torsion
spring according to the change in load conditions with different angles and directions.

Case studies considering the structural analysis of such springs using finite-element analysis
(FEA) have been proposed to solve this design problem [3–6]. This method allows the designer to
visually confirm and design these springs considering the stress and displacement that locally occur in
the spring.

As FEA expresses curves as a sum of subdivided linear elements, many elements are needed to
increase the reliability of curve-structure analysis. As springs are curved structures, the number of
elements used in these analyses must inevitably be increased to ensure accuracy, thereby lengthening
analysis time. Due to this increase in spring-design time, as well as the aforementioned design problem,
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and considering the effective product applications of these springs, a more effective torsion-spring
design method is required.

This study proposes the evaluation method of deformation behavior of torsion spring via FEA
using nonuniform-rational-basis-spline (NURBS) curves [7,8]. The NURBS curve is a model that can
accurately express a curved structure with a small amount of information and a simple calculation
formula. These curves were applied to FEA, and through experimentation, the angle and displacement
values for the actual spring load were converted into useable data. The torsion-spring displacement
values measured through experiments were converted into coordinates that could be expressed using
NURBS curves. Experiments were then conducted for comparison with the FEA results and to verify
the validity of this method.

2. Torsion-Spring Design

2.1. NURBS Curve

A range of research has been conducted on curve expression according to polynomial theory.
Among the numerous curve-expression methods, NURBS is the most accurate technique used to
express complex organic shapes in two and three dimensions [9,10]. Due to its simple calculation
method, NURBS is employed in a variety of industrial fields that require curved shapes. A NURBS
curve can be expressed through a combination of parameters, including knot, control point, degree,
and weight, in basis functions with a relatively simple calculation algorithm. In NURBS curves, the
initial basis function can be expressed as in Equation (1).

N(u) =
n∑

i=0

Ni,p(u), (1)

where Ni,p(u) is the B-spline basis function. The equation applied to the algorithm differs with the
number and value of the knot vectors; Equation (1) may also be expressed as either Equation (2) or
Equation (3). To define B-spline basis functions, we need one more parameter: the degree of these
basis functions, p. The i-th B-spline basis function of degree p, written as Ni,p(u), is defined recursively
as follows:

Ni,0(u) =
{

1 i f ui ≤ u ≤ ui+1

0, Otherwise
(2)

Ni,p(u) =
u− ui

ui+p − ui
Ni,p−1(u) +

ui+p+1 − u
ui+p+1 − ui+1

Ni+1,p−1(u), (3)

where i is the degree plus 1 (i = p + 1), ui is the knot, and u is the knot vector. The following basis
function expresses the curve of a geometric shape as the degree (p) increases; however, as the function
increases in complexity and decreases in accuracy, a suitable degree should be used according to the
desired curve shape. The NURBS basis function can express the NURBS curve as a combination of the
weight (wi) and control point (Pi), as shown in Equation (4).

C(u) =
n∑

i=0

Ni,pwi∑n
j=0 N j,nwi

Pi =

∑n
j=0 Ni,pwiPi∑k

j=0 Ni,pwi
, (4)

where Pi is the control point and wi is the weight of control point. This equation can then be simplified
into Equation (5).

C(u) =
n∑

i=0

Ri,p(u)Pi (5)
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The NURBS curve expressed by Equation (5) can be freely varied as the weight (wi) increases
and the control point (Pi)shifts, demonstrating the relationship between the NURBS curve and
these parameters.

2.2. Expression of Torsion Spring Through NURBS Curves

To express the shape of a torsion spring with a constant curvature using the NURBS curve,
Equations (6) to (8) are used for the x, y, and z planes on the global coordinate system.

x(u) =
n∑

i=0

Ri,p(u)Px (6)

y(u) =
n∑

i=0

Ri,p(u)Py (7)

z(u) =
n∑

i=0

Ri,p(u)Pz, (8)

where PN are the coordinates of the interpolation point generated through the initial NURBS curve,
and PNdisp are the coordinates through a combination of the knot, control point, and weight (Equations
(6) to (8)). The spring shape can be expressed on three planes in 3D space, as shown in Figure 1.
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3. Torsion-Spring Displacement Analysis

3.1. Torsion-Spring Displacement Analysis

To verify the correlation between the interpolation point and control point, the coordinates of
the interpolation point generated through the NURBS curve are applied to finite-element analysis to
create the torsion-spring shape for analysis [11–13]. Figure 2 shows the finite-element model of the
torsion spring that was used to derive the displacement of the control point as it shifted according to
the external force [14,15]. Table 1 shows the parameters of the model used for analysis. Commercial
software HyperWorks Optistruct (Altair, United States) was used for finite-element analysis, and the
shifted displacement data were acquired for generated moment Mz. The displacement values shifted
after the generation of the initial coordinates, and loads were analyzed for a total of 100 elements (Ni).
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Table 1. Design parameters.

Parameters Unit Dimension

Spring cross-section diameter (d) mm 3
Spring radius (R) mm 20
Spring length (l) mm 125.6
Moment in the z-axis direction (Mz) N m 1000
Elastic modulus GPa 206

The displacement of the element determined through finite-element analysis (xdisp, ydisp, zdisp)
was added to the coordinates of the interpolation point generated through the NURBS curve to express
the deformed shape of the spring. This is expressed using Equations (9) to (11).

PNdisp(x) = PN(x) + xdisp (9)

PNdisp(y) = PN(y) + ydisp (10)

PNdisp(z) = PN(z) + zdisp (11)

where PN are the coordinates of the interpolation point generated through the initial NURBS curve,
and PNdisp are the coordinates of the interpolation point of the NURBS curve after deformation.

The coordinates of PNdisp(x, y, z), derived from Equations (9) to (11), were next applied to the inverse
method to determine the displacement of the control point. This process is shown in Equation (12),
which was derived with reference to Equations (4) and (5). Figure 3 shows the control point derived
using Equation (12),

P(x,y,z) =

∑n
i=1 Ri,p(u)

PNdisp(x, y, z)
, (12)

where Px, Py and Pz are the coordinates of the control point, and Ri,P(u) is the NURBS curve-based
function.

In Figure 3, (x, y, z)disp represents the x, y, and z displacements of the point; PN(x, y, z) represents
the coordinates of the point before interpolation; and PNdisp(x, y, z) represents the coordinates of the
point after interpolation. The inverse method can be applied to determine the displacement and load
as KNURBS.

a[D] = a[K]−1[F], (13)

where [D] is the displacement matrix of the control point derived from the existing stiffness matrix, a is
the stiffness-correction constant, [K]−1 is the inverse of the stiffness matrix, and [F] is the external force
matrix. Stiffness-correction constant a can be expressed as follows:

a = [ai]
T. (14)
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Thus, the following is obtained by applying Equation (14) to Equation (13).

[ai]
T[D] = [ai]

T[K]−1[F] (15)

Equation (15) can then be expressed as in Equation (16).

[D∈v] = [KNRBS]
−1[F] (16)

where [D∈v] is the control point displacement determined using the inverse method, and [KNRBS]
−1 is

the inverse of the stiffness matrix of the control point.
Using Equation (16), the Mz load was applied to the NURBS curve-based spring structure that

was composed of a total of nine control points, and analysis was conducted.
Using this method, the graphs in Figure 4 were derived for loads Fx, Fy, Fz, Mx, My, and Mz.
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3.2. Experiment-Equipment Setup

Experiments were conducted to measure the displacement, load, and angle using a torsion-spring
measuring device. Torsion-spring parameters were selected for a total of six types of specimens.
Five experiments were conducted for each specimen, resulting in a total of 30 experiments. Table 2
shows the design parameters of the six spring specimens. The experiment equipment was configured
to measure the torsion spring. Figure 5 shows the actual torsion spring and the device used to measure
the spring displacement, load, and angle. The rotation angle was set to 0◦, 20◦, and 40◦, considering the
linear component of the load applied to the torsion spring. To determine torsion-spring displacement,
certain sections were marked, and displacement and load values were measured at 20◦ and 40◦. Images
were taken of the front of the system to determine the x and y coordinates, and the z-axis was measured
through images of the sides and Vernier calipers.

Table 2. Specimen types.

Type Spring Cross-Section Diameter, d (mm) Spring Diameter, D (mm) Spring Turns, N

1 2.6 32.6 1.5
2 2.6 32.6 2.5
3 2.8 32.8 1.5
4 2.8 32.8 2.5
5 3.0 33.0 1.5
6 2.0 33.0 2.5



Appl. Sci. 2020, 10, 2629 6 of 10

Appl. Sci. 2020, 10, x FOR PEER REVIEW  5 of 10 

 
Figure 3. Derivation of control point using inverse method. 

In Figure 3, (𝑥, 𝑦, 𝑧)  represents the x, y, and z displacements of the point; 𝑃 (𝑥, 𝑦, 𝑧) 
represents the coordinates of the point before interpolation; and 𝑃 (𝑥, 𝑦, 𝑧) represents the 
coordinates of the point after interpolation. The inverse method can be applied to determine the 
displacement and load as 𝐾 . 𝑎 𝐷 = 𝑎 𝐾 𝐹 , (13) 

where 𝐷  is the displacement matrix of the control point derived from the existing stiffness 
matrix, 𝑎 is the stiffness-correction constant, 𝐾  is the inverse of the stiffness matrix, and 𝐹  is 
the external force matrix. Stiffness-correction constant a can be expressed as follows: 𝑎 = 𝑎 . (14) 

Thus, the following is obtained by applying Equation (14) to Equation (13). 𝑎 𝐷 = 𝑎 𝐾 𝐹  (15) 

Equation (15) can then be expressed as in Equation (16). 𝐷∈ = 𝐾 𝐹  (16) 

where 𝐷∈𝒗  is the control point displacement determined using the inverse method, and 𝐾  
is the inverse of the stiffness matrix of the control point. 

Using Equation (16), the 𝑀  load was applied to the NURBS curve-based spring structure that 
was composed of a total of nine control points, and analysis was conducted. 

Using this method, the graphs in Figure 4 were derived for loads 𝐹 , 𝐹 , 𝐹 , 𝑀 , 𝑀 , and 𝑀 . 

  

(a)  (b)  
Appl. Sci. 2020, 10, x FOR PEER REVIEW  6 of 10 

  

(c)  (d)  

  

(e)  (f)  
 

Figure 4. Direction-displacement graphs for load conditions (a) 𝐹 , (b) 𝑀 , (c) 𝐹 , (d) 𝑀 , (e) 𝐹 , (f) 
and 𝑀 . 

3.2. Experiment-Equipment Setup 

Experiments were conducted to measure the displacement, load, and angle using a torsion-
spring measuring device. Torsion-spring parameters were selected for a total of six types of 
specimens. Five experiments were conducted for each specimen, resulting in a total of 30 
experiments. Table 2 shows the design parameters of the six spring specimens. The experiment 
equipment was configured to measure the torsion spring. Figure 5 shows the actual torsion spring 
and the device used to measure the spring displacement, load, and angle. The rotation angle was 
set to 0°, 20°, and 40°, considering the linear component of the load applied to the torsion spring. To 
determine torsion-spring displacement, certain sections were marked, and displacement and load 
values were measured at 20° and 40°. Images were taken of the front of the system to determine the 
x and y coordinates, and the z-axis was measured through images of the sides and Vernier calipers. 

  
(a) (b) 

Figure 5. Springs and experiment setup: (a) torsion springs; (b) experiment setup. 

Figure 4. Direction-displacement graphs for load conditions (a) Fx, (b) Mx, (c) Fy, (d) My, (e) Fz,
(f) and Mz.

Appl. Sci. 2020, 10, x FOR PEER REVIEW  6 of 10 

  

(c)  (d)  

  

(e)  (f)  
 

Figure 4. Direction-displacement graphs for load conditions (a) 𝐹 , (b) 𝑀 , (c) 𝐹 , (d) 𝑀 , (e) 𝐹 , (f) 
and 𝑀 . 

3.2. Experiment-Equipment Setup 

Experiments were conducted to measure the displacement, load, and angle using a torsion-
spring measuring device. Torsion-spring parameters were selected for a total of six types of 
specimens. Five experiments were conducted for each specimen, resulting in a total of 30 
experiments. Table 2 shows the design parameters of the six spring specimens. The experiment 
equipment was configured to measure the torsion spring. Figure 5 shows the actual torsion spring 
and the device used to measure the spring displacement, load, and angle. The rotation angle was 
set to 0°, 20°, and 40°, considering the linear component of the load applied to the torsion spring. To 
determine torsion-spring displacement, certain sections were marked, and displacement and load 
values were measured at 20° and 40°. Images were taken of the front of the system to determine the 
x and y coordinates, and the z-axis was measured through images of the sides and Vernier calipers. 

  
(a) (b) 

Figure 5. Springs and experiment setup: (a) torsion springs; (b) experiment setup. Figure 5. Springs and experiment setup: (a) torsion springs; (b) experiment setup.



Appl. Sci. 2020, 10, 2629 7 of 10

4. Results and Discussion

4.1. Experiment-Data Analysis

The force according to the rotation angle was measured using a load cell and rotary encoder.
Figure 6 shows images of the x- and y-coordinate measurements obtained according to the angle of
the torsion spring, and Figure 7 shows a load graph according to the rotation angle. This graph was
drawn using the average data from the results of five replicates. Analytical results indicated that
the torsion-spring load was generated nonlinearly according to the rotation angle. The regression
equation was derived using the measured data and was expressed as a quadratic polynomial in the
graph. R-square values of the regression equations were 98% or more. This regression equation had a
high adjustment. In addition, it was found that the load increased as the cross-sectional diameter (d) of
the torsion spring increased, and that the load decreased as the number of spring turns (N) increased.
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4.2. Comparative Analysis of Analytical Results and Experiment Values

We performed comparative analysis of the deformed shape of the torsion spring, measured
through the experiments, and the analytical results obtained using Equation (16). Figure 8 shows
graphs of the analytically and experimentally obtained data. We then performed comparative analysis
of the deformed shape of the torsion spring at 20◦ and 40◦, measured through the experiments and
Equation (16). Under the same load conditions, the displacement determined by the proposed equation
exceeded that of the torsion spring measured through the experiments. However, by modifying the
load parameters, similar behaviors and displacements were observed, thereby verifying the use of the
proposed equation. The maximal error rate ranged from 5% to 6%, which could be attributed to the
error that can occur during experiment measurements.
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