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Abstract: Line heating is an essential process in the formation of ship hull plates with a complex curvature.
Electromagnetic induction heating is widely used in the line heating process. In electromagnetic
induction heating, the shape of the coil and the air gap between the inductor and workpiece could
influence the heat source distribution. Moreover, in the line heating process, the change of curvature
of the plate will cause a change of the air gap of the inductor. Magnetic thermal coupling calculation
is an effective method for simulating induction heating. This paper used the finite element method
to calculate the distribution of heat sources in different initial plate curvatures and coil widths.
The changes in heat source distribution and its laws were investigated. The results show that when
the coil width is less than 100 mm, the effect of plate curvature on heat source distribution and strain
distribution is not apparent; when the coil width is greater than 100 mm, the plate curvature has a
visible effect on the heat generation distribution. In the case of a curvature increasing from 0 to 1 and
a coil width equal to 220 mm, the Joule heat generation in the center of the heating area is reduced by
up to 21%.

Keywords: plate forming; line heating; induction heating; structural deformation; heat distribution

1. Introduction

The outer plate of a ship’s hull is mostly made up of curved plates. Due to the characteristics
according to which the thickness and area of the outer plate with a complex curvature are quite large,
the plates with a complex curvature are challenging to form. Line heating is an essential process in
the formation of ship hull plates [1]. Line heating heat sources are usually used in the form of an
oxyacetylene flame, laser, and electromagnetic induction. As electromagnetic induction heating is
easy to control, more environmentally friendly, and economical, electromagnetic induction heating
is widely used in the line heating process. We chose induction heating as the heat source during the
automatic processing of the curve plate. The finite element method (FEM) numerical calculation is an
effective method to study induction heating.

Several papers about line heating have been published. Ueda [2,3] investigated ship hull plates
formed by line heating, using the inherent strain method to calculate the deformation of line heating,
and proposed the heat line planning principle. Vega [4,5] investigated the multi-heating lines effect and
the overlapping effect on inherent strain and established the database of inherent strain under different
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conditions of a multi-heating line, which is used for deformation predictions. These works were the
foundation for the development of automated line heating forming equipment for ship hull plates [6].
In order to get better control of the power and heat input, the induction heat source is gradually
replacing the oxyacetylene flame heat source [7]. Zhu [8] used a fully coupled analysis to simulate
the processing of induction line heating, but this analysis required a vast number of calculations and
amount of computational time. Yun [9] used the magnetic thermal coupled finite element method to
simulate the high-frequency induction line heating process, considering the influence of temperature
changes on the magnetic field distribution. This method ignored the influence of plate deformation on
the heat generation. Lee [10] investigated the deformation behavior of induction line heating, and the
fixed air gap was considered. Dong [11,12] investigated the effect of the coil width on the processing
efficiency and indicated that the processing efficiency increases along with the coil width. Moreover,
Dong proposed a simplified heat source model for induction heating, which is verified when the plate
is without curvature. The influence of plate curvature on the simplified heat source model was not
considered. Zhang [13] preformed the inductor on a rolled plane and analyzed the deformation, using
magnetic thermal coupled FEM. The initial curvature was considered; however, he did not mention the
influence of the initial curvature on the heat source. Zhu [14] compared the heat sources in the initial
position and the moved position, and indicated that the influence of the temperature distribution on
the heat source is very small when the inductor is moving; Zhu also proposed a simplified calculation
method. However, his works mainly focus on the simple circular coil. In order to investigate the
more complicated induction heating process, Chang [15] gave the calculation strategy and methods to
solve the complex induction heating process. However, they did not give a detailed description of
the calculation model, and an experimental verification and complete quantitative conclusion were
not provided.

Induction heating heats the steel plate by generating an induced eddy current on the steel plate
surface, generating Joule heat on the surface of the steel plate. In electromagnetic induction heating, the
shape of the coil and the air gap between the inductor and workpiece could influence the heat source
distribution. In the actual process of plate forming, while the shape of the workpiece is deforming it is
hard to control the air gap precisely. During the whole process, the deformation of the plate affects the
heat generation distribution of the inductor. In previous studies, the electromagnetic calculation and
simplified calculation of line heating were verified, but the influence of plate curvature on heat source
distribution was rarely mentioned.

2. Model and Method

In order to investigate the influence of plate curvature, curved plates were modeled to simulate
the deformed plate. We used the FEM to calculate the entire processing of line heating. The authors
divided the induction heating process, which is a complex multi-physical problem, into three parts:
electromagnetic calculation, thermal calculation, and mechanical calculation. The three calculations
were coupled in sequence. The result of the previous calculation is the input of the latter (see Figure 1).

We used electromagnetic FEM to obtain the Joule heat produced by the inductor on the plate
with different initial curvatures. We used the commercial software ANSYS 15.0 to perform the
electromagnetic calculation, as the ANSYS Parametric Design Language (APDL) can effectively modify
the model and perform the batch calculation. We compared the results of the heat distribution with
different initial curvatures. The heat distribution obtained was used as a surface heat source to perform
the heat transfer calculation of the line heating. The result of the temperature field is the input for the
mechanical analysis. Then, the elastic-plastic mechanical analysis was performed to get the plastic
strain and displacement. We used the commercial software ABAQUS 6.14 to perform the thermal and
mechanical calculations. In the ABAQUS, the subroutine can easily apply surface heat source, and the
temperature field can transfer from the thermal calculation to the mechanical calculation.
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2.1. Electromagnetic

In the induction heating process, the alternating current in the coil generates an alternating
magnetic field. The alternating magnetic field generates an induced electromotive force in the
workpiece and then generates an induced eddy current. When the induced eddy current flows in the
workpiece, it heats up due to overcoming the internal resistance of the conductor itself, to achieve the
purpose of heating the workpiece. We obtained the eddy current distribution by solving the Maxwell
equations [16], see Equations (1)–(4):
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where
→

H is the magnetic field strength (Wb),
→

J is the conduction current density (A/m2), ∂
→

D
∂t is the

displacement current density, t represents time (s),
→

E is the electric field (V/m),
→

B is the magnetic field

(T),
→

D is the electric flux density (C/m2), and ρv is the electric charge density.
We calculated heat generation using Joule’s Law, Equation (5):

q =

∣∣∣∣∣→J ∣∣∣∣∣2
γ

(5)

where q is the Joule heat generation density (J/m3),
→

J is the current density (A/m2), and γ refers to
the electric conductivity (S ·m).

Due to the skin effect in the process of induction heating, the induced eddy current and Joule heat
generated on the workpiece usually concentrates on the workpiece surface [17], so the heat source
model can be simplified as the surface heat source, and the simplified model was verified [12,14].
The skin effect depth can be described in Equation (6):

δ = 503

√
1

fµrγ
(6)
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where δ is the skin effect depth (mm), f is the current frequency (Hz), and µr is the relative
magnetic permeability.

We obtained the surface heat source by calculating the integral of the Joule heat generation in the
thickness direction, Equation (7):

qsur f =

∫
z

qdz (7)

where qsur f is the surface heat source distribution (J/m2).
We used the commercial software ANSYS 15.0 [18] to perform the electromagnetic calculation.

Figure 2 shows the main dimensions of the inductor coil and the cross section. Figure 2a shows the
shape of the coil, of which the width is 220 mm, and the length is 200 mm. The cross section of the
coil is 8 mm × 20 mm rectangle. The workpiece, cooling water, coil, core, and air field were modeled.
In this paper, it was considered that the workpiece was made of carbon steel, the coil was made of
copper, and the material of the core was ferrite. The material properties refer to Dong’s [11] data.
The whole model, loads, and mesh division are shown in Figure 3 (the air field is excluded). The 3-D
20-Node electromagnetic solid element (SOLID236) was used for the whole model. The mesh on the
workpiece and cooling water were generated with brick shape elements. Meshes on the other parts
were generated with the tetrahedral-shaped elements, and the pyramid-shaped elements were used for
transition. The whole model had 1,380,763 elements and 2,142,703 nodes in total. Due to the skin effect
in induction heating, fined elements were used in the top surface of the workpiece. The frequency of
the inductor was 12.7 kHz.
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2.2. Heat Transfer and Mechanical Analysis

In the heat transfer calculation, the heat generation distribution is the input. Solving the
temperature field change follows the heat conduction equation for solids, Equation (8):

ρc
∂T
∂t

=
∂
∂x

(
λ
∂T
∂x

)
+

∂
∂y

(
λ
∂T
∂y

)
+
∂
∂z

(
λ
∂T
∂z

)
+ qsur f (8)

where ρ is the density (kg/m3), c is the specific heat (J/(kg · ◦C)), T represents the temperature (◦C),
and λ represents the thermal conductivity (W/(m · ◦C)).

The convection boundary condition can be described in Equation (9):

λ
∂T

∂
→
n

= −h(T − Tenv) (9)

where h refers to the convective heat transfer coefficient (W/(m2
·
◦C)),

→
n is the external normal

direction of the steel plate surface, and Tenv refers to the ambient temperature (◦C).
In the mechanical analysis, the basic equations are Equations (10) and (11):

σi j, j + Fbi = 0 (10)

where σi j refers to the stress tensor and Fbi refers to the body force.
The stress–strain relationship can be expressed as:

{dσ} = [D]{dε} − {C}dT (11)

where {dσ} refers to the stress increment, [D] is the elastoplastic matrix, {dε} is the strain increment, {C}
is the thermal stiffness matrix, and dT is the temperature increment.

With regards to setting the boundary conditions of simple support on three corners, see Figure 4.
The deformation and strain distribution of the plate can be obtained by solving the equations.
Furthermore, the plastic strain can be decomposed into two parts—in-plane strain and out-of-plane
strain, according to Equations (12) and (13):

εin_plane =
1

tplate

∫
z
εdz (12)

εout_o f _plane = ε− εin_plane (13)

where tplate refers to the plate thickness, εin_plane refers to the in-plane strain, and εout_o f _plane refers to
the out-of-plane strain.

We performed the heat transfer calculation and mechanical analysis using commercial software
ABAQUS/standard 6.14. Only a 1 m × 1 m square plate was modeled in this calculation (see Figure 4).
The mesh of the plate was a 10 mm × 10 mm rectangular shape element using the 4-node heat transfer
shell element (DS4 element) in the heat transfer calculation and the 4-node stress/displacement shell
element with reduced integration (S4R element) in the mechanical analysis, with five integration points
in thickness. There were 10,000 elements and 10,201 nodes in total. In the heat transfer calculation,
the heating generation was applied as a surface heat flux density by defining a Fortran subroutine
(DFLUX), in which the distribution of the heat source along the surface is defined. The boundary
condition of natural convection heat dissipation was set on the surface of the plate, and the convective
heat transfer coefficient was 15 W/(m2

·
◦C). In the mechanical analysis, we read the temperature

distribution result obtained in the heat transfer calculation. The material of the plate was carbon steel,
and the material properties refer to Dong’s [11] data and are shown in Table 1. The hardening criteria
for the material used a linear hardening model; a bilinear curve represents the strain–stress properties.
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Table 1. Material properties of the plate.

Temperature Young’s
Modulus

Poisson
Ratio

Heat Expansion
Coefficient

Yield
Strength Density Specific

Heat
Heat Conductivity

Coefficient

(◦C) (GPa) ×10−5(1/◦C) (MPa) (kg/m3) (J/(kg·◦C)) (W/(m·◦C))

0 206 0.267 1.2 235 7842 450.36 66.97
50 196 0.29 1.25 - - 464.6 65.21
200 196 0.322 1.4 163 7822 498.1 57.38
250 186 0.296 1.43 - - 502.26 54.91
300 186 0.262 1.47 - - 514.82 53
400 166 0.24 1.54 130 7802 537.42 47.92
450 157 0.229 1.57 - - 623.64 45.83
500 157 0.223 1.59 - - 707.35 43.53
600 135 0.223 1.64 119 7782 812 39.3
650 117 0.223 1.66 - - 904.07 36.37
700 112 0.223 1.67 - - 967.69 34.74
800 113 0.223 1.69 109 7761 1026.32 31.02

3. Experimental Test

To verify the accuracy of the finite element method, an induction heating test was designed.
Figure 5 shows the experimental platform, electromagnetic inductor, and laser scanner. The coil was
installed on a frame with trolley wheels which are in contact with the plate. In order to ensure that the
coil adapted to the plate deformation, we used a cardan joint to connect the frame and the experimental
platform. The platform controls the position of the coil, and the precision of the platform position
is 1 mm. After the host computer has planned the path, the path data are transmitted to the lower
computer to control the inductor movement.

The FARO 3D focus scanner was used to measure the shape of the formed plate. The scanner
uses phase difference laser ranging technology [19]. Phase difference laser ranging is also called
continuous wave (CW) laser ranging. When the laser emits a CW laser, it is modulated by an amplitude
modulator and then transmitted to the target to be tested. The echo signal returned from the target
enters the receiving system. The distance can be obtained by measuring the phase difference between
the transmitted signal and the received signal. The measurement accuracy of the FARO 3D focus
scanner is 2 mm.

After the origin points cloud was obtained, the Random Sample Consensus (RANSAC) algorithm
was employed to distinguish the plate [20]. The RANSAC is a general parameter estimation approach
and can be used efficiently for point cloud detection.
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The heat line is along the symmetry axis of the plate from one side to another, and the heat source
moves at a velocity of 5 mm/s (see Figure 6). The test plate undergoes three cycles of heating, cooling,
and measurement in the same line. The input power of the inductor is 65 kW, and the frequency is
12.7 kHz.Appl. Sci. 2020, 10, 2304 8 of 17 
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Figure 6. Heating line, moving direction, and view sections.

The points cloud of the experimentally measured results is shown in Figure 7. We chose a section
in the X direction SL − SL and a section in the Y direction SB − SB to compare the results of the FEM
calculation and experimental measurement. Figure 8 shows the deflection variation in the Z direction
after the first, second, and third processes of line heating. The results of the FEM calculations are in
good agreement with the experimental results, and the FEM is verified.
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4. Results and Analysis

4.1. Effect of Initial Curvature

After the experimental test verified the FEM calculation method, the method was applied to
investigate the influence of plate curvature on the heat source distribution. This paper focuses on the
outer plate of the ship hull. According to the investigation in the shipyard, the curvatures of the ship
hull plate are mostly in the range of 0 m-1 to 1 m-1. The initial curvature K (m-1) in the electromagnetic
models was in the range of 0 to 1 and increased by increments of 0.25. The calculation schemes are
shown in Table 2. The coil in Figure 2 was used, the power was 65 kW, and the moving velocity was
5 mm/s. The highest temperature was about 600 ◦C. A square plate, 1 m × 1 m, was modeled in this
calculation, and the thickness was set to 20 mm and 16 mm.



Appl. Sci. 2020, 10, 2304 9 of 16

Table 2. Calculation schemes.

Initial Curvature
K (m−1) Coil Width (m) Air Gap

Increment (mm) Power (kW) Velocity
(mm/s)

case 1 0 0.22 0 65 5
case 2 0.25 0.22 1.51 65 5
case 3 0.5 0.22 3.03 65 5
case 4 0.75 0.22 4.55 65 5
case 5 1 0.22 6.07 65 5

The heat source distribution with different initial curvatures was calculated. The normalized
results are shown in Figure 9. We chose a cross section vertical to the symmetry axis (y = 0) S1–S1 to
compare the distribution of heat generation (see Figure 10). The heat generation is concentrated in the
area under the coil, and the shape of the area is similar to the coil. As a result of the influence of the
core on the magnetic field distribution, the Joule heat on the side of the axis is always higher than at
the center. It is clear that when the curvature increased, the Joule heat generation near the symmetry
axis was reduced because the air gap increased. The heat generation on the side of the workpiece does
not change. Under the conditions of an initial curvature K = 1, the Joule heat generation on the center
of the workpiece is reduced by about 21%.
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We performed the five heat source models on the heat transfer and mechanical analysis, and the
plastic strain distribution and displacement were calculated. Figure 11 shows the plastic strain on the
bottom surface (without the inductor side) of the plate along the section SB–SB, which is vertical to the
heating line, and the thickness is 20 mm. The strain was divided into in-plane strain and out-of-plane
strain according to Equations (12) and (13). The strain components in the X and Y directions are shown.
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Figure 11. Plastic strain distribution with different initial curvatures in section SB–SB: (a) out-of-plane
strain in the X direction; (b) out-of-plane strain in the Y direction; (c) in-plane strain in the X direction;
and (d) in-plane strain in the Y direction.

With the curvature of the plate increasing, the out-of-plane strain in the heating area becomes
less homogeneous—lower in the center and higher on the side. This occurs because the air gap
between the coil and plate increased, and the heat generation was reduced. The relative change of
the out-of-plane strain in the X direction is the greatest, and the relative change of the in-plane strain
in the X direction is the smallest. In the Y direction, due to the heat generation decreasing in the
center of the heat line, both the in-plane strain and the out-of-plane strain are reduced. The absolute
change of strain in the X direction is smaller than the components in the Y direction. Table 3 shows
the maximum relative variation of the plastic strain compared with the curvature K = 0, and it can
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be described as max((ε− εK=0)/εK=0). The result shows that the curvature has the greatest influence
on the out-of-plane strain in the X direction and the smallest influence on the in-plane strain in the
Y direction. When the curvature K < 0.2, the variation of the plastic strain Joule heat generation is
mainly below 10%, which means that the effect of the curvature is not apparent. The total transverse
shrinkage and transverse angular distortion are reduced. With an initial curvature K=1, the transverse
shrinkage is reduced by about 11%, and the transverse angular distortion is reduced by about 6%.
After comparing the results of different plate thicknesses, the same pattern can be concluded. When
the curvature is below 0.5 m-1, the effect of the curvature on the out-of-plane strain is more significant
for thicker plates.

Table 3. Maximum relative variation.

Thickness (mm) K = 0.25 K = 0.5 K = 0.75 K = 1

out-of-plane strain in the X direction 20 0.2505 0.3144 0.3463 0.3808
16 0.1767 0.282 0.3537 0.4346

out-of-plane strain in the Y direction 20 0.0845 0.1722 0.2384 0.2939
16 0.0723 0.1442 0.2233 0.2971

in-plane strain in the X direction 20 0.0925 0.1699 0.2681 0.3476
16 0.1192 0.165 0.2377 0.2426

in-plane strain in the Y direction 20 0.0592 0.1164 0.1571 0.2032
16 0.062 0.1266 0.1845 0.2433

In practical applications, if the heat sources do not consider the change of plate curvature, the
calculated plastic strain distribution will exhibit a significant deviation. According to the above
calculation results, when the curvature is greater than 0.2, the influence of curvature on the distribution
of the heat source should be considered. A compromise scheme is to use a heat source distribution under
an intermediate curvature for calculation, so as to reduce the deviation caused by the curvature change.

4.2. Effect on Different Coil Widths

We then applied coils with different widths to the calculation and found that the coils with
different widths are affected by the curvature of the plate. In the process of plate bending deformation,
the change of curvature of the plate will cause a change to the air gap. When the curvature changes are
the same, the wider the coil, the higher the change of the air gap. However, at the same time, a wider
coil can achieve a higher forming efficiency. Thus, comparing the effect of the initial curvature on
coils with different widths can help with choosing the coil’s dimensions. We chose a square coil with
widths ranging from 60 mm to 180 mm for the simulation. The shape of the coil is shown in Figure 12.
Calculation schemes are listed in Table 4. We compared the heat source distribution on the plate with
an initial curvature equal to 0 and 1. The moving velocity was 5 mm/s. A square plate of 1 m × 1 m
was modeled in this calculation, with thickness settings of 20 mm and 16 mm. In order to make the
highest temperature produced by different coils around 600 ◦C, different input powers were used on
different coils.
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Table 4. Calculation schemes.

Initial Curvature
K (m−1) Coil Width (m) Air Gap

Increment (mm) Power (kW) Velocity
(mm/s)

case 6 0 0.06 0 18 5
case 7 0 0.10 0 30 5
case 8 0 0.14 0 42 5
case 9 0 0.18 0 54 5
case 10 1 0.06 0.45 18 5
case 11 1 0.10 1.25 30 5
case 12 1 0.14 2.45 42 5
case 13 1 0.18 4.06 54 5

Heat source distributions with different initial curvatures and different coil widths were calculated.
The normalized results are shown below in Figure 13. We chose a cross section vertical to the symmetry
axis (y = 0) S2–S2 to compare the distribution of the heat generation (see Figure 14). The heat generation
concentrated in the area under the coil, and the shape of the area was similar to the coil. When the
coil width was smaller than 100 mm, the variation of Joule heat generation was not obvious. When
the coil width was over 100 mm, the Joule heat generation was obviously reduced at the center of the
workpiece. At a coil width of 180 mm and initial curvature K = 1, the Joule heat generation at the
center of the workpiece was reduced by about 20%.Appl. Sci. 2020, 10, 2304 13 of 17 
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Figure 14. Heat generation in section S2–S2.

We performed the eight heat source models on the heat transfer and mechanical analysis, and
the plastic strain distribution and displacement were calculated. Figure 15 shows the plastic strain on
the bottom surface (without the inductor side) of the plate along the section SB–SB, which is vertical
to the heating line, and the thickness was 20 mm. The strain was divided into the in-plane strain
and out-of-plane strain, according to Equations (12) and (13). Strain components in both the X and Y
directions are shown.Appl. Sci. 2020, 10, 2304 14 of 17 
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in the X direction; (b) out-of-plane strain in the Y direction; (c) in-plane strain in the X direction; and (d)
in-plane strain in the Y direction.

A greater strain can be obtained in a single line process with a wider heat source. Considering
the relative variation of the plastic strain when the curvature increases from 0 to 1, the maximum of
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the relative variation with different coil widths are listed in Table 5. Similar to the pattern of heat
generation, when the coil width is less than 100 mm, it can be considered that the effect of plate
curvature on heat source distribution and strain distribution is not obvious, as the relative variation
is mainly below 15%. When the coil width is over 100 mm, the plastic strain was obviously reduced
while the curvature increased. Curvature has a larger effect on strain in the Y direction than the X
direction. The same pattern can be concluded from different plate thicknesses.

Table 5. Maximum relative variation.

Thickness (mm) Width = 60 mm Width = 100 mm Width = 140 mm Width = 180 mm

out-of-plane strain in
the X direction

20 0.0572 0.1147 0.0946 0.1136
16 0.0496 0.1076 0.1201 0.1301

out-of-plane strain in
the Y direction

20 0.0896 0.113 0.1748 0.2657
16 0.0647 0.0883 0.1357 0.2255

in-plane strain in the
X direction

20 0.0712 0.1257 0.1723 0.2836
16 0.0757 0.1438 0.1977 0.2584

in-plane strain in the
Y direction

20 0.0222 0.0437 0.0821 0.1427
16 0.0227 0.0505 0.1058 0.1753

It should also be noted that the wider coil can achieve a wider plastic distribution, which means a
higher processing efficiency. Figure 16 shows the defection of the formed plate in section SB–SB and
compares the defection caused by different coil widths. In a single-pass heat line, when the highest
temperature is the same, the wider coil can achieve a more significant defection, which means the
forming ability of the wide coil is higher than that of the narrow coil.Appl. Sci. 2020, 10, 2304 15 of 17 
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5. Conclusions

In this paper, we used an FEM calculation to investigate the effect of plate curvature on heat source
distribution and strain distribution, defining the influence range of plate curvature. The following
conclusions were obtained:

1. The finite element method, which divides the whole problem into three parts in sequence, can
reflect the deformation of the actual process very well.

2. When the coil width is less than 100 mm, it can be considered that the effect of plate curvature on
heat source distribution and strain distribution is not apparent.

3. When the coil width is over 100 mm, the plate curvature affects the heat generation distribution.
As the curvature increases, the Joule heat generation in the center of the heating area is reduced
by up to 21%, and the plastic strain is obviously reduced.

4. A more significant deformation and strain can be obtained in a single-pass heat line with a wider
heat source. A wider coil can achieve a higher processing efficiency.
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5. When the coil width is less than 100 mm or the curvature is less than 0.2 m-1, the effect of the plate
curvature is negligible. A compromise is to use a heat source distribution under an intermediate
curvature for the calculation to reduce the deviation caused by a curvature change.
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Nomenclature
→

H the magnetic field strength (Wb)
→

J the conduction current density (A/m2)

t time (s)
→

E the electric field (V/m)
→

B the magnetic field (T)
→

D the electric flux density (C/m2)

ρv the electric charge density
q joule heat generation density (J/m3)
→

J current density (A/m2)

γ electric conductivity (S ·m)
δ skin effect depth (mm)
f the current frequency (Hz)
µr the relative magnetic permeability
qsur f surface heat source distribution (J/m2)
ρ the density (kg/m3)
c the specific heat (J/(kg · ◦C))
T the temperature (◦C)
λ the thermal conductivity (W/(m · ◦C))
h the convective heat transfer coefficient (W/(m2

·
◦C))

→
n the external normal direction of the steel plate surface
Tenv the ambient temperature (◦C)
σi j stress tensor
Fbi the body force
{dσ} the stress increment
[D] the elastoplastic matrix
{dε} the strain increment
{C} the thermal stiffness matrix
dT the temperature increment (◦C)
tplate plate thickness (mm)
εin_plane in-plane strain
εout_o f _plane out-of-plane strain
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