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Abstract: This paper proposes a new kind of quasi-zero-stiffness (QZS) isolation system that has
the property of low-dynamic but high-static stiffness. The negative stiffness was produced using
two magnetic rings, the magnetization of which is axial. First, the force–displacement characteristic
of the two coupled magnetic rings was developed and the relationship between the parameters of
the magnetic rings and the stiffness of the system was investigated. Then, the dynamic response of
the QZS was analyzed. The force transmissibility of the system was calculated and the effects of
the damping ratio and excitation amplitude on the isolation performance were investigated. The
prototype of the QZS system was developed to verify the isolation effects of the system based on a
comparison with a linear vibration isolation platform. Lastly, the improvement of the QZS system
was conducted based on changing the heights of the ring magnets and designing a proper non-linear
spring. The analysis shows the QZS system after improvement shows better isolation effects than
that of the non-improved system.

Keywords: vibration isolation; quasi-zero-stiffness; magnetic rings spring; transmissibility;
improvement of the load capacity

1. Introduction

In many practical examples, an isolator usually shows the vibration isolation effect when the
excitation frequency is over

√
2 times the natural frequency of the linear isolation system. The isolation

frequency range will usually be expanded when the natural frequency of the isolator system is reduced,
the cost of which is a reduction in the stiffness of the linear vibration isolation system, which causes
an undesirably large static deflection [1,2]. To overcome this problem, nonlinear vibration isolation
systems based on the quasi-zero-stiffness (QZS) have been investigated that have the properties of
high-static and low-dynamic stiffness.

A QZS system has a localized zero stiffness in the equilibrium state that meets the requirement of
a low natural frequency and a low static deformation at the same time. Numerous ways have been
developed to realize a QZS system [3–8]. A typical form of QZS was designed by Carrella et al. [9],
who proposed a simple QZS system consisting of a vertical spring acting in parallel with two oblique
linear springs. The above-mentioned QZS system was improved by Kovacic et al. [10]. The oblique
linear springs were replaced by two nonlinear pre-stressed oblique springs. It was found that the
QZS system could produce a smaller dynamic stiffness in larger displacements near the equilibrium
position, which helps to improve the performance of vibration isolation. In Ishida et al. [11], a vibration
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isolator, inspired by the origami-based foldable cylinders, was designed to serve as a nonlinear springs
with a quasi-zero stiffness. Sun and Jing [12] proposed a three-direction isolation platform, which
demonstrated the QZS property in three directions and achieved a much larger displacement range
around the equilibrium position. The cam–roller–spring mechanism was designed to realize the
negative stiffness spring of the QZS system [13]. In Vo and Le [14], a novel low-frequency isolation
model was developed, where the nonlinear stiffness spring was realized by using a pneumatic cylinder
through the mechanical structure of the wedge–roller–spring and cam–roller–spring mechanisms.
Le and Ahn [15] designed a vibration isolation system for a vehicle seat that conformed to QZS theory.
In Abbasi et al. [16], a vibration isolator with a high-static low-dynamic stiffness was constructed
through a continuous rotating shaft, where such an isolator had the properties of linear damping and a
cubic equivalent stiffness.

The mechanical structures with a negative stiffness are key components for the QZS system.
In Carrella et al. [17], the QZS system is made up of three springs, two of which are to reduce the
dynamic stiffness of the isolator. Lu et al. [18] proposed a two-stage isolation system with springs
and two different definitions of the nonlinear transmissibility were compared. Some other kinds of
springs have been investigated by researchers. Fulcher et al. [19] developed a kind of QZS system
using buckled beams to generate a negative stiffness. Ishida et al. [20] presented a prototype vibration
isolator based on a foldable cylinder with a torsional buckling pattern for the negative stiffness.
Lan et al. [21] designed a special planar spring to manage a wide range of loads and the QZS system
had a better vibration isolation performance compared with linear isolators. Sun et al. [22] proposed a
3D QZS system, where the negative stiffness spring was a pre-deformed, scissor-like structure, and the
efficacy of a sensor system based on QZS was investigated. Kim et al. [23] developed a novel passive
vibration isolator for an ultra-precision sensing system, utilizing a buckled plate spring with a ball
joint. Naeeni et al. [24] investigated the application of QZS isolators in vibration pickups, a vibration
pickups by using of vibration isolation principle of QZS, and the experimental results showed that
the QZS isolator pickups has better performance than the linear isolator pickups even if there are
physical and geometric errors. Besides, some achievements are obtained mainly focusing on control
methodology based on the QZS isolation system [25].

Another way to construct a QZS system is to utilize magnets to construct springs with a negative
stiffness. Carrella et al. [26] proposed a QZS system that consisted of two vertical mechanical springs
and two magnets at the outer edge of each spring. The system could change the characteristics of the
magnets to adapt to different working conditions to obtain the best vibration isolation performance.
Wu et al. [27] and Sun et al. [28] proposed a novel spring with a negative stiffness that was composed of
three cuboidal magnets. They found that the QZS system could reduce the vibration isolation frequency.
Other systems with magnets used to create a negative spring were developed by Robertson et al. [29],
Xu et al. [30], and Zhu et al. [31]. Since the magnets mentioned above had a significant spatial
distribution and therefore not appropriate for compact situations, another kind of negative spring
with magnets was proposed, where two magnetic rings are embedded in each other. In Mofidian
and Bardaweel [32], a vibration system was analyzed, where the nonlinear negative stiffness was
carried out using a combination of a magnetic spring and a mechanical oblique spring. The nonlinear
damping was introduced to eliminate the undesired frequency jump phenomena. Zheng et al. [33] and
Zhu et al. [34] developed prototypes of a QZS system with magnetic rings, the magnetization of which
was along the radial direction. Since the axial magnetization had a high axial stiffness compared to the
radial direction, this study investigated the effectiveness of a negative spring with magnetic rings, the
magnetization of which was along the axial direction.

Furthermore, many methods have been proposed by researchers to improve the feasible load
range and its effect on the frequency response performance. Inamoto and Ishida [35] developed a
novel method for extending the load range of a vibration isolator using a foldable cylinder consisting
of a torsional buckling pattern, where the experimental results show that the initial load range was
extended by two to four times that of a conventional vibration isolator. Dao and Huang [36] developed
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a novel QZS vibration isolator by using flexure-based spring mechanisms, which enables itself to
adjust the balance point according to the load weight. In addition, some adjustment methods have
been proposed to improve the flexible load [37–39].

This paper proposes a new negative stiffness spring that uses magnets with an axial magnetization.
The negative spring is made up of magnetic rings embedded in each other, which is proper for
compacted situations compared to negative springs with mechanisms. Due to the high axial stiffness of
magnets with an axial magnetization relative to the radial direction, the magnetic rings are magnetized
along axial direction to withstand a greater load. First, the theoretical modeling of the negative
stiffness spring was set up and the relationship between the force and displacement of the negative
stiffness spring was studied using the equivalent magnetic charge method, thus obtaining the stiffness
of the negative stiffness spring. The force–displacement and stiffness–displacement curves were
obtained, which met the QZS theory based on finite element analysis. The experimental setup was
developed to verify the effectiveness of the QZS system. Experiments with the linear isolation system
corresponding to the QZS system were also undertaken. A comparison was made between the QZS
system and the linear system regarding the vibration isolation performance. During the finite element
modeling analysis, it was found that the axial magnetization magnetic ring’s stiffness–displacement
characteristics could be used for positive stiffness spring optimization. The following improvements
were made: choosing the appropriate parameters of the ring height to improve the negative stiffness
spring and designing a suitable nonlinear spring that is parallel with the linear spring acting as a
positive stiffness system. Finally, the improved QZS system had a better performance regarding
transmissibility than the non-improved QZS system in theory.

The paper is organized as follows. In Section 2, the theoretical modeling of the QZS vibration
isolation system is set up and the force–displacement characteristics of the two coupled magnet springs
are developed. Then, the influence of the parameters of the coupled magnetic rings on stiffness is
investigated. In Section 3, the dynamic response of the proposed QZS isolation system is analyzed.
In Section 4, an experimental prototype is developed and experiments are conducted to verify the
effectiveness of the QZS system. In Section 5, two methods for the improvement of the QZS system
are discussed and the performance of the improved QZS system is analyzed and compared to a
conventional system. Finally, some conclusions are given in Section 6.

2. The QZS Vibration Isolation System

The QZS vibration isolation platform is presented in Figure 1. It was constructed by using a
negative stiffness spring with a positive stiffness spring in parallel, where the negative stiffness was
produced by two axial-magnetized ring magnets.Appl. Sci. 2020, 3, x FOR PEER REVIEW  2 of 19 
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Figure 1. Three-dimensional structure diagram of the proposed quasi-zero-stiffness (QZS)
vibration isolator.
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As shown in Figure 1, the QZS vibration isolator was mainly composed of a linear spring, an inner
ring magnet, and an outer ring magnet, an object. Furthermore, other subsidiary parts were used as
well, which included intermediate shaft 1, intermediate shaft 2, linear motion bearing 1, linear motion
bearing 2, and the adjustable screw nut. The two linear motion bearings guaranteed a straight-line
movement of the platform and reduced the friction. The two intermediate shafts connected the positive
stiffness spring and the negative stiffness spring in parallel, while an adjustable screw nut was used
to regulate the relative displacement. All of the parts mentioned above made up the QZS vibration
isolation system.

2.1. Force–Displacement Characteristic of the Two Coupled Magnet Springs

The configuration of the magnetic negative stiffness spring is shown in Figure 2. The magnetization
directions of the inner and outer ring magnets are along the axial direction, as shown in Figure 2b.

Appl. Sci. 2020, 3, x FOR PEER REVIEW  4 of 20 

As shown in Figure 1, the QZS vibration isolator was mainly composed of a linear spring, an 

inner ring magnet, and an outer ring magnet, an object. Furthermore, other subsidiary parts were 

used as well, which included intermediate shaft 1, intermediate shaft 2, linear motion bearing 1, 

linear motion bearing 2, and the adjustable screw nut. The two linear motion bearings guaranteed a 

straight-line movement of the platform and reduced the friction. The two intermediate shafts 

connected the positive stiffness spring and the negative stiffness spring in parallel, while an

adjustable screw nut was used to regulate the relative displacement. All of the parts mentioned

above made up the QZS vibration isolation system. 

2.1. Force–Displacement Characteristic of the Two Coupled Magnet Springs 

The configuration of the magnetic negative stiffness spring is shown in Figure 2. The 

magnetization directions of the inner and outer ring magnets are along the axial direction, as shown 

in Figure 2b.

X

Y

Z
1X

Face 2

Face 3

O

(a) (b) 

Z

X

Y

O

Q

P

3r

2r





Face 3

Face 2

'r

1x

'P

r

(c) 

Figure 2. The negative stiffness spring: (a) the negative spring system, (b) the cutaway view of the 

negative spring, and (c) the schematic for calculating the magnetic force. 

To understand the force–displacement characteristics, faces 2 and face 3 are used here as an

example to calculate the magnetic forces in the mathematical modeling [40]. The magnetic charge of 

the point P on face 2 of the inner ring magnet is 2q : 

2 2 2q r d dr =
, (1) 

where 2r and   are the polar coordinates of the point on the face 2 and   is the surface density 

of magnetic charges of the ring magnets.

Magnetization 

direction

1H

2H

0X

1R 2R
3R

4R

Face 1

Face 2

Face 3
Face 4

Figure 2. The negative stiffness spring: (a) the negative spring system, (b) the cutaway view of the
negative spring, and (c) the schematic for calculating the magnetic force.

To understand the force–displacement characteristics, faces 2 and face 3 are used here as an
example to calculate the magnetic forces in the mathematical modeling [40]. The magnetic charge of
the point P on face 2 of the inner ring magnet is q2:

q2 = σr2dαdr2, (1)

where r2 and α are the polar coordinates of the point on the face 2 and σ is the surface density of
magnetic charges of the ring magnets.
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According to electromagnetic theory, the magnetic field intensity of point Q on face 3 of the outer
ring magnet produced by point P is:

H =
1

4πµ0

q2

r2 r0, (2)

where µ0 is the permeability of the vacuum, r is the distance between point P on face 2 and point Q on
face 3, and r0 = r/r is the unit vector between point P and point Q. Therefore, the magnetic field force
at point Q is:

dF = Hq3 = Hσr3dβdr3 =
σ2

4πµ0

r2r3dαdβdr2dr3

r3 r. (3)

where r3 and β are the polar coordinates of the point on face 3, and q3 = σr3dβdr3.
According to the static magnetism formula, the surface density of magnetism and the body density

of magnetism can be given as:  σ = jn = µ0Mn
B = µ0

(
H + M

) , (4)

where j is the intensity of the magnetic pole vector, n is the unit vector in the normal direction of
the end face of the ring magnets, H is the electromagnetic intension force, and M is the intensity
of magnetization.

Because no electric field is applied, H = 0 and B = µ0M. Due to the magnetization direction
of the ring, the magnetism is parallel with the normal direction of the end face of the ring magnets.
Therefore, Equation (4) can be given as:

σ = µ0M = Br, (5)

where Br is the residual magnetic flux density.
Then, Equation (3) can be expressed as:

dF =
B2

r
4πµ0

r2r3dαdβdr2dr3

r3 r = C
r2r3dαdβdr2dr3

r3 r, (6)

where C = Br
2

4πµ0
.

The magnetic field force in the x-direction at point Q on face 3 of the outer ring magnet produced
by point P is:

dF32 = C
r2r3dαdβdr2dr3

r3 ri, (7)

where i is the unit vector in the x-direction.
The geometric relationship between point P and point Q from Figure 2 can be given as:

r = r
′

− x1 = r3 − r2 − x1, (8)

where x1 is the relative axial displacement of the inner ring magnet relative to the outer ring magnet.
Then:

ri = r3i− r2i− x1i, (9)

and 
r3i = r3 sinγ
r2i = r2 sinϕ
x1i = x1

. (10)

Therefore, Equation (9) can be simplified to:

ri = r3 sinγ− r2 sinϕ− x1, (11)
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where sinγ = x1√
r2
3+x2

1

and sinϕ = x1√
r2
2+x2

1

.

Therefore, the distance between point P and point Q can be given as:

r =
√

x2
1 + (r3 cos β− r2 cosα)2 + (r3 sin β− r2 sinα)2. (12)

After substituting Equations (11) and (12) into Equation (7), the axial force produced by face 2 and
face 3 is given as:

F32 = C
∫ R2

R1

∫ R4

R3

∫ 2π

0

∫ 2π

0

(r3 sinγ− r2 sinϕ− x1)r2r3dr2dr3dαdβ

[x2
1 + (r3 cos β− r2 cosα)2 + (r3 sin β− r2 sinα)2]

3
2

. (13)

Then, the axial force produced by the other faces can be found in the same way:

F31 = C
∫ R2

R1

∫ R4

R3

∫ 2π

0

∫ 2π

0

(r3 sinγ− r1 sinϕ− x1)r1r3dr1dr3dαdβ

[(H1 + x1)
2 + (r3 cos β− r1 cosα)2 + (r3 sin β− r1 sinα)2]

3
2

, (14)

F41 = C
∫ R2

R1

∫ R4

R3

∫ 2π

0

∫ 2π

0

(r4 sinγ− r1 sinϕ− x1)r1r4dr1dr4dαdβ

[x2
1 + (r4 cos β− r1 cosα)2 + (r4 sin β− r1 sinα)2]

3
2

, (15)

F42 = C
∫ R2

R1

∫ R4

R3

∫ 2π

0

∫ 2π

0

(r4 sinγ− r2 sinϕ− x1)r2r4dr2dr4dαdβ

[(H2 − x1)
2 + (r4 cos β− r2 cosα)2 + (r4 sin β− r2 sinα)2]

3
2

, (16)

where H1 and H2 are the heights of the inner and outer ring magnets; R1 and R2 are the inner and outer
radii of the inner ring magnet; R3 and R4 are the inner and outer radii of the outer ring magnet.

The axial resultant force is a sum of the four forces and can be expressed as:

F = F41 + F32 − F31 − F42. (17)

In Equation (17), the positive sign means that the two faces have the same magnetic charge, and
the negative sign means that the two faces have a different magnetic charge.

The negative stiffness can be found by differentiating Equation (17) with respect to the relative
axial displacement x1 between the inner ring magnet and the outer ring magnet:

KN = −
dF
dx1

. (18)

The negative sign in Equation (18) shows that the restoring force produced by the magnetic spring
is opposite to the magnetic force.

2.2. Analysis of the Stiffness of the Two Coupled Magnet Springs

Three main geometrical parameters affect the stiffness of the two coupled magnet springs: the
height of the ring magnet, the radial gap between the inner ring magnet and outer ring magnet, and
the radial thickness of the ring magnet.

As shown in Figure 3, when the radial gap between the two ring magnets increased while other
geometrical parameters were invariable, the absolute value of the negative stiffness at the equilibrium
position decreased and the curve became increasingly more uniform. However, if the absolute value
of the negative stiffness at the equilibrium position was too small, the static deformation became too
large and did not comply with the vibration isolation requirement.
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The results of the negative stiffness for changing the radial thickness of the inner ring magnet are
shown in Figure 4. It was found that the absolute value of the negative stiffness increased for the larger
radial thickness and its nonlinearity increased.Appl. Sci. 2020, 3, x FOR PEER REVIEW  6 of 19 
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Figure 4. The influence of the radial thickness.

The influence of the height of the ring magnets on the negative stiffness spring was divided into
three cases for investigation. First, as shown in Figure 5a, when the height of the two ring magnets
was the same, the difference in the absolute value of each curve at the equilibrium position and the
nonlinearity variation near the equilibrium position was very small. Second, as shown in Figure 5b,
with the increase of the height of the outer ring magnet, the absolute value of stiffness decreased,
leading to the number of peaks changing from one to two and the distance between the two peaks
becoming larger. The nonlinearity of the curve changed from strong to weak and then became strong
in the process of increasing the height of the outer ring magnet. Finally, as shown in Figure 5c,d, if the
difference in height of the two ring magnets was kept the same and the heights of the inner and outer
ring magnets changed, the absolute value of the negative stiffness at the equilibrium position and the
nonlinearity near the equilibrium position did not change a lot.
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2.3. Stiffness of the QZS Vibration Isolation System

The QZS vibration isolation system was constructed using a negative stiffness spring with a
positive stiffness spring in parallel, while the negative stiffness system of the QZS system was made of
two ring magnets, as shown in Figure 6.
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The dual magnetic stiffness was calculated using Equation (18), which was parallel to that of the
linear positive stiffness spring. The force versus displacement and the stiffness versus displacement of
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the QZS system is shown in Figure 7. It can be observed that the stiffness at the equilibrium position
was zero. Therefore the QZS system, which was composed of the ring magnets and linear spring,
complied with the curve law of a general QZS system by adjusting the geometric parameters of the
ring magnets and the linear spring stiffness.
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3. Dynamic Analysis of the QZS System

When considering the QZS dynamic response of the entire system, it is inconvenient to directly
use Equation (18) for dynamic analysis; instead, a nonlinear curve should be fitted.

The equation of the force of the QZS of the vibration isolation system using the fitted curve can be
expressed as Equation (19). The parameters γ1 and γ2 depict the nonlinearity of the force, and the
force is as follows:

FQZS(x) = γ1x3 + γ2x5. (19)

Assuming that the exciting force is f = F0 cos(ωt + θ), the dynamic equation of the QZS system
can be given as:

m
..
y + c

.
y + γ1y3 + γ2y5 = F0 cos(ωt + θ). (20)

For the QZS system, Equation (20) can be written in a non-dimensional form as:

ŷ′′ + 2ξŷ′ + αŷ3 + βŷ5 = F0 cos(Ωτ+ θ), (21)

where ŷ =
y
ys

, Ω = ω
ωn

, τ = ωnt, ωn =

√
kv
m , ξ = c

2
√

mkv
, α =

γ1 ys
2

kv
, β =

γ2 ys
4

kv
, F0 = F0

kv ys
and ŷ′ = dŷ

dτ ;
Note that ys is the static displacement of the linear spring and kv is the stiffness coefficient of the
positive spring.

Assuming that the response of the whole system is ŷ = Y cos(Ωτ) and substituting it into Equation
(21), the frequency–amplitude can be given as below based on the harmonic balance method:(

YΩ2 +
3
4
αY3 +

5
8

Y5
)
+ (2ζYΩ)2 = F

2
0. (22)

Equation (22) can be solved to obtain:

Ω1,2 =

√
H
Y
− 2ξ2 ±

1
Y

√
4ξ4Y2 − 4ξ2HY + F02. (23)

where H2 = 3
4αY3 + 5

8βY5.
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The non-dimensional form of the force transmitted through the QZS system and the simplified
equation can be given as:

F0 = 2ξ
.
ŷ + αy3 + βy5

≈ −2ξYΩ sin Ωτ+ H cos Ωτ =
√
(2ξYΩ)2 + H2 cos(Ωτ+ φ), (24)

where tanφ = 2ξYΩ
H .

The force transmissibility is given as:

T =
Ft

F0
=

√
(2ξYΩ)2 + H2

F0
. (25)

As shown in Figure 8a, when the damping ratio was increased gradually, the phenomenon of the
curve bending to the right was increasingly more inconspicuous and the strongest transmissibility
was cut down, which means that the jump phenomenon became inconspicuous. Increasing the
damping ratio was beneficial for reducing the initial frequency of vibration isolation as the jump-down
frequency degraded in the process of increasing the damping ratio. However, the cost of increasing the
damping ratio was that the force transmissibility became gradually larger in the high-frequency range
of vibration isolation.
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(b) the transmissibility when F0 increased.

As shown in Figure 8b, the jump-down frequency and the force transmissibility were larger for
the bigger excitation amplitudes, such that the initial frequency of vibration isolation did not meet the
requirement of low-frequency vibration isolation. However, the influence of changing the excitation
amplitude was not obvious in the high-frequency range of vibration isolation.

4. Experimental Setup and Results

4.1. Experimental Apparatus

An experimental prototype of the proposed QZS isolator shown in Figure 9a was developed
to validate the vibration isolation performance. The entire experimental system consisted of an
experimental prototype, an acceleration analyzer, a power amplifier, a shaking table, and a data
acquisition analyzer. The experimental prototype contained an isolator and a mass. An acceleration
sensor was mounted onto each of the shaking table and the mass, and the acceleration signals were
transmitted to the data acquisition analyzer. The shaking table provided excitation movement for the
prototype of the QZS isolator. Figure 9b depicts the scheme of the experimental system.
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Figure 9. Experimental prototype and scheme for the QZS isolator system: (a) experimental prototype
and (b) scheme of the experiment system.

There were three main parts of the QZS experiment system. The first part was the excitation
chain, which included the computer, the power amplifier, and the shaking table. The power amplifier
received the signal about the frequency sweep range from the computer and transmitted the signal
to the shaking table for movement. The second part was the QZS vibration isolation system, which
included the isolation platform and the mass, as shown in Figure 1. The platform at the bottom of the
isolator was rigidly connected to the shaking table using bolts. There were two linear motion bearings
to ensure that the platform and the mass could have movement in the vertical direction. The third part
was the signal acquisition system, which included two acceleration sensors (the acceleration type was
EY2010, input range: ±10 g, full-scale accuracy: ±5%, work frequency: DC-2 kHz; YEC, Inc. Yangzhou,
China ), data acquisition analyzer (the data acquisition analyzer type was Elite, input channels: 4,
input voltage: 0–10 V, input frequency: 0–10 kHz, CMI, Inc. Beijing, China), and the analysis software
was Elite II (Version 1.3). An acceleration sensor was put on each of the mass and the shaking table.
The data acquisition analyzer could receive the acceleration signals and transfer them to Elite II to get
the result of the experiment after analysis. The entire block diagram of the experiment can be seen
in Figure 10.
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This study conducted two different kinds of experiment: the experiment for the QZS isolation
system, and the experiment for the corresponding linear vibration isolation system. A comparison was
made between the results of the two different experiments. The corresponding linear vibration isolation
platform was that of the QZS vibration isolation platform without the magnetic rings. The geometric
parameters of the magnetic rings are shown in Table 1.

Table 1. The main geometric parameters of the vibration isolation platform.

Parameters Value

The inner diameter of the inner magnetic ring D1 10 mm
The outer diameter of the inner magnetic ring D2 30 mm
The inner diameter of the outer magnetic ring D3 60 mm
The outer diameter of the outer magnetic ring D4 80 mm

Remanence Br 1.24 T
The stiffness of the linear spring 7500 N/m

To verify the effectiveness of the QZS system, the dynamic test experiments were conducted for
both the QZS system and the linear system. Then, the experiment used to detect the jump range of the
QZS system was carried out.

4.2. Experimental Results

From the experiment, the results of the acceleration of the QZS system and the linear system were
obtained, as shown in Figure 11. The black line represents the acceleration of the excitation, the blue
line is the acceleration of the mass of the QZS system, while the red line is that of the linear system.
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Figure 11. The comparison between the linear system and the QZS system.

As shown in Figure 11, the acceleration of the mass of the QZS system was always lower than that
of the linear system, especially for the peak of these two different systems. The acceleration of the QZS
system was lower than that of excitation in both the high-frequency and low-frequency ranges. In
Figure 11, the frequency for the beginning of isolation of the linear system was about 24 Hz, while that
of QZS system was 16 Hz, which shows the QZS vibration isolation platform had a wider frequency
range for vibration isolation than its corresponding linear system and could achieve the low frequency
for the initial vibration isolation.

Using the experimental data of the linear and QZS systems, the acceleration transmissibility
in the frequency range 5–40 Hz was obtained, as shown in Figure 12. It can be seen that the peak
of the transmissibility of the QZS system was 13.5 Hz, while that of the linear system was 16.5 Hz.
Furthermore, the transmissibility of the QZS system was lower than that of the linear system. Therefore,
it was concluded from the experiment that the QZS vibration isolation system had a better isolation
performance than its corresponding linear system in the low-frequency range.
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The QZS vibration isolator backward sweep experiment was carried out to verify the jump
phenomena, as shown in Figure 13. It was found that the starting vibration isolation frequency of the
forward sweep experiment was about 15 Hz, while the starting vibration isolation frequency of the
backward sweep experiment was about 13.8 Hz. Therefore, the jump range was about 1.2 Hz.
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5. The Improvement of the QZS System

5.1. Ways to Improve Under a Wide Range of Loads

Based on the discussion in Section 2.2, it was found that the geometrical parameters of the
magnetic spring affected the characteristics of the negative stiffness. For example, the height of the
ring magnets affected the stiffness near the equilibrium position. As shown in Figure 5b, if the height
of the inner ring magnet was kept constant and only the height of the outer ring magnet was increased,
the number of peaks changed from 1 to 2 and the distance between the two peaks became increasingly
larger. The nonlinearity of the curve changed from strong to weak and then became strong in the
process of increasing the height of the outer ring magnet. Therefore, a practical way to improve the
stiffness near the equilibrium position of the quasi-zero system was to change the height of the ring
magnets, which enlarged the low stiffness range. This was the first method used for improvement.

Another method used for improvement was designing a nonlinear spring that was parallel with
the linear spring to be the new positive stiffness system. The principle is shown in Figure 14. Here,
flexible bars were used to design the nonlinear spring. The finite element software ANSYS 16.0
(ANSYS, Inc. USA)was used to investigate the effects of these parameters to find out how these
geometrical parameters affected the nonlinear stiffness, and the structural stiffness of the flexible
bars was comparatively studied in accordance with the calculation results of the plane beam element.
Figures 15–17 illustrate the different kinds of cross-section of bars that were used to construct the
nonlinear spring.
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Figure 14. The second way to improve the QZS system: (a) the original QZS system and (b) the
improved QZS system.

As shown in Figures 15 and 16, the nonlinear spring of the first two methods had certain soft
spring properties. However, when it came to the QZS isolation system, the negative spring made
the stiffness of the entire system unbalanced near the equilibrium position. In Figure 17, the curve
of stiffness for the nonlinear spring went down, then up. It had the characteristic of symmetry near
the 30 mm position, which depicted a better non-linear property. Therefore, a third nonlinear spring
was adopted to improve the positive stiffness system and a displacement of 30 mm was used as the
equilibrium position. This was the second method used for improvement.
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stiffness of the nonlinear spring for finite element analysis.
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Based on the improvement of the QZS isolation system, with the combination of the first method
used for improvement by changing geometrical parameters of magnetic spring, and the second method
used for improvement by using a non-linear spring as mentioned above, the result is shown in Figure 18.
It can be seen that, after improvement, the stiffness in the interval −3 to 3 mm was very close to 0,
which shows that the QZS after improvement had a better isolation performance for low frequencies
with a small amplitude excitation.
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5.2. Dynamic Analysis for the Improved System

It can be seen from the previous analysis that the improved QZS system had a better isolation
performance. In this part, the force transmissibility was the main consideration of the dynamic analysis.

From the study of Carrella et al. [16] on QZS’s transmissibility, the fitting stiffness equation of the
improved QZS system can be given as:

KQZS = α1x2 + α2x4. (26)

For the QZS system, the dynamic equation of the system in a non-dimensional form can be given
as:

ŷ′′ + 2ζŷ′ + χ1 ŷ3 + χ2 ŷ5 = F0 cos(Ωτ+ θ), (27)

where ŷ =
y
ys

, Ω = ω
ωn

, ωn =

√
kv
m , χ1 =

α1 y2
s

3kv
, χ2 =

α2 y4
s

5kv
and F0 = F0

kv ys
; y is the displacement of the

mass; ys is the static displacement of the linear spring; kv is the stiffness coefficient of the positive
spring; and F0 is the exciting force.



Appl. Sci. 2020, 10, 2273 16 of 19

According to the solution method used in Section 3, the force transmissibility of the improved
system is defined as:

T =

√
(2ζYΩ)2 + H′2

F0
, (28)

where H′2 = 3
4χ1Y3 + 5

8χ2Y5 and tanϕ = 2ζYΩ
H′ ; it is assumed that the time domain response of the

whole system is ŷ(τ) = Y cos(Ωτ).
From Equation (28), the expression of the force transmissibility of the improved system was

similar to that of the non-improved system, and they were all associated with the damping ratio and
the excitation amplitude.

Comparisons between the non-improved and the improved force transmissibility with the
different damping ratio can be seen in Figure 19. The fit coefficients of the improved QZS system were
α1 = −8.154× 10−4 and α2 = 2.389× 10−4, and the excitation amplitude was set to F0 = 0.30. It can
be seen that when the damping ratio was ζ = 0.05, the force transmissibility of the non-improved
QZS system was bigger than that of the improved system in the latter half of the jumping range,
but the jump-down frequency decreased. The result of the improvement was increasingly obvious
when increasing the damping ratio. Figure 19 shows that after improvement, the peak of the
force transmissibility and the jump-down frequency reduced significantly. Therefore, the improved
quasi-zero-stiffness system had a better performance for low-frequency vibration isolation.
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Figure 19. The force transmissibility comparison between the non-improved system and the improved
system with the same damping ratio: (a) ζ = 0.05 and (b) ζ = 0.10.

Figure 20 illustrates the comparison between the non-improved system and the improved
system with the same excitation amplitude. The fit coefficients of the improved QZS system were
α1 = −8.154 × 10−4 and α2 = 2.389 × 10−4, and the damping ratio was set to ζ = 0.05. When the
amplitude of excitation was F0 = 0.15, the peak of the force transmissibility of the improved system
was lower than that of the non-improved system and the jump-down frequency of the improved
system was also lower than that of the non-improved system. With an increased excitation amplitude,
the difference between the peaks of the two curves became increasingly small, but the jump-down
frequency of the improved system was still lower than that of the non-improved system. It was
concluded that the jump-down frequency of the improved system was always lower than that of the
non-improved system and the difference between the peak of the non-improved and that of improved
curves became smaller as the excitation amplitude became larger. Therefore, the improved system had
a better vibration isolation performance for low-frequency amplitude excitation.
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6. Discussions and Conclusions

This paper proposes a new kind of QZS system whose negative stiffness was produced using two
magnetic rings with axial magnetization, where the negative spring of the magnetic rings was more
suitable for compacted occasions and the axial direction for magnetization was more appropriate for
greater loads compared to other directions of magnetization. The force–displacement characteristic of
the two coupled magnetic rings was derived and the relationship between parameters of the magnetic
rings and the stiffness of the system was studied, which provided the direction for the improvement
of the system. The dynamic response of the QZS isolation system was analyzed, which showed that
increasing the damping ratio was useful for the initial frequency of vibration isolation, but was not
appropriate for high-frequency vibration isolation. An experimental prototype was developed to
verify the vibration isolation ability of the QZS system. The results of the experiment showed that the
proposed QZS system was better than that of a corresponding linear system at vibration isolation.

Two methods were proposed for the improvement of the QZS system: changing the axial heights
of the magnetic rings and designing a nonlinear spring that was parallel with the linear spring.
The dynamic response of the improved QZS system was analyzed. From this analysis, the force
transmissibility of the improved system was lower than that of the non-improved system, which
indicated that the effect of vibration isolation of the improved QZS system was better than that of the
non-improved isolator.

Considering the improvement of the QZS system, whether by changing the axial stiffness of the
magnetic ring or adopting a flexible nonlinear spring in combination with a linear spring, the QZS
system displayed vibration isolation as long as the stiffness met the quasi-zero stiffness characteristics.
For the QZS system, the wider the range of the zero-stiffness region at the balance point, the greater
the vibration isolation ability. Furthermore, to improve the performance of the QZS system, many
structures could be explored in the future for constructing the QZS system different from those schemes
mentioned in this paper, which mainly focused on regulating the parameters of the nonlinear flexible
structures or the axial stiffness of the magnetic ring.

It should be pointed out that the focuses of this paper were the proposed QZS system and
how to improve its performance. Some other characteristics, such as stability, the effect of damping
performance of the QZS system, the error of the mechanical system, and so on, could be explored in
the future, which could be more complicated.
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