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Abstract: In this work, the waiting time distribution (WTD) statistics of electron transport through
a two-channel quantum system in a strong Coulomb blockade regime and non-interacting dots
are investigated by employing a particle-number resolved master equation with the Born–Markov
approximation. The results show that the phase difference between the two channels, the asymmetry
of the dot-state couplings to the left and right electrodes, and Coulomb repulsion have obvious effects
on the WTD statistics of the system. In a certain parameter range, the system manifests the coherent
oscillatory behavior of WTDs in the strong Coulomb blockade regime, and the phase difference
between the two channels is clearly reflected in the oscillation phase of the WTDs. The two-channel
quantum dot (QD) system for non-interacting dots manifests nonrenewal characteristics, and the
electron waiting time of the system is negatively correlated. The different phase differences between
the two channels can clearly enhance the negative correlation. These results deepen our understanding
of the WTD statistical properties of electron transport through a mesoscopic QD system and help
pave a new path toward constructing nanostructured QD electronic devices.
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1. Introduction

Tunable physical quantities in a quantum dot (QD), such as the effective Coulomb energy, the
tunneling probability, energy levels, electron spin, and the electron number in QD, have created the
possibility to actively control the properties of electronic transport via quantum dots. Thus, mesoscopic
devices based on QDs have very broad application prospects in the areas of quantum computation,
quantum information, and spintronic electron devices. Accordingly, electron transport properties
through QDs have attracted many studies, both experimental and theoretical. An experimental
demonstration was reported using two graphene double quantum dots (DQDs) coupled through a
microwave resonator; it is thought that this setup can be used to entangle macroscopically separated
electron transport and thus has applications in nanoscale quantum information processing [1]. Delbecq
and others [2] provided a new way to study light–matter interactions. Theoretical and experimental
studies on giant microwave amplifiers have also been undertaken to create quantum optical devices [3,4].

For the past two decades, full counting statistics (FCS) has been applied to study the quantum
statistical description of charge transfers in mesoscopic devices. Indeed, FCS can provide complete
statistical information about the low-frequency fluctuations of the number of transferred charges [5].
FCS has attracted great attention since the intrinsic properties of a mesoscopic system can be identified
through the high-order cumulants of electron correlations alongside the average transport-current
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itself [6–12]. However, FCS evaluates the probability distribution function of the number of electrons
transferred through a conductor within a given time period; it also captures time-integrated correlation
effects that have a long time limit, so important information about short-time physics may be lost [13–16].

In addition to FCS, another complementary method of characterizing electron transport is by
studying the waiting time distributions (WTDs), which are the distributions of the time intervals
between two successive electrons transmitted through a conductor [13–16]. WTDs are a particularly
useful tool to describe short-time physics and correlations in mesoscopic conductors. Moreover,
real-time counting statistics have been carried out experimentally on electron transport through
quantum dots [12], and the measurements of WTDs for a mesoscopic device could soon be within
reach. In recent years, WTDs have been investigated theoretically for quantum transport in quantum
dots [16–19], mesoscopic conductors [15,20], and superconducting devices [21,22]. Notably, Brandes
discussed the waiting times and noise in single particle transport through single reset (double QDs in a
strong Coulomb blockade regime) and multiple reset (an Anderson single-impurity model without
Coulomb repulsion) systems [23]. The difference between single and multiple reset QD systems is
that in single reset systems, the dot is empty after an electron tunnels out, whereas in a multiple
reset system, the dot is empty only after a certain number of electrons has tunneled out. In more
complicated systems, like the Anderson–Holstein model, an electron tunneling out can leave the
system in various vibrational states, and there are thus multiple possibilities for the state after the
electron jumps, even if there are only one or zero electrons involved in the transport [24,25]. Recently,
Kosov et al. studied the effects of cotunneling on the WTDs of an Anderson single-impurity model
in a Coulomb blockade regime and tunneling regime and discovered nonrenewal statistics, which
are the short-time correlations between subsequent waiting times and are invisible in the current
cumulants [26].

On the other hand, Wang et al. studied the effects of quantum interference and phase accumulations
on the FCS of the electronic transport through a Coulomb blockade system with two identical transport
channels, which can be realized by transport through two adjacent levels in a single QD or through
two QDs in parallel [27]. This is of particular interest because this system is an analog of an optical
double-slit interferometer. The effects of quantum interference and phase accumulations on the WTDs
of the system remain an interesting question.

In this paper, the WTD statistics of electron transport through a two-channel quantum system with
and without a strong Coulomb blockade will be investigated. The influence of quantum interference
and phase accumulation, the asymmetry of dot-state couplings to the left and right electrodes, and
Coulomb repulsion on the WTD statistics are studied.

This paper is organized as follows. In Section 2, we present the model and theoretical formalizations
with the particle-number resolved master equation under the Born–Markov approximation and WTD
statistics. In Section 3, we study the effects of quantum interference, the asymmetry of dot-state
couplings to the left and right electrodes, and Coulomb repulsion on the WTD statistics of a QD system
with two identical transport channels. The conclusions are given in Section 4.

2. Model and Theoretical Formalizations

The Hamiltonian of a two-channel Coulomb blockade system is governed by (} = e = 1) [27]:

H = Hd + Hleads + HT

Hd = E1d†1d1 + E2d†2d2 + Ud†1d1d†2d2 (1a)

Hleads =
∑

k

(
εlkc†lkclk + εrkc†rkcrk

)
(1b)

HT =
∑

kj(=1,2)

Ω jld†j clk + Ω jrd†j crk + H.c. (1c)



Appl. Sci. 2020, 10, 1772 3 of 11

where d1(d2) stands for destroying an electron in the central QD state 1(2), c†
αk(cαk) creates (destroys)

a lead electron with momentum k in lead α = l or r (l = left, r = right); E1 and E2 are the respective
energy levels of the two channels; and Ω jα describes the coupling constant between central QD state j
and lead α. The third term on the left of Equation (1a) describes the Coulomb interactions between the
electrons in the different dot states. In the above Hamiltonian, we omitted the spin indices.

Considering the Born–Markov approximation, and tracing out the lead reservoirs, one can obtain
a reduced central QD system master equation as [28]

d
dt
ρ = −i[Hd,ρ] +Llρ+Lrρ (2)

Llρ = Γl

{∑
j=1,2
D

[
d†j

]
ρ+

[
d†2ρd1 −

{
d1d†2,ρ

}
/2

]
+

[
d†1ρd2 −

{
d2d†1,ρ

}
/2

]}
,

Lrρ = Γr

{∑
j=1,2
D

[
d j

]
ρ+ η∗

[
d1ρd†2 −

{
d†2d1,ρ

}
/2

]
+ η

[
d2ρd†1 −

{
d†1d2,ρ

}
/2

]}
,

whereD[A]ρ = AρA† − 1
2

[
A†Aρ+ ρA†A

]
,
{
A,ρ

}
= Aρ+ ρA, and A is an arbitrary operator. Here, it is

assumed that E1,2 are inside the window of the bias voltage and the leads are at zero temperature.

Γ j
α =

∑
k 2πραk

∣∣∣Ωα j
∣∣∣2, Γ j

α describes the jth channel electron tunneling rate between the central QD and
lead α, while ραk describes the density of the electron state with momentum k at lead α. Since we
focus on the quantum interference effect here, the two transmission channels are set to be identical.
Thus, we assume that the coupling strengths of the two QD states with the left and right electrodes
are equal and energy independent, i.e., |Ωα1|

2 = |Ωα2|
2 and Γ1

α = Γ2
α = Γα. In this paper, we adopt

a phenomenological relative phase factor by choosing Ωl1 = Ωl2, η = Ωr1/Ωr2, where η = eiθ is a
relative phase parameter [27]. A phase difference between the two channels can be induced by the
phase accumulation of spatial motion from the electrode to the dot, particularly in the presence of
magnetic vector potential (i.e., the Aharanov–Bohm effect), as well as the phase changes associated
with transmission through QDs [29–31].

Equation (2) does not include the effects of Coulomb interactions and is valid for a noninteracting
case. This allows for double-electron occupation of the dot. If the dot is small, and the Coulomb
repulsion is the largest energy scale, only one electron can inhabit the dot at a time, and sequential
tunneling occurs. Rather than explicitly including this effect with a Coulomb repulsion against double
occupation in Equation (2), we simply restrict the corresponding Hilbert space of the dot system using
the three following states: |0〉 (empty dot state), |1〉 (E1 state occupied with one electron), and |2〉
(E2 state occupied with one electron) [32,33].

To keep track of the number m of electrons jumping into the right lead reservoir from the central
QD system, the m-resolved state density matrices ρm(t) can be written as [34]

d
dt
ρm = −i[Hd,ρm] +Llρ+Lrρ (3)

Llρ = Γl


∑
j=1,2

D

[
d†j

]
ρm +

[
d†2ρ

md1 −
{
d1d†2,ρm

}
/2

]
+

[
d†1ρ

md2 −
{
d2d†1,ρm

}
/2

],

Lrρ = Γr


∑
j=1,2

d jρ
m−1d†j −

{
d†j d j,ρm

}
2

+ η∗

d1ρ
m−1d†2 −

{
d†2d1,ρm

}
2

+ η

d2ρ
m−1d†1 −

{
d†1d2,ρm

}
2




If we perform the following Laplace transformation ρ(χ, t) ≡
∑
∞

m=0 ρ
m(t)emχ, Equation (3) can be

transformed into
d
dt
ρ(χ, t) = −i[Hd,ρ(χ, t)] +Llρ(χ, t) +Lrρ(χ, t) (4)
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Llρ = Γl


∑
j=1,2

D

[
d†j

]
ρ+

d†2ρd1 −

{
d1d†2,ρ

}
2

+
d†1ρd2 −

{
d2d†1,ρ

}
2


,

Lrρ = Γr


∑
j=1,2

d jρd†j e
iχ
−

{
d†j d j,ρ

}
2

+ η∗

d1ρd†2eiχ
−

{
d†2d1,ρ

}
2

+ η

d2ρd†1eiχ
−

{
d†1d2,ρ

}
2




where χ is the counting field.
Our study will be restricted to a single reset case (a strong Coulomb blockade regime, U→∞ )

and a multiple reset case (non-interacting dots, U = 0).

2.1. Strong Coulomb Blockade Regime

In a strong Coulomb blockade regime, only one electron can inhabit the central QD system at a
time, and sequential tunneling occurs. Based on the restriction of the corresponding Hilbert space by
the three states, the density matrix of Equation (4) can be expressed using the corresponding Liouvillian
basis as [32,33]

d
dt
ρ =

(
L0 +JFeiχ

)
ρ (5)

where the Liouvillian basis of is (ρ00,ρ11,ρ22,ρ12,ρ21)
T, and some off-diagonal elements are ignored

because they are not involved in the calculations of the WTD and Pearson correlation coefficient.

L0 =


−2Γl 0 0 0 0

Γl −Γr 0 −η∗Γr/2 −ηΓr/2
Γl 0 −Γr −η∗Γr/2 −ηΓr/2
Γl −ηΓr/2 −ηΓr/2 iδε− Γr 0
Γl −η∗Γr/2 −η∗Γr/2 0 iδε− Γr


,

and JF =


0 Γr Γr η∗Γr ηΓr

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


,

where the level spacing is set by E2 − E1 = δε , and the reference of zero energy is chosen, such that
E2 = δε/2, E1 = −δε/2.

2.2. Non-Interacting Dots

For the non-interacting dots, the states of the central QD system are presented as follows: |0〉 (empty
dot state), |1〉 (E1 state occupied with one electron), |2〉 (E2 state occupied with one electron), and |3〉
(E1 and E2 states are occupied with two electrons). Thus, the density matrix of Equation (4) can be
expressed as

d
dt
ρ =

(
L0 +JFeiχ

)
ρ (6)
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where the Liouvillian basis of ρ is (ρ00,ρ11,ρ22,ρ33,ρ12,ρ21)
T. Some off-diagonal elements are omitted

because they are not involved in the calculations of the WTD and the Pearson correlation coefficient.

L0 =



−2Γl 0 0 0 0 0
Γl −Γr−Γl 0 0 −η∗Γr/2 −ηΓr/2
Γl 0 −Γr−Γl 0 −η∗Γr/2 −ηΓr/2
0 Γl Γl −2Γr Γl Γl
Γl −(Γl + ηΓr)/2 −(Γl + ηΓr)/2 0 iδε− Γr − Γl 0
Γl −(Γl + η∗Γr)/2 −(Γl + η∗Γr)/2 0 0 −iδε− Γr − Γl


,

and

JF =



0 Γr Γr 0 η∗Γr η∗Γr

0 0 0 Γr 0 0
0 0 0 Γr 0 0
0 0 0 0 0 0
0 0 0 ηΓr 0 0
0 0 0 η∗Γr 0 0


,

The standard expression for the WTD of the two-channel QD system in the time domain
is [19,25,26,34]:

W(τ) =

(
I,JFeL0τJFP

)(
I,JFP

) (7)

where I = [1, 1, 1, 0, 0] for a strong Coulomb blockade case and I = [1, 1, 1, 1, 0, 0] for a non-Coulomb
repulsion case. P is the steady state of the system in t = 0. The waiting time τ is given by

〈τn
〉 = n!(−1)(n+1)

(
I,JF (L0)

−(n+1)
JFP

)(
I,JFP

) (8)

In order to analyze the microscopic fluctuations, we can define two consecutive waiting times,
W2(τ1, τ2), which is the joint probability distribution that the first electron waits for time τ1, and the
next electron waits for time τ2, before tunneling to the drain [19,25,26].

W2(τ1, τ2) =

(
I,JFeL0τ2JFeL0τ1JFP

)(
I,JFP

) (9)

If W2(τ1, τ2) = W(τ1)W(τ2), the system is a renewal system, otherwise, it is a nonrenewal system.
To further characterize the short-time correlated behavior of the system, the Pearson correlation
coefficient is defined as

p =
〈τ1τ2〉 − 〈τ2

〉

〈τ2〉 − 〈τ2〉
(10)

3. Results and Discussion

In order to compare our results to those of Wang and colleagues [27], we use the same parameters
and set the tunneling rate Γ0 = 1 as the energy scale throughout this paper.

3.1. Strong Coulomb Blockade Regime

In the strong Coulomb blockade regime, only one electron is transported through the QD system
every time, and the dot is empty after an electron tunnels out. Thus, the system is a single reset system.
Figure 1 shows 1/〈τ〉 and the randomness parameter [26], 〈〈τ2

〉〉/〈τ2
〉, as a function of the asymmetry

of the dot-state couplings to the left and right leads, respectively. Comparing Figure 1b with the
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corresponding Fano factor in the work of Wang and co-workers [27], we find that the randomness
parameter is the same as the Fano factor of the system. Thus, the system is a renewal system when
there exists a one-to-one relationship between the WTD and FCS [25,26,34]. The calculation of 〈τ1τ2〉

also verifies that the system is a renewal system, and the system’s average current is equal to 1/〈τ〉,
which is illustrated in Figure 1a.

Figure 1. (a) 1/〈τ〉 as a function of α = Γr/Γl. (b) The randomness parameter, 〈〈τ2
〉〉/〈τ2

〉, as a function
of α. The blue solid line for constructive (η = 1), red dashed line for destructive (η = −1), and black
dotted line for η = exp(iπ/2). The variable α stands for the asymmetry of dot-state couplings to the
left and right leads. δε = Γl = Γ0.

The results show that the constructive interference (η = 1) between the two channels leads to a
super-Poisson noise, and the destructive interference (η = −1) leads to a sub-Poisson noise, while the
π/2 phase difference results in a sub-Poisson noise in a certain parameter range and a super-Poisson
noise in another parameter range. This demonstrates that quantum interference can move the system
back and forth between the sub-Poisson noise regime and the super-Poisson noise regime. Furthermore,
the destructive interference (η = −1) can lead to a small average current and a long average waiting
time between two electron jumping events to the right lead.

Figure 2a exhibits the WTDs of the system for three different phase differences between two
channels and the corresponding

∣∣∣ρ12

∣∣∣ was shown as a function of time τ in Figure 2b. It shows that, for
the constructive interference (η = 1) case, the most probable waiting time and full width of WTDs
are smaller than that of the other two cases, which leads to small average waiting time and large
average current.

Figure 2. (a) Waiting time distributions (WTDs) as a function of time τ. (b)
∣∣∣ρ12

∣∣∣ as a function of time τ.
The blue solid line is constructive (η = 1), red dashed line is destructive (η = −1), and black dotted line
is η = exp(iπ/2). δε = Γl = Γ0, α = 1.5.
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Comparing Figure 2a,b, one can find that the smaller the decay rate of
∣∣∣ρ12

∣∣∣, the longer the average
waiting time. The term

∣∣∣ρ12

∣∣∣ represents the interference between the two channel states and is known
as the coherence [35]. In order to enhance the interference between the two channel states, we decrease
the value of Γr, which can be understood from Equation (5).

Figure 3a exhibits the WTDs of the system for three different phase differences between the two
channels; the corresponding

∣∣∣ρ12

∣∣∣ values are shown as a function of time τ in Figure 3b. The parameter
values of Figure 3 are the same as those of Figure 2, except α = 0.2. It is very interesting that the
WTDs manifest oscillatory behavior with an increase in waiting time, which is an analog of the optical
double-slit interference fringe. The oscillatory behavior of WTDs could not be found in the FCS results
in the work of Wang and colleagues [27], which indicates that the WTDs can characterize the short-time
physics and correlations in mesoscopic systems that are not accessible for FCS. These results also
demonstrate that the phase differences between the two channels (the phase of η) are clearly reflected
in the oscillation phase of the WTDs. Comparing the blue lines with the cyan lines, we observe that the
oscillations of the WTDs decrease as the level spacing δε decreases. The effect of the level spacing δε is
an analog of the slit spacing in optical double-slit interference.

Figure 3. (a) WTDs as a function of time τ. (b)
∣∣∣ρ12

∣∣∣ as a function of time τ. The blue solid line is
constructive (η = 1), red dashed line is destructive (η = −1), and black dotted line is η = exp(iπ/2).
δε = Γl = Γ0; The cyan dot-dashed line is constructive (η = 1, Γl = Γ0, δε = 0.4Γ0); α = 0.2.

3.2. Non-Interacting Dots

Figure 4 shows 1/〈τ〉 and the randomness parameter, 〈〈τ2
〉〉/〈τ2

〉, as a function of the asymmetry
of dot-state couplings to the left and right leads, respectively. This figure demonstrates that the phase
difference between the two channel electrons jumping to the right lead has an obvious effect on the
randomness parameter, while it has little effect on the average current; notably, the average currents
are the same for the constructive interference (η = 1) case and the destructive interference (η = −1)
case. Comparing Figure 4b with the corresponding Fano factor in the other work [27], we observe
that the randomness parameter is different from the Fano factor of the system. Thus, the system is a
nonrenewal system for non-interacting dots.

Figure 5 exhibits the WTDs of the system for three different phase differences between the two
channels as a function of time τ. Although the parameter values of Figure 5a are the same as those
of Figure 3a, the oscillatory behaviors of the WTDs in Figure 3a disappear. This occurs because the
presence of one excess electron inside the central dot system leads to no possibility for more than one
electron at the same time to occupy the two channel states and destroys the coherent superposition of
the two channel states. Figure 5b shows that, if we decrease the value of the electron tunneling rate Γl
between the central QD and the left lead, the oscillatory behaviors of the WTDs appear because of the
decrease in the probability that a double electron will occupy the central QD system. Figure 5 also
shows that the probable density of the WTDs at time τ = 0 is nonzero, which suggests that it is now a
multiple reset system because two electrons can be detected in the drain lead directly following one
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another for non-interacting dots. Comparing the blue line with the cyan line in Figure 5a, we observe
that the WTD recovers some features of the oscillatory behavior as the level spacing δε increases.

Figure 4. (a) 1/〈τ〉 as a function of α = Γr/Γl. (b) The randomness parameter, 〈〈τ2
〉〉/〈τ2

〉, as a function
of α. The blue solid line is constructive (η = 1), red dashed line is destructive (η = −1), and black
dotted line is η = exp(iπ/2). Variable α stands for the asymmetry of the dot-state couplings to the left
and right leads. δε = Γl = Γ0.

Figure 5. WTDs as a function of time τ. (a) Γl = Γ0 and (b) Γl = 0.2Γ0. The blue solid line is
constructive (η = 1), red dashed line is destructive (η = −1), and black dotted line is η = exp(iπ/2),
with δε = Γ0, α = 0.2; The cyan dot-dashed line is constructive (η = 1, Γl = Γ0, δε = 8Γ0, α = 0.2).

Figure 6 demonstrates the Pearson correlation coefficient p of the system for three different phase
differences between the two channels as a function of the asymmetry of the dot-state couplings to
the left and right leads with the same parameter values as those in Figure 5. Figure 6 shows that the
electron waiting times are negatively correlated in the current case, in which a short waiting time
is more likely to be followed by a long waiting time, and vice versa, because of the anti-bunching
properties of fermion. Since we obtain the master equation under the Born–Markov approximation, the
nonrenewal behavior of the system in the current case does not result from non-Markovian behavior.

Comparing Figure 6a,b, we also observe that the phase differences between the two channels
obviously enhance the Pearson correlation coefficient. Furthermore, the Pearson correlation coefficient
can be decreased by decreasing the value of the electron tunneling rate Γl, which can lead to a decrease
in the probability of a double electron occupying the central QD system. This implies that the Pearson
correlation coefficient is relative to the multiple reset characteristics. If the two channels of the QD
system are doubly occupied, both electrons are likely to subsequently tunnel out, which leads to a
short waiting time; then, the system will fill and empty again, which results in a long waiting time.



Appl. Sci. 2020, 10, 1772 9 of 11

Figure 6. The Pearson correlation coefficient p as a function of α = Γr/Γl. (a) Γl = Γ0 and (b) Γl = 0.2Γ0.
The blue solid line is constructive (η = 1), red dashed line is destructive (η = −1), and black dotted line
is η = exp(iπ/2). δε = Γ0, α = 0.2.

4. Conclusions

We are the first to employ the Born–Markov approximation to obtain a reduced particle-number
resolved master equation for a two-channel QD system. Then, we investigated the WTD statistics
of electron transport through a two-channel quantum system in a strong Coulomb blockade regime
and for non-interacting dots. The influences of the phase differences between the two channels, the
asymmetry of the dot-state couplings to the left and right electrodes, and Coulomb repulsion on the
WTD statistics were investigated. The results show that these factors have obvious effects on the WTD
statistics of the system.

First, the two-channel QD system in the strong Coulomb blockade regime is a single reset and
renewal system, while the two-channel QD system in the non-interacting dots is a multiple reset and
nonrenewal system.

Second, the phase differences between two channels, the asymmetry of the dot-state couplings to
the left and right electrodes, and Coulomb repulsion have obvious effects on the WTD statistics of the
system. In a certain parameter range, the system manifests the coherent oscillatory behavior of WTDs
in a strong Coulomb blockade regime, and the phase differences between the two channels is clearly
reflected in the oscillation phase of the WTDs. This oscillatory behavior is an analog of the optical
double-slit interference fringe. The effect of the level spacing δε is an analog of slit spacing in optical
double-slit interference.

Third, the electron waiting time of the system is negatively correlated when the two-channel
QD system is for non-interacting dots. The different phase differences between the two channels can
obviously enhance this negative correlation.

In brief, the short-time physics and correlations in mesoscopic systems can be characterized by
WTDs, which are not accessible for FCS. The WTD statistics can be affected by the different phase
differences between the two channels. The multiple reset system exhibits nonrenewal characteristics.
These results deepen our understanding of the WTD statistical properties of electron transport
through a mesoscopic QD system and help pave a new path toward constructing nanostructured QD
electronic devices.
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