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Featured Application: The presented topic is applicable during the dynamic analysis of
pedestrian-carrying structures exposed to the dynamic action of runners. The presented
information enables the prediction of the dynamic response of the structure and verification
of the serviceability limit state of vibration in terms of the comfort of use of the structure.

Abstract: Building structures carrying pedestrian traffic, e.g., footbridges, long-span floors and long
cantilevered platforms projecting outwards from the walls (long balconies), can be susceptible to
the dynamic influence of its users. One type of dynamic action that can occur on these structures
is the dynamic action of people running. The main aim of this paper is to present the results of the
harmonic analyses and mathematical models of two types of ground reaction forces (GRFs) generated
by people applying different running techniques, i.e., forefoot- and heel-strike (rearfoot) running
technique. The analyses of the GRFs were performed on the basis of the results of laboratory tests of
running people and concern the vertical component of the ground reaction forces (VGRFs) generated
by runners. The harmonic analyses were performed using Fourier transform. The results of the
study show the main features and differences between forces generated by forefoot- and heel-strike
runners. Data obtained for various running styles allowed the development of a load model proposal
for the VGRFs generated by heel-strike runners. The results of the VGRF parameterization and the
proposed new VGRF model allow the VGRFs generated by forefoot and heel-strike runners to be
accurately estimated in the case of normal running pace (recreational running). The application of
the presented results allows improvements to the accuracy of determining the dynamic response of
structures induced by runners.

Keywords: footbridge vibration; vibration serviceability; running; ground reaction forces;
forefoot-strike; heel-strike; rearfoot-strike

1. Introduction

The specificity of designing building structures requires verification of the serviceability limit
states, including vibration caused by foot traffic. In order to verify the requirements of vibration
serviceability limit states, appropriate design scenarios should be selected depending on the types
of foot traffic that can occur on the structure during its service life. The type of foot traffic strongly
depends on the main aim of the foot traffic and location of the structure. In buildings and city areas
where the probability of people hurrying or exercising is high, the structures can be exposed to the
action of people running. Examples of these structures are footbridges located within recreational
areas (city parks, walking boulevards, etc.) or located in the vicinity of public transport stops or public
transport hubs. Runners can induce excessive vibration of these structures, which can significantly
disturb the comfort of its use. Excessive vibration of footbridges can also be induced by runners during
sporting events (half marathons, marathons, running trainings, etc.). Cases of excessive vibration of
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footbridges induced by running people have been reported in [1–8]. In the case of steel footbridges,
one running person can induce high amplitude vibration acceleration reaching 2.0–3.0 m/s2 or more [3].
At the design stage of these structures, dynamic loads generated by people running should be taken
into account where relevant.

Ground reaction forces generated during running depends on the running technique, which
manifests itself in different foot-ground contact patterns (foot-strike patterns). Detailed analysis
of the run allows the identification of three types of foot contact with the ground: heel-strike
pattern (also known as a rearfoot-strike pattern), in which the heel contacts with the ground first;
midfoot-strike pattern, in which the heel and the forefoot (the ball of the foot) make contact with the
ground simultaneously; and forefoot-strike pattern in which the forefoot contacts the ground first
(the heel does not touch the ground). Different types of foot-strike patterns produce a different time
course of the ground reaction force (GRF). In Figure 1, the time courses of the vertical component
of normalised ground reaction forces (FVGRF = VGRF/G, where: G—weight of running person) for
different foot-striking patterns are presented.
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Figure 1. Examples of time courses of normalised ground reaction forces FVGRF for different foot-strike
patterns for running frequency fr = 2.80 Hz: (a) heel-strike pattern, (b) midfoot-strike pattern, (c)
forefoot-strike pattern (based on the author’s research results).

The VGRF generated by a heel-strike runner is characterised by two peaks: an impact peak (Aip)
and a propulsive peak (App). During forefoot-strike running, only propulsive peak App occurs in the
course of the VGRF. Midfoot-strike running is an intermediate case in which only a small impact peak
may occur in the course of the VGRF. The most important differences between the course of the VGRFs
for different foot-strike patterns concern the value of amplitudes of propulsive peak and the value of
contact time (see Sections 3 and 4 for details).

There are several proposals for mathematical models of the VGRF generated by a running person
in the literature [8–14]. All of these models allow the VGRF generated to be determined during the
forefoot-strike running technique, i.e., the VGRF not containing the impact peak Aip. In [9–12] the
Fourier series was used to describe the VGRF time course. It is worth noting that parameters of the
Fourier series presented in [9–11] enable correct estimation of the VGRF for an ordinary running
activity with step frequency fr = 2.0–4.0 Hz, while the application of the Fourier coefficients proposed
in [12] leads to an overestimation of the VGRF amplitude (detailed analyses of this topic are presented
in [15]). In addition, models presented in [9–12] recommend the use of 3 or 4 harmonics to determine
the VGRF curve. For frequency of running fr = 2.80 Hz (the typical pace of running), the frequency
range corresponding to 4 harmonics is 2.8–11.0 Hz. These proposals can be considered correct for
modelling the VGRF generated during forefoot running for the needs of dynamic analysis performed
in civil engineering tasks. To determine the VGRF generated by heel-strike runners, consideration
of approximately 10–15 harmonics is required [16,17]. For a frequency of running of fr = 2.80 Hz the
frequency range corresponding to 15 harmonics is 2.8–45.0 Hz (see Section 4 for details).
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Another type of the VGRF model, called the half-sine model, has been proposed in [7,13]. The
half-sine model allows determination of the VGRF generated during the forefoot-strike running
technique. It should be also mentioned that the half-sine model is very sensitive to the value of contact
time of the foot with the ground tc. The amplitude of the VGRF in the half-sine model is inversely
proportional to tc. The assumption of the underestimated tc, e.g., tc = 0.5 Tr recommended in [7] for
ordinary running activity (where: Tr—running period, Tr = 1/fr), results in a large overestimation of
the VGRF amplitude [1,15] (see Section 4 for details).

The load model proposed in [14] is another example of a model of the VGRF generated by a
runner, enabling determination of the VGRF in the form of a half-sine curve. The model allows the
reliable value of the dynamic response of the structure subjected to the dynamic action of running
people to be estimated, but it cannot be directly compared with the measured VGRFs. The model is
characterized by a constant amplitude of 1250 N, as well as the duration of the foot contact time with
the ground being significantly shorter than contact time values measured during running tests. The
model proposed in [14] describes the force which generates an impulse causing a dynamic response of
the structure comparable to the response induced by real VGRFs, but the parameters of the modelled
VGRFs are not directly comparable to the parameters of the measured VGRFs.

A different methodology for the VGRF modelling, presented in [18], uses the sum of the Gaussian
functions to reconstruct the VGRF time course. The proposed procedure does not distinguish between
running techniques but can easily be adapted to model different running styles. The correct selection
of the number and parameters of the Gaussian functions enables determination of the template curve
of the VGRF separately for forefoot-strike and heel-strike running.

Another method of the VGRF modelling has been presented in [19,20]. In the model, the runner’s
body was divided into two masses: m1—the mass of the lower limb which contacts with the ground
during running (m1 = 0.08 G, where: G—total body mass of the runner)—and m2—the mass of the
rest of the runner’s body (m2 = 0.92 G). In order to create the VGRF curve, the sum of the cosine
functions describing the forces created during the motion of the two parts of the runner’s body was
used. With properly selected parameters, the proposed model allows the VGRF curves generated
during heel-strike and forefoot-strike running to be determined.

Most recreational runners, around 90–95%, are heel-strike runners [21–23]. In [24], it was reported
that in a group of professional marathon runners, nearly 75% of runners, were also heel-strike runners.
The heel-strike running style can be considered to be the most common running style. Despite this, as
mentioned earlier, the existing models of the VGRF generated by running people are mainly related to
forces generated by forefoot-strike runners without taking into account the differences in parameters
between the VGRFs generated by heel-strike and forefoot-strike runners.

For a better understanding of loads generated during running, a series of laboratory tests of people
running and measurements of vertical ground reaction forces (VGRFs) were performed. Acquired
forces were analysed using fast Fourier transform (FFT) to illustrate the differences in the parameters
of the VGRFs generated by forefoot-strike and heel-strike runners. In addition, the VGRFs were
parametrised in order to find the relation between the frequency of running and the foot contact time
with the ground as well as the relation between frequency of running and VGRF amplitude for different
running technique. The paper also presents the author’s proposal of the mathematical model for the
VGRF generated by heel-strike runners.

The research results presented in the paper enable a more accurate simulation of vertical forces
induced by runners and can increase the accuracy of estimation of the dynamic response of civil
engineering structures.

2. Materials and Methods

The VGRFs generated during running were measured during laboratory tests of a group of 13
healthy volunteers with full mobility and with no injuries and disabilities (5 males and 8 females,
weight 51.6 ÷ 108.4 kg (mean ± SD: 70.2 ± 16.2 kg), height 158–187 cm (mean ± SD: 172.3 ± 9.8 m) age
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22–45 years (mean ± SD: 25 ± 6.8 years)). Volunteers were chosen from the 22–45 age group using a
convenience sampling method among students and employees of the University of Physical Education
in Krakow and Cracow University of Technology.

All running tests were carried out in the laboratory of the Biomechanics Section of the University
of Physical Education in Krakow. The force measurements were realized using two AMTI 6-degrees of
freedom force plates (40 × 60 cm) located in line, one after the other, in the centre of a wooden walkway
(Figure 2).
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The data were collected at a sample rate of 1.0 kHz. A high sampling rate was necessary to
accurately measure the impact peak of the VGRF generated by heel-strike runners.

During the tests, the volunteers ran in sports shoes. All test participants were asked to run at
the pace indicated by the electronic metronome. The tests were performed in the frequency range
2.40–3.40 Hz to simulate slow, moderate and fast running pace. The running frequency increment
was 0.2 Hz. The running frequencies were recalculated from [Hz] to [BPM] (beats per minute). The
tested frequency range corresponds to the frequencies of the steps occurring during recreational and
marathon running. Cases of very fast running or sprinting were not studied.

All volunteers were asked to land with their feet in the area of the force plates during the tests.
Prior to conducting the force measurement, each volunteer practiced running with the frequency
indicated by an electronic metronome to better match the running pace during the final measurement.
All test participants performed two series of runs for each running frequency. The duration of each
series was 60 s. After two series, the examined person rested during the series performed by other
participants of the studies. The frequency was subsequently increased by 0.20 Hz, and the measurement
was repeated for the new running frequency.

The recorded VGRF signals were filtered using a fourth-order low-pass Butterworth digital filter
with a cut-off frequency of 60 Hz. The cut-off frequency of 60 Hz was established during signal
processing tests as the frequency that allowed removal of unwanted noise and did not change the
course of the VGRF waveform.

In analyses, the normalised (dimensionless) ground reaction forces FVGRF, defined as FVGRF =

VGRF/G, were used (where: VGRF—recorded and filtered vertical component of the ground reaction
force, G—weight of running person). To calculate the amplitudes of real VGRF, the amplitudes of
normalised FVGRF should be multiplied by the weight of running person G. The normalised FVGRF
forces were parameterised by the following indicators: the normalised amplitude of the impact peak
(Aip), the normalised amplitude of the propulsive peak (App,h or App,f for heel-strike and forefoot-strike
runner respectively), the time of occurrence of Aip (tip), the time of occurrence of App,h or App,f (tpp,h or
tpp,f) and the approximated contact time of the foot with the ground (tca,h or tca,f for heel-strike and
forefoot-strike runner respectively, see Figure 1).

The times tip, tpp,h and tpp,f associated with the force curve peaks were extracted by finding the
force curve peaks in the selected region of the curve along with the time values corresponding to
identified peaks.

The approximated contact time of the foot with the ground, tca,h or tca,f (the time indicated by
a dashed line in Figure 1), was obtained from the analysis of the collected data using the method
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developed by the author. The approximated contact time was determined as the point of intersection of
the time axis with a straight line passing through two points lying on the right half of the FVGRF curve
at the height corresponding to the value of the force amplitudes FVGRF = 1.0 and FVGRF = 1.10 (the
origin of the coordinate system was taken at the beginning of the FVGRF curve; FVGRF = 1.0 corresponds
to the body weight of the runner). This method allowed a straight line approximating the slope of
the right half of the FVGRF curve and the value of the approximated contact time of the foot with the
ground to be determined. The approximated contact time was assumed as a curve indicator due to the
method of force modelling (sinusoidal model), which precludes reconstruction of the actual curvature
of the FVGRF curve in its final part. The omitted low values of the FVGRF were assumed negligible from
the point of view of the dynamic analyses of building structures.

In order to determine the amplitude and phase spectra of the FVGRF generated by heel-strike and
forefoot-strike runners, the FVGRF were decomposed using the fast Fourier transform (FFT). Each FVGRF
curve was analysed separately. Recorded steps were not organised into a set of successive steps. The
duration of each of the analysed FVGRF curves was assumed to be equal to the running period Tr = 1/fr
(during the flight phase of running FVGRF = 0 was assumed). The presented FFT results relate to the
FVGRF generated during running with a step frequency of fr = 2.80 Hz, which can be assumed as the
frequency of running at a normal pace [25–27].

Data recorded for heel-strike runners were used to develop the author’s proposal of a load model
describing the VGRF generated during heel-strike running. The function describing the impact peak
occurring during heel-strike running was elaborated by analysing the variability of the parameter of the
impact-peaks (amplitude and time of its occurrence). Due to a relatively large intra- and inter-subject
variability of the analysed parameters, recommended values of the impact peak function parameters
were presented in the form of ranges of values independent of the running frequency.

3. Results

In Tables 1–3 and in Figures 3 and 4, the results of the parameterisation of the FVGRF generated by
heel-strike and forefoot-strike runners are presented. In Figures 3 and 4, the regression lines and their
equations are additionally presented (the bars in the charts represent the standard deviation).

Table 1. App,h, App,f, tpp,h, tpp,f indicators of the FVGRF curve (mean ± standard deviation).

Step Frequency
[Hz]

Heel-Strike Runners Forefoot-Strike Runners

App,h ± SD tpp,h ± SD [s] App,f ± SD tpp,f ± SD [s]

2.4 2.047 ± 0.178 0.153 ± 0.012 2.300 ± 0.127 0.125 ± 0.013
2.6 2.155 ± 0.171 0.134 ± 0.011 2.385 ± 0.124 0.114 ± 0.011
2.8 2.203 ± 0.192 0.122 ± 0.014 2.488 ± 0.155 0.104 ± 0.012
3.0 2.180 ± 0.176 0.113 ± 0.013 2.453 ± 0.059 0.102 ± 0.010
3.2 2.098 ± 0.181 0.107 ± 0.009 2.450 ± 0.078 0.095 ± 0.011
3.4 2.085 ± 0.191 0.103 ± 0.012 2.428 ± 0.153 0.096 ± 0.011

Table 2. tca,h, tca,f indicators of the FVGRF curve (mean ± standard deviation).

Step Frequency [Hz]
Heel-Strike Runners Forefoot-Strike Runners

tca,h ± SD [s] tca,f ± SD [s]

2.4 0.320 ± 0.019 0.283 ± 0.009
2.6 0.281 ± 0.015 0.253 ± 0.006
2.8 0.254 ± 0.017 0.226 ± 0.005
3.0 0.240 ± 0.017 0.213 ± 0.006
3.2 0.235 ± 0.008 0.200 ± 0.005
3.4 0.222 ± 0.015 0.190 ± 0.006
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Table 3. Aip, tip indicators of the FVGRF curve (mean ± standard deviation).

Step Frequency [Hz]
Heel-Strike Runners

Aip ± SD tip ± SD [s]

2.4 1.245 ± 0.130 0.048 ± 0.008
2.6 1.311 ± 0.225 0.044 ± 0.008
2.8 1.280 ± 0.215 0.041 ± 0.006
3.0 1.255 ± 0.212 0.041 ± 0.008
3.2 1.345 ± 0.210 0.038 ± 0.007
3.4 1.346 ± 0.147 0.038 ± 0.005
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In Figures 5 and 6 the sample charts of the FVGRF curves generated by heel-strike and forefoot-strike
runners, respectively, along with the corresponding amplitudes and phase angles of fifteen harmonics
are presented.
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Figures 7 and 8 present examples of normalised amplitudes and their corresponding phase angles
of the fifteen FVGRF harmonics determined for forty FVGRF samples generated by four heel-strike and
four forefoot-strike runners respectively. To improve the readability of the FVGRF amplitudes of higher
harmonics, the logarithmic scale of the FVGRF amplitude charts is used (in Figures 5 and 6 the exemplary
amplitudes of the FVGRF curves in linear scale are presented).
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form of text files containing numerical data. See section Supplementary Materials).

Appl. Sci. 2020, 10, 1575 10 of 17 

  
(b) 

Figure 7. The charts of (a) normalised amplitudes (log scale for the φi-axis) and (b) phase angles (linear 
scale for both axis) of the fifteen harmonics determined for forty FVGRF samples generated by four heel-
strike runners (fr = 2.80 Hz) (The data presented can be found in supplementary materials in the form 
of text files containing numerical data. See section Supplementary materials). 

  
(a) 

  
(b) 

Figure 8. The charts of (a) normalised amplitudes (log scale for the φi-axis) and (b) phase angles (linear 
scale for both axis) of the fifteen harmonics determined for forty FVGRF samples generated by four 
forefoot-strike runners (fr = 2.80 Hz) (The data presented can be found in supplementary materials in 
the form of text files containing numerical data. See section Supplementary materials). 

4. Discussion 

Section 3 presents the results of research on the vertical component of the ground reaction forces 
generated by running people (VGRF). The research took account of two different running styles: heel-
strike running and forefoot-strike running. To the best of the author’s knowledge, previous work 
presenting the results of a similar study do not take into account the division of VGRF into different 

Figure 8. The charts of (a) normalised amplitudes (log scale for the φi-axis) and (b) phase angles (linear
scale for both axis) of the fifteen harmonics determined for forty FVGRF samples generated by four
forefoot-strike runners (fr = 2.80 Hz) (The data presented can be found in Supplementary Materials in
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4. Discussion

Section 3 presents the results of research on the vertical component of the ground reaction forces
generated by running people (VGRF). The research took account of two different running styles:
heel-strike running and forefoot-strike running. To the best of the author’s knowledge, previous work
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presenting the results of a similar study do not take into account the division of VGRF into different
running styles. The presented analyses enabled the identification of the main features and differences
between the VGRF generated as a result of two different running styles.

Comparing the amplitudes of the propulsive peaks App,h and App,f (Table 1, Figures 3a and 4a) and
the values of the contact time of the foot with the ground tca,h, tca,f (Table 2, Figures 3c and 4c), two main
differences between heel-strike and forefoot-strike FVGRF can be observed. Firstly, the mean FVGRF
amplitudes generated during forefoot-strike running (App,f) reach values around 10–15% greater than
the mean FVGRF amplitudes generated during heel-strike running (App,h). Secondly, the approximated
contact time of the foot with the ground for forefoot-strike running (tca,f) is around 10–15% less than
the approximated contact time for heel-strike running (tca,h). As confirmed by the results of analyses
performed by the author, the use of accurate values of the contact time of the foot with the ground is
crucial for proper modelling of the FVGRF using the half-sine model presented in [7,13].

A similar relationship between the FVGRF amplitudes generated during the normal pace of running
(with a velocity of around 3.0 m/s) by forefoot-strike and heel-strike runners can be found in [28,29]. It
was considered that results obtained by the author, which are consistent with the results presented
in [28,29], indicate the relatively high importance of running technique for the FVGRF amplitude.
Further analyses of this topic are required.

The values of tca,h and tca,f can be estimated by empirical Formula (1) and (2):

tca,he = 0.215 + 30·e−2.35· fr (1)

tca, f e = 0.166 + 5.25·e−1.586· fr (2)

Equations (1) and (2) were determined by the author using an exponential regression line best
fitted to the data set presented in Table 2 using the weighted nonlinear least-squares method. Fitted
regression lines are shown in Figures 3c and 4c.

The use of Formula (1) and (2) allows the approximated contact times of the foot with the ground
(tca,he, tca,fe) to be correctly estimated, and thus, the FVGRF amplitudes for heel-strike and forefoot-strike
running, respectively, can be correctly estimated. To compare the estimated FVGRF amplitudes with
the experimental values, in Table 4 the estimated values of amplitudes App,he, App,fe determined for
the estimated contact times tca,he, tca,fe are presented. It can be seen that the estimated amplitudes are
consistent with the experimental values of App,h, App,f presented in Table 1. It is worth noting that
the estimated amplitudes App,he, App,fe are also consistent with the dynamic load factor kp defined
in [13]. However, it should be noted that according to the results obtained for the step frequency
during running fr in a range of 2.4–3.4 Hz, the mean value of the dynamic impact factor kp defined
in [13] as a function of tc/Tr should be determined for the tc/Tr ratio in a range of 0.63–0.77 (see the
last two columns in Table 4, note: in the formula tc/Tr use tca,he or tca,fe instead of tc for heel-strike
and forefoot-strike runners respectively). In addition, it is worth noting that the values of the contact
duration of the foot with the ground presented in Table 2 are consistent with the recommendations
presented in [13], after [30], only in the step frequency range fr = 2.4–3.0 Hz. For fr > 3.0 Hz, the
values of the contact durations of the foot with the ground recommended in [13,28] are less than the
experimental values presented in Table 2. Normalised force amplitudes determined for the shorter
contact times of the foot with the ground, e.g., using the half-sine model, reach values of up to FVGRF ≈

3.0 that do not occur during the normal pace of the run (recreational running) [28,29]. These values can
be considered the upper limit of the force amplitudes which can only occur during fast running at a
speed of 5–6 m/s [28]. It is also worth noting that assuming the contact time tce = 0.5 Tr, recommended
in [7], leads to a constant and overestimated value of the FVGRF amplitude for all step frequencies
during running (see values of Appe in Table 4).
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Table 4. Estimated parameters of the FVGRF indicators.

Frequency
fr [Hz]

tca,he [s]
Equation (1)

tca,fe [s]
Equation (2)

tce = 0.5
Tr [s]

App,he
(for tca,h)

App,fe
(for tca,f)

Appe (for
tc)

tca,he

Tr

tca,fe

Tr

2.4 0.322 0.283 0.208 2.035 2.315 3.142 0.768 0.679
2.6 0.282 0.251 0.192 2.145 2.407 3.142 0.731 0.658
2.8 0.257 0.228 0.179 2.186 2.462 3.142 0.711 0.633
3.0 0.241 0.211 0.167 2.172 2.481 3.142 0.720 0.639
3.2 0.231 0.199 0.156 2.123 2.469 3.142 0.752 0.640
3.4 0.225 0.190 0.147 2.052 2.433 3.142 0.755 0.646

where: Tr = 1/fr; App,he, App,fe, Appe—estimated amplitudes of normalised ground reaction forces FVGRF: App,he =
π/(2·tca,he·fr); App,fe = π/(2·tca,fe·fr); Appe = π/(2·tce·fr) according to [7]. The amplitudes of the real VGRFs should be
calculated as follows, e.g., App,hR = App,he·G, App,fR = App,fe·G, AppR = Appe·G, where G—weight of running person.

Analysing the results presented in Tables 1 and 2 and in Figures 3 and 4, it can be observed that
the FVGRF amplitudes reach the highest values in the step frequency range of fr = 2.70–3.10 Hz, which
corresponds to a typical running pace.

Analysing the results presented in Figure 3d, the lack of an explicit trend of the impact peak
indicator Aip can be identified (large scatter of Aip values). A linear regression was used to approximate
the Aip values. The mean value of the normalised amplitude of the impact peak is Aip = 1.30. The
impact peak Aip occurs on average about 42.0 ms after the contact of the heel with the ground.

Analysing Figures 5–8, which show the normalised amplitudes of the FVGRF harmonics (αi/G,
where: αi—amplitude of the harmonic, G—weight of running person) generated during heel-strike
and forefoot-strike running, it can be observed that the amplitude spectra for both running techniques
are dominated by the amplitudes of the 1st harmonics with mean values and standard deviations of
1.08 ± 0.09 and 1.36 ± 0.07 for heel-strike and forefoot-strike running respectively. It can be also seen
that the scatter of amplitudes of individual harmonics in the case of forefoot-strike running is greater
than in the case of heel-strike running especially for higher harmonics (for i ≥ 4, where: i—number of
harmonic).

In the case of forefoot-strike running the 2nd harmonic reaches the mean value of around 24%
of the amplitude of the 1st harmonic. The 3rd harmonic reaches a mean value of about 8% of the
amplitude of the 1st harmonic. The mean amplitudes of the 4th and 5th harmonics reach around
2.5–2.7% of the amplitude of the 1st harmonic. The mean amplitudes of the 6th and 7th harmonics reach
around 1.4–1.8% of the amplitude of the 1st harmonic. Higher harmonics (for i ≥ 8) reach amplitudes
of less than 1.0% of the amplitude of the 1st harmonic. A relatively fast decrease in the mean amplitude
value of individual harmonics can be seen.

In the case of heel-strike running the distribution of normalised amplitudes of the analysed
harmonics nos. 2–15 is more even than in the case of forefoot-strike running. A large number of
harmonics reach amplitudes in the range of 4.0–9.0% of the amplitude of the 1st harmonic. The 2nd
harmonic reaches a mean value of around 9% of the amplitude of the 1st harmonic. The 3rd harmonic
reaches a mean value of around 7% of the amplitude of the 1st harmonic. The mean amplitudes of
the 4th and 5th harmonics reach around 6.5–7.5% of the amplitude of the 1st harmonic. The mean
amplitudes of the 6th and 7th harmonics reach about 4.6–5.6% of the amplitude of the 1st harmonic.
The mean amplitudes of harmonics nos. 8–14 reach values in the range of 1.0–4.0% of the amplitude of
the 1st harmonic.

Analysing the charts showing the phase angles of the FVGRF harmonics (φi) presented in Figures 5–8,
a relatively large scatter of the φi of individual harmonics can be noticed. This feature of the FVGRF
harmonics causes major problems in FVGRF modelling using the Fourier series, especially in the case
of the FVGRF generated by heel-strike runners. The shape of the FVGRF generated by forefoot-strike
runners is dominated by the 1st harmonic and is slightly dependent on the values of the phase angles of
the higher harmonics. Proper assumption of the phase angles for the first three harmonics is sufficient
to correct modelling of the FVGRF generated by forefoot-strike runners.
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In the case of analysed running pace with a step frequency of fr = 2.80 Hz the mean phase angles
for the 1st harmonics of the FVGRF are φ1,h = 5.48 ± 0.13 rad (~1.75π) and φ1,f = 5.83 ± 0.19 rad (~1.86π)
for heel-strike and forefoot-strike running respectively. In the case of forefoot-strike running, the
constant value of the phase angles φi ≈ 4.0 rad (~1.30π) for i ≥ 2 can be assumed without significant
loss of accuracy in determining the FVGRF (compare Figure 8b).

In the case of the FVGRF generated during heel-strike running, the characteristic is a large scatter
of the phase angel values for the 2nd harmonic and almost linear decrease of the phase angles for
harmonics 3–15 (Figure 7b). It should be noted that the reader should remember about the periodicity
of the phase angles of ±2π (6.28 rad), which allows a large value of phase angles determined for higher
harmonics (shown in Figure 7b for harmonics 10–15) to be converted to a small or negative value. The
mean value and the standard deviation of the phase angle for the 2nd harmonic is φ2 = 4.0 ± 1.15 rad.
The value of the phase angle for the 3rd harmonic (φ3) can be assumed to be in the range of 5.5–6.3 rad.
The values of the phase angle for the higher harmonics (harmonics 4–15) should be linearly reduced
every 0.5 rad (compare Figure 7c).

The constant term of the Fourier series (α0) is another important parameter for modelling any
curves by means of the Fourier series. This constant term α0 represents the average value of the
function over its domain. In the case of the FVGRF generated by forefoot-strike runners the value of the
normalised constant term can be assumed α0,f = 1.0 ± 0.034. For the FVGRF generated by heel-strike
runners, the value of the normalised constant term is α0,h = 0.978 ± 0.035.

Figure 9 presents the impact of the number of harmonics included in the FVGRF modeling on the
accuracy of the FVGRF curve fitting. The residual plots, presented below the FVGRF charts, show the
accuracy of fitting of the FVGRF to the example laboratory test result. To achieve high accuracy of the
mapping of the FVGRF curve generated by forefoot-strike runners, it is sufficient to use 3–5 harmonics
(Figure 9e,f). In the case of the FVGRF generated by heel-strike runners, sufficient accuracy can only be
achieved if 10–15 harmonics are used (Figure 9c,d).
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Figure 9. Impact of the number of harmonics on the accuracy of the FVGRF curve modeling: (a–d) heel-
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Figure 9. Impact of the number of harmonics on the accuracy of the FVGRF curve modeling: (a–d)
heel-strike running; (e–h) forefoot-strike running: (a,e) model containing 3 harmonics; (b,f) model
containing 5 harmonics; (c,g) model containing 10 harmonics; (d,h) model containing 15 harmonics
(upper chart—the FVGRF curves, lower chart—residual plots; dot line—result of laboratory test, solid
line—result of the FVGRF fitting).
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Due to the large variability of the Fourier series parameters, especially the phase angles values,
modelling of the FVGRF generated by heel-strike runners using the Fourier series can be burdensome and
can lead to large inaccuracies. An alternative way of modelling of the FVGRF generated by heel-strike
runners should be proposed. This alternative method may be the method presented in [18–20]. This
could also be the model proposed by the author and based on the half-sine model.

The FVGRF generated by heel-strike runners can be simulated using the half-sine model
(Equation (3) [7,13]) assuming the correct contact time value tca,he according to Equation (2) and
adding an impact peak function φip(t) (Equation (6), author’s proposal) responsible for producing the
impact peak occurring in the FVGRF generated by heel-strike runners.

FVGRF(t) =

 Ar sin
(
π· fr

k ·t
)

for i·Tr < t ≤ (i + k)·Tr i = 0, 1, 2 . . .

0 for (i + k)·Tr < t ≤ (i + 1)·Tr
(3)

k =
tca,he

Tr
(4)

Ar =
π

2·k
(5)

φip(t)

G
= Aφ sin

(
αφ·π· fr·t

)βφ for 0 ≤ t ≤ λ·Tr (6)

where FVGRF(t)—normalised vertical component of the ground reaction force FVGRF(t) = VGRF/G,
G—weight of running person (note: VGRF(t) = FVGRF(t)·G), Ar—the FVGRF amplitude acc. to Equation
(5), k—coefficient of contact time of the foot with the ground acc. to Equation (4), fr—step frequency
during running, Tr—step period during running Tr = 1/fr, φip—the impact peak function, Aφ—the
impact peak amplitude, αφ—coefficient of the impact peak location, βφ—coefficient of the impact peak
slenderness, λ—coefficient of the impact peak duration λ ≈ (0.17–0.20)Tr (only the first cycle of the
impact peak function should be used).

During the analyses a large intra- and inter-subject variability of the impact peak parameters was
observed, and for this reason, the recommended values of the impact peak parameters are presented in
a form of ranges of values independent of the running frequency.

A typical Aφ value can be assumed to be in the range of 0.5–1.3. The value of the impact peak
location coefficient αφ can be assumed in the range αφ = 4–8 (αφ can be a decimal number). The
coefficient αφ should be adequately adjusted to the running frequency to achieve the location of the
impact peak 30–45 ms after contact of the foot with the ground; αφ = 5–8 or αφ = 4–6 can be assumed
for running frequency fr = 2.4–2.8 Hz and fr = 2.8–3.4 Hz respectively. βφ = 2, 3, 4, 5,... can be assumed.
The recommended value is βφ = 4 (βφ can be a decimal number). For more information see [15].

In Figure 10 the FVGRF generated using Equations (3)–(6) along with corresponding amplitude
and phase angles spectra are presented.
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and normalised impact peak generated using the impact peak function, (b) the sum of normalised 
VGRF and normalised impact peak (solid bold line) in relation to the results of laboratory tests (thin 
dashed lines), (c) the amplitudes spectrum of the generated FVGRF, (d) phase angles spectrum of the 
generated FVGRF. 

5. Summary 

The paper presents the issue of the modelling of the vertical component of the ground reaction 
forces (VGRF) generated by running people. Two types of VGRF were analyzed related to two styles 
of running, i.e., heel-strike running and forefoot-strike running. This approach develops the current 
way of analysing the issue. The results of laboratory tests of runners allowed the formulation of new 
proposals for the description of the VGRF parameters. This helps to avoid overestimating the VGRF 
amplitude, increasing the accuracy of the VGRF determination and, as a consequence, increasing the 
accuracy of estimation of the dynamic response of the structure subjected to the dynamic action of 
runners. The presented results of analyses of two different types of forces generated during running 
can help engineers (structural designers) to better understand the principles and complexity of the 
VGRF modeling. 
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