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Featured Application: The proposed method can be applied to bladed disks of the compressors
of aero-engines, as a light-weight and adaptive damping solution. Some practical issues should
be addressed before industrial implementation, such as distribution of piezoelectric materials,
the protection of electric circuits and so on.

Abstract: An enhanced SSDI (synchronized switch damping on inductor) approach is proposed to
suppress the vibration of bladed disks in aero-engines. Different from the authors’ former work
(MSSP, 2017; JIMSS, 2018) where a local SSDI circuit is shunted to the piezoelectric materials at each
blade sector, in this work two blade sectors are interconnected by a shared SSDI circuit. In this way,
the switching action of SSDI is triggered by the relative displacement between two blade sectors.
The feasibility of the dual-connected SSDI is numerically examined by a 2-DOF (degree-of-freedom)
mechanical system, and further experimentally validated on a single-beam and a double-beam system.
Results show that the damping performance increases with the amplitude of relative displacement.
This feature is especially favorable for the application of blisks where the blade normally vibrates in
different amplitudes and phases. Eventually, we conduct numerical simulation on the forced response
of mistuned bladed disk undergoing travelling wave excitation. Results show that the dual-connected
configuration can reduce at least half the number of switching shunts while maintain nearly the same
performance as the conventional (local) SSDI.

Keywords: bladed disk; vibration control; synchronized switch damping on inductor; dual-connected
configuration; multi-harmonic balance method; experimental validation

1. Introduction

A bladed disk is the assembly of the disk and the mounted blades in aero-engines. The interaction
between the rotating bladed disk and the flow field often induces severe vibration which might
cause high cycle fatigue or structural failure. Currently, frictional damping (generated by contact
interfaces [1–3]) is applied to control the vibration of bladed disks. In recent years, in order to improve
the thrust-weight ratio and reliability, the integrally bladed disk as single-piece-made component
is developed and implemented industrially [4]. However, due to the lack of friction contacts,
the damping decreases dramatically and vibration problem becomes more prominent. For these
reasons, new damping strategies for bladed disks are still in demand.

The dampers for bladed disks should be light-weight due to strict limit on the added mass in
aerospace engineering. The dampers should also be efficient in broad frequency band due to the nature
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of fluid excitation. On these aspects, piezoelectric shunt damping is found to be a good candidate
among others [5,6]. The basic idea is to embed or paste the piezoelectric materials on the host structure
and shunt the electrodes by an electric circuit. Owing to the two-way energy conversion capability of
piezoelectric materials, some proportion of the mechanical energy is converted into the electric field
when the structure vibrates. The electric energy is dissipated by the electric circuit (e.g., a resistor),
and this generates the damping to the mechanical field thus reduces vibration. Since proposed in
1980s [7,8], piezoelectric shunt damping has been rapidly developed and has already been considered
applying to blades [9,10] and bladed disks [11–16] in aero-engines.

Good single-mode damping can be achieved when we only use passive electric components in the
shunting circuit. For example, the shunt with a resistor and an inductor connected in series performs
like a dynamic vibration absorber [7,8]. The resistance and the inductance should be tuned with the
intrinsic capacitance of piezoelectric materials and the targeting resonance frequency in a manner
analogous to a mechanical vibration absorber. This often leads to the problem of implementing a
rather large inductance, but it can be solved by synthetic circuits [17] or digital circuits [18]. Band-pass
filters and multiple inductor-resistor branch should be introduced to achieve multi-mode/broadband
damping [19,20]. Nevertheless, the performance of the passive shunts is normally sensitive to the
electric parameters or working frequency due to the underlying need of frequency tuning. There have
been many attempts of applying piezoelectric shunt damping to aero-engine blades in the literature.
Many positive experimental results can be found, including on a rotational test rig [9] and on a real-scale
composite fan blade [10].

In modern aero-engines, the disk is becoming thinner to reduce the mass.
Consequently, the stiffness of the disk closer to the blade stiffness, and the disk and blades should be
considered as a whole mechanical system when developing dampers [21]. Ideally, a bladed disk is a
perfect cyclic-periodic structure. However, in reality, there are always small and random deviations in
blade properties due to manufacturing, material inhomogeneity, in-operation wear, etc. These small
blade-to-blade discrepancies are called mistuning, and it can lead to vibration concentrated in few
blade sectors (known as vibration localization [22]). Moreover, due to the break of cyclic symmetry,
the vibration modes no longer has a single nodal diameter and thus can be excited by travelling wave
excitations with various engine-orders [23]. As a result, it is more favorable to achieve multi-mode
damping for vibration control of bladed disks.

Multi-mode damping can be achieved if a synchronized switching damping (SSD) circuit [24,25]
is introduced to the piezoelectric shunt. External power is required to drive the switching action,
thus makes it a semi-active approach. The electrodes of piezoelectric materials are switched on/off

at the voltage extrema of the piezoelectric patch in every vibration cycle. Consequently, the voltage
and the structural velocity are always in near opposite direction, providing a (nonlinear) force that
hinders vibration of the host structure. It has been well demonstrated that SSD has many advantages in
comparison with the passive strategies [26,27], such as an improved multi-modal damping performance
and insensitive with the variation of modal frequencies. Several variants of SSD techniques have been
defined, depending on the subsequent electric components, such as SSDS [24] (S for ’on short-circuited’),
SSDI [25] (I for ‘on inductance’), SSDV [26] (V for ‘on voltage source’) and SSDNC [27] (NC for ‘on
negative capacitance’). A large number of experimental studies have been carried out, however most
of the host structures are beams [24–27].

Recently, researchers have started to study the feasibility of applying SSD to bladed disks [28–32].
Numerical tools are developed for analyzing the steady-state vibration of bladed disks with SSD, based
on multi-harmonic balance method [28], nonlinear modal synthesis method [29] and linearization
approach [30]. A comparative study between SSDNC and dry friction dampers are conducted [31],
and results show both dampers have similar single-mode performance but SSDNC has better
multi-mode and multi-engine-order performance. Detailed experimental results on blades and
bladed disks can be found in the work of Mokrani [32]. In these studies, one SSD circuit is required for
each blade, therefore the overall number of SSD circuits equals to the overall number of blades (which
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can vary from 20 to 40 in reality). Note that each SSD circuit constitutes a few electric components and
requires external power (despite can be very low), thus conventional local SSD configuration may face
implement difficulty in reality.

In this paper, we propose a new configuration of SSDI strategy for bladed disk, where two blade
sectors are interconnected by a shared SSDI circuit thus termed the ‘dual-connected SSDI’ (Figure 1).
In this way, the switching action of SSDI is triggered by the relative displacement between two blade
sectors. Note that the idea of interconnected shunt circuits has been explored by various authors for
different purposes, for example to enhance the damping performance of passive circuits on bladed
disks [11–16] and to improve the control of wave propagation [33–36]. The conducted numerical and
experimental work concentrate on the application of vibration control of bladed disks.
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Figure 1. The schematic plots of (a) the conventional synchronized switching damping inductance
(SSDI), (b) the dual-connected SSDI with PP (positive-to-positive) connection and (c) the dual-connected
SSDI with PN (positive-to-negative) connection.

In what follows, we will first show the feasibility of the dual-connected SSDI by numerical
studies on a 2-DOF (degree-of-freedom) mechanical system (Section 2). The main findings will be
experimentally validated on beam systems with a low-power implementation of the switching circuit
(Section 3). Eventually, we conduct numerical simulation on the mistuned bladed disk to highlight the
advantages of the proposed configuration (Section 4).
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2. Principles of Local and Dual-Connected SSDI Techniques

2.1. Local Conventional SSDI

The conventional configuration of SSDI is illustrated in Figure 1a, where L is the inductor in
series with the switch, Cp is the intrinsic capacitance of the piezo-patch, V is the voltage on the patch.
When the circuit is open, the current is zero and so the piezo-voltage varies with the displacement.
The switch is closed only when a displacement extreme occurs, where a co-located piezoelectric patch
is frequently used to detect the displacement. When it is closed, the capacitance Cp and the inductance
L constitute an electrical oscillator. The switch remains closed until the voltage on the piezo-patch
is reversed due to oscillation of the circuit. The closed time is π

√
LCp, namely half a period of the

electrical oscillator. The closed time is much less than the open time of the switch because the frequency
of the electrical oscillator is much greater than that of structural vibration. In a period of structural
vibration, the switch actives twice.

The relationship between the voltage of SSDI and the structural displacement is illustrated in
Figure 2. Theoretically the voltages on piezo-patch before (Vb) and after (Va) action of the switch are
the same. Practically they have difference because of the resistance in circuit, namely:

Va = γsVb (1)

where γs is the voltage inversion factor:

γs = e
−

π
2Qshunt (2)

and Qshunt is the electrical quality factor:

Qshunt =
1
R

√
L

Cp
(3)
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Figure 2. Illustration of the voltage-displacement hysteresis loop of SSDI.

From the Figure 2, Vb, Va and the structural displacement also have the following relation:

Vb = Va +
2αp

Cp
xM (4)

where αp is to the force factor, representing the force generated by unit voltage, and xM represents the
displacement extreme of the host structure in each vibration cycle. Generally, αp is determined by
experiment but can also be calculated if the material parameter of the piezoelectric patch is known [31].
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With Equations (2) and (3), and Figure 2, the voltage on piezo-patch Vshunt

(
x,

.
x, t

)
can be

derived [27]:

Vshunt

(
x,

.
x, t

)
=

(1 + γ)αp

(1− γ)Cp
· xM · sign

[ .
x(t)

]
+
αp

Cp
x(t) (5)

where x(t) is the displacement of the host structure the force generated by the piezo-voltage in SSDI
shunt is proportional to the voltage based on the constitutive equations of piezoelectric material:

fshunt

(
x,

.
x, t

)
= −αpVshunt

(
x,

.
x, t

)
= −

(1 + γ)αp
2

(1− γ)Cp
· xM · sign

( .
x(t)

)
−
αp

2

Cp
x(t) (6)

It is clear that in Equation (6) the factor (1 + γ)/(1− γ) > 1, therefor the absolute value of the
first term is always greater than that of second term, which means that the direction of the force fshunt
generated by the piezo-voltage in local SSDI shunt is always opposite to that of velocity

.
x(t). As a

result, the force fshunt plays a role of damping, just like that induced by dry friction.

2.2. Dual-Connected SSDI

The proposed dual-connected configuration is illustrated in Figure 1b,c. In this configuration,
the control rules of the switching circuit are different from the local SSDI described in Figure 1a.
The extreme of the difference between two displacement-signals of two piezo-patches should be
detected, other than one displacement-signal from one piezo-patch. When the relative displacement
reaches the maximum or the minimum, the switch is closed and then it is open instantaneously.
There are two ways of interconnection due to different alignment of the polling direction, termed the
PP (positive-to-positive, Figure 1b) and PN (positive-to-negative, Figure 1c) connections respectively.
In the PP connection, the positive poles of both PZT (Lead-Zirconate-Titanate) patches are connected
together by the inductor and the switching. In the PN connection, the polling direction of structure
2 is reversed, so the positive pole of pzt1 and negative pole of pzt2 are connected in the SSDI circuit.
In both the PP and PN connections, the switching is controlled by the same way, i.e., by the relative
displacement of two structures.

In the dual-connected configuration, the intrinsic capacitance of the two piezo-patches are
connected in series, and the equivalent capacitance in the electric field decreases by 50%. The electrical
quality factor and the voltage inversion factor are deduced, according to Equations (1)–(3). The closed
time of the switch becomes shorter. Thus, a larger quality factor and a higher voltage inversion factor
are obtained in the dual-connected SSDI.

We first conduct some numerical analysis on a rather simplified model to show the characteristics
of the dual-connected SSDI (with PP connection). The model is shown in Figure 3 where m1 and m2

represent the two modal mass, k1 and k2 represent the two modal stiffness, and c1, c2 are the structural
damping coefficients of the corresponding mechanical system, respectively. The mass m1 and the mass
m2 are subjected to the external periodic excitation f1(t) and f2(t) respectively.
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The governing equations of the system are: m1
..
x1 + c1

.
x1 + (k1 + ke)x1 + fnl

(
x1 − x2,

.
x1 −

.
x2, t

)
= f1(t)

m2
..
x2 + c2

.
x2 + (k2 + ke)x2 − fnl

(
x1 − x2,

.
x1 −

.
x2, t

)
= f2(t)

(7)

where ke represents the stiffness of the piezo-patch, and fnl is the nonlinear force generated by the
dual-connected SSDI. The expression of fnl can be derived in the similar manner as fshunt in Section 2.1,
and the only difference is to replace terms x and

.
x in Equation (6) into x1 − x2 and

.
x1 −

.
x2 respectively:

fnl

(
x1 − x2,

.
x1 −

.
x2, t

)
= −

(1 + γnet)αp
2

(1− γnet)Cp
· (x1 − x2)M · sign

( .
x1 −

.
x2

)
−
αp

2

Cp
(x1 − x2) (8)

Note that the dual-connected SSDI generates a pair of self-equilibrium forces to the connected
structures. The force applied to each structure is in opposite direction to the relative velocity thus
plays the role of damping. In analogy with the dry friction dampers, a local SSDI is similar to an
under-platform friction damper which can be modelled as a contact to the ground. In this case the
damping force is only determined by the vibration of the local blade itself. However, a dual-connected
SSDI is similar to a blade shroud, whose damping force is determined by the relative displacement.
Besides the performance advantage of SSDI over dry friction [31], one additional advantage of the
dual-connected SSDI is that one can choose which two blades to be connected, and this is more flexible
than the shroud. A direct advantage of the dual-connected SSDI over the local SSDI is that at least half
of the numbers of the semi-active circuits can be saved.

Here we consider harmonic excitation and compute the steady-state response in Equation (7).
To solve this nonlinear structural dynamic problem, we employ the multi-harmonic balance method
with a few numerical treatments to enhance the convergence. We have developed an in-house code
which passes several test cases and has already been applied to analyze local SSDI [28], SSDNC [29]
and dry friction dampers [37]. This method is much faster than the numerical integral method such as
the Runge–Kutta method or the Newmark method to calculate the steady-state response. For the sake
of brevity, we will not describe the method in this paper, and the readers can find detailed information
in the aforementioned literature.

To illustrate the general trend of the results, we define some nondimensional parameters.
They are: nondimensional time ωt; nondimensional frequency ω√

k1
m1

; nondimensional force f
max( f1)

;

nondimensional displacement xk1
f1

. These parameters will be used in Figures 4–7.
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The steady-state response of the nonlinear force and the relative displacement are plotted
in Figure 4b. It can be seen that every extremum of displacement response corresponds to a
voltage-mutation (or inversion) from positive value to negative value or inversion. It is the voltage
mutation that induces a force opposite to the relative velocity. The loop of the force with respect to the
relative displacement is shown in Figure 4b. The area represents the energy dissipated in a vibrating
period, and demonstrates the damping nature of the force. When the voltage inversion factor γ varies,
the nonlinear force generated by the piezo-patch voltage will vary accordingly, which is illustrated in
Figure 5. The higher the voltage inversion factor is, the closer the waveform of the nonlinear force is to
the rectangle and the larger the damping effect is.

In the following, the damping effect of the shared SSDI shunt is studied through adjusting the
phase-difference of two excitations (with the same amplitude). The evolution of response amplitudes
of two masses under excitation with the phase difference are plotted in Figure 6a. When the phase
difference of two excitations is 0 degrees, the two masses vibrate identically at any moment, and there
is no voltage difference across the switch. The switch is out of action in this case and the vibration is not
reduced at all. When the phase-difference of two excitations is 180 degrees, the two masses vibrate in
opposite phase (as shown in Figure 6b), which means that the displacement-difference of the two masses
keeps a great value at any moment, so the voltage difference across the switch reaches the maximum.
As a result, the vibration amplitudes of the both two masses achieve the minimum, which means an
optimum vibration damping effect. The results signify that the greater the displacement-difference
of the masses, the better the damping effect of dual-connected SSDI. This conclusion makes special
sense to study the suppression of local vibration of mistuned blisk. The vibration reduction can also be
illustrated by comparing frequency-response curves with and without dual-connected SSDI, as shown
in Figure 7. In addition, it’s worth noting that the larger the voltage inversion factor, the better the
damping effect. When γ = 0.9, the vibration reduction can be above 90%.

3. Design of Experiments

Experimental studies have been carried out to demonstrate the feasibility of the dual-connected
SSDI. To do this, there are three sub-steps: (1) implement the SSDI circuit by a low-power manner;
(2) test the damping performance of the local SSDI to validate the implementation and the results
will be further compared with the dual-connected SSDI; and (3) test the damping performance of
the dual-connected SSDI. In this section we present the details of these three aspects. To avoid the
introduction of too many uncertainties and complexities, the experiments are conducted on beams.
Namely, a single-beam test rig is designed for sub-step 2 and a double-beam test rig is designed for
sub-step 3.

3.1. Implementation of the SSDI Circuit

An integrated switching circuit is designed and implemented to fulfill the switch control. The size
of the integrated circuit board is only 60 mm× 40 mm, as shown in Figure 8a. Three modules are included
in the switching circuit: (1) a battery module; (2) a detection module of the displacement-extremum
and (3) a switching control module. A low-pass filter is used to denoise the displacement signal and
provide a proper phase delay. A comparator is implemented to finish the detection of displacement
extremum by use of an ultra-low power operational amplifier setting in the circuit and by change of the
displacement signal into a square signal for controlling the switch. The switch function is realized by
an NMOS (N-channel metal oxide semiconductor FET) field-effect transistor and a PMOS (P-channel
metal oxide semiconductor) field effect transistor (MOSFET, Metal-Oxide Semiconductor Field Effect
Transistor) together with two diodes. The type of NMOS and PMOS in switching control block is
NTD20N06 and NTD20P06, respectively. The comparator plays an important role in the switching
circuit together with the MOSFETs, in addition it requires just a few µWs for switching operation.
This low-power analog circuit can be powered by a 3V button battery (CR2032), and its battery capacity
is 3 V × 210 mAh = 630 mWh. The switching circuit board needs about 0.5 mW power in total, which
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means that with a 3 V button battery the whole system can work for 630/0.5 = 1200 h. A 100 mH
inductor is subsequently connected to the switching circuit. Thanks to technique progress, the volume
of inductor is largely reduced and small like a resistor (Figure 8b). The schematic of the electric broad
is shown in Figure 8c.
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we also put a resistor and a coin (1 CNY) into the photo to illustrate the size of the board; (b) the
employed inductor in comparison with the traditional winding coin inductor; (c) the schematic plot of
the electric board.

3.2. Single-Beam Test Rig with Local SSDI

The configuration of the beam used in this experiment is shown in Figure 9 and the parameters
are listed in Table 1. The beam is clamped at one end and a piezoelectric patch (referred to as PZT1)
is bonded on the beam near the clamped end to connect with the SSDI shunt. Another piezoelectric
patch (referred to as PZT2) is collocated on the other side as the sensor to detect displacement for
the switching circuit. The poling directions of the two piezo-patches are perpendicular to the beam.
An electromagnetic vibrator is set at free end of the beam to excite the beam vibration.
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Figure 9. Setup of the single-beam test rig: (a) the schematic plot; (b) the photo of the test rig, where
the red part is the actuator, and the clamping is realized by two bolts.

Table 1. Parameters of the aluminum beam.

Parameter
(unit)

Length
(mm)

Width
(mm)

Thickness
(mm)

Elastic Modulus
(Gpa)

Poisson’s
Ratio

Density
(kg/m3)

Value 200 50 2 70 0.33 2700

When a displacement extremum is detected in the voltage signal of PZT2, a trigger signal is
generated to turn on the electronic switch so that the voltage on the PZT1 is inverted. Vibration tests of
the beam with open circuit are also carried out under the same excitation to compare the dynamical
characteristics of the system with SSDI shunt. The material parameters of piezoelectric patches are
given in Table 2.

Table 2. Parameters of the piezoelectric patch.

Parameter
(unit)

Length
(mm)

Width
(mm)

Thickness
(mm)

Elastic
Modulus (GPa)

Density
(kg/m3)

Force Factor
(N/V)

Intrinsic
Capacitance (nF)

Value 43 35 0.5 66 7650 1.27× 10−4 20

Owing to the smaller internal resistance (around 100 Ω) of the new type of inductor and large
inductance, the electrical quality factor of the circuit implemented is higher than 10, which produces a
large voltage inversion factor (around 0.9). Other facilities used in the experiment are: a signal generator,
a power amplifier, a signal acquisition and processing system, and an oscilloscope (Figure 10c).
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3.3. Double-Beam Test Rig with Dual-Connected SSDI

In order to experimentally exam the damping effect of the dual-connected SSDI, here we design a
simple double-beam. It is composed of two cantilevered beams having the same geometric parameters
and being interconnected by a SSDI circuit, as shown in Figure 10a. The two beams are excited
respectively, at their free ends, by harmonic forces to simulate the difference of vibrations between
blades of blisk. A group of piezoelectric patches are collocated near the clamped end of each beam.
The piezoelectric patches on the top surface are connected with the SSDI circuit, while the two patches
on the bottom surface are used as sensors to detect displacement signals to drive the switch in ‘closed’
or ‘open’ state. The extreme of the difference between two displacement-signals of two piezo-patches
on the bottom surface of the two beams should be detected, other than one displacement-signal from
one piezo-patch. When the difference reaches the maximum or the minimum, the switch is closed and
then it is open instantaneously. The double-beam test rig are shown in Figure 10b. The two beams
are excited by electromagnetic vibrators with the same amplitudes at the free end of the two beams,
but the phase between the two excitations can be different.

4. Experimental Results and Discussions

4.1. Single-Beam with Local SSDI

First, we measure the natural frequencies of the system. A response test is conducted while
the piezoelectric patches are open-circuit. The excitation frequency varies from 0 Hz to 400 Hz and
the amplitude remains the same. The waterfall plot of the response is given in Figure 11, where we
can identify that the first two resonant frequencies of the beam without SSDI circuit are 50 Hz and
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280 Hz, respectively. Note that Figure 11 shows the results of the short-time Fourier transform of the
response signal, so we have time (s) in the z-axis. The first resonance is coincidently around 50 Hz
(the alternating frequency), and this is validated by FEM (finite element method) computing when we
tested the SSDI shunt [38]. The components of the higher harmonics (100 Hz and 150 Hz) may come
from the error from the signal generator or some nonlinear aspects such as friction.
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Figure 11. Sweeping frequency waterfall of the beam with open-circuit condition.

Then we test the steady-state response of the system by fixing the excitation frequency at a constant
value for a relatively long time to cancel the free vibration. Figure 12a illustrates the evolution of the
voltage on the PZT1 with and without SSDI circuit when the excitation frequency is set to 50 Hz (near
the first-order resonance): the solid line corresponds to the open circuit, and the dotted line to the SSDI
shunt. It can be seen that the controlled voltage has the similar square-wave like form to that given by
theory (see Figures 4 and 5).
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Figure 12. Photos of the two-beam test rig: (a) evolution of the voltages on PZT1 (50 Hz) with and
without SSDI; (b) voltage-responses of PZT1 and PZT2 with SSDI shunt. The voltage of PZT2 is used
an indicator of the beam’s displacement.
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The evolution of the voltage on the PZT2 is plotted in Figure 12b. Note that this voltage is
proportional to the displacement at the point where the piezoelectric materials are bonded. As a
comparison, the controlled voltage signal on PZT1 is plotted again in this figure. We can see that the
voltage of PZT1 is reversed once the voltage of PZT2 arrives an extreme. The displacement responses
(voltage on PZT2) of the beam with and without SSDI circuit are measured under excitation of 50 Hz,
and are compared in Figure 13. The displacement amplitude of the system with SSDI shunt is reduced
significantly (about 30%) compared with that of the uncontrolled case.
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Figure 13. Displacement comparison curves (indicated by the voltage of PZT2) in time domain with
and without SSDI (50 Hz).

All these experimental results proved that the integrated switching circuit designed for SSDI
effectively realizes the function we expect, that is, the voltage converts at the moment where the
displacement arrives extreme. Furthermore, we can also see that the switch is still working when the
displacement amplitude of the host structure is very small.

4.2. Double-Beam with Dual-Connected SSDI

As pointed out by the previous calculation (Figure 6), the effect of the dual-connected SSDI varies
with the amplitude of the relative displacements between two components. To verify these results,
the phase of exciting force to Beam 1 is fixed to 0 and the phase of Beam 2 is adjustable from 0 to
360 degree. Three circuit connection modes are considered in the test: open circuit, PP mode and
PN mode.

The displacement response of Beam 1 in three cases are measured when phase difference is
180 degree. Results are compared in Figure 14, where one can find that PN mode has the best damping
effect. Setting the amplitude of open circuit mode as 100%, the vibration reduction of PP mode is about
16% and that of PN mode is about 44%.
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We also excite the two beams by white noise, and measure the displacement response curves of
Beam 1 in three cases are, as presented in Figure 15a. The corresponding frequency response curves
are shown in Figure 15b. The damping effect is summarized in Table 3 in terms of the reduction of
displacement amplitude of Beam 1. It also proves that the vibration at first two resonant frequencies
can be suppressed when shared SSDI shunt is applied especially in PP connection.
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displacement response in time domain; (b) frequency response.

Table 3. Damping comparison of the double-beam system in three cases (white noise, 180 degree).

Electric
Circuits

1st-Order
Frequency (Hz)

Maximum
Displacement (mV)

2nd-Order
Frequency (Hz)

Maximum
Displacement * (mV)

Open-circuit 50.05 164.6 280 3.891
SSDI-PN 50.1 158 280.4 3.558
SSDI-PP 50.1 118.5 280.4 2.801

* The displacement is inspected by a collocated PZT patch so the unit is in mV.

Eventually, we fix the amplitudes of excitation applied to two beams and let the exciting phase of
Beam 2 vary from 0 to 360 degree with equal intervals (45 degree). The maximum of displacement
amplitude of Beam 1 with PP and PN modes are shown in Figure 16. The curves verify that the
displacement difference (realized by setting phase difference of the exciting signals of two beams)
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will affect the damping effect directly, and the greater the difference the better the damping effect.
The vibration reduction of PP is larger than that of PN connection nearly at each case. It should be
noted that the displacement amplitude of Beam 2 is suppressed simultaneously due to the performance
of the shared SSDI shunt.
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As mentioned, in both the PP and PN connections, the switching is controlled by the same way,
i.e., by the relative displacement of two structures. In this regard, both PP and PN connections have
poor performance for the in-phase vibration because the relative displacement is always zero and the
switching cannot be triggered. The PP connection is expected to work best with out-of-phase vibration,
and when the switching is closed, the voltage difference between PZT1 and PZT2 also reaches the
maximum point. This generates the best damping. However, the PN connection still works poorly with
out-of-phase vibration, because when the switching is closed (the maximum displacement difference
occurs), the voltage difference between PZT1 and PZT2 is zero. These theoretical analyses are validated
by results in Figure 16. In the experiments it is impossible to precisely control the amplitude and phase
of two beams, and there will be some error. Therefore, in the out-of-phase case the voltage difference
between PZT1 and PZT2 are not precisely zero. This can somehow generate some damping. That’s
why we can still observe some damping from the PN connection. But the damping performance of PP
is always better than PP and this matches with our understanding very well.

5. Vibration Reduction of Bladed Disks by Dual-Connected SSDI

The vibration amplitudes and phase of the blades in a bladed disk are not the same, due to
mistuning and fluid excitation. Some of the blades can have the amplitude much greater than
that of corresponding tuned blisk. In the light of the research presented in Section 3 to Section 5,
the dual-connected SSDI is promising to mitigate such kind of vibration. If we appropriately chose the
pairs of blades as two host structures to implement dual-connected SSDI, good damping performance
may also be achieved. In this way, we can reduce 50% of the number of the semi-active switching
circuit. In this section we conduct numerical simulations to explore the feasibility of applying the
dual-connected SSDI to bladed blisks.

5.1. Dynamic Model

Here a lumped parameter model of bladed disk is considered, and it has three DOFs per sector as
shown in Figure 17. Let N be the number of sectors of the model. mb1, mb2 and md represent the mass
of blade body, blade root and the disk-sector, respectively. kb1, kb2 and kd represent the stiffness of them.
cb1, cb2 and cd are the mechanical damping factors of them. kc is the coupling stiffness between adjacent
disk sectors. A piezo-patch is supposed to be inserted at the root of blade, the position is between mb2
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and md in the lumped parameter model in each sector. The piezo-patch is simulated to be parallel to
kb2 in the lumped parameter model. me and ke are the mass and the stiffness of each piezo-patch.
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Applying the piezoelectric SSDI shunt technique in blisk means that every piezo-patch will be
connected with a SSDI shunt. But with the shared SSDI shunt, every two blades are connected in series
with one SSDI circuit as shown in Figure 17. Thus, at least half of the needed switches can be saved.

The governing equations of the bladed disk can be expressed on a single sector (the Jth) based on
Kirchhoff’s law:

mb1
..
xb1, j + kb1xb1, j − kb1xb2, j = fb1, j(t)

(mb2 + me)
..
xb2, j − kb1xb1 + (kb1 + kb2 + ke)xb2, j − (kb2 + ke)xd, j + fnl, j = fb2, j(t)

md
..
xd, j − (kb2 + ke)xb2, j + (kb2 + ke + kd + 2kc)xd, j − kcxd, j−1 − kcxd, j+1 = fd, j(t)

(9)

where fnl, j is the nonlinear force produced by dual-connected SSDI and can be expressed as:

fnl, j = −
(1 + χ)

(1− χ)
·

α2xM
∆, j

Cp
· sign

[ .
xb2, j+1 −

.
xb2, j

]
−
α2

Cp
·

[
xb2, j+1 − xb2, j

]
, j = 1, 3, 5, · · ·N − 1, (10)

fnl, j = − fnl, j−1, j = 2, 4, 6, · · ·N (11)

and xb1, j and xb2, j are the displacements of the blade body and blade root in sector j respective; xd, j
represents the displacement of disk sector j; terms fb1, j, fb2, j and fd, j are the exciting forces from the
airflow on the blade body, blade root and disk sector j, respectively.

To make the results more general, the parameters in Equation (9) are normalized by:

τ = ωt
ωb1 =

√
kb1/mb1

λ = ω/ωb1

γb = kb2/kb1

γd = kd/kb1

γc = kc/kb1

γe = ke/kb1

γp = α2/(Cpkb1)

δmb = mb2/mb1

δmd = md/mb1

,



fb1, j(τ) = fb1 · g j(τ)
fb2, j(τ) = fb2 · g j(τ)
fd, j(τ) = fd · g j(τ)
δfb = fb2/ fb1

δfd = fd/ fb1

x = fb1/kb1

yb1, j = xb1, j/x
yb2, j = xb2, j/x
yd, j = xd, j/x

(12)



Appl. Sci. 2020, 10, 1478 17 of 23

Therefore, we obtain the following non-dimensional dynamic equations:
λ2y′′b1, j + yb1, j − yb2, j = g j(τ)

λ2(δmb + δme)y′′b2, j − yb1, j + (1 + γb + γe)yb2, j − (γb + γe)yd, j + gnl, j = δfbg j(τ)

λ2δmdy′′d, j − (γb + γe)yb2, j + (γb + γe + γd + 2γc)yd, j − γcyd, j−1 − γcyd, j+1 = δfdg j(τ)

(13)

where the non-dimensional nonlinear force of shared SSDI shunt is expressed as follows:

gnl, j = −
(1 + χ)

(1− χ)
· γpyM

∆, j · sign(y′b2, j+1 − y′b2, j) − γp · (yb2,j+1 − yb2,j), j = 1, 3, 5, · · ·N − 1 (14)

gnl, j = −gnl, j−1 j = 2, 4, 6, · · ·N (15)

where yM
∆, j represents the amplitude maximum of the relative displacement

(
yb2, j+1 − yb2, j

)
.

It is better to express the governing equations in the matrix form:

λ2My”(τ) + λCy
′

(τ) + Ky(τ) + gnl(y(τ), y
′

(τ), τ) = g(τ) (16)

where vector of generalized displacement y = [y1, y2, · · · , yN]
T and y j = [yb1, j, yb2, j, yd, j]

T. The mass
matrix writes:

M = Bdiag(M1, M2, M3, · · · , MN) (17)

where Bdiag() represents a block diagonal matrix, and the sub-matrix has the form:

M j =


1 0 0
0 δmb + δme 0
0 0 δmd

 (18)

The stiffness matrix writes:

K = Bcirc(K1, Kc, 0, · · · , 0, Kc) (19)

where and Bcirc() represents a block circulant matrix, and the sub-matrix has the form:

K j =


1 −1 0
−1 1 + γb + γe −(γb + γe)

0 −(γb + γe) γb + γe + γd + 2γc

 (20)

Kc =


0 0 0
0 0 0
0 0 −γc

 (21)

In this work, the Rayleigh damping model are used to describe the mechanical damping of
the blisk:

C = αcM + βcK (22)

where αc and βc are the coefficients of Rayleigh damping.
Random mistuning is supposed to occur in the stiffness of the blade. Hence, the non-dimensional

equations of the writes:

My”(τ) + Cy
′

(τ) + (K + ∆K)y(τ) + gnl(y(τ), y
′

(τ), τ) = g(τ) (23)

where he mistuning matrix ∆K of blade stiffness is given as follows:

∆K = Bdiag(∆K1, ∆K2, · · · , ∆KN) (24)
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and

∆K j =


1 + δγb, j −(1 + δγb, j) 0
−(1 + δγb, j) 1 + γb + 2δγb, j + γe −(γb + δγb, j + γe)

0 −(γb + δγb, j + γe) γb + δγb, j + γe + γd + 2γc

 (25)

The bladed disks are subjected to the traveling wave excitation produced by up-stream vanes
and the rotor rotation. If the traveling wave has only one harmonic, the excitation has the
following expression:

g j(τ) = [gb1,1(τ), gb2,1(τ), gd,1(τ)]
T
⊗ ei·( j−1)·E·θ (26)

where [gb1,1(τ), gb2,1(τ), gd,1(τ)]
T is the excitation vector applied to the reference sector. The symbol ⊗

defines as the Kronecker tensor product, i is the imaginary unit and θ = 2π/N is the phase difference
between the adjacent blades. It is implied that the exciting force has the same magnitude but different
phase in each sector. This kind of excitation in aero-engines is normally called the engine-order
excitation and parameter E is the excitation order. The excitation from the airflow usually includes
multiple harmonics, we will consider this situation later. The main non-dimensional parameters are
listed in Table 4.

Table 4. Non-dimensional parameters of the blisk.

Variables N δmb δmd γb γd γc γe γp αc βc δfb δfd

Value 24 1 12 1 1.5 30 0.05 0.01 10−6 0.05 1 0

5.2. Forced Response Results

A random mistuning pattern of the blade stiffness is shown in Figure 18a. Its mean value is
0 and standard deviation is 2%. First, we do not apply any piezoelectric damping, and the response
amplitudes of 24 blades are shown in Figure 18b. It can be seen that some blades (for example, Blade
19) have larger response amplitude than others. Figure 18c shows the phase response associated with
Figure 18b. Since the excitation has engine-order three, we can anticipate an approximate 45 degree
(360 × 3/24) phase difference of the consecutive blades. This can be verified in Figure 18c. The response
amplitudes of 24 blades in three cases (tuned, mistuned with and without dual-connected SSDI) are
compared in Figure 19. To solve the nonlinear equations, multi-harmonic balance method is employed
with a few additional techniques to improve the convergence [28,31].

The vibration of blades is significantly reduced by the dual-connected SSDI (around 50% reduction).
The blade originally with largest amplitude receives the largest amount of vibration reduction and
becomes one of the blade with smallest vibration in the controlled case. On other hand, the vibration
localization is also mitigated, as can be seen by the standard deviation of blade amplitudes shown in
Figure 20. According to Figure 18c, the interconnected blades has vibration phase around 45 degrees,
and according to Figure 16, it is not the best situation but can still generate some damping. We would
like to note that the results in Figure 16 are obtained where the two structures do not have any
mechanical coupling. However, in Figure 19 there are mechanical coupling among the interconnected
blades (by the disk). Moreover, in the real working situation of bladed disks, the phase difference can be
different when the load and rotation speed changes. Therefore, it is difficult to tune the interconnection
always to the best situation. The results in Figure 19 show that even though the phase difference may
not be the best case, substantial damping can still be generated.
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Appl. Sci. 2020, 10, x FOR PEER REVIEW 19 of 24 

blades (by the disk). Moreover, in the real working situation of bladed disks, the phase difference can 

be different when the load and rotation speed changes. Therefore, it is difficult to tune the 

interconnection always to the best situation. The results in Figure 19 show that even though the phase 

difference may not be the best case, substantial damping can still be generated. 

 

(a) 

 

(b) 

 

(c) 

Figure 18. The targeted vibration problem of a bladed disk: (a) the mistuned pattern of the blade 

stiffness; (b) response amplitude of 24 blades without SSDI circuit (excited by engine-order E = 3); (c) 

the response phase of the 24 blades (excited by engine-order E = 3 at the same frequency as (b)). 

 

Figure 19. Response amplitude of 24 blades in three configurations (tuned, mistuned with and without
dual-connected SSDI).



Appl. Sci. 2020, 10, 1478 20 of 23

Appl. Sci. 2020, 10, x FOR PEER REVIEW 20 of 24 

Figure 19. Response amplitude of 24 blades in three configurations (tuned, mistuned with and 

without dual-connected SSDI). 

 

Figure 20. Standard deviation of blade responses (1—original; 2—with dual-connected SSDI). 

We select the frequency-response curves among 24 blades with largest peak value under different 

engine-order excitations (E = 0, 1, 2 respectively) and plot them in Figure 21. Different vibration modes 

are excited by different engine order excitation. This means that not only the amplitudes but also the 

phases of the blades are different. The damping effect of the dual-connected SSDI is significant, despite 

a slightly vary with the different modes. 

 

Figure 21. Forced response of the most dangerous blades under single-harmonic excitation (E = 0, 1, 

2 respectively). 

Figure 22 shows the greatest frequency-response in 24 blades with dual-connected SSDI under 

multi-harmonic excitation (including engine-orders 0, 1 and 2 at the same time). Results of local SSDI 

are also plotted for the sake of comparison. Note that all vibration peaks excited by multi-harmonic 

excitation can be suppressed by the dual-connected SSDI shunt, the effect is comparable with that of 

the local SDI shunt. However, the number of semi-active circuits in the dual-connected SSDI shunt is 

only half those of the local SSDI. 

Figure 20. Standard deviation of blade responses (1—original; 2—with dual-connected SSDI).

We select the frequency-response curves among 24 blades with largest peak value under different
engine-order excitations (E = 0, 1, 2 respectively) and plot them in Figure 21. Different vibration modes
are excited by different engine order excitation. This means that not only the amplitudes but also the
phases of the blades are different. The damping effect of the dual-connected SSDI is significant, despite
a slightly vary with the different modes.
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Figure 21. Forced response of the most dangerous blades under single-harmonic excitation (E = 0, 1,
2 respectively).

Figure 22 shows the greatest frequency-response in 24 blades with dual-connected SSDI under
multi-harmonic excitation (including engine-orders 0, 1 and 2 at the same time). Results of local SSDI
are also plotted for the sake of comparison. Note that all vibration peaks excited by multi-harmonic
excitation can be suppressed by the dual-connected SSDI shunt, the effect is comparable with that of
the local SDI shunt. However, the number of semi-active circuits in the dual-connected SSDI shunt is
only half those of the local SSDI.
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6. Conclusions

We have proposed the dual-connected SSDI to control the vibration of bladed disks in aero-engines.
The dynamic model of the new circuit configuration is derived, and the damping performance is
numerically demonstrated. The dual-connected SSDI is implemented by a low-power circuit board
and the performance is experimentally validated by a double-beam test rig. The main finds are:

• The dual-connected configuration can increase the voltage inversion factor compared with the
local configuration. The dual-connected SSDI generates a pair of self-equilibrium forces to the
connected structures. The force applied to each structure is in opposite direction to the relative
velocity thus plays the role of damping. The damping performance increases monotonously
with the amplitude of the relative displacement. In this regard, the in-phase vibration cannot
be damped by the proposed approach, and this can be a limitation in the general application.
However, in the application of bladed disks, due to the complexity of the excitation and existing
of many (20~30) blades, we can always avoid the worst working condition. This is one of the
reasons why we think the dual-connected SSDI can be a good candidate for vibration reduction of
bladed disks. Additionally, the dual-connected SSDI share the limitations with traditional local
SSDI, such as the need of external power and the difficulty of reliably implanting piezoelectric
materials into the blades.

• The dual-connected configuration can reduce at least half the number of switching shunts while
maintain nearly the same performance as the conventional (local) SSDI, while applying to bladed
disks. It not only reduces the vibration amplitude, but also mitigate the vibration localization.
All the vibration peaks excited by multi-engine-order force can be effectively suppressed. Note that
the proposed configuration does not extend the applicable frequency band of the SSDI technique.
It basically shares the same frequency band of the local SSDI. As proved in the literature [24–32]
that the SSDI can work in a relatively wide frequency band thus provides multi-modal damping.
It is important to keep the voltage reverse happened in a very short time compared to the vibration
period. To do this the inductance is chosen such that the oscillating frequency of the inductance
with intrinsic capacitance is more than 20 times higher than the vibration frequency. The damping
performance is also closely related to the modal electromechanical coupling factor (MEMCF) of
the piezoelectric patch [39]. Once the geometric parameters of the piezoelectric patch are fixed,
it can provide good MEMCF in a certain frequency band. For example, when elastic wave-length
associated the vibration is too small or too long compared to the length of the patch, generally the
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MEMCF is very low [40]. One should be aware these general limitations of SSDI and piezo-based
techniques during practical implementation.

• Future work can focus on the optional connection in blades in order to further reduce the number
of switching elements.
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