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Featured Application: This work proposes a dual-ring integrated mode-locked laser to generate
a tri-comb for the multi-heterodyne detection technique in the field of laser ranging and
precision spectroscopy.

Abstract: The tri-comb-based multi-heterodyne detection technique has been proven to be a powerful
tool for precision metrology, e.g., laser ranging and spectroscopy. However, in existing tri-comb
generation methods, it is difficult to provide a large and variable difference in tri-comb repetition
rates. In this paper; we propose a multidimensional multiplexing mode-locked laser based on
a dual-ring integrative structure. Combining the dimensions of sub-ring multiplexing and wavelength
multiplexing, two modes of tri-comb generation can be achieved with the dual-ring single cavity laser.
The generated combs are identified based on the relative intensity of the pulse trains and optical
spectrum, and the repetition rates of dual-combs from the same sub-ring are distinguished based on
dispersion analysis. With repetition rates of approximately 47 MHz and 49.6 MHz, the minimum and
maximum repetition rate difference of the generated tri-comb can be changed from 2.38 kHz and
2.59526 MHz to 2.74 kHz and 2.59720 MHz merely by switching the operation mode of the dual-ring
integrated mode-locked laser. The obtained results indicate that our method can offer a powerful
scheme for future multi-comb generation and its application in multi-heterodyne detection-based
laser ranging and spectroscopy.

Keywords: frequency comb generation; mode-locked laser; tri-comb; multi-heterodyne detection;
metrology; spectroscopy; laser ranging

1. Introduction

The application of dual-combs with slightly different repetition rates has enabled a revolutionary
new technique for the field of detection and metrology, e.g., laser ranging [1–4], velocity measurement [5]
and precision spectroscopy [6–8]. By using the dual-comb-based multi-heterodyne detection technique,
temporal and spectral information can be extracted with a high resolution and high update-rate
simultaneously. Based on the advantages of dual-comb applications, a third comb has been introduced
to expand the measurement range in laser ranging [9]. A basic requirement of this tri-comb laser source
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for multi-heterodyne detection is the different scale of differences among the repetition rates of the
tri-comb. In the application of large-range, precision and rapid laser ranging, the desired differences
of repetition rates should be variable from kHz to MHz to enable large range coarse measurements
and short-range precision measurements [9]. However, the existing dual-comb generation schemes
can hardly fulfill the requirements for the tri-comb technique, as has been discussed in a previous
review paper [10]. One conventional dual-comb generation scheme relies on the combination of two
independent fully-stabilized or free-running comb sources [1,3–8]. However, the obvious disadvantage
of this scheme is the system’s complexity and expensiveness. Another approach to dual-comb
generation is based on the multiplexing of parameters of a single-cavity laser. The natural good
coherence of generated combs and the simple system structure of this method are very attractive even
for multi-comb generation. Based on the existing reports, the multiplexing parameters for dual-comb
generation include the propagation direction [11–18], polarization [19–21], wavelength [22–25] and
pulse shape [18,26,27]. Limited by the single-ring laser cavity, however, the application of any single
multiplexing can hardly generate more than two combs. Although tri-combs and even quad-combs
have been reportedly generated by wavelength multiplexing [18], the instability and difficulty of their
realization prohibits a broader application of the scheme.

In 2019, the research group of Prof. Zheng Zheng proposed a method of multi-comb generation
using multidimensional multiplexing [28]. By combining the multiplexing of polarization and
wavelength, a tri-comb and a quad-comb were generated in high quality. This is an innovative direction
for multi-comb generation. The only drawback is that the repetition rates of generated combs are still
close to each other. Thus, the multidimensional multiplexing method does not conclusively solve the
problems with existing multiplexing schemes. It is still worthwhile to study methods for the generation
of multi-combs with large-range and variable repetition rate differences.

Based on our previous studies of the dual-ring mode-locked laser [29], we have found that it
is an effective and simple way to achieve variable repetition rates. Similar dual-ring lasers were
reported in [26,27] to generate different types of pulses, e.g., dissipative and conventional solitons
or vector and scalar pulses. However, the lack of mode-locking evolution analysis has prohibited
its application as a multiplexing parameter for simultaneous multi-comb generation. In this paper,
a multidimensional multiplexing mode-locked laser based on a dual-ring integrative structure is
proposed for tri-comb generation. To our knowledge, this is the first attempt to employ sub-ring
multiplexing in multidimensional multiplexing lasers to generate multi-combs. To prevent the
requirement of high-cost equipment for polarization-maintaining fiber splicing, the whole laser is
composed only of single-mode fibers and free space. Wavelength multiplexing is applied as the
other dimension for tri-comb generation. Two modes of tri-comb generation can be realized with the
proposed laser. Accordingly, the minimum and maximum difference of repetition rates are 2.38 kHz
and 2.59526 MHz in one mode. They can be switched to 2.74 kHz and 2.59720 MHz by just changing
the mode of tri-comb generation. We believe the proposed new dimension of sub-ring multiplexing
and the dual-ring integrated mode-locked laser could meet the needs of multi-comb generation with
repetition rate differences in a large range.

2. Experimental Setup

The structure of the multidimensional multiplexing mode-locked laser is shown in Figure 1.
Although it is an integrated laser, its dual-ring structure enables extra sub-ring multiplexing for
multi-comb generation. This dual-ring structure is realized with a shared common-path and two
symmetrical sub-paths. In the common-path, a 0.5-m-long erbium-doped fiber (EDF, Liekki ER110-4/125)
is bidirectionally pumped by two 980-nm laser diodes via wavelength-division multiplexers (WDMs).
The WDMs in our setup transmit and reflect lights of 1550 nm and 980 nm, respectively. The common
path acts as the gain medium of the whole dual-ring laser. To ensure the unidirectional propagation of
the laser in each sub-path, two circulators are applied to connect the common path and two sub-paths.
Accordingly, two sub-rings are formed and labelled as R-1 (red) and R-2 (blue), respectively. According
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to the previous studies presented in [21], a passive cancellation of the common mode noise can be
achieved with this system structure.
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Figure 1. The experimental setup of the multidimensional multiplexing mode-locked laser. EDF,
erbium-doped fiber; WDM, wavelength-division multiplexer; CIR, circulator; LD, laser diode; OC,
optical coupler; SESA, semiconductor saturable absorber; C, collimator; PBS, polarizing beam splitter;
H, half-wave plate; Q, quarter-wave plate; R-1, sub-ring 1 and R-2, sub-ring 2.

In each sub-ring, a semiconductor saturable absorber (SESA, Batop SA-1550-25-2ps) is applied
to achieve the self-starting mode-locking. To ensure a free but recoverable switching among the
mode-locking states of the dual-ring integrated laser, a cage module is added in each sub-ring to
adjust the intracavity loss. The evolution of the mode-locking status of this dual-ring laser has
been experimentally explored in our previous works, reported in [29]. Although only dual-comb
generation was analyzed, the law of mode-locking evolution for this dual-ring laser is invariable.
The simultaneous mode-locking in both sub-rings always requires a balance of power in the dual-ring
structure. This can only be achieved by adjusting the intracavity loss of each sub-ring precisely and
continuously. Therefore, the existence of these two cage modules is important to some extent for the
proposed multidimensional multiplexing mode-locked laser. Although the function of intracavity
loss control can be realized by the in-line tunable fiber optical attenuator as well, it is quite hard
to record the mode-locking status and to switch among them in the experiments. In comparison,
intracavity loss control with the cage module can be realized in two ways. The combination of
rotating scaled zero-order wave plates (Thorlabs, WPH05M-1550 and WPQ05M-1550) and a fixed
polarizing beam splitter (Thorlabs, PBS104) ensures precise, continuous and periodically repeated loss
control. Furthermore, the micrometers for the aiming adjustment of the collimators enable large-range,
precise and recoverable loss control. Moreover, the design of such a free space cage module is required
for repetition rate stabilization in the near future. The free space length of both the cage modules are
adjusted to be approximately 0.2 m.

In contrast to the existing multi-comb generation method using a single-ring mode-locked fiber
laser, the new dimension of the sub-ring enables various resonance lengths for the generation of
individual combs. Accordingly, the repetition rate of the generated combs can be changed within
a large range. The repetition rate can be estimated with the parameters of ring laser as follows.

frep =
c

LeqvR
=

c
n1L1 + n2L2 + · · ·+ nmLm

, (1)

where LeqvR stands for the equivalent optical length of the ring laser; c is the speed of light in a vacuum;
n1, n2 and nm stand for the refractive index of each segment in the ring laser; and L1, L2 and Lm

are the length of each segment in the ring laser. In our setup, R-1 (including the common path
and red sub-path shown in Figure 1) is composed of 0.5 m EDF fiber, 3.7 m SMF-28e+ fiber and
0.2 m free space path. If the refractive index of EDF and SMF-28e+ are both estimated as 1.4679 [30],
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the equivalent optical length of the fibers can be estimated as 6.1652 m. In the 0.2-m free space path,
the equivalent optical length of three zero-order wave plates can be neglected. The polarization beam
splitter of Thorlabs PBS104 is a 10-mm cube made of N-SF1, of which the refractive index is 1.6832 at
1550 nm [31,32]. Considering the refractive index of air as 1.00027 [33], the equivalent optical length
of the free space path can be estimated as 0.2069 m. With the total equivalent optical length of R-1
being 6.3721 m, the repetition rate of the comb generated from R-1 can be calculated as approximately
47 MHz. In comparison, the length of the SMF-28e+ fiber in R-2 is changed to approximately 3.48 m.
The total equivalent optical length of R-2 is 6.0442 m. Accordingly, the repetition rate of R-2 should
be varied to 49.6 MHz with the same calculation method above. It is clear that the slight difference
between repetition rates of the combs from two sub-rings is introduced by the new dimension of the
sub-ring structure. More importantly, this new dimension of the sub-ring structure enables a free
variation of the difference between repetition rates. This is highly desired in many applications of
multi-comb interferometry [2,3,9].

As the group velocity dispersion (GVD) of the EDF and SMF-28e+ are +0.012 ps2/m and
−0.022 ps2/m @ 1550 nm, respectively [18,23], the net GVD of R-1 and R-2 can be estimated as−0.0732 ps2

and −0.0710 ps2, respectively, when neglecting the dispersion from the short space path. Therefore,
both sub-rings in the current setup operate in the anomalous-dispersion regime. Optical couplers
are applied to extract 10% power of the intracavity light as output. The multi-combs generated from
the multidimensional multiplexing mode-locked laser were detected by photodetectors with 1.8 GHz
bandwidth (Menlo Systems, APD310) and 150 MHz bandwidth (Thorlabs, PDA05CF2). The latter was
applied to monitor the repetition rates only. An oscilloscope with a 2.5 GHz sampling rate (Agilent
Technologies, MSO9254A) and a spectrum analyzer with 3.6 GHz bandwidth (Agilent Technologies,
N9010A) was applied to monitor the pulse train in the time domain and the radio frequency (RF)
spectrum of the interference signal in the frequency domain, respectively. The optical spectrum and
power of the generated combs were detected by an optical spectrum analyzer (YOKOGAWA, AQ6370C)
and a dual-channel optical power meter (Thorlabs, PM320E).

3. Results and Discussions

With the proposed dual-ring integrated laser, the generation of a tri-comb requires the generation
of a dual-comb from one of the sub-rings. Owning to the single direction propagation property of
the circulators, direction multiplexing cannot be achieved in the sub-rings of our setup. Considering
that polarization multiplexing cannot be achieved with the proposed all single-mode fiber laser either,
the dimension of wavelength multiplexing was added to generate a dual-comb from one sub-ring.
By coupling a 400-mW pump laser from each WDM into the EDF, tri-comb generation was stably
achieved. The reasons a total pump power as high as 800 mW was required are as follows. Firstly,
the applied EDF fiber was high-concentration doped. The peak core absorption is 110 dB/m at 1530 nm.
It is reasonable to believe the absorption rate is higher than other EDF fibers at 980 nm as well. Secondly,
the realization of dual-wavelength mode-locking usually requires a higher pump power. It also requires
a precise adjustment of cavity loss to change the gain profile of the laser [28], which is achieved by the
cage modules in the proposed laser. However, these essential cage modules introduce approximate
40% power loss for each sub-ring in the fiber–space–fiber coupling process, even under the optimized
collimation state and the minimized intracavity loss with wave plates. Moreover, either the collimation
or the wave plates should always be adjusted away from the optimized state to maintain the power
balance between the dual-rings [29].

According to the discussion above, there are two modes of tri-comb generation with the proposed
multidimensional multiplexing mode-locked laser. In the first mode, there are two combs of different
wavelengths generated from R-1. At the same time, R-2 outputs only one comb simultaneously. Figure 2
illustrates the pulse train and spectral characteristics of the tri-comb generated through this mode.
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Figure 2. The pulse train and spectral characteristics of the generated tri-comb with dual-comb and
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I and II stand for the pulse trains from sub-ring 1, whereas III stands for the pulse train from sub-ring 2.
R-1, sub-ring 1. R-2, sub-ring 2.

In our setup, a 1 × 2 fiber coupler with a 50:50 coupling ratio is reverse applied to combine the
tri-comb from different output ports of R-1 and R-2 into a single fiber for the following pulse train
and optical spectrum detection. In Figure 2a, the pulse trains from the dual-ring laser of both R-1 and
R-2 are detected with one photodetector. Three stable trains of pulses can be observed with different
time intervals and optical intensities, which are marked with labels of I, II and III, respectively. It is
clear that the spacing between pulse trains I and II is relatively constant, compared to the spacing
between pulse trains II and III. This phenomenon is caused by the intentionally introduced difference in
resonance length for the sub-rings. A more detailed discussion of the repetition rates will be performed
in the following paragraphs. According to this effect, we can identify that pulse trains I and II are
generated from R-1 and pulse train III is generated from R-2. For the optical intensities, despite the
peak amplitudes changing over time, the relative intensity among the three pulse trains is still clear
enough to distinguish them. More importantly, this relative intensity can be applied to identify the
pulse trains from the peaks of the detected optical spectrum.

In Figure 2b, the red solid line and blue solid line stand for the optical spectrum from the separated
outputs of R-1 and R-2, respectively. For the output spectrum of R-1, two obvious spectral peaks can
be found with different peak intensities. With the help of the relative intensity shown in Figure 2a,
the average power of comb I can be estimated to be higher than that of comb II. Thus, the stronger
peak of 1569.1 nm center wavelength and 1.4 nm bandwidth in Figure 2b corresponds to pulse train I.
Centered on a 1556.1 nm wavelength, the weaker peak of 3.3 nm bandwidth in Figure 2b is the optical
spectrum of pulse train II, depicted in Figure 2a. A noise peak with an unstable intensity and shape
can be observed at approximately 1546.5 nm in Figure 2b as well. We attribute this to the excess energy
in R-1. A fine adjustment of the wave plates or the space collimation in cage modules should remove
this noise peak. However, the stability of the dual-wavelength comb generation in R-1 was affected in
our experiments. We will do more research on this to further improve the results in the near future.
For the output spectrum of R-2, depicted by a blue solid line, the only peak is centered on 1557.3 nm
with a bandwidth of 4.0 nm.

Figure 3 illustrates the radio frequency (RF) characteristics of the generated tri-comb with
dual-comb and single-comb outputs from R-1 and R-2, respectively. The outputs from R-1 and R-2 were
individually photodetected and monitored by use of a spectrum analyzer with a resolution bandwidth
(RBW) of 180 Hz. In Figure 3a, two strong peaks of 47.00198 MHz and 47.00436 MHz can be observed
from R-1 with a signal-to-noise ratio (SNR) of over 40 dB. In comparison, there is only one peak of
49.59724 MHz from R-2 shown in Figure 3b. Considering the measurement error of each segment fiber,
the experimental result of repetition rates from R-1 and R-2 fit very well with the theoretical analysis
presented in Section 2.
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In Figure 3a, there is a slight difference of 2.38 kHz between the two repetition rates of comb I and
II from the same R-1. We attribute this phenomenon to the dispersion of different center wavelengths.
A brief theoretical analysis can be conducted as follows. According to the definition of repetition rate,
the ratio of dual-comb repetition rates from R-1 can be calculated as

frepI

frepII
=

c
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c
ngIIL

=
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where frepI and frepII stand for the repetition rates of pulse trains I and II, respectively; L stands for
the equivalent geometrical length of R-1; and ngI and ngII represent the equivalent group refractive
index for pulse trains I and II, respectively. As the real R-1 is composed of several different types of
fibers and some free space, the equivalent geometrical length and equivalent group refractive index
are applied here to accomplish the rough analysis. Based on this approximation, an inverse relation
between the repetition rate and the equivalent group refractive index is revealed in Equation (2).
As discussed in Section 2, both sub-rings operate in the anomalous-dispersion regime, where the
group velocity dispersion parameter of β2 is a negative number. According to the definition of β2

in [34], the relationship between equivalent group refractive index ng and optical frequency ω can be
expressed as

β2 =
1
c

dng
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According to Equations (2) and (3), an inverse relationship between the repetition rate and
center wavelength of generated combs can be derived, considering the inverse relationship between
wavelength and optical frequency. Therefore, the left stronger peak of 47.00198 MHz repetition rate in
Figure 3a belongs to pulse train I and the right weaker peak of 47.00436 MHz corresponds to pulse
train II. This result is consistent with the graphical analysis of relative intensity as well.

It should be noticed that the maximum repetition rate difference of 2.59526 MHz was obtained
with comb I and III generated from different sub-rings. Introduced by the intentional length
variation in the dimension of sub-ring multiplexing, this significant difference in repetition rates
is actually hard to achieved with other multi-comb multiplexing generation schemes, e.g., direction
multiplexing, wavelength multiplexing, polarization multiplexing and temporal pulse shaping
multiplexing. More importantly, the proposed new dimension of sub-ring multiplexing enables
a free and large-range adjustment of the repetition rate difference.

In Figure 3a, it is also very interesting to find some equally spaced small peaks on both sides
of the desired signals. We attribute these signals to the extra interference among the RF signals of
combs I and II. The basic principle of this phenomenon can be explained with the help of Figure 4.
The self-interference signal of combs I and II can be seen with the RF spectrum in Figure 4a. In addition



Appl. Sci. 2020, 10, 8260 7 of 10

to the desired inter-mode interference of combs I and II, the extra interference of a different order of
comb modes leads to the side peaks of spectrum shown in Figure 4b. As the number of comb modes
needed to generate these extra interferences is much less than the modes for the repetition rate, the SNR
of these extra peaks is usually less than 20 dB.
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In the other tri-comb generation mode of the proposed multidimensional multiplexing
mode-locked laser, only one comb is generated from R-1, while the R-2 outputs a dual-comb of
two wavelengths simultaneously. The characteristics of the generated tri-comb in this mode are
illustrated in Figure 5. In Figure 5a, the pulse trains are shown, designated as IV, V and VI. From the
spacing among the pulse trains, it can be confirmed that only pulse train IV comes from R-1, whereas
R-2 outputs the pulse trains of V and VI. Again, the relative intensity of pulse trains corresponds very
well with the optical spectrum shown in Figure 5b. Thus, the spectral peaks can be easily identified.
In this case, the center wavelength of comb IV is approximately 1564.5 nm and the center wavelengths
of combs V and VI are approximately 1546.1 nm and 1568.1 nm, respectively. Accordingly, the optical
spectrum bandwidth of combs IV, V and VI are 1.9 nm, 1.4 nm and 1.7 nm, respectively. With the same
RBW of 180 Hz as before, the RF spectra of combs IV, V and VI were detected as well. In Figure 5c,
the only spectral peak reveals a repetition rate of 47.00200 MHz for comb IV from R-1. In comparison,
the repetition rates of combs V and VI in Figure 5d can be confirmed as 49.59920 MHz and 49.59646 MHz
with the same methods discussed above, respectively. A constant frequency difference of 2.74 kHz can
be found between the spectral peaks shown in Figure 5d. Due to the difference in sub-ring length,
the minimum and maximum repetition rate differences are changed from 2.38 kHz and 2.59526 MHz to
2.74 kHz and 2.59720 MHz merely by switching the mode of tri-comb generation. This further proves
the variability of the proposed multidimensional multiplexing mode-locked laser. The continuous
mode-locking of both the tri-comb generation modes can last for over 10 h. In future studies, we will
develop a stabilization system for the proposed dual-ring mode-locked laser.
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Figure 5. The output characteristics of the generated tri-comb with single-comb and dual-comb outputs
from sub-ring 1 and sub-ring 2, respectively. (a) Pulse trains, (b) optical spectrum, (c) RF spectrum of
sub-ring 1 and (d) RF spectrum of sub-ring 2. IV designates the pulse train from sub-ring 1, whereas V
and VI designate the pulse trains from sub-ring 2. R-1, sub-ring 1. R-2, sub-ring 2.

4. Conclusions

In summary, a multidimensional multiplexing mode-locked laser based on a dual-ring integrative
structure is proposed for tri-comb generation in this paper. To our knowledge, this is the first
attempt to introduce sub-ring multiplexing into a multidimensional multiplexing mode-locked laser for
simultaneous multi-comb generation. Combining sub-ring multiplexing and wavelength multiplexing,
the proposed dual-ring integrated laser can generate a tri-comb through two modes. In the first mode,
sub-ring 1 produced a dual-comb of 1569.1 nm and 1556.1 nm center wavelengths. The corresponding
bandwidths of the optical spectrum were 1.4 nm and 3.3 nm, respectively. The relative intensity of
pulse trains and optical spectrum peaks were used to identify the generated combs. Based on the
definition of dispersion, a rough analysis of the relationship between wavelength and equivalent
refractive index was conducted to distinguish the repetition rates of 47.00198 MHz and 47.00436 MHz
for the dual-comb above. Furthermore, the small peaks in the RF spectrum of the dual-comb were
confirmed to be generated by extra interference among the RF signals. The single comb from sub-ring
2 showed a 1557.3-nm center wavelength, 4.0-nm optical spectrum bandwidth and a 49.59724-MHz
repetition rate. The minimum and maximum repetition rate differences of the generated tri-combs
were 2.38 kHz and 2.59526 MHz, respectively. In comparison, the other tri-comb generation mode was
realized by sub-ring 2 producing a dual-comb. In this case, the minimum and maximum repetition
rate differences of the generated tri-comb were able to be changed to 2.74 kHz and 2.59720 MHz.
This was achieved by switching the operation mode of the same dual-ring integrated mode-locked laser
only. We believe the proposed new dimension of sub-ring multiplexing and the dual-ring integrated
mode-locked laser could meet the needs of multi-comb generation with large-range repetition rate
differences. Moreover, the repetition rate differences of generated combs can be freely adjusted by
changing the resonance length of sub-rings with the proposed new dimension of sub-ring multiplexing.
The obtained results indicate that our method can offer a powerful scheme for future multi-comb
generation and its application in multi-heterodyne detection-based laser ranging and spectroscopy.
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