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Abstract: Recently, the nonlinear flutter behavior of long-span suspension bridges has attracted
attention. Unlike the classical theory of bridge flutter, the stable limit cycle oscillations (LCO)
have occurred for some bluff aerodynamic configurations when the inflow velocity exceeded a
specific critical value. To explore the influence of aerodynamic configurations on flutter behaviors
a series of flutter tests for spring-suspended sectional models were conducted. When the leading
edges and trailing edges with various shapes were installed at the sectional models, different flutter
types occurred. In the test, the self-excited forces and flutter responses were measured. Then,
the characteristics of coupling vibration and aerodynamic hysteresis of the two kinds of flutter were
analyzed and compared. Finally, the role of the phase difference between self-excited forces and
displacements was discussed in the mechanism difference of the classical flutter and the postflutter
LCO. As the leading edge became the bluffer, the results showed that the type of flutter gradually
transformed from classical divergent flutter to postcritical LCO and the torsional mode played a more
important role in the flutter than in the vertical mode. For the postflutter LCO, there was a negative
feedback pattern, i.e., as the vibration amplitude increased, the phase difference gradually decreased,
and the energy input to the dynamic system did not grow rapidly, which limited the further vibration
divergence and resulted in a stable LCO.
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1. Introduction

In recent years, long-span suspension bridges have gradually developed towards more than
2000 m, and the structure of the suspension bridge has become more slender and flexible [1]. As a
typical aerodynamic instability phenomenon, the flutter of a long-span suspension bridge has been
paid more attention and has even been a key factor in the design of a “super” long-span suspension
bridge. The initial research on bridge flutter originated after the shocking collapse of the Tacoma
Narrows Bridge in 1940. As a result of this tragedy, wind load effects emerged as an important potential
topic for researchers to investigate.

As a significant breakthrough, the theory of bridge flutter derivatives was proposed by Scanlan
in 1971 to describe the relationship between the unsteady aerodynamic self-excited forces and the
motion states when the flutter occurred [2]. The self-excited forces were regarded as a linear function
of the motion states in the theory of flutter derivatives. The flutter derivatives were corresponding
linear coefficients, which needed to be identified by experiments or numerical simulations [3–6].
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The linearized self-excited force model was further improved to be available for higher degrees of
freedom, and lots of identification methods were developed to obtain the flutter derivatives, which
have been successfully applied to evaluate the flutter critical wind speed [7,8]. To suppress the flutter
instability and improve the flutter critical wind speed, a series of passive and active aerodynamic
countermeasures, including central slot [9,10], leading edge [11], central vertical stabilizer [12,13] and
controllable winglets [14–16] et al., were employed to make some fixed or adjustable modifications on
the aerodynamic configuration of the bridge deck.

Over the past few decades, nonlinear flutter behavior in the postflutter limit cycle oscillations
(LCOs) has gradually drawn the researchers’ attention [17–25]. Different from the classical flutter,
the vibration did not tend to diverge but maintain a LCO with a stable amplitude when the inflow
velocity exceeded a specific critical value under a big angle of attack or for a bluff aerodynamic
configuration [26–28]. The typical theory of bridge flutter derivatives is not suitable to describe
the nonlinear flutter phenomenon. In fact, Scanlan’s self-excited force model is a linearized
simplification of a dynamic system at the critical flutter state with a small amplitude. Nevertheless,
the aerodynamic nonlinear effect of self-excited force under large vibration amplitude cannot be
ignored. Scanlan et al. [29] and Noda et al. [30] pointed out that there existed nonlinear components
dependent on vibration amplitude in the self-excited force during the flutter process. Náprstek et
al. [17] made a detailed nonlinear analysis of postcritical states of prismatic bodies. A combination
of Rayleigh or Van Por and Duffing types of differential equations were introduced to describe the
nonlinear postflutter LCO. Amandolese et al. [19] investigated the nonlinear flutter instability of a
two-degree-of-freedom flat plate with wind tunnel tests. A coupled-mode LCO occurred when the
wind speed exceeded the critical velocity. Interestingly, a nonlinear hysteresis phenomenon was
observed, i.e., a stable LCO was maintained even though the wind speed was from a higher value
to a lower value than the critical velocity. A torsional postcritical LCO with a slight heave−torsion
coupling effect was observed for an open twin-side-girder bridge deck in spring-suspended sectional
model tests [28]. Based on the measured self-excited forces, a nonlinear polynomial flutter model was
proposed and the third-order angular velocity term was regarded as a stabilizing factor to limit the
divergent vibration and make the dynamic system come into an LCO. Tang et al. [25] experimentally
investigated the nonlinear postflutter LCO of the shallow Π section under different angles of attack
and damping conditions, which significantly influenced the critical flutter velocity and the steady-state
amplitude of flutter. Wang et al. [31] presented a 3D nonlinear flutter analysis of full-scale long-span
bridges, the effects of partial correlation of the self-excited forces at different spanwise locations were
considered and the predicted postflutter LCO responses were compared with 2D analysis results. It can
be seen that the mode coupling effects of the postcritical LCO are very complicated and the nonlinear
features induced by the aerodynamic configuration are necessary to be explored further.

In the present paper, a series of spring-suspended sectional model tests with different leading
edges and trailing edges were conducted to study the influence of aerodynamic configurations on
flutter behaviors. An intrusive investigation was made to explore the differences between a classical
flutter and postflutter LCO. Based on the results of the measured flutter responses and aerodynamic
self-excited force, the characteristics of coupling vibration and aerodynamic hysteresis phenomenon
were compared, and the work done by the self-excited force was analyzed. Finally, the phase
difference between self-excited forces and displacements was compared for the classical flutter and
postflutter LCO.

2. Experiment Setup

The flutter tests were conducted in the SMCCWT-1 wind tunnel in Harbin Institute of Technology,
China. The wind tunnel was a closed-circuit wind tunnel with a section size of 500 × 500 mm2.
The wind speed can be adjusted from 0 to 25 m/s with a low turbulence intensity of less than 0.4%.



Appl. Sci. 2020, 10, 7781 3 of 16

2.1. Test Device and Model Aerodynamic Configuration

A 2-degree-of-freedom spring-suspended sectional model was designed to implement the flutter
tests shown in Figure 1. In previous works, long steel wires were adopted to restrict the downwind
vibration of the spring-suspended model. However, there was a marked drawback that the vertical
vibration was also limited under a large amplitude when flutter occurred, which possibly changed
the vertical stiffness of the dynamic system. To solve the problem, the air bearing devices with a low
damping were used to realize the constraint of downwind vibration.
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Figure 1. A sketch of the flutter test setup.

The aerodynamic configuration of cross section plays an important role in flutter responses.
To explore the influence of aerodynamic configuration, a series of different leading edges and trailing
edges were fabricated at the rectangular center box with an aspect ratio of 1:10. The shapes of leading
edges and trailing edges were designed as an isosceles triangle. The vertex angles varied from 30 to
180◦, including 30, 60, 90, 120, 150, and 180◦ (180◦ means a rectangular leading edge or trailing edge),
as shown in Figure 2. All the test cases are listed in Table 1. To ensure adequate structural stiffness,
3D printing technology was employed to manufacture all models using high-strength photosensitive
resin. Balance weights were used to make the mass and moment of inertia of all models as similar as
possible even though the aerodynamic configuration was different.
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Table 1. List of test cases.

Case L30 L60 L90 L120 L150 L180/T180 T30 T60 T90 T120 T150

Leading edge 30◦ 60◦ 90◦ 120◦ 150◦ 180◦ 180◦ 180◦ 180◦ 180◦ 180◦

Trailing edge 180◦ 180◦ 180◦ 180◦ 180◦ 180◦ 30◦ 60◦ 90◦ 120◦ 150◦
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2.2. Displacement and Aerodynamic Force Measurement

Two CCD laser displacement sensors (LK-G400, KEYENCE Company, Itasca, IL, USA) were fixed
under both sides of the torsion axis of the model bilaterally, which were employed to measure the
vertical and torsional displacement. The reference distance of sensors was 400 mm, and the measuring
range was ±100 mm with a measurement accuracy of 2 µm. In the test, the sampling frequency of
sensors was set as 1000 Hz.

Two high-accuracy six-component force/torque balances (Gamma, ATI Company, Apex, NC, USA)
were used to measure aerodynamic self-excited forces. The loading ranges of vertical force and torque
were ±65 N and ±5 N·m with high resolutions of 1/80 N and 1/1333 N·m, respectively. A sampling
frequency of 1000 Hz was used to obtain the time-varied force/torque balances measured values.

The two force/torque balances were installed between the sectional model and the springs on
both sides of the model shown in Figure 3. The installation method was sturdy enough so that the
mechanical damping of springs played a dominant role in the total damping of the whole dynamic
system. Therefore, it should be reasonable to ignore the damping of the connection between the
balances and the sectional model. The external forces acting on the sectional model included its
own gravity, the supporting force from the force/torque balances, and aerodynamic self-excited force.
For the sectional model during flutter, the dynamic equilibrium equation can be written as{

Fse + FR + FI = 0
Tse + TR + TI = 0

(1)

where Fse and Tse are the vertical and torsional aerodynamic self-excited forces, respectively; FR and TR

are the vertical and torsional supporting forces from the force/torque balances, respectively, equating
to the opposite measured values of two force/torque balances; FI and TI are the vertical and torsional
inertial forces of the sectional model, respectively, and can be calculated by FI = −msec

..
h

TI = −Isec
..
α

(2)

where msec and Isec are the inertial mass and moment of the sectional model, respectively, and
..
h

and
..
α are the vertical and torsional displacements of the sectional model, respectively. Therefore,

the aerodynamic self-excited forces can be calculated as follows: Fse = −FR + msec
..
h

Tse = −TR + Isec
..
α

(3)
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2.3. Structural Dynamic Parameters

The main purpose in the present study was to explore the potential mechanism of classical flutter
and postflutter LCO, which was induced by the different aerodynamic configurations of leading and
trailing edges. Considering the convenience of controlling variables and reduction of experiment
complexity, a basic rectangular section with different bluff or sharped leading edges, not a real bridge
section shape, was chosen as a sectional model. Therefore, the scaling conditions of the 2D sectional
model were not followed strictly with the real bridge structure. As a substitute, the main dynamic
parameters, including damping ratio and vertical-torsional frequency ratio were designed to be similar
with the real bridge structures and make sure that the classical flutter and nonlinear flutter in the tests
had similar characteristics with the real bridge structures.

For each case, vertical and torsional free vibration tests were carried out to identify structural
dynamic parameters. The natural frequency was obtained by analyzing the frequency spectrum of
the free vibration displacement based on the Fast Fourier Transform method. The damping ratio of
the dynamic system was calculated via the logarithmic attenuation of the free vibration amplitude.
The results of the structural dynamic parameters are listed in Table 2.

Table 2. Structural dynamic parameters (linear results).

Case fh0
(Hz)

ξh0
(%)

fα0
(Hz)

ξα0
(%) Case fh0

(Hz)
ξh0
(%)

fα0
(Hz)

ξα0
(%)

L30 2.965 0.174 4.307 0.282 T30 2.970 0.191 4.317 0.268
L60 2.976 0.190 4.287 0.312 T60 2.972 0.193 4.314 0.259
L90 2.981 0.202 4.272 0.265 T90 2.970 0.187 4.286 0.288
L120 2.984 0.204 4.264 0.283 T120 2.968 0.175 4.287 0.234
L150 2.980 0.210 4.267 0.263 T150 2.964 0.163 4.283 0.273

L180/T180 2.966 0.171 4.274 0.260

In Table 2, for all the cases, it can be seen that the vertical and torsional natural frequencies of the
dynamic system were about 3.77–3.80 Hz and about 4.40–4.50 Hz, respectively, which indicated the
balance weights worked well enough to make the inertial mass and moment to be basically consistent
for all cases with different aerodynamic configurations. The vertical and torsional damping ratios of
the dynamic system were 0.25–0.43% and 0.25–0.34%.

It is remarkable that the postflutter LCO is also sensitive to the nonlinearities of the mechanical
system. In previous research, the structural nonlinearity of a spring-suspended dynamic system has
been paid a lot of attention. For the spring-suspended sectional model, the structural stiffness and
damping of the spring-suspended system were expressed as a nonlinear function of the vibration
amplitude based on the equivalent linearization approximation method, which were identified by the
free vibration tests [28,32]. In the present paper, the same method was used to obtain the nonlinear
structural damping ratio and frequency and an example of the identified results (case: L30) was
displayed in Figure 4. It can be seen the variation of the natural frequency via the vibration amplitude
was very small, which means the stiffness nonlinearity was weak enough to be ignored. Nevertheless,
the nonlinearity of the damping ratio has to be taken into consideration in the nonlinear flutter analysis.
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Figure 4. An example of the identification results of the nonlinear structural frequency and damping
ratio (Case: L30): (a) vertical free vibration histories; (b) vertical natural frequency; (c) vertical
damping ratio; (d) torsional free vibration histories; (e) torsional natural frequency; and (f) torsional
damping ratio.

3. Results and Discussion

3.1. Characteristics of Flutter Responses under Different Leading and Trailing Edges

To explore the differences between the classical flutter and postflutter limit cycle vibrations, all cases
with different aerodynamic configurations were conducted at an attack angle of 0◦. The relationship
between the mean square root of flutter responses and reduced wind speeds were given in Figure 5.
The reduced wind speeds can be calculated as

U∗ =
U

fα0B
(4)

where U is real wind speed, fα0 is the torsional natural frequency, and B = 300 mm is the width of the
sectional model.

It should be noted that the relationship was obtained by changing the inflow wind speed
continuously from 0 m/s, and the sectional model was not disturbed by any initial perturbation.

In Figure 5, it can be seen that the shape of the leading edge had an obvious influence on flutter
behavior. For the case of L30 with a streamlined leading edge, when the reduced wind speed exceeded
a critical value U∗cr = 10.38, the vibration amplitude of the sectional model grew rapidly and even
diverged. By contrast, for the case of L180 with a bluff leading edge, the flutter critical reduced wind
speed decreased significantly to U∗cr = 4.79, compared with the L30 case. When the inflow velocity
exceeded the critical wind speed, the vibration did not diverge rapidly. Instead, it kept its stable status,
i.e., postflutter limit cycle oscillation. The stable LCO amplitude increased as the wind speed increased.



Appl. Sci. 2020, 10, 7781 7 of 16Appl. Sci. 2020, 10, x FOR PEER REVIEW  7 of 17 

   

(a)  (b) 

   

(c)  (d) 

Figure 5. Root mean square (RMS) of oscillation responses versus wind speeds; (a) different leading 

edges, vertical;  (b) different  leading  edges,  torsional;  (c) different  trailing  edges, vertical;  and  (d) 

different  trailing  edges,  torsional.  (Arrow: a divergent oscillation occurs when  the wind  speed  is 

larger than the critical value.). 

In Figure 5, it can be seen that the shape of the leading edge had an obvious influence on flutter 

behavior.  For  the  case  of  L30 with  a  streamlined  leading  edge, when  the  reduced wind  speed 

exceeded a critical value 𝑈௖௥∗ ൌ 10.38, the vibration amplitude of the sectional model grew rapidly 

and even diverged. By contrast,  for  the case of L180 with a bluff  leading edge,  the  flutter critical 

reduced wind speed decreased significantly to 𝑈௖௥∗ ൌ 4.79, compared with the L30 case. When the 

inflow velocity exceeded the critical wind speed, the vibration did not diverge rapidly. Instead,  it 

kept its stable status, i.e., postflutter limit cycle oscillation. The stable LCO amplitude increased as 

the wind speed increased. 

Moreover, the shape of the trailing edge had a much smaller effect on flutter behavior. When the 

leading‐edge  section  was  a  bluff  rectangle,  the  flutter  behaviors  were  all  characterized  by  the 

postflutter LCO, and the shape of the trailing edge slightly changed the critical wind speed and the 

wind speed range in which LCO occurred. The flutter critical reduced wind speed increased from 

𝑈௖௥∗ ൌ 4.37  for the case of T30 to 𝑈௖௥∗ ൌ 4.79  for the case of L180. 
The  displacement  histories  at  different  development  stages  of  the  two  kinds  of  flutter  and 

corresponding frequency spectrums are displayed in Figures 6 and 7. The frequency spectrums were 

obtained based on the Fast Fourier Transform method. 

For the classical flutter, the amplitude of flutter increased rapidly and the vibration tended to be 

unsteady as the development of flutter when the inflow velocity exceeded the flutter critical wind 

3 5 7 9 11
0.0

0.3

0.6

0.9

1.2

1.5

1.8
 30F     60F     90F
 120F   150F   180F

h R
M

S
 (

cm
)

Reduced Velocity U* 
3 5 7 9 11

0

5

10

15

Reduced Velocity U* 

 30F     60F     90F
 120F   150F   180F

 R
M

S
 (

°)

3 4 5 6 7
0.0

0.2

0.4

0.6

0.8

h R
M

S
 (

cm
)

Reduced Velocity U* 

 30B     60B     90B
 120B   150B   180

3 4 5 6 7
0

2

4

6

8

10

Reduced Velocity U* 

 30B     60B     90B
 120B   150B   180

 R
M

S
 (

°)

Figure 5. Root mean square (RMS) of oscillation responses versus wind speeds; (a) different leading
edges, vertical; (b) different leading edges, torsional; (c) different trailing edges, vertical; and (d) different
trailing edges, torsional. (Arrow: a divergent oscillation occurs when the wind speed is larger than the
critical value.).

Moreover, the shape of the trailing edge had a much smaller effect on flutter behavior. When the
leading-edge section was a bluff rectangle, the flutter behaviors were all characterized by the postflutter
LCO, and the shape of the trailing edge slightly changed the critical wind speed and the wind speed
range in which LCO occurred. The flutter critical reduced wind speed increased from U∗cr = 4.37 for
the case of T30 to U∗cr = 4.79 for the case of L180.

The displacement histories at different development stages of the two kinds of flutter and
corresponding frequency spectrums are displayed in Figures 6 and 7. The frequency spectrums were
obtained based on the Fast Fourier Transform method.

For the classical flutter, the amplitude of flutter increased rapidly and the vibration tended to be
unsteady as the development of flutter when the inflow velocity exceeded the flutter critical wind speed.
However, for the postflutter LCO, a steady vibration with a stable amplitude occurred, regardless of
how large the initial disturbance was when the wind speed was larger than the critical wind speed.
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Figure 6. The response histories of the classical flutter and postflutter LCO: (a) classical flutter
(Case: L30); and (b) postflutter LCO (Case: L180).
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Figure 7. The frequency spectrums of displacement of the classical flutter and postflutter LCO:
(a) classical. U* = 10.47); and (b) postflutter LCO (Case: L180, U* = 6.12).
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For the two kinds of flutter, the dominant vibration frequencies were both coupled in vertical
and torsional degrees of freedom. The coupling frequency fc = 3.38 Hz for the case L30 was closer
to the vertical natural frequency fh0 = 3.07 Hz than fc = 3.83 Hz for L180. It can be inferred that the
torsional degree of freedom made more contributions for the postflutter LCO than for the classical
flutter. Moreover, a definite frequency multiplication phenomenon was observed in the frequency
spectrums of both kinds of flutter, which was a typical feature of nonlinear oscillations. The frequency
multiplication of the postflutter LCO was much more remarkable than the classical flutter, which
indicated that the nonlinear extent of postflutter LCO was higher than the classical flutter.

The extent of vertical–torsional coupling is an important characteristic of different flutter types.
The differences in vertical–torsional coupling characteristics between two kinds of flutters were
explored further by comparing the frequency domain characteristics and ratio of the vertical–torsional
amplitude. The vertical and torsional dominant frequencies of flutter vibration are displayed and
compared with the natural frequencies of the dynamic system in Figure 8. For the two kinds of flutter,
the vertical and torsional dominant frequencies were both separated and closed to the corresponding
natural frequencies when the inflow velocity was low at the flutter critical wind speed. When the flutter
occurred, the dominant frequencies of the vertical and torsional degree of freedom were both coupled
between vertical and torsional natural frequencies and decreased to the vertical natural frequency as
the inflow velocity increased. However, compared with the classical flutter, the coupled dominant
frequency of postflutter LCO was close to the torsional natural frequency, which indicated that the
participation level of the torsional degree of freedom was higher in the postflutter LCO than in the
classical flutter. The vertical degree of freedom played an important role in both kinds of flutter as the
inflow velocity increased.
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Figure 8. The relationship between vibration frequency and reduced wind speed.

3.2. Hysteresis of Unsteady Aerodynamic Forces

The aerodynamic force versus displacement curve, named the “aerodynamic hysteresis curve”,
can be obtained when displacements are regarded as horizontal ordinates, and the self-excited forces
are regarded as longitudinal coordinates. The aerodynamic hysteresis curve describes the relationship
between aerodynamic self-excited forces and the motion state, reflecting the path and magnitude of
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the work done by self-excited forces. For a given aerodynamic hysteresis curve in a single period,
the work done by self-excited forces in the period can be expressed as follows:{

WFse, T =
∮

Fsedh
WTse, T =

∮
Tsedα

(5)

where WFse, T and WTse, T represent the work in a vibration period done by the aerodynamic self-excited
forces on the vertical and torsional degrees of freedom, respectively. The direction of the circumferential
integral path determines the sign of WFse, T and WTse, T.

The aerodynamic hysteresis curves of two kinds of flutter were displayed in Figures 9 and 10.
For the two kinds of flutter, it can be seen that the aerodynamic hysteresis curve both formed a long
and narrow annular region and rotated clockwise, which indicated the positive work done by the
vertical and torsional self-excited forces in Equation (5). The aerodynamic hysteresis curve was formed
by the vertical self-excited force, wherein displacement had a major distribution in the second and
fourth quadrants. Nevertheless, the aerodynamic hysteresis curve formed by the torsional self-excited
force and displacement mainly distributed in the first and third quadrants. It can be inferred that the
vertical self-excited force and displacement were opposite in the phase while the torsional self-excited
force and displacement were close in the phase.
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Figure 9. The aerodynamic hysteresis curve for classical flutter (Case: L60, U* = 10.27): (a) vertical and
(b) torsional.
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Figure 10. The aerodynamic hysteresis curve for postflutter LCO (Case: L180, U* = 6.12): (a) vertical
and (b) torsional.
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3.3. Work Analysis of Unsteady Aerodynamic Force

For the spring-suspended dynamic system, the cumulative work from t0 to t1 done by the
aerodynamic self-excited forces when flutter occurred can be calculated as WFse =

∫ t1
t0

Fse(t)
.
h(t)dt

WTse =
∫ t1

t0
T(t)

.
α(t)dt

(6)

The cumulative work histories on the two degrees of freedom done by aerodynamic self-excited
forces for the two kinds of flutter were displayed in Figures 11 and 12. The self-excited forces and
displacements were processed by a low-pass filter with different cut-off frequencies. Then, the first-order
and higher-order harmonic components of the cumulative work were obtained.
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Figure 11. The cumulative work done by self-excited force for classical flutter (Case: L60, U* = 10.27):
(a) vertical and (b) torsional.
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Figure 12. The cumulative work done by self-excited force for postflutter LCO (Case: L180, U* = 6.12):
(a) vertical and (b) torsional.

The work done by the first-order component of the self-excited force was the largest. Yet the
higher-order components of the self-excited force provided little energy input to the dynamic system.
For the classical flutter, the cumulative work done by vertical and torsional self-excited forces both
increased exponentially over time. The cumulative work done by vertical self-excited forces was much
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bigger than that of the torsional self-excited force, which indicated that the vertical degree of freedom
had the main effect on the classical flutter. By contrast, for the postflutter LCO, the cumulative work
on vertical and torsional degrees of freedom increased almost linearly. The cumulative work done by
the vertical self-excited force was much smaller than the torsional self-excited force. It can be inferred
that the torsional degree of freedom was the dominant mode in the postflutter LCO.

The aerodynamic hysteresis phenomenon during flutter resulted in a phase difference between
vibration displacements and aerodynamic forces. This reflected the work characteristics of aerodynamic
self-excited forces. The relationship of the work done by aerodynamic self-excited forces and the phase
difference between vibration displacements and aerodynamic forces would be deduced further by the
example of a vertical degree of freedom.

When the flutter vibration was reducible to a harmonic vibration with a slow amplitude variation,
the vertical displacement in a single period can be expressed as follows:

h(t) = hAmp sin(ωct) (7)

where hAmp represents the slowly varied amplitude of harmonic vibration and can be regarded as a
constant in a specific period. ωc is the coupled circular frequency of flutter vibration. Then, the vertical
velocity is

.
h(t) = hAmpωc cos(ωct) (8)

Suppose the phase difference between vertical displacements and self-excited forces is

∆φFh = φF −φh (9)

where φF and φh are the phases of vertical self-excited force and displacement, respectively. The vertical
self-excited force can be written as

Fse(t) = Fst + FAmp sin(ωct− ∆φFh) (10)

where Fst is the steady component of vertical self-excited force and FAmp is the slowly varied amplitude
of the unsteady component of vertical self-excited force, which is a constant in a specific period.
Then the work done by the vertical self-excited force in a period can be calculated by

WFse(t) =
∫ t0+Tc

t0

Fse(t)∆
.
h(t)dt =

[
FAmphAmpωc

∫ t0+Tc

t0

cos2(ωct)dt
]
(− sin ∆φFh) (11)

where FAmp, hAmp, ωc and
∫ t0+Tc

t0
cos2(ωct)dt are all positive, so the sign of the work done by the vertical

self-excited force is decided by the sign of sin ∆φFh. It can be seen that the phase difference between
vertical displacements and self-excited forces plays a crucial role in the development of the flutter.
To analyze the characteristics of aerodynamic hysteresis of the two kinds of flutter, the identification
results of the phase difference in the whole flutter process is displayed in Figures 13 and 14.

For the classical flutter, when the inflow velocity exceeded the flutter critical wind speed, the
vertical and torsional phase differences were both unstable at the development stage of flutter, and
were about 178.1 to 182.2◦ in the vertical degree of freedom and −2.2 to −4.4◦ in the torsional degree of
freedom. At this stage, the work done by self-excited forces was small, and corresponding vibration
amplitudes increased slowly. As the flutter evolved and increased in vibration amplitude, the vertical
phase difference began to rise from 180 to 194.7◦ for 30 s while the torsional phase difference descended
only from −3.6 to −5.8◦ in 30 s. This indicated that the fast enlargement of the vertical phase difference
as a vibration amplitude resulted in a higher energy input in the dynamic system. Even the divergence
of the dynamic system provided positive feedback.
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For the postflutter LCO, the changing rule of phase differences was significantly different.
The radical changes of phase differences took place at the development stage of the flutter. In 15 s,
the vertical phase difference descended quickly from 188.0 to 181.4◦ as the vibration amplitude increased.
Similarly, the torsional phase difference changed from −12.1 to −2.0◦. This indicated that there was
a negative feedback pattern according to Equation (10), i.e., as the vibration amplitude increased,
the hysteresis effect between the self-excited forces and displacements weakened gradually, and the
energy input to the dynamic system did not grow rapidly but kept stable to limit further vibration
divergence. Eventually, the dynamic system achieved equilibrium and the postflutter LCO occurred.

4. Conclusions

A series of flutter tests of spring-suspended sectional models with different leading edges
and trailing edges were conducted to explore the influence of aerodynamic configurations on flutter
behaviors. In the test, the classical flutter and postflutter LCOs were observed for different aerodynamic
configurations. Based on the dataset of self-excited forces and flutter responses, the characteristics of
coupling vibration and aerodynamic hysteresis of the two kinds of flutter were analyzed and compared.
The following conclusions were obtained:

The aerodynamic configuration of leading edges played a more important role for flutter behaviors
than it did for trailing edges. For a sectional model with an aspect ratio of 1:10 and a rectangular
trailing edge, a postflutter LCO occurred when the vertex angle of the leading edge was more than 105◦.
Nevertheless, the flutter behavior kept a postflutter LCO whenever the aerodynamic configuration of
the trailing edge was a leading edge rectangular shape.

The coupling vibrations were observed for both the classical flutter and postflutter LCOs.
Compared with the classical flutter, the participation level of the torsional degree of freedom was
higher in the postflutter LCO than for the classical flutter. The vertical degree of freedom played a
more important role in both kinds of flutter, as the inflow velocity increased during the flutter process.

For the two kinds of flutter, the work was done by the first-order harmonic component of
self-excited forces, which was the most dominant part of the energy input in the dynamic system.
The work done by the higher-order harmonic components of the self-excited forces can be ignored.
When the classical flutter occurs, the cumulative work done by the vertical self-excited force was much
bigger than that of the torsional self-excited force. By contrast, the torsional degree of freedom was the
main effect of the postflutter LCO.

The phase difference between the displacements and aerodynamic forces had a significant influence
on nonlinear flutter behaviors. Different from the classical flutter, there was negative feedback for
the postflutter LCO. As the vibration amplitude increased, the phase difference decreased gradually,
and the energy input to the dynamic system did not grow rapidly, which limited further vibration
divergence and resulted in a stable LCO.
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