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Abstract: A simple one-dimensional differential equation in the centerline coordinate of an arbitrarily
curved quantum waveguide with a varying cross section is derived using a combination of differential
geometry and perturbation theory. The model can tackle curved quantum waveguides with a
cross-sectional shape and dimensions that vary along the axis. The present analysis generalizes
previous models that are restricted to either straight waveguides with a varying cross-section or curved
waveguides, where the shape and dimensions of the cross section are fixed. We carry out full 2D wave
simulations on a number of complex waveguide geometries and demonstrate excellent agreement with
the eigenstates and energies obtained using our present 1D model. It is shown that the computational
benefit in using the present 1D model to calculate both 2D and 3D wave solutions is significant and
allows for the fast optimization of complex quantum waveguide design. The derived 1D model renders
direct access as to how quantum waveguide eigenstates depend on varying cross-sectional dimensions,
the waveguide curvature, and rotation of the cross-sectional frame. In particular, a gauge transformation
reveals that the individual effects of curvature, thickness variation, and frame rotation correspond to
separate terms in a geometric potential only. Generalization of the present formalism to electromagnetics
and acoustics, accounting appropriately for the relevant boundary conditions, is anticipated.

Keywords: quantum eigenstates; varying cross section; effective analytical and numerical methods

1. Introduction

With the vast possibilities to manufacture complex topological structures in quantum technology, it
becomes increasingly important to address how physical properties change due to shape, size etc. Nanowire
technology provides a rich platform to discover novel physical properties related to curvature effects such
as flexible electronics [1], battery [2] and nanoelectromechanical sensors and generators [3-7]. A selection
of recent nanoarchitecture work [8] includes the influence of a varying thickness of 2D WS, nanolayers [9],
the role of topology of the thermopower of six-terminal Andreev interferometers [10], the voltage induced by
moving vortices as a function of transport and magnetic fields for rolled-up nanostructured nanotubes [11],
topological transitions in superconducting structures [12,13], etc. Recently, the present authors [14] derived
the first four-band spinless k - p model in curved coordinates using Kane’s model. In Ref. [15], a detailed
discussion of the combined influence of curvature, torsion, and cross-sectional rotation of a nanostructure
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for electron eigenstates and symmetry properties in nanowires was presented based on a one-dimensional
effective mass equation. Evidently, the use of curved coordinates is effective to recast computationally
intensive 3D wave problems of complex nanoarchitectures into lower-dimensional problems; examples
include the well-known cases of a torus, a helix, and a Mobius structure [16-24].

The use of analytical or numerical methods to determine 3D waveguide eigenstates and
eigenfrequencies in acoustics and electromagnetics has a long history and is of high importance
for applications. Webster’s horn model in acoustics provides a simple, accurate one-dimensional
approximation for the estimation of the sound field in waveguides of varying thickness that otherwise
requires a full 3D analysis [25,26]. Stevenson [27,28] derived a set of coupled ordinary differential equations
for the varying thickness waveguide. In the latter case, even a small number of coupled equations was
shown to provide an accurate description of the groundstate, the first excited states and their frequencies.
Both methods [25,27,28], however, assumed a straight centerline (cylinder structures) and therefore cannot
be applied to a more general class of nanowire geometries characterized by, simultaneously, a curved axis
and a varying cross section.

In this work, we present a new method using differential geometry and perturbation theory to
determine eigenstates to the Schrodinger equation of a quantum-mechanical particle confined to a curved,
varying-thickness waveguide with small cross-sectional dimensions relative to the waveguide length.
The cross-sectional geometry can be arbitrary and may rotate along the waveguide axis. We examine
the influence of all geometry parameters and compare with accurate full-wave numerical solutions.
For the waveguide structures analyzed, excellent accuracy is demonstrated for the first several eigenstates.
The developed model provides insight into the influence of waveguide curvature, cross-sectional thickness
variation and frame rotation for eigenstate energies and symmetry properties. In particular, the present
method sheds new light on resonance phenomena as a result of coupling between geometry parameters
that is not attainable from a standard complex full-wave problem. Besides the insight that can be gained
from the 1D equations, there is also significant computational advantages, as discussed in Appendix A.

2. The General Equations

The goal is to express the Laplace operator in tubular coordinates in a thin neighbourhood of a curve.
The normal cross sections of the structure we consider (the neighbourhood) are assumed to have the same
shape, but the size and orientation in the normal plane are allowed to be arbitrary, see Figure 1, where
the shapes of the normal intersections are disks.

Figure 1. The physical domain. We consider a neighbourhood of a curve r (in black). The tangent vectors t
(in red) are orthogonal to the normal planes (in pink). They intersect in this case the neighbourhood in
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disks of varying radius eh centered at the curve. The vectors p and q, in green and blue respectively, give
an orthonormal basis for the normal plane.

Nevertheless, it is advantageous to first consider the case where the orientation of the cross sections
relative to a minimal rotating frame is constant.

2.1. Constant Orientation

We assume that we have a curve r parametrised by arc length with tangent t = r’. We first choose a
minimal rotating frame, i.e., an orthonormal frame t, p, q (see Figure 1) along the curve satisfying,

d t 0 K1 K2 t
ds pl=]|-x1 0 O pl- (1)
s
q -k 0 O q
Then, the curvature of the curve is x = 4/ K% + K% and the torsionis T = Klz%%g{z We now consider
the following parametrisation of a neighbourhood of r, see Figure 1:
x(s,v,w) = r(s) + €h(s) (vp(s) + wq(s)), se[0,L], (v,w)eyC R?, )

where (v, w) belongs to a fixed domain () in the vw-plane and L is the length of the curve. If we fix s then
we obtain a scaled (by €h(s)) and rotated copy of ), in Figure 1 it is the unit disk. The scale is allowed to
vary from point to point, this is encoded in the function / and the overall scaling is given by the positive
number €. We will expand the Laplace operator in powers of € and as we consider € as a small number we
will disregard terms in € of degree one or higher.

The partial derivatives are

)
5§=H+EWWm+w®+W@#+w¢D

= (1 — eh(x1v + Kow))t + e H (vp + wq), 3)
0x
3 = ehp, 4)
ox
5 = ehq. 5)

We let
F=1—¢h(x10+xw), (6)

and find the metric tensor by taking the inner products between the partial derivatives,

F2 + (el )?(v®* +w?) €*hh'v  e?hh'w
G = e2hh'v e2h? 0 ) )
e2hh'w 0 e2h?

The determinant is
G = e*n*F?, (8)
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and the inverse is

1 Iy Hw
F2 W hE2
W 1 W ('
Gl=|5r @mt (th) hZ)Pgw : )
/ /2 / 2
G e ()
We let 3 3 3
R = U% + w% 7’5 ’ (10)
where r = V0% + w?. We furthermore have that
0? 02 02 d d
2_ 29" 7 L ,2 7
R vaz+ W +waw2+vav+waw
o W._N\* # _HW_o (I ) h
<as — hR) =2 —zﬁjot <h> (R°+R)— 7R
Denoting the coordinates (s, v, w) by (u!, u?, u®) we can now write the Laplace operator as
k¢ ke
A_gud @, (646 ag) o
ouk Jut 2G ouk ~ Quk | qu’
I S W N R
Ce2h2 \9v?  ou? F2\ods h
1 0 0 eh(Klv+rhw) (o I
As usual [15], we let x = \/fi,b and have that
L 1 /L
drdydz= [ [ grpoPdsdodw= [ [“rpdsdodw, 12
/Q%lexyZ QOOIPlllJz sdvdw= J ), Xixzdsdvdw (12)
such that the Helmholtz equation reads
X X X
— AP =AY = AL =A% = —VFA= =My 13
pe VEVE VE M =

Later, we shall exemplify the present analysis to the Schrodinger equation for a quantum-mechanical
particle. For now, we focus on the Helmholtz equation. To zeroth order in €, we have

1 /%y %y 9 W_\*
\/>A\/> th (avz'f-awz)‘f'(as—hp) X-f'z)(. (14)

Unless i’ = 0, i.e., the thickness is constant, we cannot separate the variables. Instead we will use
perturbation theory. We have

o W _N\* #* _KW_o (W\?_, (W [\
(afﬂ) _asz_thas+(h> R - h_(h> R

treated as a perturbation
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The last three terms are considered as perturbations and first order perturbation theory yields
o W N\ #* K, .9 [(H\* ., W' (2
(5-7%) =5 ®g+ (7) @~ (5-(3) )@
(2 Tw) (M) (R - w?)
ds h h ’
where (R) and (R?) are the expectation values of R and R?, respectively.
(R") = [ go(o,0)R7o(e,w) dode,
0
where 1 is a transversal eigenstate. This procedure is easy in the case of non-degenerate transverse

eigenstates such as for the transverse groundstate. However, in case of degenerate transverse eigenstates,
standard degenerate perturbation theory must be used. We arrive at

S S S S Y (R R LA eI W
\/I?Aﬁwezh2<av2+8w2 o w®) (7)) (RH=®2)+ 7 )x
After multiplication with €2h?, Helmholtz equation — Ay = Ay reads
Px . Px 272 o I ? A% 2 2 L K —
<av2+aw2)€h (ash<R>> X+ (h) (<R>*<R>)+Z+/\ X =0.

We can now separate the variables, x = xo(v, w)¢(s), and if xp is a solution to the 2D Helmholtz
equation, i.e.,

Pxo , xo

then we finally have the 1D eigenvalue problem

d 2 W2 2 A
(&) e <(h> (R = (R)%) + 5 - 62h2> r=A 4
2.2. Variable Orientation

We now allow the orientation of the cross section to vary relative to the minimal rotating frame. More
precisely, consider a general frame t, ny, n; where

d t 0 K1 K t
a n| =\|-—-rx 0 w n;| . (16)
np —Ky —w 0 np

We then have

n; =cosdp+sindq, np; = —sindp +costq, 17)
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where w = ¢'. By following steps similar to the analysis in Refs. [15,19], the resulting 1D equation,
accounting for a varying thickness and curvature effects, becomes,

(M) g
- ((’;)2 (1R — (R) — o ((23) - (£)7) + 5 - Q;) =19, (8)

where L is the §-component of the orbital angular moment operator, i.e.,

L=—i (vai) — waav> = —i%, (19)
and 6 is the polar angle.
Let us perform a gauge transformation, ¢ — ¢,
¢(s) =¥ p(s), where g(s) = (R)logh(s)+i(L)8(s). (20)
Then 4w q
P ﬁ<R> —iw(L) = s -8

and

d n , d s
(5 - TR -wie)) o= (5-¢) <)
Hence, Equation (18) is equivalent to

_ %f _ ((’;)2 ((R%) = (R)?) —w? ((£2) = (£)?) + Kzz - ﬁﬂ) P @

A similar transformation was used in Ref. [15] in the case without a thickness variation.

We see that all geometric effects: curvature, thickness variation, and frame rotation appear in the form
of a geometric potential only. It is hard to say something general about the significance, except that
the last term Ao/ (eh)? dominates when € — 0 and unless / is constant the eigenstates will concentrate
at the maxima of h. In Appendix B, we examine examples where either the first or the last term is
most important.

2.3. Non Arc Length Parametrisation

So far we have assumed that the curve is parametrized by arc length, but even though it is always
possible theoretically, it is more often than not impractical. Thus, we will here give the 1D approximative
equation for a general parametrisation. Observe that

d_dud 1 d and hence dn_
ds dsdu ||¢| du’ ds |||’
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where prime (') now denotes differentation with respect to a general parameter 1. Then, Equation (18) becomes
1d W ‘ ?
(s~ om0 o) ¢

- <<|th)2 (R - (R2) - (123 - (£2) + 5 - A,i) p=M9. @

and Equation (21) becomes

~(prae) o~ ((F) (R-m7) -2 (e 07) + 5 - 3t ) o =20 09

It must be pointed out that the above analysis and reduction of a 3D problem to an effective 1D
model does not impose restrictions on the form of the boundary conditions at the waveguide ends. Hence,
the boundary conditions in the u coordinate can be arbitrary.

2.4. 2D Problems

The analysis above obviously carries over to 2D problems. The only difference is that we now have a
unique frame and the terms involving w and L disappears. The domain () is now an interval on the v-line.
In Appendix A, we will validate the method by comparing 1D calculations with full 2D calculations.

It can also be relevant for 3D problems where one variable can be separated away exactly, cf. Section 3.

2.5. Schrodinger Equation

The Schrédinger equation reads

72
2m

V2 = Ey, (24)

where m and E are the particle’s mass and energy, respectively, and  is the wavefunction. If —V2¢ = Ay

and L is the unit length then we have
2m

E=_——A.
2
n°L2

(25

3. Transmission Studies through a Straight Waveguide with a Varying Thickness

In this section, we use the developed 1D model to compute transmission and reflection coefficients
of a particle confined to a varying thickness quantum waveguide with a straight axis defined as the x
axis. The waveguide cross-sectional dimension in one direction (z) is assumed to be much larger than
the dimensions along the x, y directions. In this case, the 3D problem reduces to a 2D problem in the x — y
plane. In the region confined by the waveguide, the Schrodinger equation reads

n_,
5 VY =EY, (26)

and the wavefunction satisfies ¢ = 0 on the surface of the waveguide corresponding to infinite barriers.
We will attempt to compute the transmission and reflection coefficients for the case where the particle

approaches the central region from the far left, and the waveguide thickness is assumed to vary in a

continuous (and piecewise two times differentiable) manner. The waveguide thickness is considered
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constant to the left and the right of the central region (for simplicity, the same thickness hy and a zero
curvature are assumed in the left and right regions). In this case the wavefunction part ¢ and its derivative

d . .
d—f must be continuous everywhere, and we may write

¢(s) = exp (ias) + Bexp (—ias) , to the left of the central region,

27
¢(s) = Cexp (ias) , to the right of the central region, @7)
where
2mE 772
=,/ - ——=>0. 28
=\ (28)

The latter inequality guarantees that wave solutions are propagating in the left and right regions.
We can now obtain the transmission T and reflection R coefficients as

T=C, R=B. (29)
Evidently, since the wave problem is lossless, we must require
IT* + R[> = [C]* + [B]> = 1. (30)

In order to determine the coefficients B and C, Equation (15) must be solved in the central region by
matching to the wave solutions in the left and right regions. This has been done numerically.
We shall consider the central region to have a trigonometrically varying thickness, i.e.,

h(s) = ho + bsin (Ts) ,

m

%—bgcs Es 1
R S e (1)

ﬂ*—b nr 2sin Eu
ds?2 . Ln )’

where L, defines the size of the central region and 7 is an integer.

In Figure 2 (upper plot), we show the waveguide thickness and its first- and second-order derivatives
as a function of the centerline coordinate u for the case where hy = 1nm, b = 2 A, L, =10nm,andn =1,
e=1

In Figure 2 (lower plot), the transmission and reflection curves as a function of the energy of
the quantum-mechanical particle are shown.
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Figure 2. The case hp = 1nm, b = 2A, L, =10nm,andn =1,¢ = 1.

In Figure 3 (upper plot), we show the waveguide thickness and its first- and second-order derivatives

as a function of the centerline coordinate u for the case where iy = 1nm, b = —2 A, L,, = 10nm,and n = 1,
e=1.
1.2 !
£ ~_ £
=0.8f ] Eos5)
0- i i i 0 i i i i
=20 -10 0 10 20 0.1 0.2 0.3 0.4 0.5
s [nm] E [eV]
a 0.1 i i 1 i i
_0. i i i O i — L
=20 -10 0 10 20 0.1 0.2 0.3 0.4 0.5
— s [nm] E [eV]
| . . . N_ . . .
g 003 o1
%, 001 / \\ ] Fos
=001 ‘ ‘ ‘ = ‘ ‘ ‘ ‘
o -20 -10 0 10 20 0.1 0.2 0.3 0.4 0.5
s [nm] E [eV]

Figure 3. The case hg = 1nm, b = —2A, L, =10nm,andn=1,¢ = 1.

In Figure 3 (lower plot), the transmission and reflection curves as a function of the energy of the
quantum-mechanical particle are shown. The mass of the particle is the free-electron mass.

Note that a threshold energy is required for the particle to be transmitted to the right. This comes
about as the thickness in the central region is lower than the thickness to the far left and right. Hence,
the particle will essentially only propagate to the right if its energy is higher than the energy associated
with the smallest thickness hpin = hg — b in the central region. Otherwise, if its energy is lower than
% ﬁ, transmission can only take place by virtue of tunneling, i.e., with a small probability.

Inmﬁigure 4 (upper plot), we show the waveguide thickness and its first- and second-order derivatives
as a function of the centerline coordinate u for the case where hg = 1nm, b = 2 A, L, =10nm,and n = 2,
e=1

In Figure 4 (lower plot), the transmission and reflection curves as a function of the energy of the
quantum-mechanical particle are shown.

In this case, where (s) follows a full period of a sine curve, the thickness is smaller than the thickness
hy to the far left and right, for one half of the central region. Hence, again, a threshold is needed for
the quantum-mechanical particle to be transmitted to the far right.
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Figure 4. The case hp = 1nm, b = 2A, L, =10nm,andn =2,¢ = 1.

We point to that the 1D model can be used in a completely analogous way to calculate transmission
properties of an arbitrarily curved quantum waveguide.

4. 3D Eigenstate Problems

We will first consider 3D curves with constant curvature, e.g., a straight line, a helix, and a circle.
Moreover, we will consider quantum waveguides with two thickness variations: a linear (with varying
slope) and a trigonometric (with varying amplitude, frequency, and phase).

Note that, for all curves with constant curvature, the 1D equation Equation (18) can be treated on

2
2;1211%'

We will, in all cases, consider a circular cross section. We choose the unit disk as our 2D parameter
space and the first step is to calculate the first eigenvalue Ag and the expectation values (R), (R?), (L),
and (£?). Using polar coordinates (,) in the unit disk the ground state does not depend on the angle
0, so we have immediately that (£) = (£2) = 0. As a function of the radius r we have a Bessel function

Jo(jo,17), where jo1 ~ 2.4 is the first zero of Jy and Ag = j(%,l ~ 5.78. We have

equal footings, since in this case, the only effect of curvature is a shift in the energy E by —

h=-h, Ji=h-", g=-fi=-p+l,
and hence
RJo(oar) = rjoalo(oar) = —rjor)1(joar)
R?Jo(joar) = rjoa JGoar) + 2313 Goar) = =171 Jo(or) -
So

o Jo,1 2 o 2 —
®) =~ [" o nw e /[ w2 -0, (32)

(R?) = - /0]0’] Jo(t)? £ dt / /ojo'l Jo(t) tdt ~ —1.26. (33)
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4.1. Line with Circular Cross Section

We will consider trigonometric variations
h(s) =1+ 5 sin(Bs — o), (34)

of the thickness along the line segment (of length Ly = 10nm and average thickness 1nm).
More specifically, we have € = 0.5nm, « = 0.5, and consider the cases ¢ = 0, 77/2 and B € [71/32,57].

The result can be seen in Figure 5.

3 Line Ly = 10 nm, € = 0.5 nm, a = 0.5, ¢ =0 . Line Ly = 10 nm, € = 0.5 nm, o = 0.5, ¢y = 7/2

—E1 —El
2.8+ — 5 —
Eg ES
E4/ 3+ E,
2.6 1 - B - B
2, — 2.5+
22+ S)
2
20
1.8}
1.6 : : : : . 1.5
s 2 3 47 % T 2 3 4 %
B B

Figure 5. Energies for a tube around a straight line of length Ly = 10nm, average width 1nm (¢ = 0.5nm),
and with trigonometric variation of the width, hi(s) = 14 § sin(Bs — ¢p) and a = 0.5.

As mentioned before, any curve with constant curvature has essentially the same spectrum. The only

difference from the straight line is a shift of the whole spectrum by — %
0

4.2. Elliptic Helix with Circular Cross Section

By an elliptic helix, we mean a geodesic on an elliptic cylinder. That is, it can be parametrised as

L ¢
r(t) = fo (a cos t,bsint,c/ Va2 sin? T + b2 cosz‘rd'r> , tel0,T], (35)
0

where L is the required length and L = fOT V14 c2V/a?sin? t 4 b2 cos? t dt. Notice that the third
coordinate is arc length on the ellipse. We consider the case a,b > 0 and find that the speed and curvature

is given by

L
|| :fo\/l—i—cz\/azsinzt—i—bzcoszt, (36)
L _3
K= Tol ibc2 (az sin? t 4 b? cos? t) : (37)

If a > b, then the maximal curvature is LLO m Welet T € [r/32,57] and have length Ly = 100nm
and average thickness 1 nm. The energies of the first five states are shown in Figure 6.
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Ly=100 nm, e =0.5nm, a =1.0,b=0.3, c=0.2

2.495
J—
2.49 ’/\-M//\W — B,
E;
E,
2.485 + B -
=248
Q.
& 2475}
247+
2.465 ,—W\
2.46
s 27 37 47 5

Figure 6. Energies for the elliptic helix with length 10nm and constant width 1 nm.
We clearly have an effect, but not nearly as strong as when we vary the thickness.
4.3. Closed Ellipse with Circular Cross Section

We now consider a closed ellipse parametrised as

L
r(t) = fo (acost,bsint,0), te€]0,2m], (38)

where L is a scaling such that the length is Lo, i.e.,

27
L:/ Va2sin?t + b2 cos tdt.
0

With length Ly = 10nm, constant width 1nm, letting 2 = 1, and considering b € [0.25,1] we obtain
the energies of the first five states shown in Figure 7.

Ellipse, Ly = 10 nm, € = 0.5 nm, a = 1.0

2.65 ¢
—F B
—F,
2.6t E,
E,
2.55 | ——E;
=
2L 25f
5
2.45 |
241
2.35 : : : ‘
0.2 0.4 0.6 0.8 1

b

Figure 7. Eigenvalues for the closed ellipse with length 10 nm and constant with 1 nm.
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4.4. Tennis Ball Curve with a Square Cross Section

The curve
r(t) = (acost+ bcos(3t),asint — bsin(3t),2Vabsin2t), te [0,27],

is a closed curve on the sphere with radius a + b resembling the seam of a tennis ball. When a4 and b are

a+3b
the second kind. Since the curve is a spherical curve, it is easy to find a minimal rotating frame. We can

positive, the length of the curve is L = 4(a + 3b)E (Zl‘ﬁ) where E is the complete elliptic integral of

choose the surface normal as one of the basis vectors, i.e., a minimal rotating frame is obtained by

r LIV S
Wl PTR T aver 1TCF

a+b

The minimal rotating frame obviously closes up, but by choosing a constant w = 57, where L is
the length of the curve, we can twist the tube n quarters. We let b = 2‘1—0 and choose g, such that the length
of the curve is 25nm.

We now consider a square cross section, i.e., Qg = [—1,1] x [—1,1]. The result from letting n = 0,1,2
is shown in Figure 8.

The ground state is xo = cos (5v) cos (Fw), the eigenvalue is Ay = "72, and we obviously have

Rxo = —v% sin <gv> cos (§w> - wg cos <§v> sin

(3
R2)(0 = —v% sin <gv> cos (%w) - w% cos (gv> sin (guJ)

e (50) o (G) + ey sn (5 s (F0)
e (50) o (5
ex0 = —iog cos(Fu)sin () + e i (Fo) cos(F0).
0= o5 n (o) cos(30) ~F o (o) sin (5)
o con (5e) o () o5 (30) an ()
£ cos (G eos ()

As [|xoll2 = 1, J*, cos? (20) cos? (Zw) dodw =1,

1 1
:/ / (Rxo)xodvdw = -1,

2
’R2 / / )(0 Xodvdw:%—n—z—l.léﬁ,

:/ / (Lxo)xodvdw =0,

1408 16
2 —_— X —
(L) / / 2x0)xodvdw = 329 0.0165.

Consider a trigonometric variation, Equation (34), of the thickness. As a closed structure is considered,
we need to have BL = 27tm. In Table 1,
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Table 1. The first five eigenvalues for the tennis ball curve with b = /20, length 25nm, average width
1nm (e = 0.5nm), no turn, and trigonometric variation of width 1 = 1 + § sin(fs — ¢), « = 0.5, o = 0.

,BL El [eV] E2 [eV] E3 [eV] E4 [eV] E5 [eV]

0 2.10 221 221 2.52 2.53
T 1.54 1.90 227 2.64 3.00
2r 1.80 1.80 2.54 2.56 3.17
3r 2.10 2.11 2.12 3.13 3.13
4r 2.41 2.46 2.46 2.53 3.48

The first five eigenvalues in the case of no turn, « = 0.5, p = 0, L = 25nm, and € = 0.5nm are listed.
The cases of a quarter turn and a half turn yield the same eigenvalues to four digits precision. This is due

N
to the fact that the term w?((£?) — (£)?) is much smaller than the term (HJ,‘W) ((R%) — (R)?).

CIL

Figure 8. Three square tubes with length 25nm and constant thickness 1 nm around a tennis ball curve
with b = a/20. In the middle plot, the case with one quarter turn is shown. To the right with one half turn.

5. Conclusions

A numerically effective 1D model describing eigenstates and energies of an arbitrarily complex
quantum waveguide geometry is presented. A combination of differential geometry and perturbation
theory is used to derive a 1D model describing the added effects of waveguide curvature, varying
cross-sectional dimensions and frame rotation along the waveguide. A detailed comparison of the present
1D model with full wave simulations is carried out and excellent agreement is demonstrated for a number
of complex waveguide geometries, many of which cannot be tackled using earlier 1D models. The only
significant assumption of the present 1D model is that the cross-sectional dimensions are significantly
smaller than the waveguide length, although experience has shown this restriction is not a severe one.
A main new result is that the individual effects of curvature, thickness variation, and frame orientation
enter as separate terms in a geometric potential only.
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Appendix A. Validation

In this section, we will validate the 1D equation by comparing it to accurate full 2D calculations.
The reason we consider 2D examples is that it would be very expensive (in terms of computer power and
time) to obtain the required accuracy for full 3D calculations.
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In 2D, we have k1 = kand k; = w = 0. We let v € [—1,1]. Then, the transversal ground state is
cos (5v), Ag = ”TZ, and if welet R = v% act on it, we obtain

v% cos (gv) = —gvsin (gv) ,

(02) s (Fo) = ~Fosin (Fo) - Fteos (F0)

and hence
(R) = T vsin (Ev) cos (Ev) dv = 1
o 2)4 2 2 27
(R2) = (R) = = [ cos? (50) do= T
= 5 ) veos (5 =1

The approximative 1D equation Equation (15) then reads

_ i+1£l ? +1 ’i/ 2 1_1’_12 _ 2+L2 = A
dau " 2n) X a\\n 3) 7 T | AT

Appendix A.1. Logarithmic Spiral

We now consider a logarithmic spiral. In polar coordinates (r,0) it is given by r = ce?®. Letting b =
cot u, we have
dr ds r r—rto sin p
@ =br ,

do ~ sinp’ ° cospu’ r

Furthermore, t = e(f + ) and n = e (6 + j + 5 ), where e(6) = (cos 6, sin6). We have

- 1
s=1"C — r=c+scosyu < 9:flog76+scosy.
cos i b c

If we let ¢ = Rsin y, then

r = Rsinp +scosy,

1 r sin p R +scotpu
6 b OgRsiny cos i 8 R ’
_sinp 1

r  R+scoty’

We have, in particular, the arc length parametrisation

r(0)e(f) = (Rsiny +scosp)e (smy o R+scoty> '

cos j & R

We consider the case R = 1 and p = 71/4 and an exponential varying thickness, h = ;ﬁfi”l
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V)VJ) VD)

Figure A1. The six different cases in Table Al.

In Figure A3, we plot the difference between the 1D and 2D calculations as a function of € for different
values of .

When € is very small, the difference is seen to increase instead of decrease. This is due to an increase
in the discretisation error from solving the exact 2D equation.

For the 1D-equation, we used B-splines of degree 3 and 64 knot intervals. That leads to a system
matrix of size 65 x 65. For the 2D calculations we used standard finite element analysis on a mesh of size
256 x 256 and with basis functions of degree 3. That leads to a system matrix of size more than 10° x 10°
(in 3D we would have a size greater than 2 x 10° x 2 x 10°. The reason we need higher resolution for
the 2D calculation is that we are interested in the differences A, — Ay and using the 1D model we calculate
this quantity directly, while in the 2D case we calculate A, and as the difference is small we need a very
high precision. Even if we had used a mesh of size 65 in all directions we would have a system matrix of
size more than 8 x 10% x 8 x 10* in 2D and 4 x 107 x 4 x 107 in 3D.

e

Table Al. The first five eigenvalues for the case h = Lf;‘il, € = 0.05. Calculated using both 1D and
2D equations.
14 /\1 Ao /\3 /\4 A5
1D 996.71 1026.32 1075.66 1144.75 1233.58

0.0 2D 996.72 102634 1075.71 1144.82 1233.69

0.2 1D 92510 101599 109411 1169.73 1255.79
’ 2D 92512 1016.02 1094.15 1169.78 1255.88

04 1D 83443 969.69 1088.59 1199.90 1307.49
2D 83445 969.72 1088.64 1199.95 1307.56

0.6 1D 752.84 918.86 1068.12 1210.19 1348.52
’ 2D 75286 918.89 1068.16 1210.24 1348.57

0.8 1D 68239 871.21 1044.48 1211.89 1376.83
’ 2D 68239 87122 104449 1211.89 1376.82

1.0 1D 62231 82874 1021.79 1210.85 1399.10
’ 2D 62231 82872 1021.74 1210.77 1398.99

Numerical analyses of the logarithmic spiral in cases with a linearly or a trigonometrically varying
thickness were also carried out. Compared to the exponentially varying thickness case, the error analysis
gives approximately the same good result for the trigonometric case, while even smaller errors are found
for the linearly varying thickness case. Similar conclusions are found for the cases with straight and
circular-arc waveguides.

We now consider the case R = 1, uy = 0.457, with 6 € [0,37] for a linearly varying thickness
h=1+a(s—B), witha = +0.8/Land B = L/2, where L = Rtan y (e3"°t# — 1) is the length of the arc.
The two cases are depicted in Figure A4.
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log spiral, R=1, u=w/4, k=1

L log spiral, R =1, u=7/4, e =0.05 -
-3
3. 5
= ~k._a4l
S gt
=] =
& &
S < € = 0.005
6 €= 0.050
€ =0.100
e =0.200
L L L | _7 L L L )
0 0.5 1 1.5 2 0 0.5 1 1.5 2

« «

Figure A2. The relative difference between 1D and 2D calculations as a function of a. Left: the first five
eigenvalues in the case € = 0.05. Right: the first eigenvalue for different values of €.
log spiral, R=1, p=7/4, « = 1.0

0 log spiral, R=1, p =7/4, « =0.2 0
. .
B3 P3N
| | | [
a |< a |<
= =
(=1 (=]
— —
20 o0
2 <
1073 1072 107! 10° 1073 1072 107! 10°

€ €

Figure A3. The relative difference between 1D and 2D calculations as a function of e.

R=1,5=045m, L =218,e=03,a=08/L, 8=L/2

R=1,pu=045m, [ =218, ¢=0.3, a = —0.8/L, f = /2 , :
1
0.5 0.5

0

0.5 4

-1.5 -

Figure A4. The two cases R =1, y = 0.457m, € = 0.3, and a = +0.8/L, in Table A2. The colours represent

the fifth eigenfunction calculated based on the 2D equation.

In Table A2, we have listed the first five eigenvalues.



Appl. Sci. 2020, 10, 7240 18 of 20

Table A2. Eigenvalues for the longer spirals.

«L A Ao A3 Ay As

08 1D 1599 1764 19.09 2044 21.75
’ 2D 1588 1758 19.06 2043 21.75

1D 16.00 17.65 19.09 2045 21.75
2D 1599 17.64 19.08 2044 2175

0.8

In order to compare the eigenfunctions obtained from the 2D and 1D calculations, respectively, we
calculate the probability density along the curve. The determinant of the metric tensor is G(s,v) =
€2h(s)?F(s,v) hence for the 2D calculation the probability density along the curve is

h(s)? 1, [¢x(s,0)*F(s,0) do
fo 5) fi1|lPk(S,0)|2F(5,v)dvds,

fox(s) =

while for the 1D calulation it is

( ) |Xuk( >|2
Jo 1) xux ()2 ds

In Figure A5, we have plotted the probability density for the first and fifth state using the 1D and 2D
equations. We have only shown the cases of the first and the fifth eigenfunction, but the good agreement
between probability densities obtained from the 1D and 2D equations applies to the other cases as well.

fl,k(S)

R=1,u=045m, L =218 e= 03, a=—08/L, =Lj2 RB=1,p=045m, L =218 ¢=03,a=08/L, f=1L/2
6} 6F

——1D, k=1 ——1D, k=1
- = -2D, k=1 5L = ==2D, k=1
5r 1D, k=5 1D, k=5
2D, k=5 2D, k=5
4 4+
=30 =3
2 260
\
1 ‘} \ 1t / \
V 4 \
00 L L 3L L 00 L L 3L L
4 2 4 4 2 4
S S

Figure A5. The probability density for the first and the fifth state.
Appendix B. Significance of the Different Terms

We consider the case of a line with length L = 1 and no rotation, that is we have the 1D equation
Equation (15) with ¥ = 0. In order to examine the significance of the different terms we will consider
the eigenvalue problem

d N\
B (ds B h<R>> P+Vig=Ap, (=1,234,
where the potential V; is given by

Vils) = = (A1)
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V2 (S) - Z((; ))
VB(S) = 622\(05)2 ’
o=~ (i

((RH - (R)?) + 53,

Ao

)2 (R - (R)?) +

Ao

€2h(s)?’

19 of 20

(A2)

(A3)

(A4)

Observe that case (A4) gives the full 1D equation. It is clear that the different geometric potentials
lead to pronounced differences in the eigenvalues. We furthermore consider € = 0.03 and

h(s)

| e B1/2)

Tt e P12 gs]

with B = 20 and 1000. In Table A3 we have listed the first five eigenvalues

Table A3. Eigenvalues for 8 = 20 and = 1000.

Case Al /\2 A3 /\4 A5

(A1) 7413 103.74 153.08 222.17 311.00
(A2) 8125 11216 15722 228.03 316.90
(A3) 5748 110.62 167.66 236.54 324.39
(A4) 6380 120.12 173.19 241.69 330.02
Case A Az A3 Ag As

(A1) 7413 103.74 153.08 222.17 311.00
(A2) 101.52 105.88 21091 23051 385.76
(A3) 7245 11092 153.34 228.77 31194
(A4) 108.18 113.17 21524 23746 386.54

(A5)

And in Figure A6 we have plotted the probability distributions for the first three states together with
the full geometric potential V.
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