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Abstract: Binary soil mixture, containing large silica particles (sand) mixed with variable content of
very fine silt or clay, is an example of a functionally graded material that is important for several
science and engineering applications. Predicting the porosity (or void ratio), which is a fundamental
quantity that affects other physical properties, of such material as function of fines (clay or silt) fraction
can be significant for sediment research and material design optimization. Existing analytical models
for porosity prediction work well for binary mixed soils containing multi-sized non-cohesive particles
with no clay, while such models frequently underestimate the porosity of sand-clay mixtures. This
study aims to present an analytical model that accurately predicts the porosity of mixed granular
materials or soils containing sand and very fine silt or clay (cohesive particles). It is demonstrated that
accounting for the cohesive nature of very fine particles, which exists due to the effect of inter-particle
forces, is a major missing aspect in existing packing models for mixed soils. Consequently, a
previously developed linear packing model is modified so that it accounts for fines cohesive packing
in sand-fines mixtures. The model prediction is validated using various experimental published
data sets for the porosity of sand-fines mixtures. Improvement in the prediction of permeability
and maximum packing dry density when incorporating cohesive packing behavior is discussed.
The current model also provides important insights on the conditions under which, the lowest
permeability and maximum packing state are expected.
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1. Introduction

Many physical properties of granular materials such as permeability, shear strength, elastic
modulus, thermal conductivity and electrical resistivity depend on the packing state (or porosity)
of the materials [1–8]. Therefore, preparation of mixed soil specimens at a target porosity (or void
ratio) or predicting the porosity of such mixtures can be of great significance for several applications in
earth and environmental sciences [8–10], as well as civil engineering [11–15]. Due to their abundance
in nature and their desirable low porosity and permeability, mixtures composed of coarse sand or
aggregates mixed with very fine particles such as clay or fine silt (less than 0.100 mm in size), has
received increasing attention [8,15–20]. Predicting the porosity (n) or void ratio (e) of such sand-fines
mixtures can be essential for several applications such as: (a) converting mass to volume for a sediment
deposits [19,21,22], (b) calculating porosity and permeability of unconsolidated siliciclastic sediments
(mixture of sand and fines) [8,23–26], (c) predicting elastic properties of sand-clay mixtures as function
of porosity and clay content [20,27] (d) optimizing selection of particle mixtures for property control of
ceramic products [28–31].
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Developing an analytical model to predict the porosity of binary mixed soils, composed of large
and fine particles, have been the focus of many studies [15,32–35], as it can reduce the need for extensive
laboratory testing. Westman and Hugill [28] and Lade et al. [34] presented an analytical model that is
based on the ideal case—the fines can effectively fill the space between the large sand particles without
disturbing their packing. The ideal packing condition should be theoretically satisfied when the ratio of
fines (clay or silt) particle size (d f ) to the large sand particle size (dl), R = d f /dl, is very small [28,36,37].
Although such ideal packing model provided reasonable estimates for porosity as suggested by few
studies [25,38], an increasing body of literature showed that such model underestimates the porosity
for sand-clay and sand-silt mixtures (e.g., References [15,20,26,32,33]). Recent studies modified the
ideal packing model by incorporating correction parameters that can be estimated based on R (e.g.,
References [15,33,35]) to account for deviation from ideal packing. The prediction of such models
works well for coarse-grained mixtures (e.g., gravel-sand) mixtures but still predicts near-ideal packing
case for sand-clay mixtures, as pointed out by Zhang et al. [35]. Mixed soils involving large sand and
clay or fine silt should satisfy the low R condition, thus it remains unclear when and why the packing
of such mixtures deviates from ideal packing.

Packing of very fine cohesive particles (i.e., clay or fine silt) can be very different from larger
non-cohesive particles (i.e., sand) due to the effect of inter-particle forces, such as van der Waals and
electrostatic forces, whose impact on packing can become more important than gravity force for very
fine particles [39–41]. Therefore, very fine particles such as clay or fine silt, tend to form aggregates
that are larger than the actual particle size due to the cohesive nature of the particles. Zhang et al. [35],
suggested that such cohesiveness can explain why the formulations developed for coarse-grained
binary mixtures fail when applied to sand-clay mixtures. Nevertheless, the effect of fines cohesive
packing behavior was never incorporated into the packing model for sand-clay or sand-silt mixtures.

This study aims to find an approach that incorporates fines cohesive packing behavior into the
packing model for sand-fines mixtures. The word “fines” throughout this study refers to clay and
fine silt, both having particle size less than 0.100 mm. The objective here is to develop a model that
can accurately predict the porosity (n) or void ratio (e) of sand-fines mixtures, as function of fines
fraction with the ultimate goal of improving the prediction of maximum dry packing density and
permeability of such functionally graded material. Theoretical background of relevant existing packing
model for binary mixtures is firstly reviewed before modifying the model and validating it using
various experimental published data sets for sand-fines mixtures. Improvement in the prediction of
permeability and maximum dry packing density when incorporating fines cohesive packing is also
discussed and compared with the prediction assuming ideal packing and no cohesive packing behavior.

2. Background

2.1. Packing Model for Binary Mixtures

The relationship between porosity (or void ratio) of the binary mixed soil and fine particles fraction
exhibits a “V-shape” trend as shown in Figure 1. Adding fines to the mixture initially decreases the
porosity as fines fill the pore space available between the large particles, leading porosity to decrease
until reaching a minimum value (i.e., maximum packing density, φ, condition where φ = 1 − n).
The fines fraction, f f , at the minimum porosity is frequently called critical fine fraction, f ∗f (Figure 1a)
and it refers to the amount of fine particles needed to fill the pore space completely between the
larger grains [18,42,43]. Increasing the fraction of fine particles beyond the critical value increases
porosity due to replacement of solid large particles by micro porous fines aggregates. When the
fine-to-large particles diameter ratio, R, is very small (<0.05), the binary mixture packing is described
as “ideal” [28,37,44,45]. In this case, the original packing of the coarse spheres is not disturbed by
the fine spheres and vice versa. Consequently, the porosity of the two pure unmixed end-members
(i.e., pure large sand and pure fines) remains constant after mixing. In such an ideal packing system,
the porosity has been described mathematically using a linear packing model [28,37,44,45]. At any
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fraction of fines, the porosity of the binary mixture in the case of ideal packing can be determined using
only the porosity of the pure unmixed end-members.Appl. Sci. 2019, 9, x FOR PEER REVIEW 3 of 16 
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Figure 1. Prediction of porosity as function of fine particles mass fraction for: (a) coarse and fine sand
mixture (data from Choo et al. [33]); (b) sand-clay mixture (data from Marion et al. [20]). The prediction
of the ideal packing model is shown in dashed curve while the prediction of non-ideal packing model
(Choo et al. [33]) is shown in solid curve. All equations can be found in Choo et al. [33]. f ∗f refers to the
critical fine fraction at which the minimum porosity is observed.

When R increases, the binary mixture packing starts to deviate from the ideal case, as the
fine particles become large enough to disturb the original packing of the large particle and vice
versa [15,33,44,45]. In this case, the porosity of the binary mixture becomes larger than the prediction
of the ideal packing model (Figure 1a). To correct for the underestimation of porosity in mixed soils,
several semi-empirical models have been developed by introducing a mixing-degree coefficient (λ)
into the ideal packing model [15,26,33]. The authors empirically related the mixing coefficient to R,
based on data set from mixtures characterized by variable R, in an effort to provide an approach for
predicting λ based on properties of end-members alone. The modified “non-ideal” packing model
could successfully predict the porosity of sandy soil containing small and large sands as shown for
example in Figure 1a. Nevertheless, accounting for the size ratio effect alone in existing models
frequently fails to predict the porosity for sand-clay or sand-silt mixtures where R is very small (R < 0.1)
and when fine particles are less than 0.100 mm in size as pointed out by Chang et al. [33] and Zhang
et al. [35]. This is because existing λ-R relationship predicts almost an ideal packing for very small
size ratios which does not match experimental data as demonstrated in Figure 1b for example. That
is, existing models developed for binary coarse-grained soil frequently underpredict the porosity or
void ratio of sand-clay and sand-fine silt mixtures. A possible reason is that very fine particles, such as
clay or fine silt, tend to form aggregates that are larger than the actual particle size due to the cohesive
nature of the particles [35]. Packing of very fine particles can be very different from larger particles due
to the effect of inter-particle forces, such as van der Waals and electrostatic forces, that can become
more important than the gravity force in governing the packing of very fine particles [39,40]. This
suggests that binary mixtures containing cohesive particles should be treated differently compared to
completely non-cohesive mixtures.

Outside the literature examining sand-fines mixtures, earlier studies from powder technology
and chemical engineering disciplines [41], provided useful insights about the incorporation of fines
cohesiveness into the packing model for glass beads powder. The authors showed that the size ratio, R,
to be used in the packing model should be larger than the actual one and they provided empirical
relationships to find the appropriate size ratio [41]. Nevertheless, the applicability of such model
was never examined for predicting the porosity of sand-clay or sand-silt mixtures. In this study,
the existing model by Zou et al. [41] is evaluated using various published data sets for binary soil
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mixtures containing clay or fine silt and the required modifications are proposed so as to reproduce the
experimental results.

2.2. Incorporating Fines Cohesive Packing Behavior

We present here a brief summary of the formulation for the packing model developed by Zou
et al. [41] for binary mixtures of glass beads, while more details can be found in the original paper.
According to the packing model presented by Zou et al. [41], two main mechanisms could explain the
increase in porosity associated with non-ideal packing for any binary mixture: the loosening and the
wall effects. Regarding the loosening effect, it impacts packing when the large particles are dominant
(ff < f ∗f ) where fine particles occupy the spaces between large particles and loosen their packing. On
the other hand, the wall effect occurs when the fine particles dominate the packing (ff > f ∗f ); in such
case the large particles disrupt the original packing of the fine particles by introducing larger pores at
the large particles wall boundaries.

The impact of the above two mechanisms on porosity is accounted for through the use of empirical
functions which are incorporated into the ideal packing model. The binary mixture porosity in the
large particle dominated (nml) and fine particles dominated (nm f ) case, can be found using Equations
(1) and (2), while the corresponding correction functions for the loosening (L) and wall (W) effect can
be estimated using Equations (3) and (4) respectively:

1
1− nml

=

( f f

1− n f
+

fl
1− nl

)
− (1− L(r))

f f

1− n f
, when f f < f ∗f (1)

1
1− nm f

=

( f f

1− n f
+

fl
1− nl

)
− (1−W(r)) nl

fl
1− nl

, when f f > f ∗f (2)

L (r) = 1− (1− r)3.3
− 2.8 r (1− r)2.7 (3)

W (r) = 1− (1− r)2.0
− 0.4 r (1− r)3.7. (4)

In the above expressions: f f is the mass fraction of fine particles; fl is the mass fraction of large

particles
(

fl = 1− f f
)
; n f and nl are the porosities of the two end-members (i.e., pure unmixed fine and

pure unmixed large particles respectively). The subscripts f and l refer to fine (i.e., clay or silt) and
large (i.e., sand) particles, respectively throughout this paper. The quantity r is the effective size ratio,
which for binary mixtures of non-cohesive spheres will be equal to the actual fine-to-large particle
size ratio, R [41]. Nevertheless, the authors found that below a critical fine particle size value (dcri),
the porosity of fine glass beads increases drastically as the particle size decreases due to the effect of
inter-particle forces (i.e., cohesive forces). The “cohesive degree” describes how n varies with particle
size below dcri which separates the cohesive and non-cohesive behavior. In the presence of cohesive
behavior, the effective size ratio (r) will be larger than R due to fines aggregation and can be found
using Equation (5):

r = (1− x)Rp + x R. (5)

In Equation (5), p is a material constant that quantifies cohesive packing degree of the fine
particles [41]. The degree of cohesive packing increases as p decreases, which leads to forming larger
cohesive aggregates (i.e., d f increases) and thus, r increases. The parameter x describes how the fines
cohesive packing contributes to the packing disturbance of large particles in the binary mixture and it
is given by [41]:

x = 1− 1.543exp
(
−0.697

dl
dcri

)
, (6)

based on Equation (6), it is evident that x decrease as dl decreases and becomes more similar to dcri
indicating that fine particles significantly disturb the packing of larger particles in the mixture. In this
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case, r increases for a given p according to Equation (5), suggesting larger loosening and wall effects
[Equations (3) and (4)] and causing porosity to increase at a given f f .

It is worth mentioning that the critical fine fraction ( f ∗f ) is not known a priori. This fraction can be
however determined by finding the f f at which nml = nm f , which represents the lowest porosity point
along the V-shaped trend [41,45]. An alternative approach for estimating the porosity of the mixture,
nm, at any given f f is by calculating nml and nm f for all f f and then using [45]:

nm = maximum {nml, nm f }, (7)

note that when r approaches zero, both L(r) and W(r) approach zero according to Equations (3) and (4);
hence, Equations (1) and (2) reduce to the ideal packing condition. It is finally important to mention
that the above packing model can be equivalently expressed in terms of void ratio rather than porosity
by substituting n with e/(1 + e) in Equations (1) and (2).

3. Model Validation for Sand-Fines Mixtures

It can be inferred from the model presented above [Equations (1) through (6)] that estimating the
binary mixture porosity as function of f f requires the determination of nl, n f , R, dl, dcri and p. The first
four parameters (nl, n f , R and dl) can be found using measurements of porosity and particle size
analysis for the pure fine and large particles samples, while dcri and p need to be determined for a given
material. For binary mixtures of glass beads characterized by very small R (<0.1), p has an average
value of 0.2, while dcri was found to be 0.150 mm [41]. In the following, we aim to find the appropriate
dcri and p for binary sand-fines mixtures. Since the original model of Zou et al. [41] was formulated for
dry binary mixtures of glass beads, we focus here on dry sand-fines mixtures for model calibration and
validation. It is however important to note that the presence of water can complicate the behavior of
fines such as clay and impact the void ratio of sand-clay mixtures [46–48]. Clay swelling (i.e., expansive
behavior of clays) is an example of the complication caused by the presence of water [46,49,50].

3.1. Evaluating the Critical Particle Size

Figure 2 shows the relationship between porosity and particle size for various spherical glass
beads packs from literature [41,51].
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Figure 2. Porosity as function of particle size for glass beads (in grey and black circles) and natural
sands and fines (in blue). Data sources for the sand and fines: [11,34,52–56]. The red dashed line
represents the particle size value of 0.15 mm.

At particle size above 0.150 mm, porosity of beads remains approximately the same despite the
change in particle size (Figure 2), since particles has the same shape characteristics and their packing
is governed by gravity. However, as particle size decreases below 0.150 mm, porosity started to
increase with decrease in particle size (Figure 2). This is because as particle size decreases, the effect
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of inter-particle forces becomes more important than gravity and thus, causing fines aggregation or
conglomeration that leads to higher porosity [40,57,58]. In order to find dcri for sand and silt particles,
we would need to construct relationship for porosity as function of particle size. It is however important
to note that porosity of natural sand is function of particle shape too [9,52,59]. To rule out the effect of
particle size alone, we used published dataset for only sand and fines with similar shape characteristics
(i.e., roundness of 0.6 and sphericity of 0.8), measured at same condition (i.e., loose packing from
maximum void ratio measurements). The porosity-particle size relationship is compared with the
trend for glass beads (Figure 2). It can be noticed that 0.150 mm is a good estimate for dcri of the natural
sands and silts.

The natural sands and fines in Figure 2 has lower roundness and sphericity than glass beads
which, as suggested by Cho et al. [52], can explain the higher porosity of the sands. Despite of the
different shape and porosity values observed for sand in comparison with glass beads at the same
particle size, the transition from cohesive to non-cohesive behavior seems to occur at the same dcri.

3.2. Evaluating the Cohesive Packing Parameter “p”

The current model [Equations (1)–(6)] was applied to various sand-silt and sand-clay mixtures
(Table 1), to find the suitable parameter p that reproduces the experimental results. All mixtures used
consists of binary mixed soils containing large particles (i.e., sand) and fine particles (i.e., fine silt or
clay), where R is very small (R ≤ 0.1) and d f is smaller than 0.15 mm. All mixtures in Table 1 were
prepared under dry conditions. The compaction condition (loose/poured versus dense/tapped) is
shown in Table 1. The median particle size (d50) was used to represent the particle size when the
particle size distribution is available while the average of the upper and lower sieve size was used
otherwise. The best fitting value of p for each mixture is shown in Table 1. The analysis shows that p
values for mixtures M1 to M10 are very close to each other (Table 1). Using an average value of p =

0.15, the experimental data can be reproduced reasonably well for all mixtures as demonstrated in
Figure 3. When compared with the prediction of the ideal packing model, the use of the current model
significantly improved the porosity and void ratio prediction (Figure 3).

Table 1. Materials properties of selected published experimental results for sand-fines mixtures used
in the model evaluation. P and T in the third column refers to the poured and tapped packing
conditions respectively.

Sand-Fines
Mixture

Data
Source Packing dl (mm) df (mm) R=df/dl nl or el nf or ef p

M1:
Ottawa-Kaolinite [20] P 0.280 0.0025 0.009 0.389 0.624 0.13

M2: Hokksund
sand-silt [60] P 0.440 0.032 0.073 0.949 1.48 0.13

M3: Crushed
sand-Kaolinite [61] T 0.250 0.025 0.1 0.33 0.42 0.17

M4: Monterey
sand-silt [62] P 0.430 0.030 0.07 0.82 1.73 0.14

M5: Monterey
sand-silt [62] T 0.430 0.030 0.07 0.63 0.73 0.15

M6: Toyoura
sand-silt [63] T 0.170 0.010 0.059 0.591 0.609 0.15

M7: Foundry
sand-silt [64] T 0.250 0.010 0.04 0.8 2.1 0.15

M8:Assyros
sand-silt [62] T 0.300 0.020 0.067 0.802 0.77 0.17

M9: Fujian
sand-crushed silica [56] P 0.427 0.061 0.1 0.855 1.385 0.15

M10: Large-fine
washed sand [28] P 4.470 0.090 0.02 0.605 0.739 [0:1]

M11: Sand-Kaolinite [38] P 0.750 0.002 0.003 0.4 0.6 [0:1]
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For the remaining mixtures (M10 and M11), the analysis shows that p can take any value between 0
and 0.5 or 1 (Table 1) without significantly affecting the prediction. For those mixtures, packing seems to
almost follow an ideal packing condition, which is also predicted by the current model as demonstrated
in Figure 4. In the following section, a discussion about the packing of sand-fines mixtures in light of
the recent findings is provided along with an explanation of why some mixtures deviates significantly
from ideal packing while others seem to closely follow it. After that, the implications for minimum
porosity (maximum dry packing density) and permeability prediction are discussed.
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4. Discussion

4.1. Ideal and Non-Ideal Packing for Sand-Fines Mixtures

The results presented in Figure 3 show a significant deviation from ideal packing for sand-clay
and sand-silt mixtures despite of the small size ratio, R. The current model could explain this deviation
through the incorporation of fines cohesive behavior by using dcri of 0.15 mm and p = 0.15 in Equations
(5) and (6). Nonetheless, the experimental and modeling results for mixtures M10 and M11 largely
match with the ideal packing condition (Figure 4). Unlike the other mixtures, M10 and M11 share one
important characteristic: dl is very large (>0.70 mm). Consequently, the parameter x in Equation (6)
approaches 1 (>0.95), as shown in Figure 5 and thus the first term in Equation (5) approaches zero and
the effect of p on r diminishes. That is, the cohesive packing behavior of the fine particles does not
significantly disturb the packing of large particles once the latter becomes very large. In such case, r
becomes predominantly function of R alone, as suggested by Equation (5), which can lead to near-ideal
packing case if R is very small.
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Figure 5. Parameter x as function of large particle size dl as described by Equation (6) for dcri = 0.15,
while dl = 0.75 mm is highlighted by dashed vertical red line, for which x = 0.95.

The ideal and non-ideal packing behavior of sand-fines mixtures is demonstrated in Figure 6.
Both curves are constructed using exactly the same parameters including size ratio (R = 0.003) but the
absolute large and fine particle sizes are different. For the near-ideal packing case, the large particle size
is 0.750 mm while it is 0.250 mm for the non-ideal packing condition. The largest difference between
the two cases can be observed around the minimum porosity value near f ∗f which corresponds to the
maximum packing density condition. Error in predicting the actual porosity at such condition may
result in significant underprediction of unconsolidated sediments initial volume and permeability in
sedimentary basins [21–25]. At such maximum packing density, the maximum P-wave velocity of
sand-fines sediment mixtures is also expected [20,27]. The prediction of such elastic property relies
significantly on accurate prediction of the mixtures packing density [20,27]. Therefore, the following
sections discusses how the current model can improve the prediction of maximum packing density.
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ideal packing case (dashed black curve). nl and n f = 0.4 and 0.59 respectively for all cases.

4.2. Maximum Packing Density Prediction

The results shown in Figures 5 and 6 highlight that minimizing porosity (i.e., maximizing packing
density) at f ∗f , does not only require very small R but also dl has to exceed certain value. That is, packing
density at any given fines fraction is function of absolute particle sizes rather than just the size ratio.
This is a major difference between the current model and previous models (e.g., References [15,33])
introduced for sand-fines mixtures.

In Figure 7, we compare the measured maximum packing density (i.e., 1 − n at lowest porosity
point) for all mixtures in Table 1, with predictions from three different approaches: (a) ideal packing
(r = 0), (b) incorporating only R in the model (i.e., x = 1 for all mixtures) and (c) the current model
incorporating both R and cohesive packing (p = 0.15, while x varies with dl). The mean absolute
percentage error for the three approaches was found to be 12.6%, 10.5% and 1.0% respectively.
Incorporating the effect of R alone can only slightly improve the predictions compared to the ideal
packing case (Figure 7) since R is very small anyhow for sand-clay and sand-silt mixtures. The analysis
also shows that ignoring fines cohesive packing behavior can result in significant overestimation of
maximum packing density (Figure 7). The predictions of the three approaches are close to each other
only when approaching ideal packing condition as mentioned earlier for the two mixtures in Figure 4
(i.e., the largest measured maximum packing density in Figure 7).

The current model can then improve the prediction of the expected maximum packing density for
mixtures composed of large and very small particles. According to the current model and observation,
maximum packing density of sand-fines mixtures requires: (a) dl > 0.750 mm, (b) R to be very small
and (c) nl and n f to be as small as possible.
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model (red circles). The prediction of the three methods are close to each other only for mixtures M10
and M11 which have near-ideal packing and are characterized by high maximum packing density
(>0.75).

It is important to note that the current model is developed for binary mixtures characterized
by very small R (<0.1) where the fine particles have particle size less than 0.150 mm. The original
model and correction functions [Equations (1)–(6)] were developed for spherical glass beads which
can have very different shape compared to clay and silts particles, yet the analysis shown in this
study suggests the validity of such formulations. Although particle shape can impact the packing, it
is possible that at very low R, as it is the case for sand-clay mixtures, the impact of R and absolute
particle size is dominating the packing behavior. It is also possible that the similar particle specific
gravity of glass beads and sandy soil (both being predominantly composed of silica) is a major factor
in having similar dcri (Figure 2) and cohesive packing behavior. This is because specific gravity is a
major control on inter-particle and gravity forces [36,37]. As R increases above 0.1 and the particle size
of the fines increases above 0.150 mm, the role of particle shape is expected to become more important
(as particle sizes become more similar), while the impact of cohesive packing diminishes and thus,
the current model may not provide accurate prediction. For such mixtures containing coarser particles
and characterized by large R, the model developed by Choo et al. [25] can be used.

It is also worth mentioning that although the current model and its correction functions [Equations
(3) and (4)] were originally developed for poured packing condition [41], the model predictions match
with experimental data for sand-fines mixtures prepared under both poured and tapped packing
conditions (Figure 3 and Table 1). Although the poured mixtures seem to have slightly lower p values
(0.13–14 as for mixtures M1, M2 and M4), compared to tapped mixtures (0.15–0.17 for mixtures M3, M5
and M8), the difference is too small that using an average p of 0.15 works well for all mixtures (Figure 3).
Compaction reduces the void ratio and impacts packing characteristics of sand-fines mixtures [65–68].
Nevertheless, Chang et al. [65] showed that knowledge about the void ratio of unmixed pure sand
and fines at any given compaction condition is essential for the void ratio prediction of sand-fines
mixtures prepared at the same condition. It might be possible that the impact of compaction/tapping
on the packing of the examined mixtures is largely accounted for by using porosity or void ratio of
the unmixed compacted pure sand and pure fines as inputs in the current model. Supporting the
same argument, Chang et al. [69] showed that emax (loose packing) for a sand-fines mixture could be
predicted reasonably well using the same correction functions and parameters as for the emin (dense



Appl. Sci. 2020, 10, 562 11 of 16

packing) case. This is given that void ratio of the pure sand and pure fines at each packing condition
are used as inputs in the model [69]. Same behavior was observed for mixtures M4 and M5 where both
are composed of the same sand and fines materials (Table 1) but one was prepared under loose packing
condition (M4) while the other (M5) had dense/tapped packing. The void ratio of both mixtures could
be however predicted using the same correction functions and parameters (Figure 3).

It should be noted that similar to existing models for example, References [15,33,65], the current
model predicts porosity or void ratio of sand-fines mixtures as function of fines fraction, given that
the porosity of end members is measured or known. The new contribution here is to account for the
cohesive packing in the dry binary mixtures which improves the prediction when fines have particle
sizes less than 0.15 mm. The estimation of porosity for the pure unmixed end members is not the focus
of the current study and the reader is referred to other relevant studies about mono-sized or narrowly
graded particles packing (e.g., References [70–73]).

4.3. Impact on Permeability

The aim in this discussion is to investigate how incorporating the notion of fines cohesive packing
affects the prediction of permeability, K, for granular materials. Porosity, which can be significantly
affected by cohesive packing as mentioned earlier, is a major factor that impacts K. The Kozeny-Carman
formula is frequently used for estimating K for mixed soils and granular materials [2,4,8,33,35,74–76],
where K is expressed as a function of porosity according to the following Equation (8):

K =

 d2
repn3

180(1− n)2

, (8)

where drep is the representative particle size. For the pure unmixed sand or fines samples, representative
particle size can be estimated from Equation (8) using the measured K and n values. For sand-fines
mixtures, Zhang et al. [35] suggested to use a power-averaging method to determine drep of the mixture
at any given f f as follows:

drep =
(

fl dm
repL + f f dm

repF

)1/m
, (9)

where drepL and drepF are the representative particle size of the large and fine particles, respectively.
The coefficient m varies sigmoidally from −1 to 0 as f f decreases from 1 to 0 and it can be estimated
empirically [35] through Equation (10):

m =
1

1 + exp
[
a
(

f ∗l − fl
)] − 1, (10)

where f ∗l is the critical large particle fraction ( f ∗l = 1 − f ∗f ) above which K varies significantly with
increasing fl; and a is an empirical factor that controls the steepness of the a − f f curve. In order to find
a, the drep for sand-fines mixtures was calculated using the measured n and K in Equation (8) and then
Equations (9) and (10) were used to find the best fit factor a, that can reproduce the drep of the mixture
at variable fines fraction. An example is given in Figure 8 showing the calculated drep for mixture M1
and the best fit curve using Equations (9) and (10). We found that a = 10 provides the best fit for drep

data calculated based on measured K and n for the different mixtures tested in the study (where K data
is available).

Once the estimating equation for drep is determined as function of f f , K can be calculated as
function of f f given that n is calculated using the current model [Equations (1)–(7)], where p = 0.15
and dcri = 0.15 mm. In this case, K is predicted at any given f f , provided that the K and n of pure
end-members are measured. The prediction of the current model shows good match with experimental
data (Figure 9). The prediction of K assuming ideal packing for n is also shown using dashed curve
in Figure 9 for comparison. The use of the current packing model improves the prediction of K in
mixture M1 compared to the ideal packing model which underestimates n (Figure 3) and consequently
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underestimates K (Figure 9). On the other hand, both current model and ideal packing model predicts
very similar K (Figure 9b) for mixture M11 which represents a near-ideal packing case (Figure 4b)
as discussed earlier. That is, the current model can improve the prediction of K for mixtures where
packing deviates from ideal case.

Appl. Sci. 2019, 9, x FOR PEER REVIEW 12 of 16 

packing case (Figure 4b) as discussed earlier. That is, the current model can improve the prediction 
of K for mixtures where packing deviates from ideal case. 

 

Figure 8. Representative particle size (𝑑 ) as function of fines fraction. Black circles refer to the 
calculated values of 𝑑  based on porosity and permeability measurement for sand-clay mixtures 
from Reference [77] which is the same data set used for mixture M1 (Marion et al. [20]. The red curve 
is calculated using Equations (8) and (9) for a = 10, while 𝑓∗  value is obtained from the current 
packing model. 

 
Figure 9. Permeability as function of fines fraction for mixtures: (a) M1, (b) M11. Same mixtures 
described in Table 1. K prediction was done using Equations (8)–(10) considering current model to 
estimate n (red solid curve) or ideal packing (dashed black curve). 

The main discrepancy between the two models is again observed around critical fines fraction 
(Figure 9a), at which the maximum discrepancy in predicted n occurs. The maximum difference 
between the K predicted by incorporating the current model and that assuming ideal packing is 70%, 
for mixture M1. Note that the difference does not seem as significant in Figure 9a only because K is 
plotted in log scale. Another important observation is that the minimum K can be observed around 𝑓∗ only if the mixture follows the ideal packing condition (Figure 9b). Otherwise, K at 𝑓  =  1 is 
smaller than K at 𝑓∗ (Figure 9a). This is because the porosity at 𝑓∗ is not low enough, due to cohesive 
and non-ideal packing, to overcome the impact of larger 𝑑  at 𝑓∗ compared to the 100% fines case. 
Based on the discussion above, higher porosity and permeability values are expected in sand-fines 
sediment mixtures deposited for example in aeolian environment when the sand particle size is fine 

Figure 8. Representative particle size (drep) as function of fines fraction. Black circles refer to the
calculated values of drep based on porosity and permeability measurement for sand-clay mixtures
from Reference [77] which is the same data set used for mixture M1 (Marion et al. [20]. The red
curve is calculated using Equations (8) and (9) for a = 10, while f ∗l value is obtained from the current
packing model.
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Figure 9. Permeability as function of fines fraction for mixtures: (a) M1, (b) M11. Same mixtures
described in Table 1. K prediction was done using Equations (8)–(10) considering current model to
estimate n (red solid curve) or ideal packing (dashed black curve).

The main discrepancy between the two models is again observed around critical fines fraction
(Figure 9a), at which the maximum discrepancy in predicted n occurs. The maximum difference
between the K predicted by incorporating the current model and that assuming ideal packing is 70%,
for mixture M1. Note that the difference does not seem as significant in Figure 9a only because K is
plotted in log scale. Another important observation is that the minimum K can be observed around f ∗f
only if the mixture follows the ideal packing condition (Figure 9b). Otherwise, K at f f = 1 is smaller
than K at f ∗f (Figure 9a). This is because the porosity at f ∗f is not low enough, due to cohesive and
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non-ideal packing, to overcome the impact of larger drep at f ∗f compared to the 100% fines case. Based
on the discussion above, higher porosity and permeability values are expected in sand-fines sediment
mixtures deposited for example in aeolian environment when the sand particle size is fine (between 0.1
and 0.4 mm). Knowledge about sediment source and deposition environment can provide information
about the expected particle size of the sediments and vice versa [78–80].

5. Conclusions

This study presents a packing model that can be used to predict the porosity or void ratio of binary
soil mixtures involving clay or fine silt (i.e., characterized by R < 0.1 and d f < 0.150 mm). The model
is based on the formulation of Zou et al. [41], developed originally for dry glass beads powder.
The analysis is extended here to unsaturated sand-clay and sand-silt mixtures where the two main
model parameters p and dcri were found to be 0.15 and 0.150 mm respectively. Two important features
of the current model: (1) it takes into account the cohesive packing behavior of the fines particles and
(2) porosity of the mixture is not only function of particle size ratio but also the absolute particle size.
The model shows significant improvement compared to existing models that frequently underestimate
the porosity. The output of the model can be used to improve the estimation of important properties of
the soil mixtures such as, maximum dry packing density (φ) and permeability (K), especially at the
critical fines fraction ( f ∗f ). It was found that using the current packing model can reduce the error in
estimating φ and K at f ∗f by up to one order of magnitude. According to the current model, maximum
packing density (lowest sediment volume) and minimum permeability would require not only very
small R but also dl that is larger than 0.750 mm. The current model can be used to predict the porosity
or void ratio as function of fines content for mixed soils prepared or deposited under dry conditions.
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