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Abstract: The parabolic trough solar collector (PTC) is the most mature solar concentrating technology,
and this technology is applied in numerous thermal applications. Usually, the thermal efficiency
of the PTC is expressed with the aid of polynomial expressions. However, there is not a universal
expression that is applied in all cases with high accuracy. Many studies use expressions with the
first-degree polynomial, second-degree, or fourth-degree polynomial expressions. In this direction,
this work is a study that investigates different expressions about the thermal efficiency of a PTC with
a systematic approach. The LS-2 PTC module is examined with a developed numerical model in
the Engineering Equation Solver for different operating temperatures and solar beam irradiation
levels. This model is validated using experimental literature data. The found data are approximated
with various polynomial expressions with up to six unknown parameters in every case. In every
case, the mean absolute percentage error and the R2 are calculated. According to the final results,
the use of the third power term leads to the best fitting results, as well as the use of the temperature
difference term (∆T), something that is new according to the existing literature. More specifically,
the final suggested formula has the following format: “ηcol = a0 + a3·∆T3/Gb + b·∆T”. The results of
this work can be used by the scientists for the optimum fitting of the PTC efficiency curves and for
applying the best formulas in performance determination studies.

Keywords: parabolic trough collector; thermal efficiency; approximation formula; concentrating solar
power; polynomial solar efficiency

1. Introduction

The parabolic trough solar collector (PTC) is one of the most mature solar concentrating
technologies [1] which can be used in numerous applications such as electricity production [2],
industrial heat [3], refrigeration [4], space-heating [5], chemical processes [6] and polygeneration [7].
This collector is a linear concentrating technology that operates with a single-axis tracking system
in the majority of the cases. There are only a few investigations with two-axis tracking systems but
these designs are complex and they have a high cost. The most usual receiver is an evacuated tube
absorber in order to operate in high temperatures with a satisfying efficiency [8]. The operation with
thermal oil (e.g., Therminol VP-1) is able to reach up to 400 ◦C [9], while with the proper molten salts
(e.g., nitrate salt), there is the possibility for operation up to 600 ◦C [10]. The use of gas working fluids
(e.g., air or CO2) gives the possibility to operate in higher temperatures up to 1000 ◦C [11].

The literature includes numerous studies that incorporate PTC as the main or the secondary
thermal energy source. Usually, the simulation of the PTC performance is conducted by using a thermal
efficiency expression formula. The thermal efficiency of the solar collector is the ratio of the useful
heat production to the available solar irradiation on the collector aperture (ηcol = Qu/Qs). Numerous
formulas in the literature can be found and so it is interesting to present them as below.
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A great percentage of the literature uses a simple linear expression for the determination of the
efficiency. For example, the study of Kalogirou [12] approximates the PTC performance with a linear
expression and it compares it with other linear formulas from the literature. This idea has also been
used in newer studies such as in Coccia et al. [13]. Below, the linear expression is given:

ηcol = a0 + a1 ·
(Tin − Tam)

Gb
(1)

The previous formula is usually used for the flat plate systems according to Duffie and Beckman [14].
Thus, this linear expression can be an accurate choice for PTC systems that operate to low-temperature
levels up to 100 ◦C. Moreover, the previous formula is also known as the Hottel-Whillier-Bliss equation.

The next part of the literature studies uses a second-order expression which is in accordance with
the ISO 9806-1 [15]. The goal of this formula is to better approximate the operating points of higher
temperature levels.

ηcol = a0 + a1 ·
(Tin − Tam)

Gb
+ a2 ·

(Tin − Tam)
2

Gb
(2)

This formula has been used by a great part of the recent literature studies. For example, Bellos et al. [16]
selected an expression as the previous one for approximating the Eurotrough module performance.
In another older work, Kalogirou and Panayiotou [17] conducted experimental work with PTC and they
compared the approximation of the efficiency with a linear and a second-term formula. They concluded
that both expressions are accurate and the second-order formula can be applied for the cases with
higher temperatures.

An alternative expression of the previous one has been introduced by Dudley et al. [18] in
an experimental work about LS-2. They tried to add an extra term with (Tin − Tam) without the
incorporation of the solar beam irradiation:

ηcol = a0 + a1 ·
(Tin − Tam)

Gb
+ a2 ·

(Tin − Tam)
2

Gb
+ b · (Tin − Tam) (3)

Kutscher et al. [19] used a third-degree polynomial in order to approximate the PTC thermal
efficiency and they found high values for the R2. More specifically, they tested the SkyTrough module
with a Schott PTR-80 receiver.

ηcol = a0 + a1 ·
(Tin − Tam)

Gb
+ a2 ·

(Tin − Tam)
2

Gb
+ a3 ·

(Tin − Tam)
3

Gb
(4)

They also tried to approximate the results with an alternative formula, as below:

ηcol = a0 + a1 ·
(Tin − Tam)

G0.33
b

(5)

A complex polynomial expression has been suggested by Nems and Kasperski [20] which
incorporates the wind speed (Vw) as an extra parameter which includes a third-order term (Gb · Tin ·

Vw), as below:

ηcol = c0 + c1 ·Gb + c2 ·G2
b + c3 · Tin + c4 · T2

in + c5 ·Vw + c6 ·V2
w + c7 ·Gb · Tin + c8

·Gb ·Vw + c9 ·Gb · Tin ·Vw
(6)

The next part of the literature studies includes fourth-order terms. These formulas try to take into
account the radiation thermal losses in a proper way because they are dependent on the fourth power
of the absorber temperature level. Sallaberry et al. [21] tried to approximate the thermal losses with



Appl. Sci. 2020, 10, 6901 3 of 23

an expression with a fourth power and then the following expression for the thermal efficiency has
been found:

ηcol = c0 +
c1 · (Tin − Tam) + c2 · (Tin − Tam)

4

Gb · cos(θ)
(7)

They stated that this expression is in accordance with the standard IEC 62727 [22]. The use
of the “cos (θ)” in the denominator is justified due to the approximation of the thermal losses for
specific heat input. Practically, the thermal losses have to be normalized in every case in the absorbed
irradiation, and the use of the cosine is a good choice for the approximation of the incident angle
modifier. The thermal efficiency was calculated by reducing the thermal losses from the absorbed heat
in every case.

Odeh et al. [23] have used a similar formula but they incorporated the wind speed inside the
efficiency expression:

ηcol = a0 + (a1 + c1 ·Vw) ·
(Tin − Tam)

Gb
+ a4 ·

(Tin − Tam)
4

Gb
(8)

One alternative formula has been suggested also by Sallaberry et al. [24] which includes a
fourth-order term and an order which takes into account the transient phenomena. The authors have
expressed this formula in terms of “Qu/Aa”, but below, it is presented in terms of efficiency for having
a uniform presentation style in the paper:

ηcol = a0 + a4 ·
(Tin − Tam)

4

Gb
+ c1 ·

dTin
dt
·G−1

b (9)

In another work, Sallaberry et al. [25] used a formula with an extra term, as below:

ηcol = a + a1 ·
(Tin − Tam)

Gb
+ a4 ·

(Tin − Tam)
4

Gb
+ c1 ·

dTin
dt
·G−1

b (10)

The previous formula is associated with the IEC 62862-3-2 standard which also suggests the use
of a second-order term instead of the fourth-order term.

More specifically, the previous formula has been found by eliminating terms from the general
formula according to DIS/ISO 9806 (2017) [26], which indicates approximately the following:

Qu
Aa

= c0,b ·Gb + c0,d ·Gd + c1 · (Tin − Tam) + c2 · (Tin − Tam)
2 + c3 ·Vw · (Tin − Tam)

+c4 ·
(
EL − σ · T4

in

)
+ c5 ·

dTin
dt + c6 ·Vw · (Gb + Gd) + c7 ·Vw

·

(
EL − σ · T4

in

)
+ c8 · (Tin − Tam)

4

(11)

where the “EL” is the longwave irradiance with wavelength over 3 µm. Moreover, it has to be said
that Sallaberry et al. [25] compared Equation (10) with Equation (12). They stated that formula (10) is
slightly better than Formula (12) but the difference is negligible.

ηcol = a0 + a1 ·
(Tin − Tam)

Gb
+ a2 ·

(Tin − Tam)
2

Gb
+ c1 ·

dTin
dt
·G−1

b (12)

Xu et al. [27] used Formula (11) with all the terms in order to approximate the PTC performance.
Furthermore, it has to be said that there are studies that tried to determine some analytical expressions
for the PTC efficiency curves [28,29].

The previous literature review indicates that there is a huge interest in the literature in the
approximation of the PTC thermal efficiency with effective expressions. Numerous formulas have
been suggested and applied in literature studies. Moreover, there are some studies that compare
different efficiency approximation equations. So, it is obvious that the researchers use various ways to
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approximate the PTC efficiency and there is not only one formula to expresses the thermal efficiency of
a PTC. In this direction, this work comes to investigate different polynomial expressions that can be
applied for the PTC thermal efficiency determination and they include the usual literature expressions.
Moreover, these equations have extended in order to cover all the possible combinations of polynomial
terms in a systematic way. Totally, 31 different equations are applied and evaluated according to two
criteria: the mean absolute percentage error (MAPE) and the R2 index. To our knowledge, there is no
other study in the literature like the present study, so this work adds something new to the existing
literature. The results are discussed and the most important polynomial approximating formulas are
presented. The final conclusions of this work indicate the most effective polynomial expressions for
approximating the PTC efficiency by using the operating temperature levels and the solar irradiation,
and also a clear comparison among the various polynomial formulas is given. Lastly, it is important
to state that the operating points for the approximations are found by a developed model in the
Engineering Equation Solver (EES) [30], which is validated with numerical experimental results.

2. Material and Methods

2.1. The Examined Collector

In this work, the module of the LS-2 PTC [18,31,32] is used in order to apply the different
performance efficiency approximation formulas. This PTC module is usually studied in the literature
studies and it is illustrated in Figure 1a. Moreover, the cross-section of the receiver (cover and absorber)
is given in Figure 1b. The collector has 39 m2 area, a concentrating ratio of 22.7 and it has a selective
absorber inside an evacuated tube. The emittance of the absorber (εr) is described below [31]:

εr = 0.06282 + 1.208 · 10−4
· Tr + 1.907 · 10−7

· T2
r (13)
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Table 1 includes the main data of the examined PTC [31,32]. It is useful to state that the maximum
optical efficiency, which is found for zero solar angle, it is about 75.3% by taking into consideration
all the possible optical loss factors [32]. In this work, the solar angle is zero in all the cases and the
ambient temperature is selected at 25 ◦C.

Table 1. Data of the studied parabolic trough solar collector (PTC) module [31,32].

Parameters Symbols Values

PTC width (Wa) 5.0 m
PTC length (L) 7.8 m

Focal distance (F) 1.84 m
Collecting area (Aa) 39 m2

Concentration ratio (C) 22.7
Inner diameter of the receiver (Dri) 66 mm
Outer diameter of the receiver (Dro) 70 mm

Inner diameter of the cover (Dci) 109 mm
Outer diameter of the cover (Dco) 115 mm

Cover emittance (εc) 86%
Solar angle (θ) 0◦

Ambient temperature (Tam) 25 ◦C
Volumetric flow rate (V) 100 L/min

Wind speed (Vw) 1 m/s
Maximum optical efficiency (ηopt,max) 75.3%

Transmittance (τ) 95%
Absorbance (α) 96%

Equivalent reflectance (ρ) 83%
Intercept factor (γ) 99.5%

At this point, it is important to state that this work investigates a typical PTC module which has
been studied by many other studies in the literature. So, the found results can be adopted as reliable
also for other PTCs. More specifically, the present PTC has a typical evacuated receiver which is also
used in other modules and it has a vacuum between the absorber and cover. Moreover, the collector is
studied in a great range of usual operating conditions and so the found results are applicable in a great
range of applications. Lastly, it has to be said that the used input properties (optical and thermal in
Table 1) are usual and they correspond to real commercial systems. Therefore, the found results can be
used also for other PTCs.

2.2. Basic Mathematical Formulation

The present section includes the main equations which have been used in the developed model in
EES for the thermal efficiency determination of the PTC. The collector thermal efficiency (ηcol) is the
ratio of useful heat production (Qu) to the solar energy on the collector aperture (Qs):

ηcol =
Qu

Qs
(14)

The solar irradiation in the collector aperture (Qs) can be written as:

Qs = Aa ·Gb (15)

The useful heat production (Qu) is calculated by the energy balance in the working fluid:

Qu = moil · cp · (Tout − Tin) (16)

The inlet temperature (Tin), the outlet temperature (Tout), the oil mass flow rate (moil) and the oil
specific heat capacity (cp) are used in the previous formula.
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Moreover, the useful heat production (Qu) can be expressed as the heat that the absorber transfers
to the working fluid:

Qu = Ari · h ·
(
Tr − T f m

)
(17)

The mean receiver temperature (Tr), the mean fluid temperature (Tfm), the internal tube area
(Ari) and the convection heat transfer coefficient between fluid and absorber (h) are used in the
previous formula.

The energy balance on the absorber is an important step in the present methodology and it is
given below:

Qabs = Qu + Qloss (18)

The absorbed solar energy (Qabs) can be found below:

Qabs = ηopt ·Qs (19)

The thermal losses (Qloss) of the absorber to the cover can be written as below [33]:

Qloss = Aro · σ ·
T4

r − T4
c

1
εr
+ 1−εc

εc
·

Ari
Aco

(20)

At this point, it has to be said that the convention thermal losses between absorber and cover are
neglected due to the vacuum between them. Moreover, it is essential to state that the thermal losses
from the absorber to the cover are the same as the losses from the cover to the ambient because the
system is studied in steady-state conditions [33]. So, it can be said that:

Qloss = Aco · σ · εc ·

(
T4

c − T4
sky

)
+ Aco · hout · (Tc − Tam) (21)

The sky temperature (Tsky) can be estimated as below by using the temperature levels in kelvin
units [34]:

Tsky = 0.0552 · T1.5
am (22)

The heat transfer coefficient between cover and ambient (hout) is found as below [35]:

hout = 4 ·V0.58
w ·D−0.48

co (23)

More specifically, the wind speed (Vw) is selected at 1 m/s, which is a typical value, and the (hout)
is found to be around 10 W/m2K [36].

The fluid flow heat transfer coefficient (h) is estimated by exploiting the Nusselt number (Nu):

h =
Nu · k

Dri
(24)

The thermal conductive (k) of the thermal oil is dependent on the temperature and it is variable in
this work [37].

For this work, the flow is turbulent (Re > 10,000) and there is a tubular channel. Thus, the formula
of Dittus-Boelter about the Nusselt number can be used [38]:

Nu = 0.023 ·Re0.8
· Pr0.4 (25)

The Reynolds number (Re) is defined as:

Re =
4 ·m

π ·Dri · µ
(26)
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The Prandtl number (Pr) is defined as:

Pr =
µ · cp

k
(27)

The mass flow rate (m) in (kg/s) is connected with the volumetric flow (V) in [L/min] as below:

m =
ρ ·V

60 · 1000
(28)

In the end, it has to be said that the mean fluid temperature (Tfm) can be found as [39]:

T f m =
Tin + Tout

2
(29)

2.3. Validation of the Developed Model in EES

The validation of the developed model in EES is performed by using experimental results by
the literature [18]. Totally, 8 validation cases have been examined and they are depicted in Table 2.
The inputs for every case are given on the left side of the table (Gb, Vw, Tam, Tin, V). Finally, Table 2
shows that the mean error about the outlet temperature is 1.22% and for the thermal efficiency of 1.68%.
These are relatively low values which are in the range of the experimental errors. Thus, the developed
model can be assumed as accurate for the present study.

Table 2. Validation of the present model with experimental data from the Reference [18].

Cases
Gb Vw Tam Tin V Outlet Temperature

Tout (◦C)
Collector Thermal Efficiency

ηcol
(W/m2) (m/s) (◦C) (◦C) (L/min) Ref [18] Model Deviation Ref [18] Model Deviation

1 933.7 2.6 21.2 102.2 47.7 124.0 124.1 0.58% 0.7251 0.7209 1.38%
2 968.2 3.7 22.4 151.0 47.8 173.3 173.6 0.89% 0.7090 0.7153 2.29%
3 982.3 2.5 24.3 197.5 49.1 219.5 219.9 0.88% 0.7017 0.7079 1.83%
4 909.5 3.3 26.3 250.7 54.7 269.4 269.4 0.95% 0.7025 0.6958 0.76%
5 937.9 1.0 26.2 297.8 55.5 316.4 317.0 0.01% 0.6798 0.6799 0.85%
6 880.6 2.9 28.8 299.0 55.6 317.2 316.9 1.70% 0.6892 0.6775 2.66%
7 903.2 4.2 27.5 355.9 56.3 374.0 374.3 3.88% 0.6234 0.6476 1.18%
8 920.9 2.6 31.1 379.5 56.8 398.0 398.3 0.86% 0.6382 0.6327 2.12%

Mean - - - - - - - 1.22% - - 1.68%

2.4. Followed Methodology for the Approximation Methods

In this work, the developed model in the Engineering Equation Solver (EES) [30] was applied in
order to create a dataset for comparing the different formulas for the PTC thermal efficiency. EES is a
flexible program for solving quickly and with accuracy numerous non-linear equations with numerical
techniques [30]. It also includes libraries for using the thermal properties of different working fluids.
Moreover, this program gives the possibility of conducting optimization studies for the maximization
or the minimization of an objective function.

In this work, the solar irradiation (Gb) was examined from 300 W/m2 up to 1000 W/m2 with
a step of 50 W/m2, while the inlet fluid temperature (Tin) from 25 ◦C up to 375 ◦C with a step of
50 ◦C. In this work, the temperature difference (∆T = Tin − Tam) is important parameters which are
examined from 0 ◦C up to 350 ◦C with a step of 50 ◦C, which is an equivalent parameter with the
(Tin). The working fluid is Syltherm 800 which can operate up to 400 ◦C [37], something that has been
taken into consideration in this work. The thermal properties of this fluid have been taken from the
literature [37] and they are dependent on the fluid temperature level. Totally, 120 set points have been
found and they are given in Appendix A.

About the solving procedures, for every case, the inputs in the program are the following: inlet
temperature (Tin), oil flow volumetric rate (V), solar beam irradiation (Gb), ambient temperature (Tam),
and the wind speed (Vw). Moreover, in this work, there is a zero-incident angle and so the optical
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efficiency has its maximum value according to Table 1. The program uses these inputs and calculates
the outputs which are mainly the oil outlet temperature, the useful heat production, the thermal losses
and the collector efficiency. The solution procedure is performed by combing the Equations (13) to (29)
all together and by solving this system as a matrix with all the proper unknown parameters. Practically,
it is a system with 17 equations and the following 17 unknown parameters: (ηcol), (Qu), (Qs), (Qabs),
(Qloss), (Tout), (Tfm), (Tr), (Tc), (Tsky), (h), (hout), (Nu), (Re), (Pr), (m), (εr). The developed model in EES
is solved iteratively in order for all these equations to be converged in the final values. Generally,
the solution procedure is very quick with solving time lower than 1 s per case.

The literature review of this work indicates that the thermal efficiency of the PTC is expressed
with polynomial expressions and thus, this strategy is investigated in this work in a detailed way.
In this work, different polynomial formulas have been used in a systematic way. All these formulas
can be expressed through the following general expression:

ηcol = a0 + a1 ·
∆T
Gb

+ a2 ·
∆T2

Gb
+ a3 ·

∆T3

Gb
+ a4 ·

∆T4

Gb
+ b · ∆T (30)

In all the examined cases, the constant term “a0” is included and all the proper combinations
of the coefficients have been studied. In other words, every combination includes some parameters
(e.g., a0, a1, a2, a3) and the other parameters are set to be zero (e.g., a4, b). In all the cases, there are
at least two coefficients, the “a0” and another. The maximum number of the coefficients is six when
all the coefficients are used in the approximation. The selection of the Formula (27) is in accordance
with the existing literature. The term with “∆T” is an important one, especially for the LS-2 module,
and it has been used also in Reference [18]. The other terms are used in various studies. The maximum
power is the fourth because the thermal radiation losses include this power and also there is no study
in the literature with a higher power to be used. So, there is no reason for using the fifth power for
example in the approximation formula because it would be unrealistic due to the radiation thermal
losses law. So, this work studies the conventional polynomial expressions with the terms “∆Tm/Gb”
and for all the cases, the need for the extra term “∆T” is evaluated. Finally, the goal is to determine the
simplest expression which can lead to accurate results.

The approximation is conducted in every case with Microsoft Excel software and the command
“linest”. The R2 is calculated as an effective index which has to be extremely close to 100%. Moreover,
the mean absolute percentage error (MAPE) is an extra index that is calculated and it has to be close to
zero. Its definition is given below:

MAPE =
1
n
·

i = n∑
i = 1

∣∣∣∣∣∣ηth,aprx

ηth,EES
− 1

∣∣∣∣∣∣ · 100% (31)

where (n) is the total number of the dataset points which is equal to 120 in this work.

3. Results

3.1. Initial Analysis

The first part of this analysis is to investigate the relationship between thermal efficiency and
the usually used parameters. Generally, the correlation of the thermal efficiency and the parameters
“∆Tm/Gb” (m = 1, 2, 3, 4) is suggested by the literature. Figure 2 shows these correlations, as well as
the correlation between thermal efficiency and “∆T”. The results are given for different solar beam
irradiation levels and more specifically for 400, 600, 800 and 1000 W/m2. Figure 2a shows that there
is not an important correlation between the thermal efficiency and the parameter “∆T/Gb” because
the curves are not all together but they have different trends for different solar irradiation levels.
Similar results are found for Figure 2e with the parameter “∆T” in the horizontal axis. Figure 2b shows
that the curves are closer to each other, especially in low values of the parameter “∆T2/Gb”, but it is not
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enough to describe the thermal efficiency with only the parameter “∆T2/Gb”. However, the situation
is different in Figure 2c,d for the parameters “∆T3/Gb” and “∆T4/Gb” respectively. More specifically,
the curves are very close to each other when there is a plotting with the parameters “∆T3/Gb” and
“∆T4/Gb” and especially in the case with “∆T3/Gb”, which seems to be the best one. However, a deeper
analysis is needed in order for the final conclusions to be extracted. In any case, it has been found
that there is a need for using terms of high power and also there is a need for using more than one
parameter in order to predict the thermal efficiency in an accurate way.Appl. Sci. 2020, 10, x FOR PEER REVIEW 9 of 22 
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(d) ∆T4/Gb, (e) ∆T.

The next step is the detailed analysis of the correlation of the thermal efficiency with simple
expressions of the format “a0 + am·∆Tm/Gb” by using 120 operating points. Figure 3 depicts the obtained
results. The valuation indexes (R2 and MAPE) are also included in these figures. The vertical axis is
the value of the predicted efficiency while the horizontal axis shows the real value of the efficiency
which has been calculated with EES. The results show that the use of the third power term leads to the
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best fitting and it is a very interesting result, which is in accordance with the quality conclusion from
Figure 2. More specifically, for the formula “∆T3/Gb”, the indexes are R2 = 99.11% and MAPE = 0.47%,
while for “∆T/Gb” they are R2 = 83.74% and MAPE = 1.85%, for “∆T2/Gb” they are R2 = 97.74% and
MAPE = 0.60% and for “∆T4/Gb” they are R2 = 96.64% and MAPE = 0.93%. It is clear that the first
power case leads to not acceptable results, while the powers of two and four lead to results with
significant errors.Appl. Sci. 2020, 10, x FOR PEER REVIEW 10 of 22 
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The next step is to present approximation cases with the term “∆T” to be included as an extra
term to the previous studies’ formulas of Figure 3. So, Figure 4 exhibits the results about the use of
the “a0 + am·∆Tm/Gb + b·∆T” approximation about the thermal efficiency. Figure 4 indicates that the
combination of the third power term with the temperature difference term leads to a very good fitting
with R2 = 99.92% and MAPE = 0.13%. This high accuracy is obtained with only three parameters and
this is a very interesting and promising result. Among the other cases of the “a0 + am·∆Tm/Gb + b·∆T”
formula, the use of the fourth power leads to R2 = 99.02%, which is an acceptable result, while the use
of the power of two leads to R2 = 98.03%, which presents lower accuracy. Generally, when R2 is over
99% and the MAPE is lower than 0.50%, then the fitting can be evaluated as relatively accurate.
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To conclude, the use of the third power term leads to high accuracy, compared to the other cases,
and especially when it is combined with the “∆T” it leads to a very reliable model. In any case, the use
of the extra term “∆T” helps in all the cases and the expressions “a0 + am·∆Tm/Gb + b·∆T” are more
accurate than the respective “a0 + am·∆Tm/Gb”, which is a reasonable result.

3.2. Total Analysis

The next stage of the present analysis is the investigation of more detailed approximation
models with more terms. It is very interesting to see the approximation statistics with different linear
combinations of the terms “am·∆Tm/Gb” with and without the term “∆T”. Figure 5 shows the results of
the different linear combinations without the “∆T”, while Figure 6 shows results with the term “∆T”.
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Figure 6. Evaluation of the thermal efficiency equations of the form “a0 +
∑

(am·∆Tm/Gb) + b·∆T”
(a) [a0, a1, b] (b) [a0, a1, a2, b] (c) [a0, a1, a2, a3, b] (d) [a0, a1, a2, a3, a4, b]
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The general formula that is used in Figure 5 results can be written as “ηcol = a0 +
∑

(am·∆Tm/Gb)”.
Figure 5 indicates that there is a need for using at least three terms in order for the points to be close
to the red line and so to have a relatively accurate approximation. Also, the use of more terms leads
to higher R2 and to lower MAPE, something that leads to better fitting. However, the difference
between the cases with and without the term “∆T4/Gb” is extremely low (R2 = 99.35% with this term
and R2 = 99.32% without this term). This result indicates that there is a need for using the third-order
term, while the fourth-order term has a very small impact on expression accuracy.

The next step is the implementation of the extra term “∆T” in the previous expressions and so the
general formula is “ηcol = a0 +

∑
(am·∆Tm/Gb) + b·∆T”. Figure 6 indicates that the use of this term leads

to very accurate models for all the cases except the case with the first-order term “∆T/Gb”, where the R2

is only 87.45%. The cases with the order with m = 2, m = 3 and m = 4 lead to R2 at 99.44%, 99.94% and
99.94%, respectively. The MAPE is found to be found 1.69%, 0.37%, 0.12% and 0.11% for the cases with
m = 1, m = 2, m = 3 and m = 4, respectively. Practically, the use of the fourth power term is useless
because it leads to approximately the same results with the third term results.

To conclude about the results of Figures 5 and 6, the use of the third-order term is very important and
also the use of the “∆T” is a very useful weapon for the proper prediction of the PTC thermal efficiency.

The next step in this analysis is to present all the results about the coefficients of approximation
and the evaluation indexes about the 31 examined cases. Table 3 includes all these data and this
table summarizes all the found results of this work. In this table, the 31 different approximations are
included. The evaluation indexes (R2 and MAPE), as well as the values of the coefficients (a0, a1, a2,
a4, b) are given. In the cases with empty cells, there is no utilization of the respective term and so the
empty cells indicate that the respective value is zero.
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Table 3. Evaluation indexes for the examined formulas (The empty cells indicate that the respective
term is not taken into account and the bold lines indicate the best cases).

Terms a0 a1 a2 a3 a4 b R2 (%) MAPE

2 terms

0.74137 −1.5091·10−1 83.74 1.85%

0.73177 −4.7848·10−4 97.74 0.60%

0.72547 −1.4155·10−6 99.11 0.47%

0.72123 −4.0835·10−9 96.64 0.93%

0.74828 −3.0396·10−4 73.60 2.27%

3 terms

0.72579 6.5758·10−2
−6.6344·10−4 99.03 0.43%

0.72773 −1.6142·10−2
−1.2901·10−6 99.29 0.38%

0.72930 −4.7559·10−2
−3.0666·10−9 98.96 0.48%

0.74828 −1.0610·10−1
−1.1801·10−4 87.45 1.69%

0.72733 −1.2798·10−4
−1.0450·10−6 99.32 0.37%

0.72786 −2.7576·10−4
−1.8163·10−9 99.31 0.36%

0.73484 −4.3829·10−4
−3.5114·10−5 98.03 0.66%

0.72672 −1.8891·10−6 1.3942·10−9 99.28 0.39%

0.73116 −1.2402·10−6 −5.4012·10−5 99.92 0.13%

0.73131 −3.3020·10−9
−8.6225·10−5 99.02 0.42%

4 terms

0.72722 3.1334·10−3
−1.5039·10−4

−1.0045·10−6 99.32 0.37%

0.72715 1.5569·10−2
−3.5634·10−4

−1.4867·10−9 99.33 0.35%

0.72912 6.8755·10−2
−6.2450·10−4

−4.1393·10−5 99.44 0.37%

0.72747 −1.0444·10−2
−1.5393·10−6 6.0320·10−10 99.30 0.38%

0.73159 −5.1150·10−3 −1.2095·10−6 −5.1237·10−5 99.93 0.12%

0.73355 −3.1857·10−2
−2.8667·10−9

−5.9099·10−5 99.83 0.21%

0.72758 −1.9966·10−4
−5.3268·10−7

−8.9736·10−10 99.32 0.36%

0.73132 −2.9081·10−5 −1.1642·10−6 −5.1489·10−5 99.92 0.13%

0.73195 −1.9125·10−4 −2.0366·10−9 −5.2354·10−5 99.94 0.11%

0.73118 −1.3011·10−6 1.6766·10−10 −5.2787·10−5 99.92 0.13%

5 terms

0.72692 4.2360·10−2
−7.6078·10−4 1.8604·10−6

−4.1291·10−9 99.35 0.34%

0.73204 −1.6581·10−2 9.2495·10−5 −1.3823·10−6 −5.3043·10−5 99.94 0.12%

0.73180 2.8579·10−3 −2.0646·10−4 −1.9750·10−9 −5.2093·10−5 99.94 0.11%

0.73201 −1.1240·10−2 −9.2301·10−7 −6.8699·10−10 −5.2933·10−5 99.94 0.11%

0.73182 −1.5901·10−4 −2.2711·10−7 −1.6443·10−9 −5.2227·10−5 99.94 0.11%

6 terms 0.731871 −2.5171·10−3 −1.2555·10−4 −3.6843·10−7 −1.4544·10−9 −5.2378·10−5 99.94 0.11%

In the left column of Table 3, the number terms of the used formulas are given and the equations
are classified in categories with 2 to 6 terms. Among the equations with two terms, the best formula is
the following:

ηcol = 0.72547− 1.4155·10−6
·

∆T3

Gb
, (R2 = 99.11% − MAPE = 0.47%) (32)

Equation (29) is a very simple formula that leads to relatively accurate results and it is a promising
choice. So, the use of the third power term seems to be a very good idea for the proper approximation
of the PTC performance.

In the equations family with three terms, the best fitting has been found for the following formula:

ηcol = 0.73116− 1.2402·10−6
·

∆T3

Gb
− 5.4012·10−5

· ∆T, (R2 = 99.92% − MAPE = 0.13%) (33)
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Equation (30) includes the constant term, the third-order term and the term about the temperature
difference. There is an excellent fitting with Equation (30) which leads to R2 = 99.92% and MAPE = 0.13%.
These results can be compared with the indexes about Equation (29) which does not include the term
“∆T”, where R2 = 99.11% and MAPE = 0.47%. There is a significant difference that can be obtained
only by adding an extra term. This result indicates that the use of the term “∆T” is an important one in
the efficiency approximation study.

About the studies with four terms, practically all the formulas lead to good fitting. Generally,
the cases with third-order terms and “∆T” again lead to accurate fitting. For the case with four terms,
the best fitting is given below:

ηcol = 0.73195− 1.9125·10−4
·

∆T2

Gb
− 2.0366·10−9

·
∆T4

Gb
− 5.2354·10−5

· ∆T, vspace+3pt
(R2 = 99.94% − MAPE = 0.11%)

(34)

About the cases with 5 and 6 terms, the fittings are excellent. Below, the formula with the six
terms, which includes all the used parameters, is given:

ηcol = 0.731871− 2.5171·10−3
·

∆T
Gb
− 1.2555·10−4

·
∆T2

Gb
− 3.6843·10−7

·
∆T3

Gb
−vspace+3pt

1.4544·10−9
·

∆T4

Gb
− 5.2378·10−5

· ∆T, (R2 = 99.94% − MAPE = 0.11%)
(35)

It is very interesting to state that the use of some extra terms maybe cannot increase the accuracy
effectively. Comparing Equations (30) and (32), the difference between the indexes is marginal,
while Equation (30) uses 3 terms and Equation (32) uses 6 terms. So, it can be said that there is great
importance to the proper term selection in order to have an accurate approximation.

Moreover, it can be said that the use of more and more terms is not the only choice for having
more accurate results because the computational cost and the complexity of the approximation increase
without a significant increase in the fitting suitability. A characteristic example is a comparison of the
Formula (30), which includes the terms (a0, a3, b) with the formula which includes the terms (a0, a1,
a2, a3, a4). According to Table 3, the first one with 3 terms has R2 = 99.92%, while the other one with
5 terms has R2 = 99.35%. So, it is obvious that the increase in the number of terms and the power of the
terms is not the proper choice for a good fitting. So, it is suggested to use terms with third-order power
and the terms with “∆T”.

In the literature, the use of the term “∆T” is not unknown and it has been used in some studies,
with the most characteristic approximation of experimental results about LS-2 PTC by Dudley et al. [18].
They applied a model with (a0, a1, a2, b) in order to have a proper fitting. The fitting of this expression,
in the present example, leads to R2 = 99.44%, which is acceptable but is lower than the respective of
Equation (30) with the terms model (a0, a3, b) which is 99.92%.

Another important result of this work is the determination of the third-order as the most proper
one, especially in cases with a small number of terms. This result is not found in the existing
literature. Usually, second or four power terms are used. Characteristic examples are the studies of
References [24–26], where the only not-studied term is the one with the third power. This note proves
that there is a scientific gap that is covered by the present work.

Another interesting comparison of the suggested model (a0, a3, b) is with the steady-state models
that are suggested by the IEC 62862-3-2. Practically, the polynomial terms of this standard are taken into
consideration in order to compare them with the existing optimum model. The use of the second-order
terms, of the forth-order term and their combination is compared with the third-order term. The present
model presents R2 = 99.92% and MAPE = 0.13%, while the other models of the standard have not so
good fitting. More specifically, the (a0, a1, a2) model has R2 = 99.03% and MAPE = 0.43%, the (a0, a1,
a4) has R2 = 98.96% and MAPE = 0.48% and the (a0, a1, a2, a4) has R2 = 99.33% and MAPE = 0.35%.
So, it can be said that the suggested model is a promising one for approximating the PTC thermal
efficiency. However, it has to be said that the other models are also accurate models and their use
leads to an efficient approximation of the thermal efficiency data. In order to give a clear image of
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the aforementioned comparison, Figure 7 has been added in order to directly compare the model (a0,
a3, b) with the models (a0, a1, a2), (a0, a1, a4) and (a0, a1, a2, a4). In this figure, the results from the ESS
for Gb = 1000 W/m2 are plotted with the found curves for the three models. It can be said that the
model (a0, a3, b) is close to the found points while the other models present some deviations especially
in low and high values of (∆T).
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In the future, there is a need for performing similar detailed and systematic approximating
studies by taking into account the wind speed (especially for bare tube cases), the solar angle (through
the incident angle modifier) and the flow rate. Moreover, studies about different PTCs with a
non-evacuated tube, non-selective absorber, different concentration ratios, different working fluid and
different materials can also be studied.

4. Conclusions

The objective of this work was to investigate different mathematical expressions for the
determination of thermal efficiency in a parabolic trough solar collector (PTC). A detailed literature
review was conducted in order to highlight what are the usual expressions in the existing literature.
This work examined 31 different models which are specific cases of a generalized formula. A numerical
model about the thermal efficiency of the PTC was developed and it has been validated by literature
experimental data. This model regards the LS-2 PTC module which is a usual module that is used in
studies about PTC and the respective applications. The results of this work can be extended and applied
for all the PTC modules and not only for the examined one because the usual PTC characteristics have
been selected. Below, the most important conclusions are given:

- The use of the third-order term “∆T3/Gb” is the most important term which can lead to relatively
accurate results, especially in cases with a low number of terms.
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- The use of the temperature difference term “∆T” is important and it can lead to high improvement
compared to the respective formulas without it.

- The most promising formula by taking into account the use of a low number of parameters and

to achieve high accuracy is the following: ηcol = 0.73116 − 1.2402·10−6
·

∆T3

Gb
− 5.4012·10−5

· ∆T,

(R2 = 99.92% – MAPE = 0.13%) or in a general form: ηcol = a0 + a3 ·
∆T3

Gb
+ b · ∆T

- It is found and discussed that there is a need for using the proper terms and not using many terms
in order to achieve high accuracy.

- In the future, there is a need for extending the present work by taking into consideration the
wind speed, the solar angle and the flow rate. Moreover, there is a need for studying extra PTC
modules with different characteristics than the present one, for example with a non-selective
absorber, with a non-evacuated receiver and with different working fluid.
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Nomenclature

A Area, m2

αi Approximation coefficient (i = 0, 1, 2, 3, 4)
b Approximation coefficient, K−1

ci Approximation coefficient (i = 0, 1, 2, 3, 4)
C Concentration ratio

cp
Specific heat capacity under constant pressure, J kg−1

K−1

D Diameter, m
EL Longwave irradiance, W m−2

F Focal distance, m
Gb Solar direct beam irradiation, W m−2

h Heat transfer coefficient of the flow, W m−2 K−1

hout
Convection coefficient between cover and ambient, W
m−2 K−1

i Counter
k Thermal conductivity, W m−1 K−1

L Tube length, m
m Power of the approximation term
moil Thermal oil mass flow rate, kg s−1

n Number of the examined scenarios
Nu Nusselt number
Pr Prandtl number
Q Heat rate, W
Re Reynolds number
R2 Coefficient of determination
T Temperature, ◦C
Tsky Sky temperature, K
V Volumetric flow rate, L min−1

Vw Wind speed, m s−1

Wa Width, m
Greek symbols
α Absorbance
γ Intercept factor
∆T Temperature difference [= Tin − Tam], ◦C
ε Emittance
ηcol Collector thermal efficiency
ηopt Optical efficiency
θ Solar incident angle, ◦

µ Dynamic Viscosity, Pa s
ρ Equivalent reflectance
σ Stefan-Boltzmann constant [= 5.67 · 10−8 W m−2 K−4]
τ Transmittance
Subscripts and superscripts
a aperture
am ambient
aprx approximation
b beam
c cover
ci cover inner
co outer cover
d diffuse
fm mean fluid
in inlet
m power of the approximation term
max maximum
out outlet
r receiver
ri inner receiver
ro receiver outer
s solar
u useful
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Abbreviations

EES Engineering equation solver
MAPE Mean absolute percentage error
PTC Parabolic trough collector

Appendix A —Dataset for the Present Work

Appendix A includes the dataset for the approximation studies which have been found by the use of the
EES model. Table A1 includes the inlet temperatures (Tin), the solar irradiation (Gb), the temperature difference
(∆T = Tin − Tam) and the collector thermal efficiency (ηcol). It has to be said that these points have been found for
ambient temperature (Tam) at 25 ◦C, volumetric flow rate (V) of 100 L/min, wind speed (Vw) at 1 m/s and zero
solar angle (θ).

Moreover, the thermal efficiency with three approximation formulas is given in Table A1. The three examined
formulas, which have high interest, are given below with the numbering (A1), (A2) and (A3):

ηcol = a0 + a3 ·
∆T3

Gb
(A1)

ηcol = a0 + a3 ·
∆T3

Gb
+ b · ∆T (A2)

ηcol = a0 + a1 ·
∆T
Gb

+ a2 ·
∆T2

Gb
+ a3 ·

∆T3

Gb
+ a4 ·

∆T4

Gb
+ b · ∆T (A3)

So, Table A1 shows the “reference” values from the EES model and the approximation with three other
models in order to make clear how close the efficiency is found with these three important models.

Table A1. Dataset for the approximation studies.

Tin (◦C) ∆T (◦C) Gb (W/m2)
ηcol

EES Equation
(A1)

Equation
(A2)

Equation
(A3)

25 0 1000 0.73056 0.72547 0.73116 0.73187
75 50 1000 0.72885 0.72530 0.72831 0.72876
125 100 1000 0.72550 0.72406 0.72452 0.72461
175 150 1000 0.72007 0.72070 0.71887 0.71883
225 200 1000 0.71183 0.71415 0.71044 0.71060
275 250 1000 0.69965 0.70336 0.69828 0.69886
325 300 1000 0.68187 0.68726 0.68147 0.68237
375 350 1000 0.65670 0.66479 0.65909 0.65966
25 0 950 0.73067 0.72547 0.73116 0.73187
75 50 950 0.72886 0.72529 0.72830 0.72873
125 100 950 0.72540 0.72398 0.72446 0.72451
175 150 950 0.71979 0.72044 0.71865 0.71856
225 200 950 0.71125 0.71355 0.70992 0.71003
275 250 950 0.69862 0.70219 0.69726 0.69781
325 300 950 0.68021 0.68524 0.67971 0.68060
375 350 950 0.65412 0.66159 0.65629 0.65682
25 0 900 0.73076 0.72547 0.73116 0.73187
75 50 900 0.72887 0.72528 0.72829 0.72870
125 100 900 0.72528 0.72390 0.72438 0.72439
175 150 900 0.71946 0.72017 0.71841 0.71826
225 200 900 0.71060 0.71289 0.70934 0.70940
275 250 900 0.69748 0.70090 0.69613 0.69665
325 300 900 0.67834 0.68301 0.67775 0.67862
375 350 900 0.65124 0.65804 0.65318 0.65367
25 0 850 0.73086 0.72547 0.73116 0.73187
75 50 850 0.72886 0.72526 0.72828 0.72867
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Table A1. Cont.

Tin (◦C) ∆T (◦C) Gb (W/m2)
ηcol

EES Equation
(A1)

Equation
(A2)

Equation
(A3)

125 100 850 0.72513 0.72381 0.72430 0.72426
175 150 850 0.71908 0.71985 0.71814 0.71792
225 200 850 0.70986 0.71215 0.70869 0.70869
275 250 850 0.69618 0.69945 0.69486 0.69535
325 300 850 0.67623 0.68051 0.67556 0.67641
375 350 850 0.64799 0.65408 0.64970 0.65015
25 0 800 0.73095 0.72547 0.73116 0.73187
75 50 800 0.72884 0.72525 0.72827 0.72863
125 100 800 0.72496 0.72370 0.72421 0.72411
175 150 800 0.71865 0.71950 0.71783 0.71754
225 200 800 0.70901 0.71132 0.70796 0.70790
275 250 800 0.69470 0.69783 0.69344 0.69388
325 300 800 0.67384 0.67770 0.67310 0.67393
375 350 800 0.64432 0.64961 0.64579 0.64619
25 0 750 0.73104 0.72547 0.73116 0.73187
75 50 750 0.72881 0.72524 0.72825 0.72859
125 100 750 0.72474 0.72359 0.72411 0.72394
175 150 750 0.71814 0.71910 0.71748 0.71710
225 200 750 0.70803 0.71037 0.70713 0.70700
275 250 750 0.69301 0.69598 0.69182 0.69222
325 300 750 0.67111 0.67452 0.67031 0.67111
375 350 750 0.64012 0.64456 0.64136 0.64170
25 0 700 0.73112 0.72547 0.73116 0.73187
75 50 700 0.72876 0.72522 0.72824 0.72854
125 100 700 0.72449 0.72345 0.72399 0.72375
175 150 700 0.71755 0.71865 0.71708 0.71661
225 200 700 0.70690 0.70930 0.70619 0.70597
275 250 700 0.69106 0.69388 0.68998 0.69033
325 300 700 0.66797 0.67088 0.66712 0.66790
375 350 700 0.63530 0.63878 0.63630 0.63656
25 0 650 0.73120 0.72547 0.73116 0.73187
75 50 650 0.72870 0.72520 0.72822 0.72849
125 100 650 0.72418 0.72330 0.72385 0.72352
175 150 650 0.71685 0.71812 0.71662 0.71604
225 200 650 0.70558 0.70805 0.70510 0.70478
275 250 650 0.68880 0.69145 0.68785 0.68814
325 300 650 0.66433 0.66668 0.66344 0.66418
375 350 650 0.62971 0.63211 0.63045 0.63064
25 0 600 0.73127 0.72547 0.73116 0.73187
75 50 600 0.72860 0.72518 0.72820 0.72843
125 100 600 0.72381 0.72311 0.72369 0.72326
175 150 600 0.71602 0.71751 0.71608 0.71538
225 200 600 0.70402 0.70660 0.70382 0.70340
275 250 600 0.68613 0.68861 0.68536 0.68559
325 300 600 0.66005 0.66178 0.65915 0.65985
375 350 600 0.62316 0.62433 0.62364 0.62373
25 0 550 0.73135 0.72547 0.73116 0.73187
75 50 550 0.72848 0.72515 0.72818 0.72835
125 100 550 0.72336 0.72290 0.72351 0.72296
175 150 550 0.71502 0.71679 0.71545 0.71459
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Table A1. Cont.

Tin (◦C) ∆T (◦C) Gb (W/m2)
ηcol

EES Equation
(A1)

Equation
(A2)

Equation
(A3)

225 200 550 0.70217 0.70488 0.70232 0.70176
275 250 550 0.68296 0.68526 0.68243 0.68257
325 300 550 0.65496 0.65599 0.65408 0.65473
375 350 550 0.61538 0.61513 0.61558 0.61557
25 0 500 0.73141 0.72547 0.73116 0.73187
75 50 500 0.72831 0.72512 0.72815 0.72826
125 100 500 0.72280 0.72264 0.72328 0.72259
175 150 500 0.71381 0.71592 0.71469 0.71365
225 200 500 0.69992 0.70283 0.70052 0.69980
275 250 500 0.67914 0.68124 0.67890 0.67895
325 300 500 0.64884 0.64904 0.64799 0.64859
375 350 500 0.60600 0.60410 0.60591 0.60577
25 0 450 0.73148 0.72547 0.73116 0.73187
75 50 450 0.72810 0.72508 0.72812 0.72815
125 100 450 0.72210 0.72233 0.72300 0.72214
175 150 450 0.71231 0.71486 0.71376 0.71250
225 200 450 0.69715 0.70031 0.69831 0.69740
275 250 450 0.67444 0.67633 0.67460 0.67452
325 300 450 0.64132 0.64055 0.64055 0.64108
375 350 450 0.59451 0.59061 0.59410 0.59380
25 0 400 0.73153 0.72547 0.73116 0.73187
75 50 400 0.72780 0.72503 0.72807 0.72801
125 100 400 0.72121 0.72193 0.72266 0.72158
175 150 400 0.71042 0.71353 0.71260 0.71106
225 200 400 0.69366 0.69716 0.69556 0.69440
275 250 400 0.66853 0.67018 0.66921 0.66899
325 300 400 0.63188 0.62993 0.63125 0.63170
375 350 400 0.58009 0.57375 0.57933 0.57883
25 0 350 0.73158 0.72547 0.73116 0.73187
75 50 350 0.72741 0.72497 0.72802 0.72784
125 100 350 0.72005 0.72143 0.72222 0.72086
175 150 350 0.70796 0.71182 0.71110 0.70921
225 200 350 0.68915 0.69312 0.69201 0.69054
275 250 350 0.66091 0.66228 0.66229 0.66188
325 300 350 0.61971 0.61628 0.61929 0.61963
375 350 350 0.56150 0.55208 0.56034 0.55959
25 0 300 0.73161 0.72547 0.73116 0.73187
75 50 300 0.72686 0.72488 0.72794 0.72760
125 100 300 0.71847 0.72075 0.72163 0.71990
175 150 300 0.70466 0.70955 0.70911 0.70674
225 200 300 0.68311 0.68773 0.68729 0.68540
275 250 300 0.65071 0.65175 0.65307 0.65240
325 300 300 0.60343 0.59808 0.60334 0.60355
375 350 300 0.53665 0.52318 0.53502 0.53393
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