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Featured Application: This paper aims to develop a landslide model to simulate the tsunamis
generated by slump-type landslides. The Bingham rheology model is integrated into the
Navier–Stokes solver to simulate the landslide movements in both in-land and ocean areas.
The model developed in this paper can be applied to hazard assessments of both landslides
and tsunamis.

Abstract: This paper incorporates the Bingham rheology model with the Navier–Stokes solver to
simulate the tsunamis excited by a slump-type landslide. The slump is modeled as the Bingham
material, in which the rheological properties changing from the un-yield phase to yield phase is taken
into account. The volume of fluid method is used to track the interfaces between three materials:
air, water, and slump. The developed model is validated by the laboratory data of the benchmark
landslide tsunami problem. A series of rheological properties analyses is performed to identify the
parameter sensitivity to the tsunami generation. The results show that the yield stress plays a more
important role than the yield viscosity in terms of the slump kinematics and tsunami generation.
Moreover, the scale effect is investigated under the criterion of Froude number similarity and Bingham
number similarity. With the same Froude number and Bingham number, the result from the laboratory
scale can be applied to the field scale. If the slump material collected in the field is used in the
laboratory experiments, only the result of the maximum wave height can be used, and significant
errors in slump shape and moving speed are expected.

Keywords: landslide tsunamis; slumps tsunami; scale effect; Bingham number similarity; Froude
number similarity; dimensional analysis; Bingham rheology model; VOF; Navier–Stokes; LES

1. Introduction

In the tsunami generation, “landslide” is a general term that describes several types of mass
movement, including rock falls, slope failures, debris flows, slides, and slumps [1]. An accurate
numerical simulation of landslide-generated tsunamis plays an important role in understanding the
generation and the propagation of water waves, and in predicting a natural disaster [2].

For the past few decades, several analytical and empirical solutions have been proposed to
calculate the wave height [3,4], the velocity of the submerged solid [5,6], wave velocity along a plane
beach [7], and the dynamics of tsunamis generated and propagated by submarine landslides [8].
However, the analytical and empirical solutions have difficulty in describing the detailed wave and
flow fields due to the complex flow conditions, such as the strong turbulence generated during the

Appl. Sci. 2020, 10, 6872; doi:10.3390/app10196872 www.mdpi.com/journal/applsci

http://www.mdpi.com/journal/applsci
http://www.mdpi.com
https://orcid.org/0000-0001-5722-5364
http://dx.doi.org/10.3390/app10196872
http://www.mdpi.com/journal/applsci
https://www.mdpi.com/2076-3417/10/19/6872?type=check_update&version=2


Appl. Sci. 2020, 10, 6872 2 of 23

sliding process, the strong wave breaking, and the generation of intermedia to short waves at the
near-source region, not to say the difficulties in monitoring and predicting the submarine and sub-aerial
landslide events [9].

Experimental studies and numerical modeling provide alternative ways to study landslide
tsunamis [10]. For a better understanding of landslide tsunamis, many laboratory experiments
were conducted. Some experiments used a solid obstacle to study the slide-type tsunamis [11–14],
while the others used a bulk of granular materials sliding into the water to study the slump-type
landslide tsunamis [14–16]. Due to the limitation of the space, labor, and cost, the field scale experiments
are rare. The difficulty and cost of the experiments make researchers adopt mathematical and numerical
models to study the landslide tsunamis [17]. Because the field records are rare, the numerical models
are often validated by the laboratory data [17]. However, the scale effect exists from enlarging the
laboratory scale to the field scale [18,19]. This problem is especially significant if the Reynolds number
and Bingham number are involved, and the scale effect shall be validated before the applications [2].
Inevitably, the scale effect shall be validated before the applications [2].

The numerical study can be used to identify the important factors in determining wave
characteristics [10]. Studies [17,20,21] have attempted to develop mathematical models and innovate
algorithms to research the phenomenon of landslide tsunamis [22]. In recent years, the numerical models
solving the shallow water equations [23–25], Boussinesq-type equation [26,27], and Navier–Stokes
equations [20,28–30] have been proposed. In the case of a mild slope and thin thickness landslide,
the shallow water approximation can be utilized on the simulation of landslide-generated tsunamis.
However, for steep slopes problems, the masses slide down with high energy, in which the vertical
acceleration of the landslide and ambient water cannot be neglected. In the cases of steep slopes,
solving the full Navier–Stokes equations is required [31].

The landslide can be classified as block collapse (slides) and sediment collapse (slumps).
In many cases, the submarine slumps are deformed [32] due to complex rheology and flow
fields [33]. Deformations may change the initial acceleration of the slumps, which affects the
wave generation [6,14,34]. The submarine slumps involve the volume of several cubic kilometers or
bigger materials, including small blocks and soil, which can be modeled as a non-Newtonian fluid [35].
The deformation of the slumps should be included in the numerical model while simulating the
slump-type landslide tsunamis [35]. Recently, several studies have investigated the effect of deformable
slumps on wave generation [34,36–38]. These studies described the slumps as high viscosity materials,
while some studies consider the slumps as the Bingham fluids [16,39–41]. The Bingham model
has potential for describing the detailed transition processes from a solid/un-yield phase to a
liquefied/yield phase [41]. Many of the studies [23–25] adopted shallow water equations as fundamental
governing equations. However, they are not applicable in the case of strong vertical accelerations.

This study aims to develop a numerical model to simulate the tsunamis generated by slumps.
The simulations focus on the near-source area, in which the generated waves are sensitive to the
kinematics of the slumps. In this study, the Bingham rheology model is adopted to describe the slumps.
The Bingham model is integrated into the Navier–Stokes equations solver, Splash3D, for a better
description of the vertical acceleration of water waves and slumps. The interfaces between the air,
water, and slump are tracked by the volume of fluid (VOF) method. The detailed numerical algorithm
can be found in Part I [42].

The Rheology model for slumps as well as the numerical algorithm is described in Section 2.
Section 3 presents the validation of this model. A benchmark problem of a slump sliding down on an
inclined slope proposed by Assier Rzadkiewicz [16] is adopted for the comparison. The sensitivity
analysis of the rheology parameters is presented in Section 4. Then, the model is employed to study
the scale effect in Section 5. The Froude number and Bingham number are utilized as the criteria of the
similarity. In Section 6, the conclusions are made.
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2. Rheological Model and Numerical Algorithm

The fundamental numerical model is Splash3D, which solves Navier–Stokes equations with large
eddy simulation (LES) [43] turbulence closure. The two-step projection method [44–46] is used to
solve the pressure Poisson equation and new time-step fluid velocities. The detailed description of
the model is presented in the references of Wu et al., Chu et al., and Liu et al. [42,47,48]. This model
considers slump and the ambient materials a volume-averaged mixture. The conservation equations
of mass and momentum of the mixture are given as

∂ui
∂xi

= 0 (1)
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(
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where the subscripts i, j = 1, 2, 3 represent the x, y, z directions respectively; t is the time, u is
the velocity; P is the pressure; the over-bar represents the spatially filtered value [49]; g is the
gravitational acceleration; ρ is the density; and µe is the effective viscosity.

In this study, the LES is adopted to address the turbulence effect. The effective viscosity µe is
defined as

µe = µ
( .
γ
)
+ µt + µmolecular (3)

where µ
( .
γ
)

is the rheology viscosity of the slump, µt is the viscosity of the sub-grid scale turbulence,
and µmolecular is the molecular viscosity.

The Smagorinsky model [43] relates the residual stress to the rate of filtered strain. Based on the
dimensional analysis, the subgrid-scale eddy viscosity is modeled as
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In general, Cs varies from 0.1 to 0.2 in different flows. The present 3D simulation use a value of 0.15.
As for the two-dimensional simulation, Cs= 0.3 is suggested byLiu et al. [47]. ∆ is the filter width.
Infinite volume discretization ∆ is the grid size.

∆ = (∆x1 × ∆x2 × ∆x3)
1
3 , f or 3D simulation

∆ = (∆x1 × ∆x3)
1
2 , f or 2D simulation

(6)

where ∆x1, ∆x2, and ∆x3 are the three components of the grid lengths.
In this study, three materials, water, air, and slump, are considered. The interfaces between them

are solved by the Volume of Fluid (VOF) method [50]. The volume fraction fm are used to describe
the fraction of different materials in each cell, volume fraction fm varies in [0, 1] and should sum to
unity everywhere: ∑

m
fm = 1 (7)

The fm. is calculated by the VOF equation:

∂( fm)
∂t

+∇·(ui fm) = 0 (8)
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The density used in the momentum Equation (2) is calculated from the volume average of all
the materials:

ρ =
∑

m
fmρm (9)

where ρm represents the density of the individual material.
In this study, the Bingham model is used to describe the rheological behavior of the slump.

The non-linear stress-strain relation between the shear stress and strain rate is expressed by [51,52]

τ = τy + µ
( .
γ
) .
γ (10)

µ
( .
γ
)
=

 µA = ∞ and
.
γ = 0, i f τ < τy

µB +
τy

.
γ

and
.
γ > 0, i f τ ≥ τy

(11)

where µA is called the un-yield viscosity which is a large viscosity number for keeping the solid
behavior in the plug zone, µB is the viscosity of the yield zone, τy is the yield stress, and

.
γy is the yield

strain rate.

3. Model Validation and Comparison

3.1. Numerical Setup

In this study, the developed slump model is validated by the benchmark case proposed by Assier
Rzadkiewicz [16]. In this case, the water waves were generated by slumps in the laboratory. A series
of experiments was conducted by allowing a mass of sand sliding down along an inclined plane.
The submarine slumps were initially triangular in shape and spanned the width as the channel width,
making it a 2D scenario. The dimensions of the slump were 0.65 m × 0.65 m. In this paper,
the numerical setup is as same as the experimental set up of Assier Rzadkiewicz [16] shown in
Figure 1. The computational domain is 4 m long, 0.3 m wide, and 2.0 m high and discretized by
529,000 grids as the grid size dx = dz = 4.35 mm. The water depth is 1.6 m and the top of the slide is
initially 10 cm below the water surface. The boundary conditions are free-slip boundary conditions
on the domain boundaries, except for the ceiling boundary, which is a pressure Dirichlet (P = 0)
boundary condition. The dynamic viscosities of water and air are 10−3 Pa s and 10−5 Pa s respectively,
whilst the yield viscosity of the slump is µB = 50 Pa s. The slump un-yield viscosity µA is 1010 Pa
s as addressed in Part I [42]. The yield stress of the slump suggested by Assier Rzadkiewicz [16] is
τy = 1000 Pa. The densities of the slump, water, and air are 1950 kgm−3, 1000 kgm−3, and 1.2 kgm−3,
respectively. Simulation results are compared with the laboratory experiments and the numerical
results proposed by Assier Rzadkiewicz [16], as well as the numerical results from Ma [53] and
Smith [10].

Figure 2 shows the snapshots of the water wave generated by the slump. At the initial stage
(t = 0 s~t = 0.4 s), the slump accelerates and deforms into the water and the free surface depresses.
At t = 0.6–0.8 s, the first rebounding wave forms and moves to the right side. At t = 1.0 s, the wave
breaks at x = 0 m, z = −0.1 m, causing complex turbulence with a trapped air bubble in this area.

Figure 3 presents the snapshots of the velocity magnitude. The slump starts to liquefy in the toe
area at t = 0.2 s at x = −0.6 m, and z = −0.7 m. At t = 0.4 s, a negative free-surface wave forms at
x = −0.4 m, z = −0.1 m while a positive wave (at x = −0.95 m, z = 0.02 m) is pushed toward the offshore
direction. At t = 0.6 s, the discontinuous velocity profile can be easily observed on the interface between
the slump and the ambient water (at x = −0.75 m, z = −0.5 m). This discontinuous behavior becomes
significant at t = 0.8 s and t = 1.0 s. One can observe that the velocity on the slump head (at x = −1.2 m,
z = −1.2 m at t = 1.0 s) is slower than that at the slump tail (at x = −0.6 m, z = −0.6 m at t = 1.0 s).
This is due to the water resistance and the drag force from the bottom friction along the slope.
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Figure 1. The numerical setup of slump-type tsunami simulations.

Figure 2. The distributions of free-surface profiles and slump profiles at t = 0.0 s ~ t = 1.0 s. The solid
lines are the numerical results and the dot lines are the experiment result.
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Figure 3. The snapshots of the velocity magnitude of the slump and the ambient water.

Figure 4 shows the snapshots of the strain rate magnitude. When the slump starts to move,
a relatively large strain rate can be seen at x = −0.6 m, z = −0.2 m at t = 0.2 s. After that, a strong
strain rate along the slope can be observed from t = 0.4 s to t = 1.0 s. This large strain rate indicates the
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yield material that plays a role of lubrication. The strain rate is small in the head area of the slump
(at x = −0.75 m, z = −0.75 m at t = 0.6 s; x = −0.8 m, z = −0.7 m at t = 0.8 s; and x = −1.0 m, z = −1.0 m
at t = 1.0 s). This indicates the un-yield behavior of the slump.

Figure 4. The snapshots of strain rate profiles of the slump.
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Assier Rzadkiewicz [16] provided two numerical wave results with the experiment data. The first
numerical result modeled the slump as an ideal Newtonian material, while the second numerical result
modeled the slump as a Bingham material. Both numerical results were obtained by coupling the
rheology model with NASA-VOF2D, solving the 2D Navier–Stokes equations with the VOF surface
tracking algorithm. Ma [53] presented a wave result from the extension of the non-hydrostatic wave
(NHWAVE) model. NHWAVE solves the incompressible Navier–Stokes equations in terrain and surface
following sigma coordinates. The free surface movement is controlled via depth-integrated continuity
equations (Ma [54]). Smith [10] simulated the landslide-induced wave by using Fluidity. Fluidity is a
flexible finite-element/control-volume model, which solves incompressible Navier–Stoke equations [55].
Fluidity uses flexible unstructured meshes, combined with adaptive meshes. Smith simulated the
landslide-induced wave under three multi-material approaches.

3.2. Model Validation

In this study, the Splash3D model is coupled with the Bingham model to simulate the slump-type
landslide tsunamis. The slump is modeled as a Bingham fluid. The validations are made in terms of
free-surface and slump shape. The comparisons of simulated surface elevations at t = 0.4 s and t = 0.8 s
are displayed in Figure 5 along with the experimental data (Assier Rzadkiewicz [16]) and numerical
results from NASA-VOF2D (Assier Rzadkiewicz [16]), NHWAVE (Ma [53]), and Fluidity (Smith [10]).

Figure 5. A comparison of free-surface elevations of four numerical models: Splash3D (red
lines—different lines indicate different resolutions with dx = dz = 4.35~6.25 mm, Fluidity from
Smith (blue lines), non-hydrostatic wave (NHWAVE) from Ma (green lines), NASA-VOF2D from Assier
Rzadkiewicz (black lines—the solid line is the ideal model result, the dashed line is the Bingham
model result), and the experimental result from Assier Rzadkiewicz [16] (black dot) at (a) t = 0.4 s and
(b) t = 0.8 s.

As observed in Figure 5, the result from NASA-VOF2D-Bingham is closer to the laboratory data
than that from NASA-VOF2D-ideal. The wave excited by the idealized slump is bigger than that
excited by Bingham slump. The slump deforms freely while it is idealized. However, the yield stress
in the Bingham slump restricts the deformation at the initial stage of the sliding process. NHWAVE
over-predicts the surface wave generated by the submarine slump.

NHWAVE (blue line) over-predicts the surface waves generated by the underwater slump.
The reason might be that the free surface movement is controlled by the depth-integrated continuity
equations. Although the governing equations are the Navier–Stokes type, the depth-integrated process
will average out the effect of vertical acceleration and vortex.

Smith [10] provided three wave results from three approaches which are nearly identical. The green
line presented in Figure 5 is the averaged results of them. It is not surprising that the Fluidity result is
equivalent to the NASA-VOF2D-ideal result. The foundation of these models are similar, which is use
the sediment transport theory without considering the rheological behaviors to simulate landside.
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The accurate results of slump-induced waves are given by Spash3D with considering the
rheological properties of landslide. Different red lines present different resolution results, in which grid
size (dx = dz) varies in the interval 4.35–6.25 mm. In both panels (a) and (b), the differences between
four different resolution results are less than 2% in terms of the wave amplitude. This indicates that the
solution has converged when the grid size is less than 6.25 mm. To obtain accurate results, however,
the grid size dx = dz = 4.35 mm is used to simulate all of the cases in this study. The Splash3D results
match well with experimental data of Assier Rzadkiewicz [16] at both time intervals, which means that
more accurate simulation of the underwater slump would require a more thorough consideration of
the rheological behavior of the slide material.

As for the comparisons of the slump shape, Part I [42] presents the 3D validation of the slump slide
on the dry land for the detailed comparisons and discussions on the rheology parameters. In Part II,
the simulated results are compared with the laboratory data as shown in Figure 2 at t = 0.4 s and
0.8 s. The simulated slump shape is very close to the laboratory data at t = 0.4 s. This indicates
that the yield stress of the slump suggested by Assier Rzadkiewicz [16] performs very well at the
initial stage of the slump slide. The difference between the simulated result and the laboratory data is
slightly larger at t = 0.8 s. However, the simulated moving distance is nearly identical to the laboratory
data. The simulated thickness of the slump is similar to the laboratory data in the front area around
(x, z) = (−1.1, −1.1) at t = 0.8 s. The role of the slump front is to push away the ambient water for
generating the water waves. The accuracy of the speed and thickness of the slump front is directly
related to the accuracy of the simulated tsunami waves. In this case, the speed and the thickness
are correctly simulated, and the accuracy is presented in the wave comparison, shown in Figure 5.
However, the thickness distribution of the slump still shows a small error. It might result from the
particle collision which cannot be described in the current Bingham model. This part needs more
in-depth research in the future.

4. Effect from the Rheology Parameters

To understand the effect of the rheology parameters on the wave generation, three rheological
variables sets used in Equation (1) are proposed. They are un-yield viscosity µA, yield viscosity µB,
and yield stress τy. The un-yield viscosity µA plays a role in constraining the deformation of the slumps.
The effect of µA is expected to be marginal as long as the stress is larger than the yield stress [56,57].
In the Bingham model, the yield stress τy and yield viscosity µB are the key rheological parameters.
In this study, however, the influence of three rheological variables, µA, µB, and τy, are discussed in
detail. A series of sensitivity analyses is conducted with a wide range of the variable sets. The results
are compared with the laboratory data of Assier Rzadkiewicz [16].

While dealing with a landslide problem, the role of un-yield viscosity µA is to stop the landslide
deformation, which is discussed in Part I [42]. Figure 6 shows the free-surface profiles of four different
un-yield viscosities: µA = 102, 104, 106, 1010 Pa s. The yield viscosity µB = 50 Pa s and the yield stress
τy = 1000 Pa are kept the same. The differences between the 4 simulated results are indistinguishable.
This indicates that adopting µA = 1010 in this study guarantees a converged result in terms of un-yield
viscosity µA.

The sensitivity analysis of the yield viscosity µB is presented in Figure 7 with a range of
0 ≤ µB ≤ 500 Pa s. The result of NASA-VOF2D-Bingham (Assier Rzadkiewicz [16]) (µB = 0 Pa s,
τy = 1000 Pa) are presented as a reference. In this sensitivity analysis, the un-yield viscosity
µA = 1010 Pa s and the yield stress τy = 1000 Pa are kept the same. In Figure 7, the four results from
Splash3D have no obvious differences in terms of free-surface profiles at the early stage of t = 0.4 s.
However, the differences become more obvious at t = 0.8 s at x = −0.1 m. This phenomenon is affected
by the yield viscosity µB. The larger yield viscosity slows down the sliding speed of the slump, resulting
in a shallow wave trough.
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Figure 6. The comparison of free-surface profiles for different un-yield viscosity µA in the
Bingham model. Different lines represent different values of µA. The dots indicate the experimental
results from Assier Rzadkiewicz at: (a) t = 0.4 s and (b) t = 0.8 s.

Figure 7. The comparison of free-surface profiles for different yield viscosity µB in the Bingham model.
Different lines indicate different values of µB. The dots represent the experimental results from Assier
Rzadkiewicz at: (a) t = 0.4 s and (b) t = 0.8 s.

The effect of the yield stress τy is presented in Figure 8 with a range of 0 ≤ τy ≤ 2000 Pa.
In this analysis, the un-yield viscosity µA = 1010 Pa s and the yield viscosity µB = 50 Pa s are kept
the same. The results of NASA-VOF2D-ideal (Assier Rzadkiewicz [16]) and Fluidity (Smith [10])
are presented as references. In 0, the result of Splash3D (τy = 0 Pa) is similar to the results of
NASA-VOF2D-ideal [16] and Fluidity [10]. This is no surprise since τy = 0 indicates the Newtonian-type
slump, which has a similar behavior to the assumptions of NASA-VOF2D-ideal and Fluidity results.
Compared to the effects of the un-yield viscosity µA and yield viscosity µB, the effect of yield stress τy

is more significant to the free-surface profile. The larger yield stress τy delays the yield processes and
results in a milder free-surface displacement. As seen in 0, the case of τy = 1000 Pa has the best fit to
the laboratory data.

Overall, the yield viscosity τy of the slump is an important variable in the wave generation and
slump movement. It is the key rheological variable in the Bingham model, which distinguishes the
Newtonian or non-Newtonian fluid.

Figure 9 is the assembly of the free-surface profiles as well as the slump surface profiles of all
simulated cases with the combinations of un-yield viscosity µA, yield viscosity µB, and yield stress τy.
It can be observed that the difference in terms of the slump profiles is limited at t = 0.4 s. However,
the significant differences can be seen at t = 0.8 s at x = −1.4 m~−0.9 m, z = −1.4 m~0.7 m. This
indicates that the rheology parameters, especially the yield stress, have important effects on the
slump-type landslide.
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Figure 8. The comparison of free-surface profiles for different yield stress τy in the Bingham model.
Different lines indicate different values of inline-formula> τy, the dots denote the experimental results
from Assier Rzadkiewicz at: (a) t = 0.4 s and (b) t = 0.8 s.

Figure 9. The comparison of the free-surfaces and the slump surface profiles of 8 cases with the
combinations of un-yield viscosity µA, yield viscosity µB, and yield stress τy at: (a) t = 0.4 s and
(b) t = 0.8 s.
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Figure 10 shows the waves excited by the slumps of all simulated cases. The free-surface profiles
are affected significantly by the rheology parameters of the slumps. The faster the slump moves,
the larger negative wave forms. It is noted that smaller yield stress τy and smaller yield viscosity µB

can generate larger tsunamis. In the case of τy = 0 Pa, the largest negative waves occurred in both
t = 0.4 s and t = 0.8 s.

Figure 10. The comparison of the free-surface profiles in the near-shore region at: (a) t = 0.4 s
and (b) t = 0.8 s. The legend is as same as Figure 9.

The synthesized effects from both µB and τy can be obtained from the results shown in Figures 9
and 10. The fastest moving speed or the longest moving distance of the slump occurred in the case
of

(
µB, τy

)
= (50, 0), while the slowest ones are

(
µB, τy

)
= (500, 1000) and

(
µB, τy

)
= (50, 2000).

Changing yield stress can significantly change the moving distance (Figure 9b), while changing yield
viscosity has a minor effect.

The largest negative wave is excited by
(
µB, τy

)
= (50, 0) while the smallest one is excited

by
(
µB, τy

)
= (50, 2000). Also, the results indicate that the major parameter to the wave height

is yield stress, and the minor parameter is yield viscosity. However, with the same initial slump
elevation and mass, the study cases show that the wave heights are in the same order of magnitude.
Of course, if the slump is too sturdy or too sticky, the generated waves are expected to be small
or even none. However, this is beyond the scope of this study. The tsunamis excited by landslide
is mainly controlled by the initial potential energy of the landslide body [47]. With the same solid
material, a subaerial landslide can generate a larger tsunami than a submerged landslide. A landslide
body with a larger density can generate a larger tsunami than the one from a lower density [47].
Generally speaking, the tsunami height is proportional to the initial potential energy if the landslide is
an un-deformable body. Similar findings are made in this study for the deformable slump. Other than
the initial potential energy of the slump, the second and the third effects come from yield stress and
yield viscosity, respectively.

5. Scale Effect

The important forces in this study are the inertial, pressure, shear, gravity, and surface tension.
A remarkable effort in designing the hydraulic model is to identify the important force ratio and to
provide justifications for neglecting the others [18,58]. The key dimensionless parameter in the free
surface flows is the Froude number, which is the ratio of the inertia force to the gravitational force. Many
clayey flows and sandy flows, that are still within the range of cohesive (more fines) or transitional
(less fines, more sand) sediment mixtures, can be scaled in terms of viscosity and yield strength [36].
The Bingham number, describing the ratio of yield stress and viscous stress, is chosen in this analysis
as well.
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5.1. Froude Number Similarity

In the cases of slump-types landslide tsunamis, the Froude number, Fr, is defined as the ratio of
the slump speed to the wave celerity [33,59,60],

Fr =
V√
gH

(12)

where V is the slump velocity, H is the water depth, and g is the gravitational acceleration.
To understand the scale effect regulated by the Froude number similarity, the numerical setup is

scaled up 10, 100, and 1000 times corresponding to the laboratory scale (H1 = 1.6 m ), which means
H2 = 16 m , H3 = 160 m , H4 = 1600 m. Under the Froude similarity criterion, the slump velocities and
the timescales of the scaled-up prototype are calculated as V2 =

√
10V1, T2 =

√
10T1,V3 = 10V1, T3 =

10T1, V4 = 10
√

10V1, T4 = 10
√

10T1. The number of the numerical grid of each prototype is kept the
same. For subsequent comparisons, the scaled-up numerical results are normalized according to the
Froude similarity criterion.

5.2. Bingham Number Similarity

The flows of Bingham plastics exhibit complex behaviors in both geometrical and rheological factors.
This is particularly true in the cases of landslides, where un-yield and yield behaviors coexist in an
intermittent pattern [61]. The existence of yield stress implies the existence of an intrinsic length scale
and the geometry of the system will play a role [61]. In addition, viscosity and yield stress may have
a significant effect on the slump deformation and the wave height attenuation. It is worth noting
that the viscosity and yield stress are considered in the scaling model. Bingham number, Bm and the
normalized yield stress, τy are defined as [61]

Bm =
τyH
µV

(13)

τy =
τy

ρgH
(14)

where τy, µ, ρ, and V are the yield stress, viscosity, density, and velocity of the slump, respectively.
In performing similarity analysis, we assume that the water density, the water viscosity, and the

slump density are similar in each scaled-up prototype. Only the rheological properties of slumps are
taken into account. Under the same normalized yield stress τy (Equation (14)), the yield stresses are
magnified 10, 100, and 1000 times corresponding to the laboratory scale (τy = 1000 Pa). According to
Equation (13), the slump viscosities are calculated as µ2 = 10

√
10µ1, µ3 = 1000µ1, µ4 = 10, 000

√
10µ1

to satisfy the Bingham similarity criterion.

5.3. Scale Effect of Slump-Type Landslide Tsunamis

With the good agreement between the Splash3D result and experimental data, the scale effect
is investigated numerically under the criteria of Froude number similarity, Bingham number,
and normalized yield stress. Table 1 shows the parameters enlarged from the laboratory scale
to the field scales.

Two kinematics are taken into consideration for the scaling analysis. The first one is the slump
deformation, and the second one is the wave induced by the slump deformation. Figure 11 shows
the calculated results of the slump-type landslide tsunamis at T1 = 1.00 s, T2 = 3.16 s, T3 = 10.00 s,
and T4 = 31.60 s. In Figure 11, with the different geometric scales, the dimensionless wave profiles
including the onshore breaking waves and the offshore propagated waves coincide with each other.
This indicates that the water waves are dominated by the Froude number. In Figure 11, the dimensionless
geometries of the slump profiles are similar to one another. However, the differences in the slump
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shapes are larger than that in the water free-surface profiles. It is due to the generation of large eddies
and strong turbulence in the head area of the slumps, and the behaviors of eddies and turbulence are
controlled by the Reynolds number. The conditions of Reynolds number similarity, Froude number
similarity, and Bingham number similarity cannot be established simultaneously unless the model
scale is the same as the prototype scale.

Table 1. The parameters for laboratory scales and field scales.

Parameter Laboratory [16] Scale H2 Scale H3 Scale H4

Slump (m) 0.65 × 0.65 6.5 × 6.5 65 × 65 650 × 650
Water depth (m) 1.6 16 160 1600

Cell size (m)
dx = dz 4.35× 10−3 4.35× 10−2 4.35× 10−1 4.35

Viscosity (Pa s) 50 1.6× 103 5× 104 1.6× 106

Yield stress (Pa) 103 104 105 106

Model time (s) 1 3.16 10 31.6

Figure 11. The similarity of water free-surfaces and slump profiles in different length scales, represented
by water depth H1 (black color), H2 = 10H1 (blue color), H3 = 100H1 (green color), and H4 = 1000H1

(red color) at t1 s, t2 =
√

10t1 s, t3 = 10t1 s, and t4 = 10
√

10t1 s, respectively.

However, satisfying both Froude and Bingham number similarities is a difficult task. The difficulty
comes from the scaling down or scaling up the slump material. In a general situation, the slump sample
is collected in the field and used in the laboratory experiments, or vice versa. Therefore, the geometry is
scaled down to the laboratory scale and the Froude number similarity is kept. However, using the same
slump sample from the field will twist the Bingham number similarity. To investigate this problem, a
scenario is designed shown in Figure 12, red lines. In this scenario, the setup is scale H4. However,
the slump parameters are adopted from scale H1. The inverse way (setup: H1; slump: H4) can easily
be done numerically. However, the result shows a stationary slump in the simulation. This is due to
that the H4 slump characteristic behaviors are too sturdy in scale H1. To avoid this problem, setup
H4 and slump H1 are adopted. The red-line slump (setup: H4; slump: H1) moves much faster than
the black-line slump (setup H4; slump H4). A large red-line eddy can be seen at t = 30 s and 40 s.
This phenomenon indicates that the H1 slump behaviors are friable in the H4 scale. The wave height,
however, remains similar in these two cases. This result indicates that the water wave is dominated by
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the Froude number, and the shape and movement of the slump are controlled by Bingham number.
Moreover, the result of wave height from the laboratory scale can be applied to the field scale. The
slump dynamics and kinematics in the laboratory scale, however, deviate significantly from the
field scale.

Figure 12. The snapshots of predicted water free surface and slump profile of scale H4 with(
µA, µB, τy

)
=

(
1010, 50, 1000

)
in red lines, and

(
µA, µB, τy

)
=

(
1010, 1.6× 106, 106

)
in dotted

black lines.

In the landslide tsunamis problems, the wave properties are governed by the landslide Froude
number [62]. The velocity used in the landslide Froude number is the sliding speed of the landslide.
Whittaker et al. [63] undertook a series of experiments on landslide-induced tsunami under the landslide
Froude number between Fr = 0.125 and Fr = 0.375. At relatively low Froude numbers (Fr = 0.125),
the offshore and onshore waves propagate freely after being excited by the initial acceleration of the
slump [63]. On the other hand, at higher Froude numbers (Fr = 0.375), the long effected duration of
the landslide acceleration meant that the relatively high landslide velocity appears to increase the
amplitudes of the offshore-propagating waves behind the landslide while decreasing the amplitudes of
those waves passing over the landslide [63]. In this study, the Froude numbers of the numerical results
vary between Fr = 0.1785 (case H1−5 in Table 2) and Fr = 0.4016 (case H1−6 in Table 2). The results
show that, in the case of high yield viscosity µB = 5× 102 (Pa s) (case H1−5), the slump velocity is small,
and the landslide Froude number is small (Fr = 0.1785). The effect of the slump deformation to the
wave propagation is minimal. However, in the case of H1−6, the yield stress τy = 0 (Pa). This means
that the rheological property is ignored, and the slump deforms freely without the limitation from
the yield stress. As a result, the slump velocity is fast, and the landslide Froude number is large
(Fr = 0.4016).

With the limitation of our knowledge, the study on the scale effect of sliding a Bingham fluid
is rare. Staron et al. [61] is one of pioneer studies in this field. In their study, the Bingham number
ranges from 0.014 to 30 [61]. However, Staron et al. [61] only focused on a single Bingham fluid without
considering the mixture with the ambient fluid. In the problem of Bingham flow in a channel driven
by pressure gradient, the Bingham number ranges from 0 to 100 [64,65]. At a small Bingham number,
the viscous stress plays an important role, the fluid is more likely to behave like a Newtonian fluid.
At a large Bingham numbers, the yield stress plays an important role. In this study, the Bingham
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number varies from 0 to 82.2815. In the case H1−2, the Bingham number is infinite due to µB = 0. In the
case H1−6, the Bingham number is zero, the fluid is Newtonian fluid. In the case H1−8, the Bingham
number is high (Bm = 82.2815), due to the high yield stress (τy = 2000 Pa).

The current conclusions are made under the scenarios of submarine slumps. However, the scale
effect can probably be applied to subaerial slumps because no assumptions are made for the subaerial
or submarine slumps. However, the detailed analysis shall be performed in the future study.

Table 2. Froude number and landslide Bingham numbers in this study.

No. Water
Depth (m)

Un-Yield Viscosity
µA

(Pa s)

Yield Viscosity
µB

(Pa s)

Yield Stress τy
(Pa)

Slump Velocity
(V)

(m/s)

Landslide
Froude

Number, Fr

Bingham
Number,

Bm

H1−1 1.6 102 5 × 101 103 0.9899 0.2499 32.3249
H1−2 1.6 1010 0 103 1.0607 0.2677 Inf
H1−3 1.6 1010 5 × 101 103 0.9899 0.2499 32.3249
H1−4 1.6 1010 2 × 102 103 0.7778 0.1963 10.2852
H1−5 1.6 1010 5 × 102 103 0.7071 0.1785 4.5255
H1−6 1.6 1010 5 × 101 0 1.5910 0.4016 0
H1−7 1.6 1010 5 × 101 102 1.3081 0.3302 2.4462
H1−8 1.6 1010 5 × 101 2 × 102 0.7778 0.1963 82.2815
H2 1.6 1010 1.6 × 103 104 3.1303 0.2499 32.3249
H3 160 1010 5 × 104 105 9.8990 0.2499 32.3249
H4 1600 1010 1.6 × 106 106 31.3034 0.2499 32.3249

5.4. Tsunamis Excited by 3D Slumps in the Field Scale

The scenario of the three-dimensional slump-type landslide tsunami is designed to present the 3D
effect by comparing the result with the 2D case. The geometry and the slump rheology parameters
are H4. The slump initial width is 650 m and the domain in the lateral direction is 8000 m as shown in
Figure 13. From t = 0 s to 20 s, not only does the slump slide down, but also collapses on the slope.
This phenomenon makes the thickness of the slump small, which can be observed from t = 20 s to
t = 100 s. The slump reaches the bottom between t = 40 s and t = 60 s. After reaching the bottom,
the slump is deaccelerated by the bottom friction. However, the upper part of the slump keeps on
moving and forms a thicker slump in the front part at t = 80 s and t = 100 s. The profile can be easily
observed in Figure 14. Figure 14 shows the slump and water profiles in the centerline cross-section
(y = 0 m). The red lines are the 3D results and the black lines are the 2D results. The thickness of
the slump is thinner in 3D and thicker in 2D. It is not surprising because the 2D setup indicates a
slump with an infinite width. The moving speed of the sliding slump is nearly the same in the 2D
and 3D cases. However, the local highest wave height at t = 20 s around x = −400 m is generated
by the 3D landslide. This is caused by the rebounding waves from the edge of the sliding slump.
The rebounding tsunami waves are concentrated in the center part of the slump and generated a water
wave higher than that in the 2D case. This phenomenon was also described in Liu et al. [47] for the case
of slid landslide. Figure 15 shows the snapshots of the free-surface profiles. The results show that the
tsunamis excited by the 3D slump propagate in every direction. A large negative wave is formed due
to the drag force from the sinking slump. Then, this negative wave rebounds and generates a positive
wave with the largest wave height, 49 m, at t = 20 s. After that, the waves keep on spreading out with
a wave height reduced. Higher wave height can be observed in the shallow area around x = 0 m at
t = 60, 80, and 100 s. This is due to the effect of wave refraction.
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Figure 13. Snapshot of slump shape and velocity profile of 3D H4 scenario with
(
µA, µB, τy

)
=(

1010, 1.6× 106, 106
)
.
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Figure 14. The snapshots of the profiles of free-surface elevation and slump shape of scale H4 in 2D
simulation (black lines) and 3D simulation (red lines).

From the results of the 3D case, we summarize that the thickness of the slump is much thinner
in the 3D case than that in the 2D case, while the sliding speed is similar in both cases. The wave
height is generally similar in both cases along the centerline cross-section. This also indicates that the
tsunamis generated by slump-type landslide are mainly affected by the initial potential energy. A large
rebounding wave is observed in this 3D case. This result is caused by the waves rebounding from each
edge of the slump and concentrated in the central part of the slump.
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Figure 15. Snapshot of free-surface elevation of 3D H4 scenario with
(
µA, µB, τy

)
=(

1010, 1.6× 106, 106
)

6. Concluding Remarks

This study applies the Bingham rheology model to studying the slump-type landslide tsunamis.
The Bingham model is integrated into the Navier–Stokes equations and the LES turbulent model
to have a detailed description of the vertical acceleration of the landslides and the induced waves.
The free-surface kinematic is tracked by the VOF method. The model results are validated by the
laboratory data from Assier Rzadkiewicz [16] with a good agreement. The sensitivity analysis is
conducted to study the effect of three rheology variables, un-yield viscosity µA, yield viscosity µB,
and yield stress τy on the wave generation and the profiles of the slumps. The results show that both
the tsunami and slump profiles are affected by the rheology parameters while the yield viscosity τy is
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the key factor in tsunami generation and slump movement. Faster slump sliding speed will induce
larger negative tsunami waves. The analysis of the scale effect is conducted based on the Froude
number, Bingham number, and normalized yield stress. The dimensional analysis of four cases with
different length scales is performed. When both constraints, Froude number similarity and Bingham
number similarity are satisfied; the free-surface and slump profiles are nearly identical in different
length scales. The results and conclusions obtained from the laboratory scale can be extended to the
field scale by satisfying the Froude number and Bingham number similarity.

The difficulties of simulating the slump-generated tsunamis come from the following aspects.
The kinematics and the dynamics of the slumps are complicated and difficult to be described by a
single model. The behaviors of various landslides, such as sand slide, granular slide, rockslide,
avalanche slide, and iceberg slide, have different characteristics and have to be described by
different models. The model adopted in this study is the Bingham rheology model. The suitable
situation for using the Bingham rheology model is the cohesive material with the property of yield stress.
Other than that, the difference between the model and the physics will be significant. The strength
of adopting the Bingham model with the Navier–Stokes solver is this method can fully describe the
vertical acceleration and breaking waves. The effects of vertical acceleration and breaking wave are
especially important to the near-source area. If the characteristics of the slump material satisfy the
Bingham assumptions, a good result can be expected. However, the simulation time is long due to the
large number of iterations for the viscous linear solver. This problem defines the present model as a
research model, not a prediction model.

The initial potential energy of the slide material mainly controls the wave height of the
landslide tsunami. In detail, the wave height, especially away from the source area, is mainly
affected by the initial centroid elevation and the initial acceleration of the slump [47]. In this paper,
we conclude that, other than the initial potential energy of the slump, the Bingham parameters such as
the yield stress and the yield viscosity will have significant effect on the wave form in the near-source
region. Another finding in this study is the scale effect. The analyzed results show that both the
Bingham number and Froude number have to be kept the same to accurately scale up the laboratory
experiment to the filed scale. This study also demonstrates that using the material directly from the
field in the laboratory will lead to a different result in terms of the slump shape. However, the effect on
the wave height is marginal.
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