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Abstract: This paper develops a finite-time path following control scheme for an underactuated
marine surface vessel (MSV) with external disturbances, model parametric uncertainties,
position constraint and input saturation. Initially, based on the time-varying barrier Lyapunov
function (BLEF), the finite-time line-of-sight (FT-LOS) guidance law is proposed to obtain the desired
yaw angle and simultaneously constrain the position error of the underactuated MSV. Furthermore,
the finite-time path following constraint controllers are designed to achieve tracking control in
finite time. Additionally, considering the model parametric uncertainties and external disturbances,
the finite-time disturbance observers are proposed to estimate the compound disturbance. For the
sake of avoiding the input saturation and satisfying the requirements of finite-time convergence,
the finite-time input saturation compensators were designed. The stability analysis shows that
the proposed finite-time path following control scheme can strictly guarantee the constraint
requirements of the position, and all error signals of the whole control system can converge into a
small neighborhood around zero in finite time. Finally, comparative simulation results show the
effectiveness and superiority of the proposed finite-time path following control scheme.

Keywords: underactuated marine surface vessel; path following; finite-time; position constraint;
input saturation; disturbance observer

1. Introduction

The marine surface vessel (MSV) mainly relies on the guidance system to perform the required
control scheme, such as path following, target tracking and path tracking, in which the influences
of wind, currents and waves on the ship, which are simply considered in [1-4]. The path following
control aims to control the ship to reach and track a predetermined parameterized curve at a certain
velocity without time constraints [5]. In the last few years, the control problem of path following for
the underactuated MSV has attracted extensive attention in the control field [6-8].

The guidance law is an important component of the path following problem, which aims to
compute the desired heading angle for the subsequent controller design by processing path information.
The classical guidance laws consist of the line-of-sight (LOS) guidance, constant bearing guidance,
and pure pursuit guidance [9]. Especially, because the LOS guidance law has simple and intuitive
characteristics, it has been widely used in the path following control of MSV. At an early stage,
the classical LOS guidance law for reducing the cross-track error was presented in [10]. However,
although the classical LOS guidance laws are simple and effective, they have limitations for the vessel,
subject to external disturbances. Then, the integral line-of-sight (ILOS) guidance law was developed
by introducing the integral actions into the LOS guidance law, which can eliminate the drifting
effect [11,12]. Due to the complexity of the environment and the requirement of the operation accuracy,
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it is necessary to not only consider the tracking performance of the desired path, but also to ensure that
the position errors of the ship during navigation does not have large jitter, otherwise it is not conducive
to the accurate path tracking of the ship. In addition, in order to navigate safely, the actuator saturation
of the underactuated MSV should be limited. Otherwise, the control performance of the system will
deteriorate and lead to the instability of the control system [13]. For the problem of position error
constraint and actuator saturation, in [14], a path-following controller based on the error-constrained
line-of-sight (EC-LOS) guidance law was presented for an MSV. An asymmetric time-varying barrier
Lyapunov function (BLF) and a smooth hyperbolic tangent function were proposed for a fully actuated
MSV to address the asymmetrical input and output constraint in [15]. In the case of actuator saturation
and external disturbance, a path following control scheme for a MSV with a prescribed performance
was presented in [16]. In [17], a control scheme was presented for the underactuated MSV, which
considers not only the position error constraint, input saturation, external disturbance and model
uncertainties, but also time-varying sideslip. However, the convergence time of the above literature is
asymptotically convergent, which implies that exact convergence cannot be guaranteed in finite time,
and the influence of the convergence time is not considered. In order to obtain a high-performance
solution, this paper proposes an FT-LOS guidance law, which can ensure that the position errors will
not exceed the error constraint, and converge into a small neighborhood around zero in finite time.

In addition to the requirements of the error constraints and input saturation, it is also important
to consider the effect of convergence time on system performance. The finite-time controller makes the
system errors converge in finite time, thereby obtaining faster convergence rate and better disturbance
rejection properties. The research on the finite-time control of the underactuated MSV focuses on
trajectory tracking control problem. In [18], a finite-time disturbance observer was presented to
reduce the environment disturbances, which has the advantages of fast convergence speed and strong
robustness. In order to precisely estimate completely external disturbances and unknown dynamics, a
finite-time tracking controller was presented for trajectory tracking in [19]. In addition, it improves the
robustness and tracking accuracy of the control system. A finite-time sliding mode controller for an
USV with model parametric uncertainties and external disturbances was presented in [20]. A path
following controller based on a finite-time observer was proposed in [21], which only considers the
large sideslip angle and external disturbances. However, the influence of position error constraints on
vessel path following control are not considered. In [22], a fuzzy finite-time controller was proposed for
the underactuated MSV, subject to external disturbances, parametric uncertainties, sideslip angle and
actuator saturation in finite-time, but the position error constraint was not considered in the controller
design. Therefore, considering the influence of position error constraint on path following controller,
an FT-LOS guidance law was designed by introducing time-varying BLF into the design process of
LOS guidance law.

Based on the above observations, this paper presents a finite-time path following control
scheme for the underactuated MSV under the conditions of position constraint, external disturbances,
model parameter uncertainties, and actuator saturation. The main contributions and superiority of
this paper are summarized as follows:

(1) A finite-time line-of-sight (FT-LOS) guidance law is designed by integrating a time-varying BLF
into the classical LOS guidance law design process. The proposed FT-LOS guidance law can
ensure that the position errors will not exceed the error constraints, and converge into a small
neighborhood around zero in finite time.

(2) The finite-time attitude constraint controller and the finite-time velocity constraint controller are
designed to achieve tracking control in finite time. A command filter is designed to eliminate the
complex calculation of the virtual control law.

(3) The finite-time disturbance observers are proposed to reduce the compound disturbance.
In addition the finite-time input saturation compensators are designed to avoid the actuator
saturation and satisfy the finite-time convergence requirement.
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(4) The stability analysis shows that the proposed finite-time path following control algorithm
can strictly guarantee the constraint requirement of the position, and all error signals of the
whole closed-loop control system can converge into a small neighborhood around zero in finite
time. Comparative simulation results illustrate the effectiveness and superiority of the proposed
finite-time control scheme.

The rest of this paper is arranged as follows. Section 2 presents the preliminaries and problem
formulation. The finite-time path following control algorithm is proposed in Section 3, consisting of the
FT-LOS guidance law design, the finite-time attitude constraint controller design, and the finite-time
velocity constraint controller design. Section 4 analyses the stability of the whole closed-loop control
system. Comparative simulation results are shown and analyzed in Section 5 to demonstrate the
effectiveness and superiority of the proposed finite-time path following control algorithm. Finally,
the conclusions are shown in Section 6.

2. Preliminaries and Problem Formulation

2.1. Preliminaries

A
Notation 1. In this paper, | - | stands for the absolute value of a scalar; (-) stands for the estimate of (-);

~

A
(-) = (+) —(+) defines the estimation error.

Definition 1. ([23]) A barrier Lyapunov function is a scalar function V (x) defined with respect to the system
x = f(x) onan open region D containing the origin. The V (x) is continuous, is positive definite, has continuous
first-order partial derivatives at every point of D, has the property V (x) — oo as x approaches the boundary of
D, and satisfies V(x) < b, ¥t > 0 along the solution of x = f(x) for x(0) € D and some positive constant b.

Definition 2. ([24]) Consider the following system:

x(t) = f(x(t)) )

where f : D — R" is continuous on an open neighborhood D C R" of the origin and f(0) = 0. The origin is
said to be a finite-time-stable equilibrium of (1) if there exists an open neighborhood N C D of the origin and a
function T : N\{0} — (0, 00), called the settling-time function, such that the following statements hold:

(i) Finite-time convergence: For every x(0) € N\{0}, x(t) is defined on [0, T(x)), x(t) € N\{0} for all
te€0,T(x)), and 11;1(1 )x(t) =0.
t—=T(x

(i) Lyapunov stability: For every open neighborhood Uy of 0 there exists an open subset Us of N containing 0
such that, for every x(0) € Us\0, x(t) € U forall t € [0, T(x)).

The origin is said to be a globally finite-time-stable equilibrium if it is a finite-time-stable equilibrium with
D =N =R"

Lemma 1. ([25]) Suppose that there is a positive definite continuous Lyapunov function V (x,t) defined on
Uy C R” of the origin, and

V(x,t) < —1V¥(x,t) — caV(x,t),Vx € U;\{0} )

where c; > 0, ¢y > 0and 0 < « < 1. Then the origin of system (1) is locally finite-time stable and the settling
time can be given by T < In(1+(ca/c1)V1=%(x0,t0))/ (c2 — co).



Appl. Sci. 2020, 10, 6447 40f22

Lemma 2. ([26]) Forany x; € R, i =1,2,...,n, and a real number 0 < p < 1, then

i=1

n p n
<Z|xi|> < ;|Xi|p 3)

2.2. Model of Underactuated Marine Surface Vessel

The dynamics and kinematics equations for the underactuated MSV are defined by [9].
The kinematics model of the underactuated MSV can be written as follows:

x = ucos(yp) — vsin(y)
y = usin(y) + v cos(y) @
p=r

where [x, y, 1] T represents the surge position, the sway position and the heading angle of the MSV in
the earth-fixed inertial frame; [u, v, r]T represents the surge velocity, the sway velocity, and the yaw
rate of the MSV in the body-fixed frame.

In order to simplify the dynamics model, it is necessary to make reasonable assumption as follows:

Assumption 1. [21]

(1).  The heave, pitch and roll motions are neglected in path following on the horizontal plane.
(2).  The vehicle is rigid body and its mass distribution is homogeneous, and the vehicle is port/starboard symmetric.
(3).  The origin of body-fixed is located at the center of gravity of the vehicle.

The dynamics model of the underactuated MSV can be written as follows:

M1l = Mopvr — di1U +Tyy + Ty
—_———
fu
M0 = — M1 Ur — doo¥ + Ty
—_— (5)
fo
ma3i = (myy — mp)uv — d3ar +Twr + Tr
fr

where the positive constant terms myq, Mmoo, mag represent the vessel inertia including added mass. The positive
constant terms dy1, dpp, ds3 represent the hydrodynamic damping, which can be obtained by using system
identification. Therefore, fi(j = u,v,r) have the model parametric uncertainties. T,;(j = u,v,r) are the
time-varying environment disturbances. The surge force T, and the yaw moment T, are the control inputs.
In practical engineering, because of the physical constraints of the vessel’s actuators, the control force and
moment can be expressed as follows:

Ti maxs lfTic > Timax
T = § Ticr ifTimin < Te < Timax /L = W, T (6)

Ti mins lfTic < Timin

,0, 1) and their respective derivatives are

Assumption 2. The compound disturbances d; = T,; + f]( =u
<Gy where d;j and Ca; are positive constants.

bounded, which satisfy the following inequalities: |d;| < d;, |d;|

2.3. Path Following Error Dynamic

In order to converge to the desired path, a general and effective guidance law for the path
following control problem is a look-ahead LOS guidance law. Figure 1 shows the geometrical
illustration of the LOS guidance law for the MSV.
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Figure 1. The geometrical illustration of LOS guidance for a MSV.

The desired path is defined as X, (8) = [x,(8),y,(9)] T where ¢ represents the path variable.
The path tangent angle is calculated by

¥p(9) = arctan2(y, (9), x;,(9)) (7)
where x;, = aail;’ and y;, = aail;’. The along-track error x, and the cross-track error y. can be written
as follows:

Xe cosyp, sinyy X —xp
= . ®)
Ye —siny, cosyyp Y—Yp

The differentiation of x, can be obtained:

Xe =X CO8 Py +ysiny, — XpcosPy — Ypsiny,
+¢p (—(x—xp) Sinlpp“'(y_]/p)COSl/Jp) )

cross-track error y,

Then, substituting (4) into (9) yields

te = wcos(p — Py) — vsin(P — ) + Ppye — 01/x)% + y?

= Ucos(p — Yy +B) + e — By/1,2 3

where U = vu? + v? denotes the speed of the vessel and p = arctan2(v, u) is the vessel’s sideslip angle.
Similarly, the differentiation of y, can be obtained:

(10)

Ye = — Xsintp +ycosP, + Xpsiny, — ypcos Py
— Py ((x —xp) cospp + (y — yp) singpy) (11)

along-track error xe

and substituting (4) into (11) results in,

Ye = usin(yp — ¢pp) +vcos(p — Pp) — Ppxe

. , (12)
= Usin(y — Yp + B) — Ppxe



Appl. Sci. 2020, 10, 6447 6 0f 22

Finally, similar to [27], the derivatives of errors become

{ Xe = UCOS(¢_¢p+ﬁ)+¢Py€_l9\/m (13)

Ye = Usin(yp — Yp + B) — ¢’pxe

Considering the mathematical model of an underactuated MSV with the external disturbances,
model parametric uncertainties, position constraint and input saturation, the control objectives of
this paper are as follows: (1) Design the FI-LOS guidance law to ensure that the position error will
not exceed the error constraint, and converge into a small neighborhood around zero in finite time.
(2) The finite-time attitude constraint controller 7, and the finite-time velocity constraint controller
T, are designed to make the underactuated MSV track the desired path at the desired speed in finite
time. In addition, it has faster convergence speed and better disturbance rejection performance. (3) All
error signals of the whole closed-loop control system can converge into a small neighborhood around
zero in finite time, and position errors meet the constraint requirements, that is to say, |x.| < kx(t),
|ye| < ky(t), where {ky(t),k,(t)} are differentiable time-varying error constrains.

To facilitate the controller design, we make the assumption as follows:

Assumption 3. The initial position errors satisfy the prescribed constraints |x.(tg)| < kx(to),
[ve(to)| < ky(to).

3. Finite-Time Path Following Control Algorithm Design

In this section, the finite-time path following control scheme is proposed to realize the control
objectives. The finite-time path following control scheme for the underactuated MSV includes three
parts: (1) FI-LOS guidance law design; (2) the finite-time attitude constraint controller design;
(3) the finite-time velocity constraint controller design. The schematic diagram of the whole close-loop
control system is shown in Figure 2. The specific design process of the finite-time path following
control algorithm will be introduced in the following subsections.

Finite-time -
— Disturbance Observer
u drr
u, - Finite-ﬁme\felodt}' Compound
- »| Constraint Controller Disturbances|
l,l/(, W( >
Desired Ve | FT-LOS Command| Finite-time Attitude .
Path " | Guidance Law Filter ’ ; Constraint Controller o
| Attitude
Control ] - -
d) ) Fixed-time
Disturbance observer |-
l’[/E
Y(0).y=(6) Ly +i
—_~
+

Figure 2. The block diagram of path following control.

3.1. Ft-Los Guidance Law Design

The FT-LOS guidance law is proposed to obtain the update law and the desired heading angle.
The time-varying BLF will be integrated into the FI-LOS guidance to ensure the position error
constraints. Define the time-varying BLF as follows:

1 ()1 ky (1)
=380 2 28 en —»
1 1 1 ! (14)
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where & = %(Et) and ¢, = kyyﬁ

Taking the derivative of V;, we obtain

, G (e xke(D)) & g yeky()
" ( ) Qw> 0]

T1-2\kH  ’Br ) 1-&

Substituting (13) into (15), we obtain

Vi Zk%(t;cie_xz <Ucos(1/;—l/Jp +B) — ﬁq/x;,2+y;,2 -

e

]/’Z? ky(t) Ye .
TR0 k0 T RE gt )

Xe ; _ k?c(t) — x%
+@m—ﬁ%%0 R -3

Taking the time derivative of ¢, yields

1w 1,/

; 3 /pYp — *pYp
fry 197
11[’779 x;}z + y;]2
Invoking (17) into (16), we have
. X A
1% :m (Ucos(yp — 9y + ) — Do)
o k) oy k(O
KR(t) —xZ ka(t)  KG(t) — 2 ky (1)
Ye

+ mUSin(lp — l/Jp +ﬁ)

. y/lx/ _x/ly/ kz (t)ixz
with o = x12+ 12 _ 00 A Oy R e ).
Vi T e CIORT:

The update law and the desired heading angle are designed as

_ Ucos(p — ¢ + B) + dx
o

Y4 = pp — B — arctan(d,, A)

8

k K2 (t) ky, 3 K2(t) xeky (1)

= 8 008t () o)ty
Koy ROk g (RO wk(
Py PR -2 e k2(t) —y2 ) Uky(t)

7 of 22

(15)

(16)

(17)

(18)

(19)
(20)

(21)

(22)

where ki, ky, k3 and k4 are positive design parameters; 0 < Apin, < A < Apax denotes the
look-ahead distance; To avoid ¢ = 0, we can take ¢ = opsgn(c) when |o| < 0y, where 0y is a

small positive parameter.
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Substituting (19)—(22) into (18) results in

V= — Xe 50 — Xz kx (1) _ ve ky(t) Yl dy + yeld1¢e
ka(t) —x2 " K3(t) —x2ke(t)  K3(t) =y ky(t)  KG(t) —y? /62 + A2 ki (t) —y2
_ ke RO kU log 10
O A N AR O AN L [ORS )
BTN ( k(1) > - kU log 10
K (t) — xz B =) @) - y2), [0+ 2 kG(t) — vz
+ yelgr1p,
k5 (t) — y?
where .
o1 = (1 — cosipe) dy n sin ¢, A (24)
Yoo JE2+A2 0 Ye |\ [o24+A2
and ¢, = — ;.
Remark 1. In (24), we have ‘% < 0.73, SI;—;IJ“ <1, \/{5;7& < 1and \/5;7 < 1. Therefore,

¢1 < 1.73 is bounded.

3.2. The Finite-Time Attitude Constraint Controller Design

Step 1. (Kinematics controller). Define the yaw tracking error as follows:
e =9 —Yu (25)
Define the Lyapunov function V; as follows:
Vo = 5¥2 e
Taking the time derivative of V,, we obtain
Vo = e (1 — ) (27)
Step 2. (Dynamics controller). Define the yaw angle rate error as follows:
Te =71 —Qr (28)

where «, is the virtual control law.
Substituting (28) into (27) yields

Vo = e (re + ar — ) (29)

In order to avoid the complicated calculation of the derivative of «,, the proposed command filter is
shown in Figure 3. Furthermore, an auxiliary system is presented to compensate for the estimation error.
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28 w

Sn"h

Figure 3. Configuration of the command filter.

A second-order command filter is expressed as follows:

01 =p2
2

(30)
02 = —28pwy (P2 + Z;Zm (Pl - “rc))

where ¢, and w,, are positive design parameters; «,. is the input signal of the second-order command
filter; p; and p, denote the estimations of &, and &, respectively.
Define the estimation error as follow:

Axy = 0y — Ay (31)
Substituting (31) into (29) yields
Vo = e (re + ttre + Dy — ) (32)
Therefore, design a nominal virtual yaw rate «,. for (32) as follows:

Ye U(Pl
(33)
Ky —yz

2
1 . C
Kre = _k#’l/}e - k¢1\¢e|2 +¢s+ Crgr - Erllje -

where ky, ky1 and ¢, denote the positive design constants. To compensate the estimation error Aa, of
the virtual yaw rate, the auxiliary system is presented as follows:

‘= . 0, & < &7 34)
' _argr - arl|€r|j + b Awy — (%bgA“% + lpeAar) g;l, |§r| > g;f

where a, > 1, 4,1 > 0and b, > 0; {; is a positive parameter.
The Lyapunov function is defined as follows:

1
Vs=Vat 507 (35)

Invoking (33) and (34), the time derivative of V3 is given by

Vs =Va + §elr
3 1 3
=ere — k¢lp§ —ky1|we|? + crpelr — EC%IIJS — g7 —an (G2 (36)
Lo, o yeldiype
+ brgrAﬂér — EbrA‘Xr — 1(5—7

Based on the Young’s inequality, we can obtain

1 1
ertpelr < SE0E + 50 (37)
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bl Aay < zbzAlx + g, (38)

Substituting (37) and (38) into (36), we have

. 3 3
V3 < *klpllfg —kyalpe|2 — (ar — 17— an |g/]2

u (39)
+ Il]e Ve — ykez 4)1];!:6

Taking the time derivative of r, along (5), we have

L 1 .
Tg:r—wr:@<Tr+dr)_“r (40)

The Lyapunov function is defined as follows:

1
Vy=V3+ 5711331’5 (41)

Taking the time derivative of V; along (39) and (40), we have

Vi < — kg — ky1le|> — (ar — 1)E — an [Gr]* + et

u (42)
y}; PV Ly, (1 + dy — mxaiey)

Next, a finite-time disturbance observer is designed in order to estimate the compound
disturbance d,:

1 -

— [, — by7 — by |7|" sgn(F) — d, sgn(F

s (1= 017 — baf 7 sgn(7) — dysgn ()] w)
m

337 — T = —b17 — by |[F| " sgn(F) — d, sgn(F)

~>-

~

dy =

where d, is the observation value of the disturbance, 0 < 71 <1, by, by are positive design constants
and define the estimation error as 7 = 7 — r. Then, taking the time derivative of 7 results in

?:

1 -
. [—D17 — by | 7|7 sgn(F) — d sgn(F) — d] (44)

Theorem 1. For the mathematical model of an underactuated MSV (4) and (5), considering the compound
disturbance d,, a finite-time disturbance observer is designed as (43), then the disturbance observation error d,
can converge to 0 in finite time.
Proof. Consider a Lyapunov function as follows:
Vd = =r (45)
Taking the time derivative of V; results in
. 21 5 ~ ~ - ~
Vi, =F—— [—b17 — by| 7|7 sgn(F) — d, sgn(F) — d; ]|
33

1 1
< —by—7 — by— |1

ms3 ms3 (46)
= _zbilv _om+1)/2 72 by d(wﬁl)/z
mssz msaz 9

1)/2
_szd(jl‘*' )/
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where x1 = 2mb—;3 and y, = 2(11+1)/2 bz . According to the Lemma 1, the estimation error 7 converges

1n(1+"1 v, ”1“)/2)
. . . . . . . < X2 r
to 0 in finite time, and the convergence time is: T < G- T172)

The observation error of the compound disturbance d, is

dy = dy —dy = mash — T — (msai — T
r r ;r 33 r ( 33 r) (47)
= ms3r

Because it is proven that the estimation error 7 converges to zero in finite time, the disturbance
observation error d, can converge to 0 in finite time, that is d, = 0, Vt > Tj. The Theorem 1 has
been proven. [

To handle the actuator saturation (6), a finite-time attitude input saturation compensator is
designed as follows:
- _erIXV - er2SXr + AT” (48)

where x; is the output of the finite-time attitude input saturation compensator, k,,, > 0, ky,, > 0,
AT = T, — Tyc. Sy, is designed as follows:

1 .
|Xr|2 sgn(xr), if [xr| > ey,
SXV = 3 1 _— (49)
> )(r *er X2, else

The finite-time attitude tracking constraint controller can be designed as follows:

1 o
Tre = m3zby — kyte — k71|re| 2 — 1t — dy + erXr (50)

where k;, k;1 and k,, are positive parameters.
The Lyapunov function is defined as follows:

1
Ve =Vatsxr (51)
Taking the time derivative of V; along (48)—(50), we have

. 3 3
Vv, < —k¢¢§ —ky1lpe|? — (ar — 1)53 —an |2

Ye u4’1 e

3 N
=Sy ke = knlrel? = redy + kg xore (52)
y e

3
+ 1. AT — erl)gf —ky X112 + XrAT

According to the Theorem 1, for Vt > Ty, the disturbance observation error d, = 0. Therefore,
for Vt > Tj, there are

) 3 3
Ve < — kg7 — kya|e|? — (ar — 1)7 — an |22

u 3
B % — kg = knlre|? + Ky, xi7e 3)
v e

3
+ T’gATr - erl)C% - erZ |XV| 2 + XVATT’

Based on the Young’s inequality, we can obtain

1 1
TeXr < 573 + EX% (54)

1 1
re AT < Er? + EATVZ (55)
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1 1
XA < EX% + EATrZ (56)

Substituting (54)—(56) into (53), we have

. 2 3 2 3
Vi < — kg — ky|¢e|? — (ar — 1)T7 — an1]Gr|2
u k 1 3
vl ( L ) 72 kr1|re|g

K2 —y2 2 2)° (57)
ke 1Y > 3 2
- (erl - 2 - 2) Xr — er2|X7|2 + AT}'
3.3. The Finite-Time Velocity Constraint Controller Design
Define the surge velocity tracking error as follows:
U = U — Uy (58)
where 1, is the desired surge velocity.
Consider a Lyapunov function as follows:
1 2
Vs = Smuig (59)
Taking the time derivative of Vs along (5) and (58), we have
Vs = tte(du + T — m11tig) (60)

Next, a finite-time disturbance observer is designed to estimate the compound disturbance d;:

f = [t — bsil — byl a|™ sgn(t) — d, sgn()]

(61)

>

m
dy = myll — T, = —bsil — bylit|" sgn (i) — d,, sgn (i)

where d,, is the observation value of the disturbance, 0 < Y2 < 1, b3, by are positive design constants
and define the estimation error as @ = il — u. Then, taking the time derivative of i results in

i = mi [—b3il — by|it|" sgn (i) — dy sgn(it) — d,,| (62)
1

Theorem 2. For the mathematical model of an underactuated MSV (4) and (5), considering the compound
disturbance d,;, a finite-time disturbance observer is designed as (61), then the disturbance observation error d,
can converge to 0 in finite time.

Proof. Define the Lyapunov function as follows:

Vy = - (63)
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Taking the time derivative of V; results in

Vi = G [—bsil — byl sgn(a) — d, sgn(a) — d]

! miy
1 1
< —b3—ﬁ2 — b4—‘ﬁ|72+1
o " (64)
= _zbivdu _ 2(72+1)/2b—4V‘}”+1>/2
mi1 mi1 u
+1)/2

= _X3Vdu _ X4V;l72 )

where x3 = 2,5—;”1 and x4 = 2(1r+1)/ 2%. According to the Lemma 1, the estimation error i converges

(148, (21072

] i x3(1=(12+1)/2)
The observation error of the compound disturbance d,, is

to 0 in finite time, and the convergence time is: T, <

dy =dy —dy = mpi — T — (myqii — 7,
u u Lu 11 u ( 11 u) (65)
= mipu

Because it is proven that the estimation error # converges to zero in finite time, the disturbance
observation error d, converges to 0 in finite time, that is d, = 0, YVt > T,. Theorem 2 has
been proven. [

To handle the actuator saturation (6), a finite-time velocity input saturation compensator is
designed as follows:

Xu = 7qu1Xu - quZ SXU + ATM (66)

where x, is the output of the finite-time velocity input saturation compensator, ky,, > 0, ky,, > 0,
ATy = Ty — Tyc. Sy, is designed as follows:

1 .
Ixul? sgn(xu), if |xu| > ey,

Sw=933 -1 1.3 (67)
Eexuz?(u - Eexfxf,, else
Then, the finite-time surge velocity constraint controller is designed as follows:
1 ~
Tye = M1l — kytte — kin |ue| 2 —dy + k)cu?(u (68)
where k, k,1 and ky, are control parameters.
Consider a Lyapunov function as follows:
1o
Vu="Vs5+ EXu (69)
Taking the time derivative of V;, along (66)—(68), we have
. 3 ~
Vi=- ku”% — ky1|ue|? — uedy + Ky Xutte 70)

3
+ ueATu - qulX%l - quZ |X“| 24+ XuAT”

According to the Theorem 2, for Vt > T, the disturbance observation error d, = 0. Therefore,
for Vt > T, there are

. 3

Vi=-— ku”? — ki lue|? + Ky Xutte (71)
3

+ uEATu - qulX%l - quZ |X”| 2+ XuAT”
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Based on the Young’s inequality, we can obtain

1 1
toXu < Sue + 51 (72)
Lo, 1,5
uAT, < —usb + AT (73)
2 2
T, 1,5
XMATM < EXu + EATu (74)

Substituting (72)—(74) into (71), we have

) ky, 1 3
Vu<_(ku_ ; _2>u§_ku1|ue|2

(75)

ky, 1 3

4. Stability Analysis

Theorem 3. Consider the whole control system of the mathematical model (4) and (5) with external disturbances,
model parametric uncertainties, and input saturation, and suppose that Assumptions 1 and 2 are satisfied. The
update law and the desired heading angle are presented as (19) and (20), the auxiliary system is developed as (34),
the finite-time disturbance observers are designed as (43) and (61), the finite-time tracking constraint controllers
are designed as (50) and (68), and the finite-time input saturation compensators are designed as (48) and (66).
Select the appropriate controller parameters: k, > k% + %, ky, > k% + %, ky > k% + % and ky,, > kﬁ—“ + %,
then the following conclusions are valid:

(i) All the error signals of the whole control system are uniformly ultimately bounded. Additionally, position

errors meet the constraint requirements, that is |x.| < kx(t) and |y.| < ky(t).

(ii) The tracking error of an underactuated MSV can converge into a small neighborhood around zero in
finite time.

Proof. Construct the Lyapunov function of the whole control system as follows:

V=V+V,+V,
2

1 K2 1 ki

—log 75— + 1o iy le
) gkgc_xg > gkf,—y% 2¢e yor (76)

1 2 1 2 1 2 1 2
+ §m337’e + E)Cr =+ Emllue + EXM

By virtue of (23), (57), (75) and Lemma 2, the differentiation of V can be obtained:

2
log Ko ksU ky

log
Bt -y, arar Tk-v
S 5 )i (’@)
k3 — x2 k3 — x2 (k2 — y3), /52 + A2 kg —y?

3 3 ky, 1 77
— kg2 = kyalpel 2 = (ar = 1 = an |12 — (ke — &= — )72 7

v<__h

3 k v 1 3 k y 1
—knafre|? — (ky,, — g B E)Xf =k lxr12 = (ku — % B E)”g
k 1 3
R Ko | Xul? + AT? + AT?

3
7klll|ue|2 7(k?(u17 2 2

<KV -—KVi+Ks
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2kq 2ksU 2 ky 1
7 /2k /2<a}’_1)/7(k1’_ L — 7)/
232 j2_p2 e Y mz3 22
where K; = min R DRV , K =
k 1, 2 k 1 k 1
2k — K 2N 2 (fe X 2N (e ZAw
. . ( Xrl 2 2)’ m]l( u 2 2)’ ( Xul 2 2)
21k, 23k, U 3 3
24ky1,2%a
k2 —x2" 2 _ .2 /52—|—A2’ proeml
min (k= ve)y/ % and K3 = AT? + AT2.

3 3
2 \4 3 2 \4 3
— ) kn1,24k,,, [ — ) k,1,24k
<m33 ) rl Xr2 <m11 ) ul Xu2

(i) According to (77), we have

V<KV -KVit+K < —KV+Ks (78)

Because k22k1 > > € ZksU
2_

2 e \/§§+A2 > K, similar to [15] and [20], solving the inequality (78) yields

K3\ ki, K3
<V<T = _ 3 ity 23
0<V<T (V(O) K1>e +K1 (79)

Obviously, the BLF (14) is bounded. Therefore, it can be seen intuitively obtained that x,, v,
Ye, Cr, Ue, Te, Xu and X, are uniformly ultimately bounded. In addition, the BLF (14) satisfies the
following inequalities:

IN
IN

llog %, <V <T
2108 K2 —x2
. w2 (80)
5 log o V<T

IN
IN

Then, by solving [80], we obtain:

|Xe| < kx vV1-— 6721“ < kx (81)
ve| <kyV1—e ™ <k,

Therefore, this means that the position errors of the underactuated MSV meet the constraint
requirements—i.e., |x.| < ky, [ye| < ky.

(ii) WhenV > HLI%/ K3 <TIK;V, where 0 < IT < 1. Therefore, from (77), we can see:

V < KV —KViiK;

5 (82)
< —(1-1I)KV —K,V1

From Lemma 1, we can infer that V can converge to region {Q )< HLI%} in finite time.

1
1714[) 7 In (17H)K1[¥2 1O+, This means that the position tracking

The convergence time is: T = (
errors |xe| < kx, |ye| < ky in T. Similarly, the yaw tracking error ¢, the yaw angle rate tracking error
re, the surge velocity tracking error u,, and the states x,, x, of the input saturation compensators
converge into a small neighborhood around zero in T. According to Theorems 1 and 2, the observation
errors d~r, Ju of disturbance observers converge to 0 in T; and T, respectively. [

5. Simulation

In this section, the effectiveness and superiority of the proposed finite-time control scheme are
verified by comparative simulation. The model parameters of the underactuated MSV are given as:
myy = 25.8, mpy = 33.8, maz = 2.76, d1; = 0.93, dyp = 2.89, d33 = 0.5. The desired path is chosen
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as X, = [50sin(9/50), 8]". The initial position is chosen as Xy = [2,2]”. The initial surge velocity is
chosen as ug = 0.2, and the desired surge velocity is chosen as u; = 1. The initial value of other states is
set as zero. The time-varying external disturbances are simulated as: T, = 0.1sin(0.1¢) + 0.5sin(0.05¢),
Two = 0.058in(0.05t), Ty = 0.1sin(0.1¢) 4 0.1sin(0.05¢).

The position error constraints are selected as kx(t) = 6e 015t 0.5, ky(t) = 6015t 1 0.5, and
the input saturation limitations are set as Ty max = 4N, Tumin = —4N, Trmax = 7N and T, min = —7N.
The control parameters are selected as k1 = 0.1,k = 2, k3 = 70, kg = 1, A = 10, ky = 10, k¢1 =0.7,
by =2,bp =1,ky,, =1,ky, =1,ky, =001,k =5,kyy =0.01,b3 =2,by =1,ky,, =1, ky,, =001,
ky, = 0.01, k, =15, k,; = 0.02,a, = 2.5,a,4 = 0.01, b, = 2.5, ¢, = 2.5.

To better show the effectiveness and superiority of the proposed finite-time path following control
scheme, the comparison is constructed with the EC-LOS guidance law [14] and backstepping controller.
The EC-LOS guidance law is given as follows:

U cos(ip — pp + B) + 05
o (83)
Yg = p — B+ arctan(—6, A)

6 =

where 6, = %% sin (;:‘23) cos (;Tki%) + kesoes and 6, = %k—% sin (2%%) cos (;:'2%) + keep€e. In
addition, the EC- LOS contrgller parar;’sleters are given as follows: kes = 2, ksgw: 2, keso = 0.2, keep = 0.2,
A=12.

The simulation results are described in Figures 4-10. Figure 4 shows the desired path and the
actual path of the underactuated MSV under two guidance laws. It is shown that the proposed
control scheme can control the vessel to follow the desired path quickly, which converges faster than
the control scheme based on the EC-LOS guidance law. Figure 5 illustrates the velocities u, v and
r of the underactuated MSV under two guidance laws, in which the vessel can quickly reach the
desired surge velocity u; under the proposed control scheme. Figures 6 and 7 show the along-track
error and the cross-track error of the underactuated MSV under two guidance laws. As shown in
the Figures 6 and 7, both the along-track error and the cross-track error can quickly converge into
a small neighborhood around zero under two guidance laws, and they will not exceed the position
error constraints. However, the convergence rate of the along-track error and the cross-track error

under the FT-LOS guidance law is faster than that under the EC-LOS guidance law. The comparison

between the observation error of the finite-time disturbance observer and that of the disturbance
observer is depicted in Figure 8. From Figure 8, we can see that the observation errors dy, d, of the
disturbance observer converge to 0 in about 25 s and 27 s, respectively, and the observation errors d;,
d, of the finite-time disturbance observer converge to 0 in about 15 s and 10 s, respectively, which are
shorter than the convergence times of the observation errors of the disturbance observer. The surge
force 7, and the yaw moment 7, of the underactuated MSV under input saturation are shown in
Figures 9 and 10, respectively. Under the finite-time input saturation compensator, the surge force and
yaw moment of the underactuated MSV are all within the ranges of the input saturation constraint.
Consequently, from the simulation results, it can be concluded that the proposed finite-time path
following control scheme is more efficient and provides a better dynamic performance.
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Figure 4. Desired path and actual path of the underactuated MSV.
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Figure 5. The surge velocity, sway velocity and yaw angle velocity of the underactuated MSV.



Appl. Sci. 2020, 10, 6447

8 T T T T T
FT-LOS
5 = = =EC-LOS ||
Constraint
4 - -
2y .
E
x
_2 - -
-4 -
_6 -
_8 1 1 1 1 1
0 50 100 150 200 250 300
t(s)
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Figure 7. Cross-track error of the underactuated MSV by different guidance laws.
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Figure 9. The surge force 7, under the input saturation.
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Figure 10. The yaw moment 7, under the input saturation.
6. Conclusions

In this paper, a finite-time path following control algorithm has been presented for the
underactuated MSV with external disturbances, model parametric uncertainties, position constraint
and input saturation. Different from the existing literature, position error constraints, input saturation
and finite convergence time are simultaneously considered in the control design. The FT-LOS guidance
law is designed to obtain the desired yaw angle and simultaneously constrain the position error of
the underactuated MSV. The finite-time constraint controllers are designed to achieve tracking control
in finite time. Then, the finite-time disturbance observers are proposed to estimate the compound
disturbance including the external disturbances and model parametric uncertainties. Additionally,
the finite-time input saturation compensators are designed to avoid the actuator saturation and satisfy
the requirement of finite-time convergence. The stability analysis shows that the proposed finite-time
control algorithm can strictly guarantee the constraint requirement of the position, and all error
signals of the whole control system can converge into a small neighborhood around zero in finite time.
Eventually, comparative simulation results illustrate the effectiveness and superiority of the proposed
finite-time control algorithm. In future work, we will consider the unknown sideslip angle and time
delays in the underactuated MSV.
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Abbreviations

The following abbreviations are used in this manuscript:

MSV
LOS
BLF

Marine surface vessel
Line-of-sight
Barrier Lyapunov function

FT-LOS  Finite-time line-of-sight
PLOS Proportional line-of-sight

ILOS

Integral line-of-sight

EC-LOS  Error-constrained line-of-sight
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