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Featured Application: The proposed analytical solution, fast and no time consuming from a
computational point of view, is a good candidate to become the core of an App devoted to help
surgeons decision making about the methodology of total hip arthroplasty. The App, could start
from Quantitative Computed Tomography of the actual patient, and by calculating the fracture
risk factor as an indicator of the probability of the implant success. It can constitute an additional
quantitative parameter that surgeons can use toward the choice of implant techniques.

Abstract: Total Hip Arthroplasty has been one of the most successful surgical procedure in terms
of patient outcomes and satisfaction. However, due to increase in life expectancy and the related
incidence of age-dependent bone diseases, a growing number of cases of intra-operative fractures
lead to revision surgery with high rates of morbidity and mortality. Surgeons choose the type of the
implant, either cemented or cementless prosthesis, on the basis of the age, the quality of the bone and
the general medical conditions of the patients. Generally, no quantitative measures are available to
assess the intra-operative fracture risk. Consequently, the decision-making process is mainly based
on surgical operators’ expertise and qualitative information obtained from imaging. Motivated by
this scenario, we here propose a mechanical-supported strategy to assist surgeons in their decisions,
by giving intelligible maps of the risk fracture which take into account the interplay between the
actual mechanical strength distribution inside the bone tissue and its response to the forces exerted
by the implant. In the presented study, we produce charts and patient-specific synthetic “traffic-light”
indicators of fracture risk, by making use of ad hoc analytical solutions to predict the stress levels in
the bone by means of Computed Tomography-based mechanical and geometrical parameters of the
patient. We felt that if implemented in a friendly software or proposed as an app, the strategy could
constitute a practical tool to help the medical decision-making process, in particular with respect to
the choice of adopting cemented or cementless implant.
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1. Introduction

Total hip arthroplasty (THA) is one of the most successful orthopedic procedures with effective
results in terms of durability and improvement in the quality of life [1]. However, perioperative
periprosthetic femur fracture (PPF) after THA is a rare but devastating complication, with higher rates
of morbidity and mortality.

Generally, PPFs occur during the surgical implantation of the prosthesis as a consequence of the
induced mechanical stress by the stem insertion [2]; moreover, in the majority of the cases, the fracture
discovered after some time post-operatively. In [3], it is reported from experimental evidence that
the incidence of perioperative prosthetic femur fractures ranges from 0.3 to 27.8% in patients with
cemented femoral components, and 2.95% to 27.8% in patients with cementless femoral components,
such an incidence being independent on the age or sex of the patients as reported by Adel et al. [4].

Typically, when a cementless stem is implanted, the fracture events occur during femoral canal
broaching or implant insertion while trying to obtain a tight press-fit [5]. Cracks in the proximal
femur due to press-fit stem implantation are often recognized only after surgery when patients already
started to mechanically load their prosthesis [6]. It remains unclear which patient-dependent and/or
hospital-dependent factors predispose to PPF after primary THA [7].

Due to the reflections above, and considering the evidence, surgeons usually rely on their experience
since they do not have the support of quantitative mechanical measures for their decision-making
process [8–10]. Generally, it reduces to a conservative choosing option: “older and less-healthy”
patients receive cemented implants while for “younger and healthier” are preferred un-cemented
prostheses [11].

Although the fracture is a mechanical problem, while the literature is rich of works oriented to
reduce the stress levels within the bone during the post-operative life of the implant through different
optimization strategies [12–16], the intra-operative risk of PPF is poorly studied, at least in terms of
outcomes to be directly adopted by surgeons. Malekmotiei et al. [17] proposed an analytical approach
to study the interference fit problem of the femoral stem in cementless THA. Esposito et al. [18]
proposed a numerical-based patient-specific strategy to estimate the risk of intra-operative PPF.
To simulate the actual press-fitting phenomenon (i.e., the interaction between prosthesis and femur),
a volumetric expansion of the broach volume was considered, since the female volume inside the
femur is smaller than the male volume of the stem. This expansion was obtained by applying
a fictitious uniform variation of temperature to the broach nodes. The presented Finite Element
(FE) model refers to a patient-specific Computed Tomography (CT) that is labor intensive to create,
characterizes the mechanical properties of the femur and evaluates a priori ratios between geometrical
and thermo-mechanical parameters [19]. Computational time for meshing, preventing singularities
due to the automatic model reconstruction [20] and solving the structural problem can also be extensive.
The solutions obtained by computational mechanics are very useful to get scientific insight on the
behavior of the implants and to interpret the experimental evidence, but it is rather cumbersome to be
used as a light and quick tool for intraoperative assistance to the surgeon’s decision. With the aim
scope of obtaining a patient-specific evaluation, it is mandatory that the mechanical data, concerning
bone density and shape could be inputted in a straightforward way. Moreover, it is desirable that the
analysis is completed in a few minutes.

In the present work, a simplified model is solved for evaluating the mechanical stress the bone
tissue suffers during hip prosthesis implant. The results were compared to those obtained from Finite
Element Method (FEM) analysis by Esposito et al. [18]. The procedure is based on an approximate
model that consists of a plane representation of the femur cross-section, used to calculate the analytical
solution of the implant of a prosthesis stem modeled as applied radial displacement constraints.
To achieve this aim, the approach used is based on the limit analysis methodology that ascribes the
structural collapse to the fulfillment of limit condition for the material in conjunction with the suitable
distribution of limit zones within the structure [21,22]. The mechanical compatibility is defined through
the von Mises measure of strain. However, the use of different strain measures as limit parameter can
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be introduced without significant modification of the application. Literature data concerning bone
resistance are mainly proposed in terms of limit strain that results from experimental analysis [23,24].
The closed-form solution of the simplified model is obtained starting from the data constituted by the
bone section characterization deriving from CT from the patient that furnishes the tissue density and
the characteristic radius of the bone sections. Finally, the radius of the inner hollow and of the stem
suggest the displacement constraints be applied as loading. The stress and the strain distribution are
calculated and expressed in the form of a traffic color lights code in order to furnish direct and concise
information to the medical operators. The assumed criterium was that starting from the fact that in the
neighborhood of the implant the strain will always reach the limit but this is not a condition of collapse,
the fracture risk increase if the overstrained zone approaches the cortical zone that has to be preserved
in order to prevent bone failure. Hence, in the simplified criterion we have three possibilities: when
the cortical zone appeared to have the strain level under the elastic limit, i.e., yield strain, the fracture
risk is assumed to be null, when it presented the strain measure laying between the yield and the
ultimate limit the fracture risk factor is considered low, finally, when the cortical zone strain measure is
completely over limit, the fracture risk is high.

The aim of the study is to propose a methodology towards an app to estimate in a reliable and
feasible way, patient-specific perioperative femur fracture risk and thereby make it both easier for the
surgeon and safer for the patient to select more accurately between cemented or non-cemented implant
in THA.

In the following section, the procedure is described starting from the formulation of the mechanical
problem of a two-phase hollow cylinder loaded by applied prescribed displacement on the inner
boundary. The constraint simulated the action produced by the insertion of the stem of the prosthesis
into the femur. The material phases were constituted by cancellous and cortical materials whose
mechanical parameters depended on CT numbers. The structure was analytically calculated, the von
Mises strain was evaluated and compared with the yield and ultimate limit of the material. The results
were compared with some actual patients’ case studies confirming the proposed prediction of the
Fracture Risk. In conclusion, the methodology provided direct and easy to interpret results that could
be the basis on which founding the decision-making process on the typology of the prosthesis to
implant. The measures, deriving from actual patient CT, allowed considering the methodology as a
patient-specific method for the prediction of the intra-operative femur fracture risk.

2. Materials and Methods

In this section, the novel analytical solution of a piecewise homogeneous annulus subjected to
applied displacement constraints is presented. The analytical solution was used as a simplified model
of the behavior of a femur section during the hip prosthesis implant. The hypotheses of the model
are plane strain and piecewise constant homogeneous elastic material that simulate heterogeneity of
bone tissue. More accurate description is possible using Functional Graded Materials where graded
transition can be obtained [25].

To study the interaction between the prosthesis and the bone tissue by means of an analytical
approach that overcome the difficulties and the computational effort due to large computational
approaches, the femoral diaphysis was modeled as a biphasic hollow cylinder (Figure 1 left).

The internal cavity represented the diaphyseal canal, while the central and the external phases
the trabecular and cortical bone, respectively. The only geometrical parameter of the model is the
radius of the generic annulus, the bone regions were described by the geometric loci whose definition
inequalities are:

Femoral Diaphyseal Canal : r ≤ r0, 0 ≤ ϑ ≤ 2π
Trabecular Bone : r0 < r ≤ rT, 0 ≤ ϑ ≤ 2π with rT = r0 + tT

Cortical Bone : rT < r ≤ rC, 0 ≤ ϑ ≤ 2π with rC = rT + tC

(1)



Appl. Sci. 2020, 10, 6409 4 of 15

where r0 is the internal radius, rT and tT are respectively the trabecular radius and the trabecular
thickness and rC and tC denote the radius and the thickness of the cortical region.Appl. Sci. 2020, 10, x FOR PEER REVIEW 4 of 16 
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Cross-section of the model (right).

The cancellous and the cortical bone tissues were supposed—at the macroscopic scale of interest—
as overall isotropic and linear elastic materials [26]. However, the spatially inhomogeneous mechanical
properties due to the different levels of bone mineral density were taken into account, averaging the
actual stiffness and strength values over proper domains of the idealized hollow bi-phase cylinder,
denoting trabecular and cortical bone tissue elastic moduli, densities, yield and ultimate strains,
respectively as ET, ρT, εT

Y, εT
ult and EC, ρC, εC

Y, εC
ult. Poisson coefficients were indicated as νT and νC,

assuming νT = νC due to the small influence of the Poisson coefficient variability to the mechanical
response. In the literature one can find values varying at most in the interval [0.3–0.1], but this
is often a result of the characteristic size of the specimen used for experimental tests and of the
introduction of anisotropic elasticity. In the case in which the isotropy is instead assumed as a result of
the small size of the ideal specimen (e.g., the voxel on which the average mineral content measured via
Quantitative Computed Tomography (QCT) and the elastic coefficients are so evaluated), the porosity
of the trabecular tissue can be considered to be stereological and the eventual inhomogeneity becomes
responsible for the spatial variation of the elastic moduli. Under this assumption (isotropy at the scale
of the voxel), in the transition from dense (cortical) to porous (trabecular/spongy) bone, the Poisson
ratio can be considered to be constant, as the theory of homogenization and standard solutions in
micromechanics ensure [27–29]. However, we performed some sensitivity analyses and verified
that variabilities of the Poisson coefficient in the above-mentioned range does not affect the results
significantly, as it is easy to verify.

In the case of THA without the use of the cement, in order to reach the press-fit of the prosthesis
into the femur, the stem component volume results generally 10% greater than the volume prepared
by the surgeon in the diaphysis canal. For this reason, due to the insertion of the prosthesis,
the stem component is forced to occupy the undersized surgically prepared volume into the femoral
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diaphysis, by pressing on the surrounding bone tissue by a prescribed radial displacement, namely u0

(Figure 1 right). The value of prescribed displacement is derived by starting from the slight volume
discrepancy due to the fact the surgical procedure suggest inserting a prosthesis whose volume is
slightly greater than the volume of the diaphyseal canal to so guarantee the best fit and at early stage
stability of the implant. Under the hypotheses of axial symmetry as well as in real geometry of the
problem this volume difference is then reflected in a prescribed displacement, due to the pushing of
the prosthesis toward the innermost walls of the diaphyseal canal [18].

With the aim of simulating this scenario, a linear elastic analysis was carried out in the hypothesis
of small displacements through an analytical procedure implemented in the software Mathematica®

(Wolfram Research, Champaign, IL, USA, 2019). By using a cylindrical reference system (r,ϑ, z),
the kinematics of the problem was described by means of the following displacement field

uk = (uk
r , uk

ϑ, uk
z) (2)

with
uk

r = uk(r)
uk
ϑ
= 0

uk
z = ε0z

(3)

uk
r , uk

ϑ
, uk

z denoting respectively the radial, circumferential and longitudinal components of the
displacement, and the apex k = {T, C} referring to the bone tissue phase type (T: trabecular, C: cortical).

The strain tensor was expressed in the Voigt’s notation

εk = (εk
rr, ε

k
ϑϑ, εk

zz, εk
ϑz, εk

rz, εk
rϑ) =

(
duk

r
dr

,
uk

r
r

, ε0, 0, 0, 0
)

(4)

being εk
rr =

duk
r

dr the radial strain, εk
ϑϑ

=
uk

r
r the circumferential strain and εk

zz = ε0 the longitudinal strain.
In particular, the axial strain, ε0, is considered constant and is calculated by means of equilibrium
along the axis of the bone.

At any point of the bone, it was assumed the linear elastic constitutive equation was valid and the
cylindrical symmetry of the structure allows reducing the equilibrium equations to the sole one in the
radial direction involving the radial and the circumferential stresses σk

rr and σk
ϑϑ

in each material phases

dσk
rr

dr
+

1
r
(σk

rr − σ
k
ϑϑ) = 0 (5)

By considering the stress-strain constitutive equation and the kinematical relationships recalled
above, the well-known equilibrium equation in term of displacements can be written down, whose
solution has the form

uk
r = Ck

1r + Ck
2r−1 (6)

The integration constants Ck
1 and Ck

2 were determined by imposing the boundary and interface
conditions, namely

• Boundary conditions

r = r0 : uT
r (r0) = u0

r = rC : σC
rr(rC) = 0

(7)

• Interface conditions

r = rT : σT
rr(rT) = σC

rr(rT)

uT
r (rT) = uC

r (rT)
(8)
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For both the phases, the radial displacements uk
r(r)were obtained, their expressions being explicitly

reported below (ν = νT = νC)

uT
r (r) =

[r2
C+r2

T(1−2ν)]
{
rir2

T(u0+riε0ν)+r2[r2
Tε0ν+riu0(1−2ν)]

}
ET+(rC−rT)(rC+rT)(1−2ν)[rir2

T(u0+riε0ν)−r2(riu0−r2
Tε0ν)]EC

r(rC−rS)(rC+rT)(−ri+rT)(ri+rT)(−1+2ν)EC−r[r2
S+r2

i (1−2ν)][r2
C+r2

S(1−2ν)]ET
(9)

uC
r (r) =

(1+ν)
{
2r2

Crir2
T(ν−1)(u0+riε0ν)+r2[r2

Tε0ν(r2
C+r2

T−2r2
Tν)−2rir2

Tu0(ν−1)(2ν−1)−r2
i (rC−rT)(rC+rT)ε0ν(2ν−1)]

}
EC

r(1+ν)
{
(rC−rT)(rC+rT)(rT−ri)(ri+rT)(2ν−1)EC−[r2

T+r2
i (1−2ν)][r2

C+r2
S(1−2ν)]ET

}
+

r2(rC−rT)(ri−rT)(rC+rT)(ri+rT)ε0ν(2ν2+ν−1)EC

r(1+ν)
{
(rC−rT)(rC+rT)(rT−ri)(ri+rT)(2ν−1)EC−[r2

T+r2
i (1−2ν)][r2

C+r2
S(1−2ν)]ET

} (10)

Once the radial displacements were known, strain and stress components for each phase were
derived. The flow-chart of the whole procedure is shown in Figure 2.
Appl. Sci. 2020, 10, x FOR PEER REVIEW 7 of 16 

 
Figure 2. Flow-chart of the procedure. 

The stress and strain components result only functions of r , the solution thus finally 
depending upon geometrical and constitutive properties of the two phases, as well as, on the 
prescribed radial displacement 0u , here representing the effect of the insertion of the prosthesis. 

2.1. Evaluation of the Patient-Oriented Material Properties 

To derive the mechanical properties of the bone from patient data records, the same scheme 
proposed by Esposito et al. [18] was used. “All subjects gave their informed consent for inclusion 
before they participated in the study. The study was conducted in accordance with the Declaration 
of Helsinki, and the protocol was approved by the Ethics Committee of Iceland, 
“VISINDASIÐANEFND “(VSN13-127-s1).” 

The method consisted of the following steps: the bone material properties were estimated from 
the CT scan data before surgery. The data are firstly converted into apparent bone densities, appρ , 

by using a phantom calibration; then, the value of ash density, ashρ , was obtained from the apparent 
density. Finally, in order to get the actual material properties, the Young’s Modulus, E, of the bone 
tissue was related to the ash density [30]. 

2.2. A Straight Definition of Fracture Risk Factor 

A simple and direct estimation of the parameter that defines the fracture risk during the implant 
is described hereafter. As a measure of the material behavior, in the literature both stress and strain 

Figure 2. Flow-chart of the procedure.

The stress and strain components result only functions of r, the solution thus finally depending
upon geometrical and constitutive properties of the two phases, as well as, on the prescribed radial
displacement u0, here representing the effect of the insertion of the prosthesis.

2.1. Evaluation of the Patient-Oriented Material Properties

To derive the mechanical properties of the bone from patient data records, the same scheme
proposed by Esposito et al. [18] was used. “All subjects gave their informed consent for inclusion
before they participated in the study. The study was conducted in accordance with the Declaration of
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Helsinki, and the protocol was approved by the Ethics Committee of Iceland, “VISINDASIÐANEFND
“(VSN13-127-s1).”

The method consisted of the following steps: the bone material properties were estimated from
the CT scan data before surgery. The data are firstly converted into apparent bone densities, ρapp,
by using a phantom calibration; then, the value of ash density, ρash, was obtained from the apparent
density. Finally, in order to get the actual material properties, the Young’s Modulus, E, of the bone
tissue was related to the ash density [30].

2.2. A Straight Definition of Fracture Risk Factor

A simple and direct estimation of the parameter that defines the fracture risk during the implant is
described hereafter. As a measure of the material behavior, in the literature both stress and strain levels
within the bone were considered [31–34]. In this work, as a measure of Fracture Risk Factor (FRF),
the von Mises equivalent strain, εvM(r), was calculated as a function of the radius, r, and compared
with the admissible values from the literature.

In particular, the equivalent strain was compared to the yield strain, εY, and the ultimate strain
εult whose values are deduced from literature. In detail, it was assumed that the yield strain was
0.0069 [23] and the ultimate strain 0.0145 [24] for both tissue. The assumed criterion for evaluating the
risk factor is therefore set as follows:

Preliminary classification of the strain level used for defining the admissibility strain domain:

Level 1. εvM(r) ≤ εY, the bone tissue is safe;
Level 2. εY < εvM(r) < εult the bone tissue has to be considered yielded but not crashed;
Level 3. εult < εvM(r) the bone tissue is crashed.

The admissibility domain constitutes the set of admissible solutions for local strain and should be
integrated into global structural behavior considering the collapse mechanism corresponding to the
typical PPFs [35]. In the actual proposed procedure, the PPF is considered to occur when the over yield
strain extends from the inner constrained boundary through the tissue and reaches the cortical bone.
Finally, as the Fracture Risk, (FR) factor, the level of the cortical bone strain was considered, namely:
when the Level 3 of the strain involves completely the tissue up to the cortical zone the Fracture Risk is
considered at a high level, when the cortical bone strain belongs to Level 2 the Fracture Risk has to be
considered moderate, when the cortical tissue strain belongs to Level 1 the bone can be assumed with
a low fracture risk.

The above-mentioned procedure was applied to the slices located at the middle of each Gruen
Zones [36], and the obtained FR classification was expressed through a simple and intelligible “traffic
lights” color code in order to provide immediate and concise information to surgeons. In other words,
the obtained results were plotted along the radius, and colored in green indicating the strain belonged
to Level 1, in orange Level 2 and in red Level 3. Moreover, colored plots of the sections were shown in
order to provide direct and concise information to the medical operators. We refer to this depiction
scheme as “Fracture Risk Factors” (Table 1).

Table 1. Traffic Lights Color Code.

Total Von Mises Mechanical Strain Fracture Risk Factors Traffic Lights Color Code

εVM < εult HIGH RISK OF FRACTURE
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2.3. Sensitivity Analysis

As a first application, a sensitivity analysis was performed by applying increasing constraints
on the inner boundary of the structural section and evaluating the strain and its spreading within
the tissue. The reference section was the central section of the Gruen Zone 1. The Zone is situated in
the proximal region of the femur where the fractures’ phenomena are typically located. The material
properties and the geometry of the sample specimen were obtained from a young patient [37]; the case
studied represents a typical reference in terms of material densities and constitutive properties for a
successful surgical scenario. The cortical and the trabecular radii were rT = 21 mm and rC = 18 mm,
moreover the Young moduli were set equal to 20, 000 MPa and 4000 MPa for the cortical and trabecular
tissue. The moduli correspond to apparent densities of 2 g

cm3 and 0.7 g
cm3 , respectively. The yield

strain was εY = 0.0069 [37] and the ultimate strain εult = 0.0145 [24] for both tissue. The radius of the
prosthesis was r0 = 8.5 mm, and the prescribed displacement, u0, producing a volumetric increment
equal to 10%, was up = 0.4683 mm. The data of the analysis were collected in Table 2.

Table 2. Constitutive and geometrical properties of the trabecular and cortical bone tissue at the central
section of the Gruen Zone 1.

Cortical Tissue Trabecular Tissue
Radius (mm) 21 18

Young Modulus (Mpa) 20,000 4000

Poisson’s Coefficient 0.4 0.4

Density (g/cm3) 2.0 0.7

Yield Strain 0.0069 0.0069

Ultimate Strain 0.0145 0.0145
Prosthesis

Radius (mm) 8.5

Prescribed displacement (mm) 0.4683

For the analysis of the sensitivity of the formulation, the components of the stress and strain
(radial, circumferential, longitudinal and von Mises’s) were calculated for trabecular and cortical
phases. The analytical approach allows computing what assigned constraint, in terms of prescribed
boundary displacement, one should apply for obtaining significant von Mises strain distribution.
In particular, it was possible to define two different displacement constraints for each bone tissue
zones, i.e.,

uk
Y : εk

vM = εY

uk
ult : εk

vM = εult

}
k = C, T (11)

That was the constraint values producing, at the very first single point of the slice, the yield or the
ultimate von Mises strain in the cortical, superscript C, or the trabecular, superscript T, zone.

In the analyzed case the results were:

uT
Y = 0.0480 mm; uT

ult = 0.1010 mm; uC
Y = 0.2430 mm; uC

ult = 0.5107 mm (12)

The sensitivity analysis consisted of applying constraint displacements varying from uT
Y to uC

ult.
The resulting strain within the slice varies with the radius decreasing when one moves from the center
to the external cortex.

3. Results

To evaluate the strain components trends within the bone tissue, preliminary sensitivity analyses
were performed by varying the magnitude of the prescribed radial displacements. The sensitivity
analysis showed that the strain depends on the distance from the inner hole, where the implant was
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inserted. Moreover, the strain decreases rapidly from the inner stem surface toward the bone cortex.
The behavior of the strain allows us to consider that the inmost tissue, subjected to the effect of stem
implant will undergo severe values of strain that decreases with an almost exponential way. The high
strain level does not represent the indicator of collapse, i.e., a fracture, but a local crisis that is almost
inevitable. It has to be stressed that the collapse occurs when the strain overcame the yield limit in an
entire portion of the structure till cortex. It is thus important to consider that it is impossible that the
strain in the neighborhood of the stem is under the yield value, but this will not affect the prosthesis
safety during daily activities.

It is worth highlighting that the displacement producing the limit value in the cortical phase,
uC

Y, was more than two times greater than the prescribed displacement producing the ultimate strain in
the trabecular tissue, uT

ult, as well as we found that uC
ult ≈ 5uT

ult. In other words, the prescribed
displacement uPRO

0 due to the insertion of the stem component-assumed to be uPRO
0 = 0.4683

mm-produces strains which overcome the elastic limits of both cortical and spongy bone, while
the ultimate strain is attained and overcame only in the trabecular region. This means that the cortical
tissue did not undergo permanent strain and, even if high stress levels tend to approach the material
threshold, no failure is therein expected, while trabecular tissue appears as at high fracture risk level.

As mentioned above, in the sensitivity analysis, several values of displacements at the innermost
surface, u0, were prescribed, running from uT

Y to uC
ult. The obtained results, in terms of strains versus

bone radius, are shown in Figure 3, where the red and green horizontal lines are drawn at the yield
and ultimate level, allowing evaluating the position along the radius where the strain overcomes
the thresholds.
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Figure 3. Distribution of radial (upper left), circumferential (middle left), longitudinal (lower left) and
Von Mises strain (right). The black curves refer to the displacement that produces the strain between
yield and ultimate values in the cortical annulus, the orange curves describe the strain produced by
displacement that causes the strain between the ultimate and the yield values for respectively trabecular
and cortical tissues, the light blue indicates the strain in the range between the yield and the ultimate
values within the cortical bone, boldface blue line denoting the effect of the displacement due to the
insertion of the stem.

In particular, when the prescribed displacements u0 was less than uT
Y, the whole bone strain was

contained below the elastic limit and hence the tissue can be assumed to be safe. When u0 was between
uT

Y and uC
Y, the von Mises strain in the trabecular tissue exceeded the ultimate value indicating the

tissue is overstressed at the same time, the cortical tissue was completely preserved.
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The strain components in the cylindrical reference are depicted on the left of Figure 3. It can be
noted that the main contribution to von Mises strain, εk

vM, was given by the in-plane strains, εk
ϑϑ

and
εk

rr. Moreover, the axial strain, εk
zz, was one order smaller than the other components, and the radial

strain, εk
rr, result negative since the compression due to the insertion of the prosthesis.

Comparison of the Fracture Risk Factor Results Obtained by Means of the Analytical and FEM Approaches

As a first evaluation of the feasibility of the proposed procedure, the data obtained from the
CT scan of two patients before the surgery were used [18]. The two case studies refer to patients
with different post-surgical outcomes. The first suffered a fracture event during the implant and the
second presented successful result. The CT data were used to obtain the mean value of the constitutive
properties related to bone density. The shape of the bone was approximated to a hollow cylinder
where the cross-section was assumed to have the same area of the actual one. The proposed analytical
procedure was then applied to the two case studies and the FRF values were calculated. The results
were compared to those obtained by means of FEM approaches from Esposito et al. [18].

For both patients, three femoral sections, proximal, medial, and distal, were selected in the middle
of each Gruen zone, and the analytical analyses were performed by setting the average geometrical
and constitutive properties calculated from CT data for each section, listed in Table 3.

Table 3. Geometric and constitutive properties for fractured and un-fractured patients, obtained from
CT data.

Fractured Patient
Cortical Bone Trabecular Bone Prosthesis

Slice Young Modulus
(MPa) Radius (mm) Young Modulus

(MPa) Radius (mm) Radius (mm) Prescribed
Displacement (mm)

Proximal 6784.2852 17.6796 4799.6436 15.4339 8.4708 0.4666

Medial 8166.8600 13.7304 7438.5087 12.0371 5.4743 0.3016

Distal 8288.6042 13.8508 7516.2335 11.5322 3.6661 0.2020
Un-Fractured Patient

Cortical bone Trabecular bone Prosthesis

Slice Young Modulus
(MPa) Radius (mm) Young Modulus

(MPa) Radius (mm) Radius (mm) Prescribed
Displacement (mm)

Proximal 7611.5127 21.2760 4715.3445 18.0206 8.4126 0.4634

Medial 8882.9168 15.5881 7927.6850 12.8490 5.5006 0.3030

Distal 9221.9785 14.1060 8680.2633 11.7860 3.6128 0.1990

The results for each Gruen Zone, related to the fractured patient, are illustrated in Figure 4.
On the left, the FEM results were shown as reported by Esposito et al. [18]. In the Figure middle,

the von Mises strain was plotted along the radius and, on the right, the FRF was expressed in terms of
traffic lights code, calculated by means of the analytical approach.

Subsequently, the results were compared to those from the literature [18]. In fact, in this cited
study, a patient that underwent an intra-operative periprosthetic fracture and another with a successful
outcome were recruited from a cohort of 36 patients undergoing primary THA. In the cited paper,
the finite element analyses are performed in order to investigate the distributions of stress and strain
inside the femur and to calculate the FRF. The results reported in Esposito et al. [18] were obtained by
detailed geometric reconstruction of the femurs and the prosthesis. Moreover, the material properties
were described using non-linear behavior considering elastic-plastic constitutive properties of the bone
as a function of the local density. The results from the FEM analysis performed by Esposito et al. [18]
were used as a benchmark of the present analytical simplified calculations. The results related to the
fractured patient are shown in Figure 4. The FEM output from Esposito et al. [18] is reported on the
left. The strain maps are reported on the 3D model of the femur and showed that the proximal Gruen
Zone 1–7 was interested by strain that reaches the ultimate limit as it was highlighted by the wide red
zone. It has to be highlighted that the presence of the red zone within the great part of the cross-section
especially with the high strained part of the bone that has reached the external geometrical boundary,
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can be assumed as an index of a high risk of fracture, a fact confirmed by the observation that the
patient actually presented intraoperative fracture. Besides the FEM results, the actual calculation
results are represented as a strain diagram versus the radius of the section of the bone. It can be
seen that even with the simplified approach, a high risk of fracture was evaluated for the proximal
section of the femur. In fact, the von Mises strain resulted greater than the ultimate strain value for
the whole bone tissue. On the right, a schematic image of the cross-section was shown where a color
code highlighted the FRF: therein, red saturated the section, this meaning that the bone district was
subjected to high risk of fracture. In addition, it can be seen that in the Gruen zone 2–6, while the
trabecular bone resulted at a high level of strain, in the cortical bone it was low hence it can be assumed
that the risk of fracture in the zones is low as well. In the Gruen zone 3–5, the cortical bone resulted
safe, while the trabecular bone presented a high risk of fracture around the prosthesis and a low risk of
fracture extending from the half part of the trabecular bone until the interface between trabecular and
cortical bone.

The results related to the un-fractured patient are shown in Figure 5.
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Also in this case, all the bone in contact with the prosthesis appeared to be red because the values
of the von Mises strain were always greater than the ultimate one. The cortical bone resulted at a high
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strain level in the Gruen zone 1–7 and 2–6, while it results at a low strain level in Gruen zone 3–5.
It is worth noting that in Gruen zone 2–6, the orange zone extended to part of the trabecular tissue,
as confirmed by the FEM results. In this case, because the red zone did not reach the cortical bone,
the patient can be considered to have further load-bearing capacity and therefore it can be supposed to
host the implant without fractures.

Summing up, in both cases, the results obtained by the analytical procedure were similar to
those achieved by the FEM analyses. In the case of the fractured patient, the results of the analytical
procedure showed a red region with high fracture risk in both the trabecular and cortical tissue confined
in the proximal section. In the case of an un-fractured patient, there was an orange area related to high
strain although under the ultimate limit, in the proximal zone of the femur, located in the cortical
tissue, all these outcomes being consistent with numerical simulations and clinical evidence.

4. Conclusions

In this work, an analytical-based procedure is presented with the aim of predicting the
intra-operative fracture risk in the case of THA in a direct, straightforward way. The methodology
makes use of a simplified model to predict the mechanical interaction between the prosthesis and the
femur bone, with the advantage of resulting in immediate, concise and intelligible maps of fracture
risk which we felt, if implemented in a friendly code or as an app, could constitute a practical tool
to help the medical decision-making process, in particular with respect to the choice of adopting
cemented or cementless implant. The maps were expressed in term of traffic lights color code, obtained
by transferring into a direct measure of fracture risk, based on the comparison between in situ von
Mises strain and corresponding bone-dependent strain thresholds. The effectiveness of the proposed
procedure was confirmed by comparing the obtained results in terms of strain with those from more
precise FE models that consider elasto-plastic material model and large displacements. The strain
calculation was done with reference to two actual patient cases whose CT data were used to define
geometrical and constitutive parameters. The obtained strain maps through the analytical formulation
were interpreted following the proposed criteria where red, yellow, and green zones were used as a
flag for fracture risk evaluation. In particular, the eventuality the red zone reached the cortical bone
is assumed as a high fracture risk index. The strain level distribution was checked by comparison
with numerical calculation on a very accurate geometrical finite element model in the literature
(Esposito et al.2018) that assumes a non-linear constitutive model of the bone tissue whose data are
obtained by CT tests. It has to be stressed that the possibility of building up an accurate FE model and
performing non-linear calculations has a very high cost in terms of computing time. To build up a 3D
model of a femur with a usual PC from CT images and to perform calculation of non-linear model
costs an order of magnitude time of days. The analytical approximate solution takes a few seconds.

The proposed methodology is able to provide direct information with a limited cost in terms of
computational time and interpretation of the results. Due to the simplicity of the implementation,
the methodology could be applied to different sections of the femur and extended to a multi-phase
model—by dividing the section into more than two annuli—with no significant effort.

It has to be noted that both gender and age differences were taken into account in their analyses
and in the approach, since the mechanical quality id directly derived from patient-specific CT data:
this implies that at least from the mechanical point of view, any mechanically relevant difference in the
bone stiffness and strength due to gender or age is automatically considered because determined on
the basis of the peculiar bone mineral properties of the selected patient. This is de facto the force of the
proposed method. Nevertheless, the initially bone mineral density information and the associated
mechanical properties could vary differently in time and with age in male and female: this “evolutive”
aspect, which would imply to introduce growth and remodeling in the proposed modeling strategy,
is obviously beyond the scope of the present paper. Moreover, even if the statistical relevance of the
data at this time available is not yet established, the authors focused on the mechanical consistency of
the procedure and on its potential as a friendly as well as accurate complementary tool for helping the
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surgeon in his/her medical choices, postponing the validation of the method to a subsequent study.
In conclusion, the proposed analytical procedure gives confident strain maps of the femur sections and
are quite comparable to more sophisticated numerical results in the sense to give global information
on the possibility of perioperative femur fracture risk. By continuing to add information into the
database, an app methodology in choosing safer prosthetic type in THA is inevitable in the future to
better secure the patients long standing wellbeing.
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