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Abstract: For a long time, cracked structures have triggered various researchers to develop a structural
integrity approach and design models to address the fracture problems. In the present study, a pipeline
with an axial semi-elliptical surface defect was examined in detail. Recent works have highlighted the
use of the classical finite element method (CFEM) as numerical tools to solve the fracture mechanics;
however, this approach comes with a few difficulties in the modelling aspects. To overcome this issue,
we proposed the use of the extended finite element method (XFEM), which was implemented in the
commercial version of Abaqus software. Moreover, we have used the results based on this technique
in the volumetric method to estimate the stress intensity factors (SIFs). Then, this parameter was
employed to build the failure assessment diagram (FAD). The FAD curve was used in the current
investigation because it is one of the conventional methods for the evaluation of flaws in steel pipes.
The XFEM simulations enable us to draw an FAD curve that can be used as a practical reference for
defect evaluation in pipeline systems in the industrial world.

Keywords: failure assessment diagram (FAD); extended finite element method (XFEM); crack;
failure; pipeline

1. Introduction

In the industrial world, the major structure belongs to the family of shells, such as the pressurised
vessels of reactors, the hydraulic tubes of airplanes, and natural gas pipelines. These structures
are under significant pressure and have been an interesting topic for mechanical researchers for
a long time, in particular, pipeline installations for the transfer of gas and oil [1]. Even though
the industrial revolution gave way to advanced technology in this field, however, as any structure,
they break down. The main causes of shell failures are surface defects in the shape of cracks (external,
internal), which appear during manufacture or during service operations (corrosion, fatigue) [2],
which implies the reduction in the resistance of the structure during their employment. For these
reasons, the evaluation of the various modes of failure including cracking is vital to guarantee the best
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possible performance of these structures. Crack growth can lead to critical failures, and for this reason,
it is indispensable to deal with the cracking problem. According to the most recent specifications in
design codes, these structures have major surface defects in a semi-elliptical form with a ratio of a/c
where “a” is the depth and “c” is the width of the defect. A large amount of research exists in this
field for pressure shells with semi-elliptical defects [3–9]. These defects may cause longitudinal and
circumferential failures. It is clear that there is a relationship between the defect and the radius of the
pipe, and for small-radius pipes that are mainly subject to bending stresses, circumferential damage is
critical. For large-radius pipes, the circumferential stresses are insignificant compared to the bending
stresses, and because of this issue, longitudinal/axial failure occurs.

The problem of crack propagation is integrated into the context of fracture mechanics, so the use
of these approaches makes it possible to give a global and local view on the degree of harmfulness
of the defect, the period of intervention, and the operation carried out. Results have been appearing
since the fifties; they are part of the linear elastic mechanics of fracture. The theory then became more
complex with the development of non-linear fracture mechanics. Moreover, to evaluate the failure
analysis of engineering materials, many parameters or criteria have been presented over the last few
years, such as the stress intensity factor [10], the crack tip opening displacement (CTOD) [11], the crack
tip opening angle CTOA [12], and the J integral [13]. Among the objectives of the introduction of
numerical analysis is the accurate modelling of crack initiation and propagation. Even if several
works have been done using the classical finite element method (CFEM) [14] for the assessment of
structures, it remains incapable of simulating the problems with discontinuities produced by cracks,
holes, and other bi-material interfaces, and of modelling the propagation of discrete cracks. It requires
a re-meshing rule on each increment and a mesh-compliancy which is delicate and very expensive in
terms of time. To clear up the numerical difficulties correlated to the problems created by the cracks,
several techniques were established such as the element-free Galerkin approach [15], boundary element
technique [16], extended finite element method (XFEM) [17], peridynamics models [18], and modelling
with the phase-field [19]. Among all the various processing techniques for modelling structures,
the most used method so far is the XFEM, which is based on the unit partition [20], and allows
meshing the structure without taking into account the crack to describe the opening of the crack and
the singularity at its tip, where special shapes functions are inserted.

In the context of predicting the failure of a cracked structure, we find that another approach that
shows its capability in this field is the failure assessment diagram (FAD) [21]. The development of
this graph depends on the mechanics of fracture to be effective in determining the fracture pressure,
as well as the safety, of engineering structures. The FAD method was used by [22] to assess welded
oilfield drill pipes [23], and the FAD was applied to examine the structural integrity of steam generator
tubes. This diagram was used as a tool that can reduce the conservative nature of traditional plastic
limit load analysis [24]. There are some research works that generated the FAD by applying XFEM in
order to evaluate the failure of a gas cylinder [25]. For more information, we suggest the following
chapter [26]. In the paper of [27], the evaluation of pipes containing cracking defects was carried out
by three approaches: Crack growth, failure evaluation diagram, limit analysis. The reason for the
use of these approaches is explained in this way: Despite the plastic behaviour of the steels used in
the design of pipelines, they sometimes suffer from near-fragile fracture or damage due to plastic
collapse. In view of all these situations, it is recommended that the methods presented be used.
For more accurate results, the use of a modified notch failure assessment diagram (NMFAd) was
proposed [28]. In order to establish the parameters of this diagram, it is necessary to compute the notch
stress intensity factor [29], which is widely exploited in the literature for the survey of fatigue and
fracture of structural components. This concept has been used by [30] in the treatment of pipes with
longitudinal external corrosion semi-elliptical defects. The crucial notch stress intensity factor is a local
failure condition that presumes that a certain amount of rupture is required during the failure process;
this volume is characterised by an effective distance. It is computed by the bi-logarithmic distribution
of the elastoplastic stress, because the area of the fracture evolution is the area with the highest stress.
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This method is called the volumetric method. Several works have examined the integrity of pipelines
based on this technique, and they have calculated the stress distribution using the conventional finite
element method. Mesh sensitivity and calculation time are major factors for numerical calculation,
which is why we adopt another calculation strategy, and we propose to combine the XFEM method
with the volumetric method in order to build the FAD to check the safety of our structure. To implement
these methods, we have adopted a P264GH steel gas pipe with a peak internal pressure of 6 MPa.
The properties of this material are taken from experimental work in [3]. Their weld ability and ductility
make this material appropriate for piping use.

The implementation of this research is detailed as follows: In Section 2, an overview of the
volumetric method is presented, followed by main steps to determine the failure assessment diagram.
Then, a brief description of the extended finite element method is presented. In Section 3, the properties
of the material and the dimensions of the model are presented. In Section 4, the results obtained are
analysed and discussed. In Section 5, discussion concerning the results obtained and future perspective
are given. Section 6 includes the conclusions that outline the main accomplishments of the paper.

2. Methodology

2.1. Volumetric Method

One of the simplest techniques for predicting structural integrity is the volumetric method.
The implementation of this technique depends on the concept of the notch stress intensity factor,
which is built on the idea that the failure mechanism necessitates a physical volume [31]. This idea is
explained by the fact that the kind of loading, the geometry of the configuration, and the scale effect
determine the failure stress. The maximum surface stress known by the hot spot stress value cannot
describe the effect of these criteria on the fracture resistance. We must incorporate the stresses and
stress gradient of all surrounding points on the volume of the failure mechanism. Similar to the shapes
of plastic zones, the bulk is assumed quasi-cylindrical. The diameter of this cylinder is called «distance
effective»; in this region, the tensile stress can be approximated. Therefore, the amount of this stress
is built on two parameters: The effective stress σe f f and effective distance Xe f f . The figure below
explains the parameters of this technique. The bi-logarithmic distribution of elastic−plastic stresses
along the ligament shows three different regions; the first region (I) shows the increase in stress σyy up
to a maximum value; then, in the second region (II), there is a decrease until the elastoplastic state
occurs. Region (III) indicates the linear behaviour of the curve shown in Figure 1. The projection of the
minimum amount of the relative stress gradient χ gives distance and effective stress. The relationship
of the relative stress gradient is:

χ(r) =
1

σyy(r)
∂σyy(r)
∂r

(1)

where σyy(r) indicates the crack opening stress and χ(r) indicates the relative stress gradient.
The mean quantity of the stress distribution through the effective distance represents the effective

stress. Indeed, to improve the numerical result of this stress, as well as to incorporate the value
of the stress gradient related to the load mode and the configuration, the stress is multiplied by a
weight function:

σe f f =
1

Xe f f

∫ Xe f f

0
σyy(r) ×ϕ(r)dr (2)

where σe f f represents the effective stress, Xe f f represents the effective distance, and ϕ represents the
weight function.

The calculation of these parameters using this approach gives us the stress intensity factor:

k = σe f f

√
2π.Xe f f (3)
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Figure 1. The distribution of elastic−plastic stress along defect [32].

2.2. Determination of Failure Assessment Diagram

The fundamental fracture mechanics correlation collaborates three factors: The length of defect a,
the constraint enforced σapp, and the fracture resistance R. R can represent the crucial stress intensity
factor KIc, the crucial value of the J integral Jc, or the critical crack opening displacement δc. In this
survey, the utilisation of the FAD concept requires the replacement of these parameters by the calculation
of two parameters, i.e., the load ratio Sr (or equivalently Lr) and the toughness ratio Kr. The failure
curve is defined by:

f (Sr) = Kr (4)

where Kr is the non-dimensional critical crack driving force and Sr (or equivalently Lr) the
non-dimensional load. Structures that are subjected to loads and present a surface defect are
represented by a control point in the plane Kr, Sr:

Kr =
k

KIc
, Sr =

σapp

Rm
(5)

where K and KIc are the stress intensity factor and fracture toughness, respectively, and σapp and Rm

are the applied stress and ultimate strength, respectively.
The construction of this curve was taken from a plasticity correction introduced by Dugdale’s

model [33]. This methodology considers that any sort of failure from a fragile crack to plastic collapse is
obtained from the brittle fracture by a plasticity correction. Several methods are used to determine this
curve: Structural INTegrity Assessment Procedure (SINTAP) in Europe [34], Electric Power Research
Institute (EPRI) in the United States [35], and R6 in the UK [36]. The mathematical expression of this
curve determined from the SINTAP method is presented by:

f (Sr) =

[
1 +

S2
r

2

]−1
2 [

0.3 + 0.7 ∗ e(−0.6S6
r)
]

for 0 ≤ Sr ≤ 1 (6)

In the FAD procedure, the failure region was estimated by using a failure curve, the acceptable
region, and the unacceptable region. A conventional FAD is represented [21] in Figure 2.
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Figure 2. Assessment diagram failure.

If the operational condition is situated as shown in Figure 2, we can ensure the safety of our
design; if it is situated on the failure curve, failure will arise by crack propagation. From the assessment
point A, we can specify the safety factors:

fs,σ =
O′′B
O′′A

, fs,a =
OD
OA

, fs,K =
O′C
O′A

(7)

where, fs,σ, f s,a, fs,K represent the safety factor on the load, on the size of the defect, and on the stress
intensity factor, respectively.

2.3. The Extended Finite Element Method

The XFEM-based method executed in the finite element system Abaqus/standard (v.2017) was
employed in this survey. This method has appeared as an alternative to the classical finite element
method. It is built on the principle of partition of unity (PU) [20], and has the ability to follow the crack
without conforming to the mesh; thus, it is not required for this re-meshing operation. The existence of
discontinuities in an element is available now with this approach. The idea is to enrich the degrees of
freedom by adding a special function of displacement. According to the partition of unity, the nodes
corresponding to the elements completely cut by the crack were enriched by the discontinuous shape
function; thus, the elements including the crack front were enriched by singular shape functions.
The approximation of a displacement field U with the XFEM discretisation is determined as follows:

U(x) =
∑N

I = 1
NI(x)

[
uI + H(x)aI +

∑4

β = 1
Fβ(x)bβI

]
(8)

where NI is the finite element shape function, and uI, aI, bβI represent the classical, discontinuous,
and singular degrees of freedom, respectively. H(x) and Fβ(x) are the Heaviside enrichment function
that returns the displacement jumps through the crack surface, and the asymptotic crack-tip function
that captures the singularity near the crack tip field, respectively.

With the treatment of crack initiation and propagation using XFEM, Abaqus offers two types of
damage modelling; linear elastic fracture mechanics (LEFM) and the cohesive segments approach.
In this work, XFEM is combined with the cohesive approach. It is useful and shows great results in the
literature [25,37,38]. The principle of the traction separation law constructs the cited procedure, and it
is a very smart and powerful method to simulate initiation and growth for brittle or ductile fracture.
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The main parameters that constitute this model are the maximum principal stress σmax,ps and fracture
energy Gc. These damage parameters are used in Abaqus to control the crack.

In addition, of the cohesive method, numerical modelling of the contact between two bodies is a
significant task in computational mechanics and has a vast implementation in engineering [39]. In this
field, we selected a contact interaction property that specifies the compressive behaviour of the crack
surface [40].

3. Material Properties

An isotropic elastoplastic material was chosen to simulate the structure of our study, where the
choice of the properties of this material was taken from the experimental work of [3]. In the reference
mentioned, the strain−stress is a result of a tensile test and it is represented as an engineering
stress−strain. In Abaqus, like most FEA software, the appropriate stress−strain data must be entered
as true stress and true strain. To obtain the stress−strain curve, we have utilised the Ramberg−Osgood
law as mentioned in the experimental test of [3]:

ε =
σ
E
+

(
σ
K

) 1
n

(9)

where K = 49,454 MPa, n = 0.068.
The material used in this study is P264GH, which is stainless steel and is known for its forming and

welding characteristics. It is considered among the most established steels in the field of engineering,
specifically in the piping domain. Table 1 describes the mechanical properties of this kind of material.

Table 1. Mechanical properties of steel P264GH.

Young’s Modulus E = 207 GPa

Poisson’s ratio ϑ = 0.3

Yield stress Re = 340 MPa

Ultimate tensile strength Rm = 440 MPa

Elongation to fracture A = 35%

Figure 3 illustrates the dimension of the example model examined in this overview. The example
represents a cylindrical shape of a shell made of steel P264GH. This geometry includes a longitudinal
surface defect, and it was exposed to internal pressure during the numerical simulation.

The cylinder size was set to L = 625 mm, Ri = 193.2 mm, R0 = 203.2 mm, t = 10 mm and the defect
size set to a/t = 0.2 mm, 2c/a = 4, ρ = 0.25. The data of this geometry are imported from [41].
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4. Numerical Procedure and Results

The FAD has most recently been utilised for pipeline integrity [42], evaluating a cracked pipe
using the FAD construction built on the curve of stress−strain. In addition, in [41], they modelled
a pipe with an external defect to build the FAD, and the modelling was done by the CFEM using
CASTEM software. We can also find similar research works that have been interested in cracked
pipelines such as [7–9], where they have focused on cases where plastic deformation is important.
They have been interested in circumferential cracks, and the classical finite element model is used to
study the CTOD failure parameter. Thus, the FAD and XFEM were used to evaluate the liquefied
petroleum gas cylinder (API 579) [25]. In this study, we have combined the volumetric technique (VM)
based on the XFEM and FAD for studying the pipe steel P264GH. In order to determine the parameters
of the VM, we have to calculate the elastoplastic circumferential stress distribution around the defect
σyy. The geometry of our study was numerically modelled with XFEM in a three-dimensional space of
the solid type established with ABAQUS/CAE with the standard/explicit scheme, for the purpose of
establishing the curve σyy of a steel pipe exposed to inner pressure. The cylinder configuration was
simulated as a 3D deformable solid structure, and to reduce the calculation time, we have turned our
problem into a symmetry problem, which is why, in the transversal and axis direction, we applied
symmetric boundary conditions, so just a quarter model could be simulated. The XFEM model design
with enforced limit conditions is introduced in Figure 4. where symmetric boundary conditions
on the transversal and axial direction are illustrated in Figure 4. The mesh is shown in Figure 4.
with 338,148 nodes and 322,000 elements.
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In the XFEM approach, the geometry is independently meshed using an eight-node linear brick
element with reduced integration and hourglass control (C3D8R) in the Abaqus element library.
The crack initial is semi-elliptical, and it is axial because, in the axial direction, the defect becomes
critical. Regarding the loads, we applied a pressure of 60 bar for studying the elastoplastic behaviour
because the plastic comportment appears when the pressure exceeds 40 bar; this choice is based on
the experimental study of [43]. To make a good calculation, the dimensions of the elements through
the thickness of the wall (i.e., the path of propagation) is 0.1 mm, although the rest of the structure
was meshed with coarser elements. For this study, crack propagation modelling is carried out by
combining the XFEM method and cohesive segments approach [44], where this technique has been
most recently employed [45,46]. This method was based on the traction separation law. The use
of this methodology lets us avoid the singular shape function, and just the Heaviside function was
considered [47]. The failure mechanism includes two parameters: The damage initiation and damage
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evolution criterion. The structural behaviour is assumed linear-elastic up to the initiation criterion being
reached, and this parameter is based on stress or strain, where both are available in Abaqus software.
Then, material degradation depends on the damage evolution, where two kinds of parameters define
the evolution of damage: The first parameter consists of specifying the effective displacement at total
failure, and the second involves specifying the energy dissipated because of the failure.

In this study, mode I is the mode of rupture under consideration; it is the opening of the crack
where the tensile stress will be normal to the crack plane. With a view to study the rupture mechanism,
we have considered the maximum principal stress (MAXPS) and fracture energy as the two critical
factors of failure that check crack initiation and toughness. The ultimate tensile strength was employed

for the max principal stress σmaxps = σult, and the damage energy was estimated by G =
K2

IC
E [48].

Due to the importance of the contact in the engineering field, and especially in cracking problems,
we selected a contact property using the penalty method for improving the result of this simulation.

4.1. Computational ElastoPlastic Stress Distribution around the Defect

In this study, we considered the defect as a crack because it behaves like a notch, and the radius
of curvature is too small. For that reason, we utilised the volumetric method. The distribution of
the elastoplastic circumferential stress ahead of the defect is illustrated in Figure 5. The curve has a
maximal value of σmax = 43, 236 MPa at Xmax = 0.09 mm. The results are close to the work of [41],
who carried out the simulation by the finite element method under CASTEM Software, obtaining
σmax = 435.49 MPa at Xmax = 0.087 mm.
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The equation below presents the polynomial fit of the opening stress distribution:

σyy(x) =
n∑

i=0

aixi (10)

The polynomial fit approximation distribution of σyy and the gradient of this distribution are
given in Figure 6. Moreover, we used relation (1) to compute the distribution of the relative stress
gradient χ ahead the defect. From Figure 6, we can extract the effective value Xe f f = 0.17 mm,
which correlates to the minimum of the relative stress gradient χ. Using equation (2) will allow us to
determine the effective stress σe f f = 311 MPa. The volumetric technique enables the estimation of the
stress intensity factor as follows:

K = 311
√

2π× 0.17 = 10.164 MPa
√

m (11)
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4.2. FAD Curve Based on the Volumetric Method

To empower the reliability assessment of the steel pipe with a semi-elliptical defect in the designing,
the FAD curve based on the stress intensity factor has been plotted in this paper. The expression used
to construct the FAD curve is described in Equation (6) above. We refer to Table 2 in order to find out
the coordinates of the operational condition.

Table 2. Coordinates of the operational condition.

σeff Xeff K=σeff
√

2πXeff σapp=
PD
2t Rm Kr =

K
KIc

Sr=
σapp

Rm

311 0.17 10.161 115.92 440 0.106 0.263

Then, the FAD curve is represented in Figure 7. From the diagram, the operational condition or
the assessment point of coordinates (Sr, Lr) is located in the safety zone, as described in the theoretical
part, which means that the structure with a defect of a/t = 0.2, 2c/t = 4 subjected to a pressure of
60 bar is safe, and no failure occurs. Moreover, the safety ratio related to the design circumstance is
determined by the following rapport:

fs =
OD
OA

(12)

An acceptable configuration is generally examined by comparing the calculated safety ratio with
the usual value ( fs = 2) [26]. In our case, we obtained a value of fs = 4.23 > fs = 2.
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5. Discussion

The results indicate that the evaluation of the integrity of a cracked structure can be done by
the combination of the XFEM method and the volumetric method. The data obtained from these
two methods contributed to the construction of the FAD diagram. As the sensitivity of the stress
distribution along the defect requires the use of the XFEM method to eliminate all types of errors due
to the use of other techniques mentioned above, the stability of a cracked structure can be examined
using the famous FAD diagram.

By comparing these results to those presented in [41], and as we have taken the same dimensions
of defects, we found that the curve of the stress distribution corresponding to the model CFEM
method and the curve of the stress distribution corresponding to the model XFEM method are almost
identical. They have a relative error of 0.72%. We chose the XFEM model to improve the quality of the
computation results and to precisely eliminate the singularity effect at the crack point.

The fracture parameter used in this research project is the stress intensity factor; the difference
between this research and other researches is in the method of extraction of this parameter. That is
why we have combined the XFEM method and the volumetric method. It should be noted that
the method used (volumetric method) to extract the stress intensity factor is generally exploited for
notch processing. However, we have assumed that the crack behaves as a notch. We have obtained
10.164 MPa

√
m. Among the reasons for applying this idea is that the study of crack propagation in

Abacus software does not allow us to directly extract this parameter, except that the crack remains
stable, and this is not the case here. The FIC is one of the parameters used to construct the famous FAD
diagram. Normally, the point (0.0, 1.0) limits this diagram on the Y-axis and (1.0, 0.0) on the X-axis.
Figure 7 shows an offset on the X-axis, but it does not influence the quality of the results. It may be due
to the effect of plasticity at the crack tip, but this is not the aim of this research; we will study this effect
in future work. Finally, the stability of the cracked structure depends on the value of the safety factor,
which is 4.23. This value shows that the structure can function correctly with this type of defect and
this type of loading.

Therefore, it can be concluded that the strategy provided in this paper has been successfully
validated on cracked pipelines. The results obtained by the use of FAD based on XFEM permit the
dealing of localised cracks in welds in future works, as well as the possibility to replace the stress
intensity factor by nonlinear mechanical parameters including the integral J or crack-type opening
displacement CTOD. The effect of plasticity is not studied in this paper, although the results obtained
encourage us to go further to treat the effect of plasticity at the crack tip as the XFEM method has not
yet justified an accuracy in this field. It is necessary to develop a user subroutine to define an element
code to integrate it with XFEM.

6. Conclusions

This survey provides the results of a detailed numerical study executed on a P264GH steel pipe
with an axial defect under the impact of internal pressure. The main purpose was to validate the use of
the XFEM method, which is more robust when compared to CFEM. The numerical results are exploited
to obtain the stress intensity factor using the volumetric method. This method is mainly used to deal
with the notch problem. By using a crack in this research, we verify the hypothesis that the crack
can behave like a notch when loaded. The results from this research are verified against the classical
FEM, which proves the consistency. Further, the obtained results enable us to build the FAD diagram,
which allows us to evaluate the safety of a structure. To conclude, the XFEM method is indicated
as a viable solution to replace the CFEM method due to its efficiency and simplicity. Thus, in the
mechanical side, the FAD diagram can be a good indication of the influence of a defect on a design,
as well as the stability of the geometry.
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