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Abstract

:

Tie rods are structural elements that transfer axial tensile loads and are typically used on walls, vaults, arches, and buttresses in historical buildings. To verify their load-bearing capacity and identify possible structural damage risks, the forces transferred by tie rods and the corresponding stresses must be determined. However, this is often a challenging task due to the lack of project documentation for historical buildings. Uncertainties like complex boundary conditions or unknown material and geometrical properties make it hard to assess the tie rods’ load level. This paper presents a methodology for the determination of axial forces in tie rods that combines on-site experimental research and a numerical model-updating technique. Along with the common approach based on a determination of the natural frequency of tie rods, this paper presents an approach based on tie rods’ mode shapes. Special emphasis is placed on the boundary conditions coefficient, which is a crucial parameter in the analytical solution for axial forces determination based on the conducted on-site experiments. The method is applied in a historical building case study.
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1. Introduction


Displacements that occur with historical buildings can be arrested using metal beams, or tie rods, which support the masonry walls, buttresses, arches, and vaults in the plane of bending out. Tie rods are subjected to axial tension and are an essential element in the control of horizontal forces (displacements) produced by static and dynamic loads related to seismic actions. In extreme cases, a tie rod can reach its maximum bearing capacity due to high stress or the pulling out of its anchor point. Both scenarios can lead to a loss of structural integrity. Therefore, the value of the internal tensile force in tie rods is a frequent subject of discussion. Figure 1 represents a typical tie rod in historically-important buildings such as cathedrals, churches, or castles.



Several uncertainties exist when determining the forces in tie rods, including complex boundary conditions [1,2,3] and geometrical and material properties [3,4]. Boundary conditions can vary, ranging from theoretically-fixed and pinned conditions to those that should be considered with spring elements (Figure 2). In practice, the length of the anchoring of the tie rod is associated with geometrical problems. Due to the limitations of inspection, material properties such as the Young’s modulus are often unknown. Evaluation of tensile forces in tie rods can be achieved using static, dynamic, or mixed approaches.



Two static approaches can be used for the determination of tensile forces in tie rods. The first involves loading of the tie rod in several stages and then measuring deflections and strains in representative locations [5,6,7]. The second approach is known as the residual stress method [8]. This involves attaching strain gauge rosettes to the surface, drilling a hole at the center of the gauge, and measuring the residual strain caused by the relaxation of the material surrounding the drilled hole. The several disadvantages to static approaches include the following:




	
The tie rods are generally located at elevated positions;



	
High-accuracy displacement sensors should be used due to small vertical displacements. These should be placed on a previously-determined referent location;



	
The strain gauge installation can be complicated at elevated positions.








The aforementioned approaches require considerable time for application and they are slightly destructive. Based on the mentioned disadvantages, many authors have researched a dynamic approach based on numerical or analytical methods [9,10,11].



Vibration-based methods (dynamic approach), as nondestructive methods, are widely applied for the evaluation of axial forces in tensile elements of structures. These methods are mainly based on tie rods’ natural frequencies, which are later used for the determination of forces. A distinction must be made between transverse oscillations of strings and beams. String theory is widely used for the determination of cable forces in structures such as bridges [12] due to the high ratio of length to cross-section dimensions. Unlike beam theory, string theory does not consider the flexural stiffness or boundary conditions [13,14].



Tensile forces in tie rods can also be evaluated using a mixed approach. This approach is a combination of previously-mentioned approaches—static- and vibration-based. In this case, tie rods are modeled as simply supported Euler beams with rotational springs with unknown stiffness on each edge [15]. Besides the stiffness of rotational springs, the second unknown parameter is force. These unknown parameters are obtained by solving a system of equations composed of static equations for deflection and dynamic equations for natural frequencies. This method requires data from two separate experiments. The first experiment involves measuring the deflection in representative locations on a beam and the second involves measuring the natural frequency. Although a mixed approach showed good results in laboratory conditions, measurement errors can cause a significant deviation in results. If the number of unknown parameters is larger, the probability of error is also greater. Although there are two such parameters in this case, they are enough to cause a significant deviation in the results [16,17,18].



In this study, a combination of experimental and numerical research was used for the determination of forces in tie rods based on the natural frequencies (fn), flexural stiffness (EI), mass (m), and boundary conditions. The method was verified on a historical building case study. One characteristic tie rod in this building was analyzed in detail. Based on these analyses of the characteristics of a single tie rod and the experimentally-determined values of the natural frequencies on the other tie rods in the building, the force in all the tie rods was determined reliably.



The remainder of this paper is structured as follows: Section 2 presents an analytical solution for lateral vibration of a tie rod and provides an equation for the determination of the tensile force, Section 3 describes the proposed methodology in detail, and Section 4 presents the application of the proposed methodology on a real historical building.




2. Analytical Solution for Lateral Tie Rod Vibration


As discussed above, the natural frequencies of a tie rod depend on three basic assumptions—axial load, stiffness, and boundary conditions. The lateral vibrations of the tie rod are assumed as a superposition of two solutions—the lateral vibrations of the Euler‒Bernoulli beam (considering stiffness) and the lateral vibration of string (considering the axial effect). The boundary conditions are considered in the proposed solutions of differential equations.



Figure 3a depicts small-amplitude free lateral vibration with a uniform cross-section of the beam with material density  ρ . In the cross section, dx is the acting internal forces (P) with a positive orientation, including the weight of beam caused by vibrations (Figure 3b).



Shear forces (Vz) are acting in a vertical direction of an element and are responsible for balancing a weight of segment that varies in time along with element (  ρ d x  ∂ 2  w /  ∂ 2  t  ). The sum of vertical forces is equal to the product of the mass of the element and acceleration (Equation (1)):


    ∑  z = 0 →  V Z  −   ρ d x    ∂ 2  w   ∂  t 2    −  (   V Z  +   ∂  V Z    ∂ x   d x  )  = 0 ,      ∂  V Z    ∂ x   = − ρ    ∂ 2  w   ∂  t 2    .   



(1)







If the moments are taken about point C of the element dx (Equation (2a)), the term contains vertical forces (Vz and Pz) and axial bending moment (My). Substituting the bending moment with flexural stiffness (EI) and taking the second derivative of the deflection of beam (   M y  = − E I  ∂ 2  w / ∂  x 2   ) and a component of axial force (Pz = Ptgα = P∂w/∂x, Equation (2b)) gives Equation (3)


    ∑   M c  = 0 →  M y  +  V Z    d x  2  +  P Z    d x  2  −  (   M y  +   ∂  M y    ∂ x   d x  )    +  (   V Z  +   ∂  V Z    ∂ x   d x  )    d x  2  +  P z    d x  2  = 0 ,    2  V Z    d x  2  + 2  P z    d x  2  −   ∂  M y    ∂ x   d x = 0 ,   



(2a)






   V Z  =   ∂  M y    ∂ x   − P   ∂ w   ∂ x   ,  



(2b)






    ∂  V z    ∂ x   =    ∂ 2   M y    ∂  x 2    − P    ∂ 2  w   ∂  x 2    ,  



(2c)






    ∂  V z    ∂ x   = − E I    ∂ 4  w   ∂  x 4    − P    ∂ 2  w   ∂  x 2    .  



(3)







Finally, substituting Equation (3) into Equation (1) provides the basic equation for lateral vibration of the beam with inner constant axial force (Equation (4)):


  E I    ∂ 4  w   ∂  x 4    + P    ∂ 2  w   ∂  x 2    − ρ    ∂ 2  w   ∂  t 2    = 0 .  



(4)







The solution of this equation can be expressed as a form of harmonic functions of w(x,t) (Equation (5)) or in terms of exponential functions. For the selected function, constants (A, B, C, and D) should be found considering various boundary conditions with applying known conditions to the deflection, slope, bending moment, and shear forces:


      w = A  (  cos   κ x + cosh  κ x   )  + B  (  cos  κ x  − cosh  κ x   )        + C  (  sin  κ x  + sinh  κ x   )  + D  (  sin  κ x  − sinh  κ x   )      .  



(5)







Ultimately, a natural frequency for the nth mode shape in tie rods can be determined according to [19,20] as


   f n  =    κ 2    2 π  l 2        E I   m ’       1 +   P  l 2    E I  π 2   n 2      ,  



(6)




where n is the mode shape number, fn is the nth natural frequency, l is a span of tie rod, m’ is mass per unit length (  m ′ = ρ b h  , b—width, and h—height of cross section) and κ is a boundary condition parameter, as presented in Table 1. By rearranging the previous equation, the boundary conditions (κ) can be determined:


   κ =      f n  2 π  l 2        E I   m ′   +   P  l 2    m ′  π 2   n 2            



(7)







Based on known natural frequencies (fn), properties (EI, m′), and boundary conditions (κ), we can determine the axial force of a tie rod:


  P =    π 4   n 2     κ 4    4  f n 2  m ′  l 2  −  π 2   n 2    E I    l 2    .  



(8)







Although the previous equation is simple, it only considers ideal boundary conditions. Generally, in real life, the boundary conditions are quite complicated and very often nonsymmetrical problems. This is why we assessed the axial forces in tie rods using analytical solutions, experimental research, and numerical analysis.




3. Methodology for Boundary Conditions and Axial Load Identification


The proposed methodology is composed of three stages divided into experimental research on-site and numerical optimization, considering an analytical solution for the determination of axial force (Figure 4). The experimental research (stage 1) involved vibration-based measurement [21] of natural frequencies,    f n  exp    , and mode shapes determination by using operational modal analysis (OMA) [22,23]. Based on the assumed boundary conditions, known materials, and geometric properties, an initial numerical model of a tie rod was developed (Figure 4, stage 2). Mode shapes from the numerical simulation and experiments were compared using normalized root-mean-square error (RMSE) [24], as presented in Equation (9):


    RMSE  n  =      1 k    ∑   j = 1  k     (   Φ  n , j   num   −  Φ  n , j   exp    )   2      max  (   Φ n   )    ,  



(9)




where n is the mode shape number,    Φ  n , j   n u m     is the numerically-obtained normalized mode shape vector, and    Φ  n , j   exp     is the experimentally-obtained operating deflection shape at the jth point on the tie rod. Based on the RMSE values, the numerical model was updated by adapting the boundary conditions (BC). When the RMSE reached its minimum value, it indicated that the experimental and numerical mode shapes were overlapping, which ultimately meant that boundary conditions were updated adequately (Figure 4, stage 2—updated model BC). Finally, based on known natural    f n  exp    ,    f n  exp    , and a previously-updated numerical model, the axial force was tuned to a numerical model to match the natural frequency,    f n  n u m    , with that from an experiment,    f n  exp     (Figure 4, stage 2—updated model (BC +    f n  n u m    ). Using this procedure, considering experimental measurements, and updating the numerical model, the axial force (P) was determined (Figure 4, end of stage 2).



Generally, the simulated boundary conditions in the numerical model are complicated and do not coincide with the basic support conditions given in Table 1. Hence, by applying known geometrical and material properties with the resulting axial force in an analytical solution (Equation (7)), we can determine the coefficient κ, which is associated with the boundary conditions (Figure 4, stage 3). Using this methodology on one characteristic tie rod, a boundary coefficient was determined and this value can then be applied to other tie rods with the same boundary conditions (Figure 5). Therefore, it is sufficient to perform on-site measurements of the natural frequencies in each tie rod to determine the axial force (Figure 5, end of stage 3). In case of varying boundary conditions for tie rods in the building, the numerical model updating should be applied to each tie rod (stages 1 and 2) without determination of coefficient κ.




4. Case Study Using the Proposed Methodology


The previously-described methodology (Figure 4 and Figure 5) was applied to a historical building case study. The Cathedral of St. James in Šibenik (Figure 6), Croatia, is a good example of a historical building with defined dynamic tie rod parameters (frequencies and mode shapes). For the sake of simplicity, one of the tested iron tie rods was taken as a reference for which we conducted a detailed analysis.



4.1. Description of Structure


The Cathedral of St. James in Šibenik, Croatia, is a unique architectural work whose construction began in 1431 and lasted almost 100 years. The cathedral was built exclusively of stone and marble, without brick, wood, or concrete as binders. The cathedral is shaped like a Latin cross, divided by arcades into a three-nave structure. The medium-sized nave, which is tall and illuminated, holds 12 Gothic columns, whereas the lateral naves are darker and lower. Data regarding the geometry of the cathedral can be found in a previous study [25]. In 2001, the Cathedral of St. James was given UNESCO World Heritage status.



The system of tie rods in the Cathedral of St. James in Šibenik consists of iron and aluminum tie rods set in the three levels of the cathedral. At the abutment of the central barrel vault, nine iron tie rods are connected at level R4 (Figure 7). The columns and vaults of the gallery are connected by 24 aluminum tie rods shorter than the tie rods of the central barrel vault. Aluminum tie rods are placed in the transverse direction (axis 1‒7, from A to B and from C to D) and in the longitudinal direction (axis B and C, from 1 to 7) at the R2 level (Figure 7). The iron tie rods were the focus of the research.




4.2. Experimental Identification of Dynamic Properties of Tie Rods


As a part of stage 1 of the proposed methodology, dynamic properties of tie rods were experimentally observed by using the operational modal analysis (OMA) method. Unlike the classical experimental modal analysis (EMA), the OMA method does not require known excitation. The reference [26] reports negligible differences between the dynamic parameters of simple structures obtained by these two methods. The obtained data (natural frequency, mode shapes, and damping coefficient) were used to improve the numerical model of the tie rods to estimate the tensile forces based on natural frequency. During the experiment, irregularities in the geometry of tie rods, their lengths, and the length of the anchoring to the wall were observed in the north and south galleries (Figure 2). Figure 8 shows the reference tie rod, 6B‒C at level R4, with the geometric properties and arrangement of measuring points. As such, a total of nine measurement points were obtained for each tie rod, and the two endpoints were assumed to be fixed. For the purpose of determining the boundary conditions, the measuring points at the ends of the tie rods were more densely distributed.



For simplicity, tie rod 6B‒C was taken as the reference, and a more detailed analysis was performed on it, as follows: The on-site measurements were performed using five piezoelectric accelerometers (Brüell & Kjaer, Denmark, type 4508-B, nominal sensitivity 100 mV/g). The OMA was conducted by roving four accelerometers through two measuring stages, using one as a referent. The tie rods were excited by randomly using a rubber impact hammer. Frequency domain decomposition (FDD) and enhanced frequency domain decomposition (EFDD) were used for the estimation of modal parameters (Figure 9). The values of the experimentally-obtained frequencies for the concerned mode shapes were read from the characteristic record (Figure 10).



The natural frequencies of the remaining tie rods were measured using only one accelerometer placed at the node 4 (Figure 8). Geometric properties (L—length, b—width, and h—height) and the first two experimentally-obtained natural frequencies (   f n  exp    , n = 1, 2) for the observed tie rods are presented in Table 2. Please note that the cross-section dimensions present an average value of five measurements performed in quarters of tie rods’ length.




4.3. Numerical Simulation


The numerical model of the tie rod was developed as the Euler‒Bernoulli beam element in SAP2000 software (Computers and Structures, Walnut Creek, CA, USA). The geometrical characteristics of tie rods—width and height—were assumed to be constant over their entire length and the rods were assumed to be homogenous throughout their volume. The material properties were based on literature review and taken as invariable; the elastic modulus E was considered as 185 GPa, the Poisson coefficient ν as 0.3 and material density  ρ  as 7850 kg/m3. Once the modal parameters were experimentally obtained, a numerical model was updated while changing the boundary conditions from fixed to hinged. To construct a real-life model, boundary conditions were additionally tuned with spring coefficients (stage 2 of the proposed methodology).



4.3.1. Initial Model


The initial numerical model was constructed to determine the deviation of the real state of the structure from the ideal boundary conditions (clamp and hinge) and to evaluate which of those boundary conditions better described the real state. The finite element (FE) distribution of the numerical model corresponded to the arrangement of the measuring points shown in Figure 8. For each initial model, the first two natural frequencies and mode shapes were determined (Figure 11).



To avoid subjective assessment of the boundary conditions, mode shapes from numerical simulation and experiments were compared using normalized RMSE (Equation (9)). For each initial numerical model and its corresponding mode shapes, the RMSE values were determined. Based on the RMSE values (Table 3), we observed that the initial model with hinged boundary conditions better correlated (values approaching 0) with the on-site measurements. Based on the results, hinged boundary conditions were identified as a good selection for the initial model and were further updated by adapting the spring stiffness on the boundary.




4.3.2. Updated Model


When updating the numerical model of tie rods, rotational springs were added at each boundary, starting from the initial hinged model. Spring stiffness was determined by an iterative procedure. Their values were changed until the mode shapes of the numerical model entirely corresponded to the mode shapes obtained by on-site measurements. During the iteration, the change in the RMSE value was monitored depending on the change of the spring stiffness (k) (Figure 12). Through several iteration steps, due to the minimum value of RMSE, it was possible to select the appropriate spring stiffness for each mode shape. In this way, the finite element (FE) model was updated to overlap with the experimental model considering only the boundary conditions.



Table 4 shows the natural frequencies computed by SAP2000 (   f n  num    ) and the relative error between these frequencies and the frequency values determined by on-site measurement (   f n  exp    ). The error varied between 20% and 30% for the first two frequencies, which confirmed the assumptions about the axial force in the tie rods.



Therefore, the next step was to adjust the natural frequencies of the numerical model to correspond to those obtained from on-site measurements. The natural frequencies were adjusted by changing the tension in the FE model of the tie rod. In addition, the procedure of tuning natural frequencies is iterative, and it was implemented for the first two mode shapes. The values of experimentally-measured natural frequencies (   f n  exp    ) were compared to the numerical model (   f n  num    ) and are presented in Figure 13. After tuning the tension for both mode shapes (P1, P2) in the FE model, the results of natural frequencies were in good agreement with those measured for both mode shapes (Figure 13). The tuning of dynamic properties of the FE model enabled us to determine the actual tension in the tie rod (Table 4).



Based on the proposed methodology, we continued to the final stage (stage 3) of determination of axial force and coefficient κ. With known axial force (from the updated numerical model) and geometrical and material properties (from on-site observations), coefficient κ could be determined by using Equation (7). As expected, the values of coefficient κ (Table 5) obtained for both mode shapes were within the theoretical boundaries of the hinge–hinge and clamp–clamp conditions previously presented in Table 1. Based on the force values obtained from two mode shapes indicated in Table 5, one can observe that there is a difference of around 12% between these values. It can be concluded that the force value varies depending on the number of the observed mode shapes as indicated in [27].



We assumed that the coefficient κ found by using this procedure could be applied to all remaining tie rods. The stated assumption was based on the on-site visual inspection and the observed geometrical and material properties.



Based on the defined coefficient κ, experimentally-determined natural frequencies, and analytical equations, the values of the axial forces and the stress levels (Table 6) were determined for the observed iron tie rods in the Cathedral of St. James in Šibenik, Croatia.



The shown stress levels were determined as the arithmetic values of the stress determined for the first two mode shapes (Table 6). Based on Figure 14, we concluded that the stress levels in the observed tie rods at level R4 in the Cathedral of St. James are far below the yield strength. Similar values were presented in study [28].






5. Conclusions


Tie rods are used in historical buildings to prevent horizontal displacement and resulting structural damage to elements like walls, buttresses, arches, and vaults. In their usual application, tie rods transfer axial tensile loads. Due to the importance of preventing damage to historical buildings, determining these loads and the corresponding stress levels is crucial, and can be achieved using several approaches based on static, dynamic, and mixed methods. This paper presented a methodology for the determination of axial forces in tie rods of historical buildings based on the model-updating technique. This methodology is composed of three stages. The first stage involves an on-site experimental study. In addition to the determination of the geometrical and material properties of the selected tie rod, this stage results in the determination of its natural frequencies and mode shapes. In the second stage, an initial numerical model is developed based on the experimentally-determined geometrical and material properties and the assumed boundary conditions. The mode shapes from the numerical model and the experiment are then compared by using the root-mean-square error. A minimum value of error indicates that the numerical and experimental findings overlap and the boundary conditions are adequately updated. Axial forces are then tuned in the numerical model to match the experimentally-determined natural frequencies from the first stage. In the third stage, the geometrical and material properties are combined with the tuned axial force into an analytical solution, resulting in the determination of the boundary conditions coefficient κ. This coefficient can then be applied to other tie rods with similar geometrical and material characteristics in their respective historical buildings without repeating the second stage of the methodology. The outlined methodology was verified using a historical building case study. Notably, the boundary coefficient κ indicated in this paper is valid only for the analyzed building. Therefore, the values obtained for this coefficient are not universal and the tie rods of each building should be investigated individually based on the proposed methodology. The importance of the proposed methodology lies in its nondestructive nature, a very important feature in case of historical buildings. Also, the proposed method is relatively simple and quick to implement on site. We considered two mode shapes in the determination of tie rod axial load. To investigate the possibility of axial load determination from higher-order mode shapes, we recommend applying a denser disposition of acceleration measurement positions.
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Figure 1. Cathedral of St. James in Šibenik (Croatia). Tie rods are supporting the walls and arches. 
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Figure 2. Examples of complex (unclear) boundary conditions. 
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Figure 3. (a) Beam under lateral vibration and axial loading and (b) differential segment of beam representing the positive orientation of bending moments, shear forces, and axial and inertial forces of mass. 
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Figure 4. Methodology for boundary conditions determination. 
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Figure 5. Methodology for axial load identification. 
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Figure 6. Cathedral of St. James in Šibenik, Croatia. (a) West view of cathedral and (b) iron tie rods inside the cathedral. 
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Figure 7. Cathedral of St. James in Šibenik. (a) Ground floor and (b) cross-section. 
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Figure 8. Reference tie rod (6B‒C, R4) with measuring points and dimensions. 
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Figure 9. The first two experimentally-obtained mode shapes of the reference iron tie rod 6B‒C. 
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Figure 10. Characteristic record of frequency domain decomposition (FDD) for the determination of natural frequencies on reference iron tie rod 6B‒C. 
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Figure 11. Comparison of the experimental mode shapes of the reference tie rod 6B‒C and the mode shapes associated initial numerical models for the (a) first and (b) second mode shapes. 
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Figure 12. The values of the RMSE for the observed mode shapes and different spring stiffness values. 
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Figure 13. Change of force values depending on the ratio of numerical and experimental frequency values for two mode shapes (P1, P2). 
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Figure 14. Stress levels measured on the tie rods in the Cathedral of St. James in Šibenik at level R4. 
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Table 1. Value of boundary condition parameter κ for the first two [19] and nth [20] natural frequencies having various boundary conditions.
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Boundary Condition

	
Static System

	
Coefficient   κ  




	
1st Mode

	
2nd Mode

	
nth Mode






	
Hinge–hinge

	
 [image: Applsci 10 06036 i001]

	
3.142

	
6.283

	
   ≅ n π   




	
Clamp–clamp

	
 [image: Applsci 10 06036 i002]

	
4.730

	
7.853

	
   ≅    (  2 n + 1  )   2  π   




	
Clamp–hinge

	
 [image: Applsci 10 06036 i003]

	
3.927

	
7.069

	
   ≅    (  4 n + 1  )   4  π   




	
Clamp–free

	
 [image: Applsci 10 06036 i004]

	
1.875

	
4.694

	
   ≅    (  2 n − 1  )   2  π   











[image: Table] 





Table 2. Values of the first two frequencies of experimentally-observed tie rods in the Cathedral of St. James in Šibenik at level R4.
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	Tie Rod
	L

(m)
	h

(mm)
	b

(mm)
	   f 1  exp    

(Hz)
	   f 2  exp    

(Hz)





	2B‒C
	6.84
	55
	55
	7.25
	17.94



	3B‒C
	6.71
	64
	64
	7.56
	19.00



	4B‒C
	6.81
	60
	60
	7.31
	18.69



	5B‒C
	6.87
	68
	68
	7.31
	19.56



	6B‒C
	6.90
	61
	61
	6.94
	17.50



	7B‒C
	6.95
	56
	56
	8.25
	18.88



	7‒8B
	6.97
	56
	56
	8.13
	19.38



	7‒8C
	6.98
	60
	60
	8.63
	19.38
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Table 3. Root-mean-square error (RMSE) values for initial numerical models for two mode shapes.
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RMSE Values




	
Mode Number

	
Hinge–Hinge

	
Clamp–Clamp






	
1

	
7.06

	
9.15




	
2

	
8.50

	
10.66











[image: Table] 





Table 4. Values of experimentally-measured natural frequencies and computed frequencies (   f n  num    ) for the updated numerical model.
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	Mode Number
	   f n  num    

(Hz)
	   f n  exp    

(Hz)
	Relative Error

(%)





	1
	4.83
	6.94
	30.20



	2
	13.95
	17.50
	20.29
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Table 5. The force values read for the first two mode shapes and the value of coefficient κ determined by the calculation of the updated model.
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	Mode Number
	   f n  num    

(Hz)
	P

(kN)
	σ

(MPa)
	κ





	1
	6.94
	122.8
	33.0
	3.534



	2
	17.5
	137.2
	36.9
	6.777
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Table 6. The value of forces Pn (kN) and stress levels σn (MPa) for the observed mode shapes in the tie rods observed in the Cathedral of St. James in Šibenik at level R4.






Table 6. The value of forces Pn (kN) and stress levels σn (MPa) for the observed mode shapes in the tie rods observed in the Cathedral of St. James in Šibenik at level R4.





	

	

	
2B‒C

	
3B‒C

	
4B-C

	
5B-C




	
Mode Num.

	
κ

	
Pn

(kN)

	
σn

(MPa)

	
Pn

(kN)

	
σn

(MPa)

	
Pn

(kN)

	
σn

(MPa)

	
Pn

(kN)

	
σn

(MPa)






	
1

	
3.534

	
115.8

	
38.3

	
149.6

	
36.5

	
132.1

	
36.7

	
159.4

	
34.5




	
2

	
6.777

	
144.7

	
47.8

	
158.8

	
38.8

	
167.7

	
46.6

	
207.9

	
45.0




	
Mean values

	
130.3

	
43.1

	
154.2

	
37.7

	
149.9

	
41.6

	
183.6

	
39.7




	

	

	
6B‒C

	
7B‒C

	
7‒8B

	
7‒8C




	
Mode Num.

	
κ

	
Pn

(kN)

	
σn

(MPa)

	
Pn

(kN)

	
σn

(MPa)

	
Pn

(kN)

	
σn

(MPa)

	
Pn

(kN)

	
σn

(MPa)




	
1

	
3.534

	
122.8

	
33.0

	
170.8

	
54.5

	
166.3

	
53.0

	
215.2

	
59.8




	
2

	
6.777

	
137.2

	
36.9

	
188.7

	
60.2

	
208.1

	
66.4

	
219.6

	
61.0




	
Mean values

	
130.0

	
34.9

	
179.8

	
57.3

	
187.2

	
59.7

	
217.4

	
60.4
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