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Abstract: Array gain (AG) is significant in evaluating the detection performance of the vertical line
array, which is directly determined by the correlation of signal and noise, respectively. In this paper,
we analyze the vertical correlation for a 16-element vertical line array experimented in the deep ocean
in 2016. The ray interference theory is utilized to interpret the mechanism of the vertical correlation of
the sound field in different zones. In the direct-arrival zone, the direct rays and once-surface-reflected
rays are two dominated components, whose arrival time difference for each element are nearly the
same, and the vertical correlation is high. In the shadow zone, the sound field is mainly dominated by
bottom-reflected rays and the vertical correlation decreases due to different grazing angles and arrival
times of each ray. Different from the previous assumption of noise independence, the effect of noise
correlation on the AG is analyzed through the measured marine environmental noise. Results indicate
that the noise correlation coefficients in two zones are low but not 0. In the direct-arrival zone, AG is
about 10 dB, very close to the ideal value of 10 log M. AG even exceeds it when NG is negative.
Moreover, AG in the direct-arrival zone is higher than the one in the shadow zone.

Keywords: array gain (AG); signal correlation; noise correlation; direct-arrival zone; shadow zone;
vertical line array (VLA); deep ocean

1. Introduction

Array gain (AG) is a crucial factor for the detection sensor system, which describes the improvement
of the signal-to-noise ratio (SNR) between the sensor array and the single element. It can also be
expressed as the difference between the signal gain (SG) and the noise gain (NG), which are related
to the spatial correlation of the signal and noise, respectively [1]. Spatial correlation of sound field
characterizes the similarity of the received signal at different spatial locations. Because of the high
correlation of signal received for the horizontal line array, the AG is easy to obtain by using the
beamforming technology. However, for the vertical line array (VLA), the received signals of each
element contain a complex multipath structure and the signal correlation at different depths is usually
not high enough. Thus, and it leads to rapid performance degradation in the beamforming processing.

Previous researches of the vertical correlation in the acoustic field are focused on the shallow
water environment. Wan et al. pointed out that when the source and the sensor array are below the
thermocline, the vertical correlation length as a function of element interval in units of wavelength
increases with frequency and range [2]. In the multipath channel, a method has been proposed to
estimate the vertical correlation of the sound field averaged over depths and ranges. Correlation
peak appears at the same reception depth as the source depth while ignoring the surface loss and
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volume absorption [3]. An experiment was conducted in the shadow water, and conclusion reveals
that vertical correlation depends on the horizontal range rather than element depth when the received
signal at low frequency is in the iso-velocity shallow water with a silt-sand bottom [4]. Vdovicheva et al.
compared influence of different carrier frequencies on correlation characteristics when considering
irregular acoustic channel boundary. The result indicates that the vertical correlation decreases as the
central frequency increases [5].

In comparison with the shallow water, the multipath effect for the long-range sound waves
is distinctly weaker in the deep water. Ray theory is applied to estimate the vertical correlation
in the multipath channel [6]. Reference [7] infers that the vertical correlation in the deep water is
closely related to the hydrophone spacing, signal frequency, and signal waveform distortion caused
by multipath interference in the sound field. Then, the coupled-mode theory is applied to analyze
the influence of the signal frequency and receiving range on the vertical correlation [8]. Li et al.
conducted a deep-water experiment in the South China Sea, and they discussed the vertical correlation
of the acoustic field in large depths. Results reveal that in the convergence zone, vertical correlation
coefficient periodically oscillates as the receiving depth increases [9].

Noise correlation is another vital factor that makes a great influence on the AG. Cron and Sherman
proposed the typical isotropic noise model and the surface noise model and discussed their spatial
correlation [10]. Following consideration of the seawater attenuation, the spatial correlation of the
wind-driven noise in deep water is analyzed [11,12]. In addition to the classical noise models above,
scholars have explored the spatial correlation of multiple noise models. Yang et al. modelled the
low-frequency marine environmental noise field in the direct-arrival zone. They discussed the vertical
directivity and spatial correlation under three wind speeds by using the ray method and parabolic
equation [13]. The characteristic of shipping noise is studied, and spatial correlation functions are also
derived from the directionality density function [14].

Based on the development of the correlation theory for the acoustic field, AG research of the VLA
is also carried out. Under the Gaussian White noise assumption in deep water, AG of the VLA in the
range-independent and weak range-dependent waveguide disturbed by the random internal waves
are estimated [15]. Moreover, the modelling method for the ambient noise field caused by the wind is
proposed, the AG of the VLA in the non-isotropic noise field affected by wind-driven ambient noise is
analyzed [16]. Some researches take SG and NG into account separately and discuss their impact on
AG. With a lossy boundary, Buckingham found that the SG is expressed as a superposition of normal
modes and the NG is represented as a linear sum of plane waves. In this case, AG of a broadside VLA
deployed in shallow sea channel was analyzed [17]. Qiu et al. discussed the spatial gain of the VLA
laid in the reliable acoustic path and the direct-arrival zone, respectively. It also demonstrates that
when the signal is in the reliable acoustic path, higher array gain can be obtained [18]. In this paper,
based an experiment in the Deep South China Sea, the vertical correlation of the sound field in the
direct-arrival zone and shadow zone are analyzed, and the correlation coefficient of the noise field
is calculated. From the view of ray interference theory, we discuss the sound rays type and arrival
structure to explain the mechanism of the vertical correlation of sound field. Finally, the SG and NG
and AG are evaluated based on the correlation coefficients of the signal and noise, respectively.

This paper is organized as follows. In Section 2, we introduce the fundamental theory. A simulation
calculation is conducted to analyze the effects of correlation coefficient on spatial AG in Section 3.
Section 4 discusses the sea trial results. Section 5 summarizes the conclusions.
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2. Basic Theory

2.1. Conventional Beamforming Technology

Supposing that there is a vertical line array composed of M elements and the sound source is
deployed in the far-field, the output of the gth element is expressed as follows according to the plane
wave theory.

xg(t) = sg(t− τ) + ng(t) g = 1, 2, · · ·M (1)

where sg(t− τ) and ng(t) are received signal and noise of gth hydrophone, respectively,
τ = (g− 1)d cosθ/c denotes the signal time delay between the reference element and gth element,
θ is the elevation angle of the incident sound wave, d is the element interval for the line array, and c
denotes the sound speed.

Equivalently, in the frequency domain, the form of Equation (1) can be written as

Xg( f ) = Sg( f )e−i2π f (g−1)d cosθ/c + Ng( f ) g = 1, 2, · · ·M (2)

where Sg( f ) and Ng( f ) are signal and noise spectrum at frequency f , respectively.
The received signal and noise of the whole line array can be expressed as

X( f ) = A(θ)S( f ) + N( f ) (3)

where A(θ) is a vector of the array manifold, S( f ), N( f ), and X( f ) represent the received signal
matrix, received noise matrix, and array output signal matrix, respectively. After passing through
the delay-sum narrowband beamformer, the beam output of the line array in forms of the matrix is
given by

Y( f ) = wHX( f ) (4)

where w is the weight vector that can be denoted as

w =
[
1 ei2π f d cosθ/c

· · · ei2π f (g−1)d cosθ/c
]T

g = 1, 2, · · ·M (5)

Further, the power output can be expressed as

P(θ) =
∣∣∣Y( f )

∣∣∣2 = wHRxxw = wHRsw + wHRnw (6)

where Rxx = E
{
X( f )XH( f )

}
is the covariance matrix of the array, Rs and Rn are the signal covariance

matrix and noise covariance matrix, respectively.
In Equation (6), when the power output P(θ) reaches its maximum value, θ corresponds to the

estimated elevation angle of the incident sound wave.

2.2. Vertical Correlation Coefficient

The vertical correlation coefficient describes the similarity of the signal received at the same
horizontal range but different depths. It is a critical factor which greatly affected the AG [19]. The vertical
correlation coefficient in the time domain can be expressed as

ρ(z, z + ∆z) =

∫
∞

−∞
pz(t)pz+∆z(t + τ)dt√∫

∞

−∞

∣∣∣pz(t)
∣∣∣2dt ·

∫
∞

−∞

∣∣∣pz+∆z(t)
∣∣∣2dt

(7)

where pz(t), pz+∆z(t) is the time-domain signal received by two hydrophones in the vertical direction,
respectively. ∆z denotes the vertical spacing of two sensors. In general, in the deep water environment,
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the signal does not reach each element of VLA at the same time. Thus, the signals are necessary to be
compensated before correlation processing.

The vertical correlation coefficient in the frequency domain can be written as

ρ(z, z + ∆z) =
Re

[∫ ω2

ω1
pz(ω)pz+∆z ∗ (ω)e-iω(g−1)d cosθ/cdω

]
√∫ ω2

ω1

∣∣∣pz(ω)
∣∣∣2dω ·

∫ ω2

ω1

∣∣∣pz+∆z(ω)
∣∣∣2dω

(8)

where the superscript symbol ∗ stands for the conjugation operation, Re[·] represents the real part
of the content in brackets, pz(ω) and pz+∆z(ω) are spectrums of the signal received at two different
hydrophone depths, respectively. ω1 and ω2 are the angular frequencies, which are determined by the
filtering frequency band of the signal. Generally, Equation (7) is usually used to calculate correlation in
the experimental data analysis while Equation (8) is utilized for theoretical calculation.

The correlation of the noise received is another critical factor that directly influences the AG
analysis. Generally, the isotropic noise and surface noise are two typical and widely used noise models.
The isotropic noise field is composed of the combination of sound waves radiated from noise sources
uniformly distributed over the sphere, and its vertical correlation coefficient can be expressed by [10]

ρmn =
sin(2πD/λ)

2πD/λ
m, n = 1, 2, · · ·M (9)

where D denotes the distance between two receivers and λ stands for the wavelength of signal.
The surface noise field is made up of sound waves radiated from noise sources distributed on an

infinite surface with the cosl(θ) radiation directivity pattern.
Generally, when l = 1 the correlation coefficient of noise received between two receivers can be

shown as [10]

ρmn = 2
J1(2πD/λ)

2πD/λ
m, n = 1, 2, · · ·M (10)

where J1 is 1th Bessel function. These two noise models are usually used for theoretical analysis and
comparison with real marine environmental noise.

2.3. Signal Gain and Noise Gain

As mentioned above, array gain is defined as the improvement of the signal-to-noise ratio (SNR)
between the hydrophone array and the single element, which can be written as

AG = 10 log
(S/N)array

(S/N)element
= 10 log

∣∣∣∣∣∣ M∑
g=1

sg
′( f )

∣∣∣∣∣∣2/

∣∣∣∣∣∣ M∑
g=1

ng
′( f )

∣∣∣∣∣∣2
σs2/σn2 (11)

where sg
′( f ) and ng

′( f ) are spectrums of signal and noise of gth hydrophone after time-delay
compensation, respectively, σs

2 and σn
2 are signal power and noise power of the single element. After

expanding the square term of absolute value in Equation (11), the expression can be deduced as

AG = 10 log


(
σs

2/σn
2
)
·

M∑
u=1

M∑
v=1

(ρs)uv/
M∑

u=1

M∑
v=1

(ρn)uv

σs2/σn2

 (12)



Appl. Sci. 2020, 10, 4709 5 of 21

Taking the further simplification of Equation (12), the AG is only decided by the correlation
coefficients of signal and noise, which can be calculated by

AG = 10 log


M∑

u=1

M∑
v=1

(ρs)uv

M∑
u=1

M∑
v=1

(ρn)uv

 (13)

The expression of AG in Equation (13) can be divided into two parts, the numerator and the
denominator, into which a common factor is introduced. The new numerator and denominator are
redefined as the signal gain and noise gain, which takes the following form

SG = 10 log


M∑

u=1

M∑
v=1

(ρs)uv

M∑
u=1

M∑
v=1

(ρis−n)uv

 (14)

NG = 10 log


M∑

u=1

M∑
v=1

(ρn)uv

M∑
u=1

M∑
v=1

(ρis−n)uv

 (15)

where ρis−n denotes the correlation coefficient of isotropic noise, whose formula is shown in Equation (9).
The array gain is redefined as the difference between the signal gain and noise gain, and thus it can be
written in the form of dB as

AG = SG−NG (16)

When the noise is isotropic, and the element interval is equal to half wavelength,
the cross-correlation terms of the noise correlation matrix degenerate to zeroes. When the sound
source radiating a single plane wave is placed in the far-field, the received signals of two arbitrary
hydrophones are entirely correlated. Therefore, the numerator of Equations (14) and (15) can be
reduced to

M∑
u=1

M∑
v=1

(ρs)uv = M2 (17)

M∑
u=1

M∑
v=1

(ρn)uv = M (18)

Further, the signal gain and noise gain take the simplified form as

SG = 10 log
M2

M
= 10 log M (19)

NG = 10 log
M
M

= 0 (20)

Under these assumptions, AG of the VLA can reach its ideal value of 10 log M in the isotropic noise
field through conventional beamforming technology. It should be noted that NG is probably negative
because of weak correlation, and thus AG can exceed the ideal value. This situation significantly
improves array performance.

3. Simulation Calculation

The isotropic assumption of the ambient noise is usually not satisfied in the ocean environment.
Furthermore, the surface noise model is more widely used. According to the Equations (9) and (10),
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Figure 1 shows the correlation coefficient curves of the isotropic noise and the surface noise with the
change of element interval-to-wavelength ratio d/λ, respectively. Curves indicate that the first zero
points of the correlation coefficient curve for the isotropic noise appears at the location of d = 0.5λ
and for the surface noise appears at the location of d = 0.37λ. The noise correlation coefficient in the
isotropic noise field is 0.31 When d = 0.37λ is satisfied. Moreover, correlation coefficients of noise
oscillate with the variation of d/λ.
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Figure 1. Vertical correlation coefficients in the isotropic noise field and surface noise field.

Section 2 derives the relationship between the array gain and correlation in theory. Next,
we conduct a simulation to intuitively validate the effect of variation with signal correlation and noise
correlation on the array gain.

In this event, the VLA is deployed in the isotropic noise field, and the element number ranges
from 1 to 100. The element interval-to-wavelength ratio is set to be 0.37, 0.5, and 0.7, corresponding
to the noise correlation coefficient of 0.31, 0, and −0.22 between adjacent hydrophones, respectively.
The correlation coefficient of the signal between adjacent elements is set to be 0.8 and 1, respectively.
In the isotropic noise field, the array gains with different noise correlation coefficients and different
signal correlation coefficients are calculated and shown in Figure 2. It can be seen that AG decreases
as the ρs decreases, and AG no longer increases when the number of elements increases to a certain
quantity. When the ρs keeps at a fixed value, AG ascends with ρn descending. When the ambient noise
is isotropic, and the signal is completely correlated, AG is equal to 10 log M, as presented in the purple
solid line. In some cases, AG even exceeds the normal value of 10 log M as the correlation coefficient of
noise between adjacent elements is less than zero.
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4. Experimental Results

4.1. Experiment Introduction

The experiment was an acoustic field trial conducted in the South China Sea in 2016, as shown
in Figure 3a. The vertical hydrophone line array was composed of 16 elements with an interval of
5 m. The top element was deployed at a depth of 370 m, and the bottom element was about 445 m.
The sound source loaded on the ship was at point A and B, where the horizontal range was 2.4 km
and 10.3 km, respectively, and the source depth was 30 m. The depth of the whole measurement area
was about 1800 m. There were 5 TD sensors (RBRduet T.D) used to record the element depths of the
vertical line array. The top hydrophone element was equipped with an electronic compass to record
the underwater attitude of the vertical line array. The change of array tilt angle during the experiment
is shown in Figure 3b. The narrow-band sound source radiated a single-frequency signal at 350 Hz.
The duration of one pulse signal was 5 s, and the interval between the two adjacent pulses was 1 s.
The measurement time for each point was half an hour. Considering the time (one hour) for the boat
from point A to the point B, the total time for the whole experiment was two hours. The sampling rate
was 16 kHz. The sea condition was level 3 and there were no other ships around the experiment site.
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The sound velocity profiler (AML-Minos X SVP) was used to measure the sound speed profile
(SSP) at both points, and the difference was very small. It can be considered that the variation of the
SSP can be ignored in a short time. Therefore, we used the SSP shown in Figure 4a to analyze the
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sound field. The depth of the deep sound channel is 1041 m with the minimum sound velocity of
1482 m/s. The sound speed near the seafloor is 1491 m/s while that near the surface is 1546 m/s. This is
a typical non-full deep water sound channel, where the sound rays reflected by the bottom have a
profound influence on the sound field in the shadow zone. The seabed-state parameters obtained after
consulting the information are shown at the bottom of Figure 4a.
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Figure 4. (a) Measured sound speed profile; (b) Calculated transmission loss (the source depth is 30 m
and the frequency is 350 Hz).

According to the experiment configuration and measured SSP, the transmission loss is calculated
and presented in Figure 4b by using the BELLHOP model. It is indicated that the VLA with a length of
75 m is in the direct-arrival zone when the horizontal range is 2.4 km and in the shadow zone when the
range is 10.3 km.

4.2. Correlation and Array Gain in the Direct-Arrival Zone

We collect the acoustic signal data received by the vertical hydrophone line array when the sound
source is placed at a depth of 30 m and the horizontal range of 2.4 km. A segment of signal for 30 s is
intercepted from the early of the received signal and filtered by a band-pass filter with a frequency
range of 300–400 Hz. Therefore, the SNR near the signal frequency is increased. The top element is
regarded as the reference element in the following discussion. Figure 5 shows waveforms of the signal
received by the reference element in the time domain, frequency domain, and time-frequency domain.
In Figure 5a, because of the high SNR it is obvious to view the pulse shape of the received signal and
the reception gap between the two 5-second signals. Figure 5b,c display the signal frequency steadily.
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In order to estimate the elevation angle of the sound source, conventional beamforming technology
is applied to process the receiving data above. After the time compensation processing, the power
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output of each beam is shown in Figure 6. The 0◦ of the elevation angle corresponds to the direction
along the vertical array axis and toward the sea surface.
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Figure 6. Power output after conventional beamforming processing (main lobe of 78◦ and grazing lobe
of 133◦).

As seen in Figure 6, there are two distinct bright columns at 78◦ and 133◦, respectively. According
to the experiment setup, the direction of the received direct-arrival wave is downward. Hence, the real
elevation angle of the acoustic source is 78◦, and the other power peak of 133◦ is corresponding to the
grating lobe due to d/λ > 0.5. The explanation for the grating lobe is validated through the simulation
in Figure 7, in which the element number of the line array is 16, and the element interval is 5 m.
The simulation frequency is 350 Hz, and the elevation angle of the sound source is set to 78◦. It is
indicated that the grating lobe appears at the elevation angle of 133◦, which is consistent with the
experimental result.
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Figure 7. Simulation result of beamforming output (d/λ = 1.37, main lobe of 78◦ and grazing lobe of 133◦).

As shown in Section 2, the correlation coefficient of the received signal describes its similarity.
Generally speaking, in an unbounded homogeneous medium, the signal from the sound source
propagates freely without distortion, and hence, the signal between arbitrary receiving points
are completely correlated. However, in the real marine environment, multipath propagation and
sound scattering cause the waveform distortion, which results in a decrease of signal correlation.
The correlation coefficients of the signal received by the array are calculated and presented in Figure 8.
Each square stands for the signal correlation between the element and the reference element. We can
see that the value of correlation coefficients slightly descend with the increase of element spacing,
but the majority are still higher than 0.7. Also, the correlation coefficients between adjacent elements
are nearly equal to 1.
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Figure 8. Correlation coefficients of signal.

The ray acoustics can better reflect the propagation characteristics of sound waves in the deep
sea. In the direct-arrival zone, the high vertical correlation of the acoustic field could be explained
by BELLHOP model, which can calculate the time arrival structure, ray trace, and sound intensity
in the marine environment. Since the sound source is near the sea, and the array length is a small
amount relative to the horizontal range, the receiving structure of the topmost element is not much
different from the bottommost element. Substituting the measured SSP into the BELLHOP model,
we calculate the time arrival structure of the eigen-rays received by the reference hydrophone in
Figure 9. The source depth and receiving range are the same as the actual sea trial conditions. It is
apparent that the direct ray (D) and the once-surface-reflected ray (S1B0) are the main components of
the sound field, whose energy is higher than other rays. For example, taking the amplitude of the D
wave as the reference standard, we find that the amplitudes of the once-bottom-bounce ray (S0B1),
and once-surface-reflected and once-bottom-reflected ray (S1B1) are nearly 13.6 dB lower than D wave
as the form of dB. This finding occurs mainly because the sound wave incident to the ocean bottom at
larger grazing angles will suffer more severe reflection attenuation. As a consequence, the acoustic
field in the direct-arrival zone is dominated by D wave and S1B0 wave.
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To further explain the high correlation, Table 1 lists the arrival time and elevation angle of D wave
and S1B0 wave for the reference element. From the table, we can see that the amplitude difference
between D wave and S1B0 wave is about 7.6 × 10−5 µPa, namely 2.78 dB, and the arrival time and
arrival angles between these two ray components are nearly equal to each other. This phenomenon is
similar to other elements.
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Table 1. Structure of D and S1B0 wave.

Type Amplitude (µPa) Arrival Time (s) Arrival Angle (◦) Number of
Surface-Reflection

Number of
Bottom-Reflection

D 2.78 × 10−4 1.529 15.28 0 0
S1B0 2.02 × 10−4 1.529 15.95 1 0

Ray trace clearly reflects the propagation path of sound energy so that the sound field distribution
can be qualitatively interpreted. According to the calculation results above, the ray trace of D wave
and S1B0 wave received by the reference element are presented in Figure 10. The abscissa represents
the horizontal range from the sound source to the receiver. We can see that these two waves propagate
almost along the same path and have nearly the same receiving amplitude, arrival time, and arrival
angle, which makes their coherent superposition.
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Figure 10. The ray trace of D wave and S1B0 wave.

Ray theory can quantitatively analyze the high vertical correlation of sound field. In the
direct-arrival zone, we only consider the D wave and S1B0 wave, and other ray components can be
ignored. Figure 11 displays the interference schematic diagram of two rays. We assume that the
environment is range independent, the sound speed between the source and receiver is a constant,
and the sea surface is absolutely soft. Thus, the sound rays travel along a straight line and are perfectly
reflected by the sea surface. The signal received is the superposition of D wave and S1B0 wave,
which can be written as [20].
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pz(ω) =
1
r1

ei(kr1−ωt1) −
1
r2

ei(kr2−ωt2) (21)
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where r1 and r2 are propagation ranges of the D wave and S1B0 wave, respectively, t1 and t2 are the
corresponding propagation time. According to Figure 11, propagation distance of two sound rays is
calculated by

r1 =

√
r2 + (z− zs)

2, r2 =

√
r2 + (z + zs)

2 (22)

where r represents the horizontal range from sound source to receiver, z and zs denote the receiver
depth and the source depth, respectively. The distance R is defined as the linear distance from
coordinate origin to receiving point, which satisfies the equation R2 = r2 + z2. Considering that R� zs,
Equation (22) can be simplified as

r1 ' R− zs sinθ ≈ R, r2 ' R + zs sinθ ≈ R (23)

where θ is the angle between the line of the source to the receiving point and the horizontal line.
Based on Equation (23), the propagation ranges of D wave and S1B0 wave are nearly equal to each
other. Next, we define the propagation time difference between D wave and S1B0 wave as

∆t = t2 − t1 (24)

Substituting Equations (23) and (24) into (21), the received signal can be expressed as

pz(ω) =
1
R

ei(kR−ωt1)
(
1− e-iω∆t

)
(25)

Similarly, the signal received by another sensor in the same range can be written as

pz+∆z(ω) =
1
R′

ei(kR′−ωt1
′)
(
1− e-iω∆t′

)
(26)

where R and R′ are numerically equal, and both represent the horizontal range of point A. Substituting
Equations (25) and (26) into (8) and combined with R = R′, the correlation coefficients of signal after
simplification are given by

ρ(r1, r2) =
Re

[∫ ω2

ω1
eiω(t1

′
−t1-τ)

(
1− e-iω∆t

)(
1− eiω∆t′

)
dω

]
√∫ ω2

ω1

∣∣∣1− e-iω∆t
∣∣∣2dω ·

∫ ω2

ω1

∣∣∣1− e-iω∆t′
∣∣∣2dω

(27)

Based on the experiment setup, the position of source and receivers are specific, in other words, R,
z, and zs are specific. The real part of exp[iω(t1

′
− t1 − τ)] is approximately equal to the maximum 1 by

adjusting time delay τ. As a consequence, the value of correlation coefficient ρ is only determined by
∆t and ∆t′. When considering the single frequency signal, Equation (27) can be written as

ρ(r1, r2) =
[1 + cos(ω0(∆t′ − ∆t)) − cos(ω0∆t′) − cos(ω0∆t)]

2
√
(1− cos(ω0∆t′))(1− cos(ω0∆t))

(28)

After further simplification, the correlation coefficient is

ρ(r1, r2) = cos
(
ω0

2
(∆t′ − ∆t)

)
(29)

In the direct-arrival zone, when the source is near the surface, the arrival time of D wave and
S1B0 wave at any hydrophones almost have no difference, namely ∆t′ ≈ ∆t and a high value of ρ can
be obtained. Figure 12 shows the theoretical calculation result and experiment result. It is indicated
that the trend of the correlation coefficient with the element depth is similar, but Equation (27) only
considers the D wave and S1B0 wave which mainly contribute to the sound field. The real received
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signal also contains the sound energy of other paths, thus, the two curves show difference. The same
interpretation method can be extended to non-isosonic profile.
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The noise correlation is another significant factor in the evaluation of AG. Generally speaking,
because of the high SNR, it is difficult to separate the signal and noise when receiving data. Furthermore,
the ambient noise is not expected to change during a short time. Hence, the data received before the
signal transmission is regarded as the noise. We measured the actual marine environmental noise
to do the next analysis. Figure 13 shows the noise correlation coefficients corresponding to different
element interval-to-wavelength ratio. The blue line, red line, and yellow line in Figure 13 denote the
measured ambient noise, the isotropic noise model, and the surface noise model. It is indicated that the
noise correlation coefficient in the real ocean is higher than those of the two theoretical noise models,
although there exists a similar trend. Also, from Figure 13 we reveal that the correlation coefficient of
measured noise is 0.2 at the frequency of 350 Hz as shown in purple round, basically close to that of
surface noise. Next, the actual noise correlation coefficient of the array is discussed as follows.
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Figure 13. Correlation coefficient of noise with change of d/λ in real ocean noise environment, isotropic
noise field and surface noise field.

Further, the correlation coefficients of noise are calculated by Equation (7) and shown in Figure 14,
where the correlation coefficient of the noise received by two adjacent elements is slightly higher than
zero. Moreover, as the receiver depth increases, the noise correlation coefficient decreases. In other
words, the noise received at different depths is largely uncorrelated to each other.
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Figure 14. Noise correlation coefficients.

According to the correlation coefficient of signal and noise above, the signal gain, noise gain,
and array gain are estimated. In Figure 15a, the blue line, red line, and yellow line represent SG, NG,
and AG, respectively. It is manifested that the curve of SG fluctuates around 11 dB and the value of
NG ranges from −1 dB to 0 dB. The value of AG fluctuates around the ideal value of 12 dB, and the
average value of AG is about 11.9 dB. It is noteworthy that the value of AG exceeds the ideal value
of 10 log M during the time of 5 s to 8 s. That is because SGs during these periods are very close to
10 log M, and the corresponding NGs are relatively stable and remain at a negative value.
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For validating the AG analysis above, the beamforming output spectrum of the VLA and the
power spectrum of a single element are compared and given in Figure 15b. In order to intuitively
display the difference between the two spectrums, we normalize the peak corresponding to the signal
frequency and thus, the difference of two noise power spectrums among the whole frequency band is
regarded as the AG after eliminating outliers. We can see that the average AG is about 10 dB, which is
close to the calculation result of 11.9 dB in Figure 15a. In the frequency band from 100 Hz to 200 Hz,
there exist some small fluctuated peaks, which are caused by low-frequency environmental noise.

The experimental time for each measurement point is half an hour. To verify the effect of time
changes on the array gain, we divide the half-hour measurement time into three segments and intercept
30-s signal from each division to calculate the array gain. Array gains of the early segment (1–10 min)
have been discussed in Figure 15b. Array gains in the middle (11–20 min) and late (21–30 min) period
are shown in Figure 16. The average AG in the early, middle, and late period is 10 dB, 9 dB, and 9 dB,
respectively. The little difference may be because the marine environment changed slightly during the
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entire measurement time. Moreover, the tilt angle of the array changed about 1◦ due to the disturbance
of the ocean current (as shown in Figure 3b). It can be concluded that the array gain remains constant
basically throughout the measurement time.
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Figure 16. Average array gains (AGs) in the direct-arrival zone (a) data in the middle measurement
period; (b) data in the late measurement period.

In this subsection, we have discussed the correlation and AG in the direct-arrival zone and
explained the reason for high value of AG from the perspective of sound rays. Next, the correlation
and AG in the shadow zone are analyzed.

4.3. Correlation and Array Gain in the Shadow Zone

When the sound source is placed at a depth of 30 m and a horizontal range of 10.3 km, we collect
the signal data received by the VLA. The acoustic field is now located in the shadow zone. 30-s samples
of the signal are selected and filtered by a band-pass filter with a frequency range of 300–400 Hz in this
processing. The top element is still considered as the reference element. The signal received by the
reference element in the time domain, frequency domain, and time-frequency domain is presented in
Figure 17, respectively. Because of the significant influence of multiple paths during the propagation of
sound waves, pulse shape of the received signal in the time domain is not evident and arrival waves at
the various time are mixed, as shown in Figure 17a.
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Similarly, the power output of the VLA is shown in Figure 18 after the conventional beamforming
processing. From Figure 18, we can find that there exist two visible peaks appearing at 111◦ and 61◦,
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respectively. According to the experiment configuration, the direction of the received wave is mainly
upward in this range. Therefore, the elevation angle of the signal received by hydrophones is 111◦,
and the grazing lobe angle is 61◦.
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Figure 18. Power output after conventional beamforming processing (main lobe of 111◦ and grazing
lobe of 61◦).

Following Equation (7), the correlation coefficients of the received signal are calculated and shown
in Figure 19. It is concluded that the correlation coefficients between two different hydrophones
are lower than those in the direct-arrival zone in Figure 8. Besides, correlation coefficients descend
significantly as the vertical depths ascend and show periodic oscillation, as shown in Figure 20.
This phenomenon occurs mainly because, at long range, sound rays undergo multiple reflections
between the sea surface and the bottom. Moreover, the difference in the arrival time of each ray
increases and multi-path interference becomes complicated.
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To analyze the ray type in the shadow zone, we use the BELLHOP model to calculate the time
arrival structure of the eigen-rays received by the reference hydrophone. As shown in Figure 21a,
we can see that the acoustic field in the shadow zone is mainly composed of the once-bottom-bounce
ray (S0B1), once-surface-reflected and once-bottom-reflected ray (S1B1), and the twice-surface-reflected
and once-bottom-reflected ray (S2B1). It is concluded that the time arrival structure becomes more
complicated than that in the direct-arrival zone because of multiple reflections of sound rays from the
ocean surface and the ocean bottom. The amplitudes of three types of the ray are close, as presented
in Figure 21a. The ray traces of the S0B1 wave, S1B1 wave, and S2B1 wave received by the reference
element are further shown in Figure 21b, in which we can find that propagation traces between S1B1
wave with the blue line and S2B1 wave are close. Furthermore, the path of S1B1 wave with purple
line and the one of S0B1 wave are also similar. However, there exist different propagation paths and
distinct time-delay differences between the two groups, which complicates multi-path interference and
reduces the vertical correlation of the sound field.
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Figure 21. (a) Arrival structure of the eigen-rays (10.3 km). (b) Ray trace in the shadow zone (10.3 km).

Table 2 shows the amplitudes, arrival time, and elevation angles information of S0B1 wave,
S1B1 wave, and S2B1 wave, respectively. In this table, the positive and negative values of the arrival
angle represent the downward and upward direction of the incident wave, respectively. Based on the
different arrival time, we regard the S1B1 wave with negative angle and S0B1 wave as the first group,
and S2B1 wave, S1B1 wave with positive angle as the second group. It is observed from Figure 21a
and Table 2 that the first group has a larger amplitude than the second group and the arrival time is
earlier. It is because the sound rays of second group incident to the bottom at a large grazing angle and
reflection attenuation is severe. Thus, the arrival amplitude decreases accordingly. The second group
experiences a longer path, and it arrives later. It is apparent that there is a time difference of nearly
0.15 s between these two groups.

Moreover, the amplitudes of two rays within each group are also different. For example,
the amplitude of S1B1 is slightly higher than that of S0B1 because the paths do not entirely coincide.
The received signals are a mixture of signal with different arrival angles and powers. In this case,
when the signal received is compensated with a single time delay by conventional beamforming
technology, signal correlation decreases, accordingly.

Further, we calculate the correlation coefficients of the received noise and show them in Figure 22.
The figure shows that noise correlation coefficients are nearly equal to 0 except diagonal elements,
which means the received noise is almost uncorrelated for every two different sensors. Compared with
the noise received in the direct-arrival zone, the noise correlation in the shadow zone is slightly lower.
The reason is that when the array is in the shadow zone, the distance from the sound-source ship to the
receivers is significantly further, and there is less ship noise received.
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Table 2. Structure of S1B1, S0B1, and S2B1 wave.

Type Amplitude (µPa) Arrival Time (s) Arrival Angle (◦) Number of
Surface-Reflection

Number of
Bottom-Reflection

S1B1 9.87 × 10−5 7.218 −10.56 1 1
S0B1 9.17 × 10−5 7.211 −10.56 0 1
S2B1 7.85 × 10−5 7.36 16.59 2 1
S1B1 6.51 × 10−5 7.348 16.59 1 1
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Figure 22. Noise correlation coefficients.

Then, the signal gain, noise gain, and array gain are calculated by the signal and noise correlation
coefficients. As shown in Figure 23a, the curve of SG fluctuates around 8 dB because of the weak signal
correlation, and the value of NG is about 0 dB. The value of AG is nearly equal to that of SG and is
about 4 dB lower than the ideal value of 12 dB. The reason for the lower AG is the time delays of
each element cannot be compensated accurately by using only one single angle when the plane wave
model is not satisfied. In order to verify the previous discussion, the beamforming output of the VLA
and power spectrum of the single element are calculated and shown in Figure 23b. Using the same
normalization method as before, the SNR of beamforming output for the VLA is about 7 dB higher
than that of the single element, which is very close to the average AG value of 8 dB.
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Figure 23. Calculation results in the shadow zone (a) signal gain, noise gain, and array gain; (b) power
spectrum of single element and array beamforming output power spectrum.

We also intercept three 30-s signals to calculate the array gains. As shown in Figure 24, the average
AG in the middle and late segment is 6.5 dB and 5.5 dB, respectively. The marine environment changed
with the time slightly, and the tilt angle of the array changed about 1◦, which causes a little difference
in the AG. We can consider that the AG remains constant basically during the measurement time.
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Figure 24. Average AGs in the shadow zone (a) data in the middle measurement period; (b) data in the
late measurement period.

Through the above analysis, it is found that the influence of the measurement time on the array
gain can be ignored. Next we discuss the effect of ship auxiliary engine noise on the array gain.

The auxiliary engine of the ship was still working when the ship was stopped in the measurement
points. At point A with the horizontal range of 2.4 km, the effect of the auxiliary noise on the marine
environment noise cannot be ignored. At point B with 10.3 km, the auxiliary engine noise has a slight
effect. We compare the noise correlation between two measurement points, as presented in Figure 25.
The noise at point B is basically uncorrelated, and the noise correlation coefficient at point A fluctuates
around 0.2. Considering the whole experiment lasting for only two hours, so the changes in the marine
environment caused by the time are negligible. The small difference in noise correlation is caused by
the auxiliary engine.
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According to Figures 15a and 23a, the average noise gain of point A and point B is −0.678 dB
and −0.302 dB, respectively, with a difference of only 0.376 dB. Therefore, we can conclude that the
auxiliary engine noise has little effect on the array gain and can be ignored.

5. Conclusions

Array gain is a critical factor in evaluating the detection performance for the vertical line array
and can be expressed by signal correlation and noise correlation. In this work, based on a trial
conducted in the South China Sea, the experimental signal correlation and noise correlation were
analyzed when the vertical line array was deployed in the direct-arrival zone and the shadow zone,
respectively. Ray interference theory was utilized to analyze the structure of the sound field and
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interpret the vertical correlation characteristic. Based on the measured marine environmental noise
instead of independent noise assumption, the effect of noise correlation on the array gain was analyzed.
According to the correlation coefficients, the array gain of the corresponding zone was also discussed.
Hence, several conclusions are summarized as follows:

1. The correlation coefficient of signal and noise can directly represent signal gain and noise gain,
respectively, and the difference between these two gains is the array gain. Positive signal gain
and negative noise gain can increase the array gain, which improves the detection ability of
underwater targets.

2. For the direct-arrival zone, D wave and S1B0 wave are the main components of the sound field,
and some waves reflected from the seabed can be ignored. These two waves have almost identical
arrival structures and ray traces and add up constructively. Hence, the correlation coefficients
of the received signal are close to 1. Accordingly, the measured noise correlation coefficient
fluctuates in a small range near 0, and thus the array gain is about 10 dB, nearly equal to the ideal
value of 10logM. In some cases, it even exceeds the ideal value.

3. For the shadow zone, the sound field is dominated by S1B1 wave, S0B1 wave, and S2B1 wave.
There are apparent differences in their arrival time and arrival angle because of the multipath
effect. The multipath interference structure of the signal becomes complex. Therefore, the signal
correlation coefficient is lower than that in the direct-arrival zone. Its correlation decreases as the
vertical depths increase and presents periodic oscillation. Furthermore, the received noise of each
element is almost completely uncorrelated. At this time, the value of AG is 7 dB, which is less
than the ideal value. The effect of time variation and ship auxiliary noise on the array gain can be
neglected during the experiment.
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