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Abstract: An improved strain-transfer model was developed for surface-bonded sapphire-derived
fiber Bragg grating sensors. In the model, the core and cladding of the fiber are separated into
individual layers, unlike in conventional treatment that regards the fiber as a unitive structure.
The separation is because large shear deformation occurs in the cladding when the core of the
sapphire-derived fiber is heavily doped with alumina, a material with a high Young’s modulus. Thus,
the model was established to have four layers, namely, a core, a cladding, an adhesive, and a host
material. A three-layer model could also be obtained from the regressed four-layer model when the
core’s radius increased to that of the cladding, which treated the fiber as if it were still homogeneous
material. The accuracy of both the four- and three-layer models was verified using a finite-element
model and a tensile-strain experiment. Experiment results indicated that a larger core diameter and a
higher alumina content resulted in a lower average strain-transfer rate. Error percentages were less
than 1.8% when the four- and three-layer models were used to predict the transfer rates of sensors
with high and low alumina content, respectively.
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1. Introduction

Fiber-optic strain, twist, and torsion sensors have played an important role in structural-integrity
monitoring because their compact size, light weight, and immunity to electromagnetic interference
represent significant advantages [1–7]. Between these, strain sensors are generally embedded into or
bonded to the surface of the host material. The strain on the host material transfers to fiber sensors
through adhesive and polymeric coating, and is then measured by the sensitive structure in the fiber
core. Unfortunately, strain loss inevitably occurs in the transfer process because of shear deformation
of the intermedium between fiber and host material. Thus, strain-transfer theory was developed to
describe the actual strain-transfer process [8–23]. In the case of embedded strain sensors, an analytical
model based on force equilibrium and compatibility was developed to present the real strain on
the host material on the basis of a number of realistic assumptions, such as materials behaving in a
linear elastic manner, and the existence of a perfect bond [8]. The multilayer-interface strain-transfer
mechanism is usually analyzed using simplified geometrical and physical functions [9]. The transfer
model was improved by considering the influence of the sensor on strain distribution in the host
material [10]. Strain-transfer analysis was conducted with the viscoelastic properties of the host material
considered to describe the interfacial shear–stress relationship [16]. To investigate the interfacial-failure
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mechanism, the strain-transfer model was also extended to diagnose local interfacial debonding [18].
In the case of surface-bonded sensors, various stacking parameters of carbon-fiber-reinforced polymer
laminates were analyzed by establishing a finite-element (FE) model [20]. The sensor was tested
under fatigue load to derive the transfer formula in response to dynamic strain [23]. A strain-transfer
model was also presented to study the influence of coating [24]. However, the above models were all
based on the common single-mode fiber, and are probably not suitable for strain sensors containing
sapphire-derived fibers (SDFs). The SDF is a specific fiber with an alumina dopant in the fiber core [25],
and the sapphire-derived fiber Bragg grating (SDFBG) showed potential for strain measurement in
temperatures as high as 950 ◦C [26–29]. The Young’s modulus of alumina (about 500 GPa) is much
higher than that of silica (about 72 GPa); therefore, deformation resistance of a core with a high alumina
content is much higher than that of pure silica cladding, leading to the shear deformation of the cladding
and strain loss. Although many investigations were conducted on the strain-transferring mechanism
between optic fiber and host material, they were all based on the assumption that the fiber possessed
an approximately homogeneous elastic property, which is probably reasonable because both the core
and cladding of the fiber are mainly made of silica. The pure silica approximation, however, could not
be used in our case because of the alumina dopant in the core of the SDF. Therefore, the application of
traditional strain-transfer models is quite limited in SDFBG-based strain measurement.

In this paper, an improved four-layer strain-transfer model for surface-bonded SDFBG sensors
was theoretically developed and experimentally demonstrated. The four layers were a core, cladding,
an adhesive, and a host material, and the cladding was analyzed as an individual layer of the medium
in order to reflect strain loss. When the core’s radius increased to that of the cladding, however,
the cladding layer disappeared, and the four-layer model regressed to a three-layer model. The FE
model and the static-tensile-strain experiment were conducted using a universal testing machine to
verify both the four- and three-layer models. Good agreement was achieved between theoretical
predictions and experiment results. A larger core diameter and a higher alumina content led to a
lower strain-transfer rate. Errors (less than 2%) were obtained when the four- and three-layer models
were used to predict the average strain-transfer rate (ASTR) of SDFBGs with high and low alumina
content, respectively.

2. Theoretical Approach

The four-layer sensing model for the surface-bonded SDFBG test system had a core, cladding,
an adhesive, and a host material, and the grating was located in the center of the core, as shown in
Figure 1. The homocentric cylindrical optic-fiber cladding and core were mounted on the host material,
with the adhesive filled in between the two. When the core’s radius increased to that of the cladding,
the cladding layer disappeared, and the four-layer model regressed to a three-layer model that only
had a core, an adhesive, and a host material, as shown in Figure 2. Like traditional models [8,11,20,22],
the three-layer model treated the core and cladding as essentially the same homogeneous material.
The stress state in the four-layer model is presented in Figure 3. Some assumptions were made before
the analytical model could be built:

1) The SDF core, cladding, adhesive layer, and monitored substrate were to be made of linear, elastic,
homogeneous materials.

2) The adhesive layer was to be closely bonded to the SDF and substrate materials, with no relative
slip. Shear stress and displacement at the interface between the two different media were to be at
the same amplitude.

3) Both the adhesive layer and the cladding layer were to only be subject to shear strain. This is
because the Young’s modulus of the adhesive layer and the cladding layer would be much smaller
than that of the heavily doped alumina core and the substrate material.
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Figure 1. Four-layer model of surface-bonded sapphire-derived fiber Bragg grating (SDFBG) test system.

Figure 2. Three-layer model regressed from four-layer model.

Figure 3. Stress state in four-layer model.

In this model, subscripts co, cl, a, and m represent core, cladding, adhesive, and host material,
respectively. τ, σ, ε, and γ are shear stress, normal stress, shear strain, and normal strain, respectively;
G and E represent shear modulus and Young’s modulus; and r, L, h, θ, and w are radius, half-bond
length of the adhesive, height, angle, and width, respectively.

The Young’s modulus of the SDF core was determined by its alumina content, and it could be
expressed as percentage m of its volume in the Al2O3–SiO2 binary system. Thus, by using the addition
model [30], the Young’s modulus of the core could be calculated as

Eco = mEAl2O3 + (1−m)ESiO2 , (1)

where EAl2O3 and ESiO2 are the Young’s moduli of alumina and silica, respectively.
As shown in Figure 3, difference in the displacement along the optic-fiber axis (x- co-ordinate axis)

between the core–cladding and the cladding–adhesive interfaces could be described as

u(rcl,θ, x) − u(rco,θ, x) =
∫ rcl

rco

γcl(r,θ, x)dr =
1

Gcl

∫ rcl

rco

τcl(r,θ, x)dr (2)
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According to Assumption 2, shear stresses at the interface between core and cladding are equal
in amplitude, namely, τcl(rco,θ, x) = τco(rco,θ, x). Shear stresses in the cladding were assumed to be
inverse to the radius, and could be given by

τcl(r,θ, x) = τcl(rco,θ, x)
rco

r
= τco(rco,θ, x)

rco

r
. (3)

According to Her and Huang [24], displacement continuity at the interface between cladding and
core could be derived from Equation (2) using the stress relationship in Equation (3), and given as

ucl(rcl,θ, x) = ua(rcl,θ, x) =
rcl
Gcl
· ln

( rcl
rco

)
·τ(rcl,θ, x) + uco(rco,θ, x), (4)

where uco(rcl,θ, x) can be replaced with uco(rcl, x) because the displacement of the core was regarded
as independent from the angle.

The shear strain of the adhesive is defined as

τa(rcl,θ, x) = γa·Ga =
um(rcl + ha, x) − ua(rcl,θ, x)

rcl(1− sinθ) + ha
·Ga. (5)

When Equation (4) is substituted into Equation (5), the shear stress of the cladding can be
rewritten as

τcl(rcl,θ, x) =
um(rcl + ra, x) − uco(rco, x)
rcl(1−sinθ)+ha

Ga
+

rcl
Gcl

ln
( rcl

rco

) . (6)

The equilibrium equation for the cladding is

rcl·

∫ π

0
τcl(rcl,θ, x)dθ·dx− rco·

∫ 2π

0
τcl(rco,θ, x)dθ·dx = 0. (7)

Substituting Equation (6) into Equation (7) yields∫ 2π

0
τcl(rco,θ, x)dθ =

rcl
rco

∫ π

0

um(rcl + ra, x) − uco(rco, x)
rcl(1−sinθ)+ha

Ga
+

rcl
Gp

ln
( rcl

rco

) dθ. (8)

The equilibrium equation for the core is

dσco·πr2
co + rco·

∫ 2π

0
τco(rco,θ, x)dθ·dx = 0. (9)

By deriving Equation (9) for x and incorporating it into Equation (8), we obtain

d2σco

dx2 +
rcl

πr2
co
(
σm

Em
−
σco

Eco
)

∫ π

0

1
rcl(1−sinθ)+ha

Ga
+

rcl
Gcl

ln
( rcl

rco

)dθ (10)

The equilibrium equation for the four-layer structure can be expressed as

πr2
coσco = (σ0 − σm)wmhm. (11)

Substituting Equation (11) into Equation (10) yields

d2σco

dx2 − k2 σco

Eco
= −

k2

πr2
co

wmhm
+ Em

Eco

σ0, (12)
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where

k =

√√√√ 1
πrco

(
πr2

co
whm

1
Em

+
1

Eco

)∫ π

0

1(
rcl(1−sinθ)+ha

Ga
+ rco

Gcl
ln rcl

rco

)dθ

The general solution for the differential of Equation (12) can be given as

σco = c1sinh(kx) + c2 cosh(kx) +
k2

πr2
co

whcl
+ Em

Eco

σ0, (13)

where constant coefficients c1 and c2 are determined by the following boundary conditions at the ends
of the core:

σco(±L) = 0. (14)

Therefore, stress on the optical fiber could be obtained through the following equation:

σco =
σ0

πr2
co

whcl
+ Em

Eco

(
1−

cosh(kx)
cosh(Lx)

)
(15)

Substituting stress–strain relationships σco = εcoEco and σ0 = ε0Em into Equation (12) yields

εco

ε0
=

1

1 + πr2
co

whcl

Eco
Em

(
1−

cosh(kx)
cosh(Lx)

)
. (16)

The ASTR is defined as

T =
1

2L

∫ L

−L

1

1 + πr2
co

whcl

Eco
Em

(
1−

cosh(kx)
cosh(Lx)

)
dx. (17)

3. Finite Element Analysis

The FE model is usually generated to validate analytical models. Unlike in previous studies [10,
22,31] that mainly focused on the strain-transfer medium except for the fiber, the FE simulation in this
section was used to study the effects of an alumina dopant in the fiber core. In order to obtain the
appropriate adhesive size for the FE model, however, the half-bond length and the bottom thickness
of the adhesive layer had to first be analyzed using the three-layer model (rco = rcl in Equation (14)
with no alumina dopant (m = 0)). The relevant physical characteristics of the materials and the size
of each layer are listed in Tables 1 and 2, respectively. Results are shown in Figure 4. A half-bond
length of L = 5mm and a bottom thickness of ha = 0.1mm were selected, as a relatively high ASTR
(over 90%) had been obtained in these conditions. The FE model was then established using COMSOL
Multiphysics 5.3 (COMSOL Co., Ltd., Stockholm, Sweden) commercial software. Mesh generation is
shown in Figure 5.

Table 1. Physical characteristics of materials used in strain-transfer model.

Sapphire Silica Adhesive Host material

E(GPa) 503 72 10 195
µ 0.25 0.17 0.34 0.24

Table 2. Size of each layer in strain-transfer model.

rco rcl hm wm

Size (mm) 0.0625 0.0625 1.5 4.4
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Figure 4. Influence of half-bond length and adhesive-bottom thickness on average strain-transfer rate
(ASTR) calculated from three-layer model.

Figure 5. Finite-element (FE) mesh of strain transfer.

The influence of the fiber core’s radius and alumina content on the ASTR was studied. Figure 6
shows the simulated results calculated from both the analytical four-layer model and the FE model.
When the core’s radius increased to the cladding’s radius (62.5 µm), the ASTRs of the four-layer model
for different alumina contents were approximately equal to the corresponding rates from the three-layer
model (see black rectangle in Figure 6). Simulated results indicated that ASTRs generally experienced
a decreasing trend as the core’s radius increased from 5 to 62.5 µm. For example, when the alumina
content was 50 mol %, ASTRs from the four-layer and FE models decreased from 97.2% to 77.6% and
92.1% to 76.4%, respectively. This could mainly be attributed to two factors. First, cladding thickness
decreased with the core’s increasing radius, which was beneficial to the efficient transfer of strain from
the adhesive to the core. Second, increasing radius reduced the normal stress on the cross section of
the core because normal stress is approximately inversely proportional to the core’s radius, as shown
in Equation (11). Although both factors mitigated each other, the latter was proven to be stronger,
which led the ASTR to decrease with the core’s increasing radius. In addition, increasing alumina
content also led to a decrease in ASTRs. When the core’s radius was fixed at a certain value, such as
30 µm, ASTRs from the four-layer and FE models decreased from 95.3% to 84.1% and 91.5% to 85.9%,
respectively. Significant strain loss resulted from large shear deformation that occurred in cladding.
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Figure 6. Influence of core radius and alumina content on average strain-transfer rate (ASTR) calculated
from four-layer model and finite-element (FE) model.

Errors of the four- and three-layer models from the FE model are shown in Figure 7. For the cases
where there was no- and low-alumina content (m = 0 mol % and m = 4 mol %), the three-layer model
achieved smaller error percentages than those of the four-layer model. This was reasonable because
the three-layer model assumed homogeneous material within the fiber region, which was consistent
with the fact that the fiber was still mainly composed of silica. Therefore, the three-layer model was
more suitable than the four-layer model for predicting transfer efficiency when there was no or low
alumina dopant in the core. For cases of high alumina content (m = 50 mol % and m = 100 mol %),
however, error percentages of the four-layer model from the FE model were significantly smaller than
those of the three-layer model. The change in errors indicated that the core and cladding needed to be
treated as separate layers instead of a unit because the Young’s modulus of the alumina/silica core was
much higher than that of the silica cladding. As a result, the four-layer model was a better choice than
the three-layer model to predict ASTR for the fiber with high alumina content.

Figure 7. Errors of four- and three-layer models from finite-element (FE) model.
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4. Experiment and Discussion

As listed in Table 3, three different kinds of SDFBGs with the same cladding radius were used in
uniaxial tensile tests. Among them, SDBG-1 had the highest alumina content and largest core radius.
Compared to SDFBG-1, SDFBG-2 had similar alumina content but a smaller core radius, while SDFBG-3
had lower alumina content but a similar core radius. These gratings were all fabricated with a 1550 nm
central wavelength and 10 mm length by a near-infrared femtosecond laser in accordance with the
point-by-point method.

Table 3. Basic parameters of sapphire-derived fiber Bragg gratings (SDFBGs).

Alumina Content (mol %) Core Radius (µm) Cladding Radius (µm)

SDFBG-1 49.6 30.8 62.5
SDFBG-2 49.3 10.5 62.5
SDFBG-3 4.5 30.2 62.5

Strain measured by the SDFBG sensor is expressed as

ε =
∆λ
K

, (18)

where ∆λ is the resonant-wavelength shift of the SDFBG induced by axial strain, and K is the axial-strain
sensitivity, which is defined by [32]

K =
1
λ0

(
1−

1
2

n
(
pcore

12 − ν
core

(
pcore

11 + pcore
12

)))
, (19)

where λ0 is the selected resonant wavelength. Refractive index n, two photoelastic constants pcore
12

and pcore
11 and Poisson ratio νcore of the core were all determined by alumina content m and could be

calculated by using the additive model [30] via each component’s bulk parameter in Table 4:
n = mnAl2O3 + (1−m)nSiO2

pcore
11 = mpAl2O3

11 + (1−m)pSiO2
11

pcore
12 = mpAl2O3

12 + (1−m)pSiO2
12

νcore = mνAl2O3 + (1−m)νSiO2

(20)

Table 4. Bulk parameters of alumina and silica.

Material n ν p11 p12

Al2O3 1.667 0.25 −0.237 −0.027
SiO2 1.444 0.16 0.098 0.226

The SDFBG was mounted onto a GH3536 specimen in load control to calibrate strain sensitivity
using a universal testing machine C40 (MTS Systems, Co., Minnesota, USA). The schematic diagram
and experiment setup are shown in Figures 8 and 9, respectively. The adhesive was fabricated with
half-bond length of 5 mm and bottom thickness of 0.1 mm. Static-displacement load was applied
to the upper end of the specimen, while the nether end was fixed. Loaded strain was defined as
ε = ∆Lm/Lm, where Lm is the length of the specimen between two clamps at the initial stage, and ∆Lm

is the elongation of the specimen under static tensile loading. The reflection spectrum of the SDFBG
was adopted by an optical sensing analyzer Si720 (Micron Optics, Inc., Atlanta, USA) with a spectral
resolution of 0.25 pm.
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Figure 8. Schematic diagram for strain calibration.

Figure 9. Experiment setup for strain calibration.

The strain experiment was carried out at room temperature (about 20 ◦C) from 0 to 1000 µε,
with a step of 100 µε. Theoretical and experiment results are listed in Table 5. Experimental ASTRs
were obtained by dividing theoretical sensitivities by the corresponding experimental sensitivities.
Compared to SDFBG-2, SDFBG-1 had a 20.3 µm larger core radius, but 5.4% lower experimental ASTR.
Meanwhile, compared to SDFBG-3, SDFBG-1 had a 45.1 mol % higher alumina content, but a 3.6%
lower experimental ASTR. As expected, the larger core diameter and higher alumina content led to
lower ASTRs. Errors in the absolute value of the FE, and four- and three-layer models were calculated
from the experiment results, as shown in Table 5. Results of the FE model were generally consistent for
all gratings, and the highest error percentage was only 1.1%, mainly due to measurement uncertainty of
the model parameters, such as adhesive size, alumina content, and core radius. Low error percentages
(0.9% and 0.8%) for the four-layer model were obtained when the ASTRs of SDFBG-1 and -2 were
predicted, while a high error percentage (5.2%) was obtained when the ASTR of SDFBG-3 was predicted.
In contrast, high error percentages (9.2% and 14.7%) for the three-layer model were obtained when the
ASTRs of SDFBG-1 and -2 were predicted, while a low error percentage (0.3%) was obtained when the
ASTR of SDFBG-3 was predicted. Considering that SDFBG-1 and -2 had higher alumina content than
that of SDFBG-3, the four- and three-layer models were proved to be suitable for calculating the ASTRs
of SDFBGs with a high and low alumina content, respectively.
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Table 5. Theoretical and experiment results for strain-transfer rates.

Theoretical
Sensitivity

(pm/µε)

Experiment
Sensitivity

(pm/µε)

Experiment
ASTR (%)

FE Model Four-Layer
Model

Three-Layer
Model

ASTR
(%)

Error
1 (%)

ASTR
(%)

Error
1 (%)

ASTR
(%)

Error
1(%)

SDFBG-1 1.37 1.19 86.9 87.4 0.5 87.8 0.9 77.7 9.2
SDFBG-2 1.37 1.26 92.3 92.1 0.2 93.1 0.8 77.6 14.7
SDFBG-3 1.29 1.16 90.5 91.6 1.1 95.7 5.2 90.2 0.3

1 Error values calculated in absolute values.

5. Conclusions

In this paper, an improved surface-bonded SDFBG strain-transfer model was theoretically
proposed and experimentally demonstrated. The SDFBG with a high alumina content was considered
an inhomogeneous material in the fiber region, and the measurement structure was abstracted into
core, cladding, adhesive, and host material. The transfer function of the analytical model was derived
according to shear-lag theory. Strain-transfer characteristics were analyzed using the four- and
three-layer, and FE models. The core’s radius and the higher alumina content were found to have
a significant effect on the ASTR. Simulation results indicated that the larger core’s radius and the
higher content resulted in a lower transfer rate. For example, the ASTR calculated from the four-layer
model decreased by about 20% when the alumina content was fixed at 50 mol %, and the core’s radius
increased from 5 to 62.5 µm, while the ASTR decreased by about 8% when the core’s radius was fixed
at 30 µm, and the alumina content increased from 0 to 100 mol %. The accuracy of the proposed model
was verified by the strain experiment on a universal testing machine. The ASTR decreased by about
5% when the core’s radius increased from 10.5 to 30.8 µm, or alumina content increased from 4.5 to
49.6 mol %. The four- and three-layer models were found to be preferable for predicting the transfer
rates of sensors with a high and low alumina content, respectively, and error percentages of less than
0.9% were obtained. This research can be used to instruct practical applications of and guarantee
accurate measurements by SDFBG strain sensors.
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