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Abstract: Functionally graded square and rectangular plates of different thicknesses placed on the
elastic foundation modeled according to the Winkler-Pasternak theory have been studied. The thermal
and mechanical characteristics, apart from Poisson’s ratio, are considered to continuously differ
through the thickness of the studied material as stated in a power-law distribution. A mathematical
model of functionally graded plate which include interaction with elastic foundation is defined.
The equilibrium and stability equations are derived using high order shear deformation theory that
comprises various kinds of shape function and the von Karman nonlinearity. A new analytically
integrable shape function has been introduced. Hamilton’s principle has been applied with the
purpose of acquiring the equations of motion. An analytical method for identifying both natural
frequencies and critical buckling temperature for cases of linear and nonlinear temperature change
through the plate thickness has been established. In order to verify the derived theoretical results on
numerical examples, an original program code has been implemented within software MATLAB.
Critical buckling temperature and natural frequencies findings are shown below. Previous scientific
research and papers confirms that presented both the theoretical formulation and the numerical
results are accurate. The comparison has been made between newly established findings based on
introduced shape function and the old findings that include 13 different shape functions available
in previously published articles. The final part of the research provides analysis and conclusions
related to the impact of the power-law index, foundation stiffness, and temperature gradient on
critical buckling temperature and natural frequencies of the functionally graded plates.

Keywords: functionally graded plate; von Karman nonlinear theory; high order shear deformation
theory; new shape function; thermal buckling; free vibration

1. Introduction

Due to a variety of organic and inorganic compounds, progress and growth has been made
possible when it comes to present-day materials, advanced polymers, engineering alloys, structural
ceramics, etc. [1]. The use of new materials happens as a consequence of current technology trends.
Material properties are expected to adapt to current changes in technology and to have a spectrum
of functions and characteristics that have not been introduced yet. As a result, materials are merged,

Appl. Sci. 2020, 10, 4190; d0i:10.3390/app10124190 www.mdpi.com/journal/applsci


http://www.mdpi.com/journal/applsci
http://www.mdpi.com
https://orcid.org/0000-0002-7355-7403
https://orcid.org/0000-0001-8370-748X
https://orcid.org/0000-0001-7231-7400
https://orcid.org/0000-0003-4790-2856
http://dx.doi.org/10.3390/app10124190
http://www.mdpi.com/journal/applsci
https://www.mdpi.com/2076-3417/10/12/4190?type=check_update&version=3

Appl. Sci. 2020, 10,4190 20f22

and their advantages are preserved. Functionally graded materials (FGM) meet the needs of all the
mentioned requests in technology.

Belonging to the family of engineering composite materials, FGM are modern materials that
feature a continuous or discontinuous variation of the chemical composition through a defined
direction. Detailed analysis and scientific experimentation have shown that FGM are able to constitute
a gradient property, which is not the case with other homogeneous materials or composites. Present-day
engineering faces a significant number of obstacles that could be overcome with these newly established
materials with functionally graded composition. Mechanical characteristics like Poisson’s ratio, density
of material, modulus of elasticity, shear modulus, and thermal expansion coefficient change through
a defined direction, where a property gradient can be stepwise or continuous (linear, exponential,
or parabolic) (Figure 1).
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Figure 1. Gradient types.

The existing materials and their qualities could be completely utilized by the FGM. The following
factors are encompassed: reduction of transverse shear stress, the enhancement of mechanical and
thermal characteristics as well as delamination prevention between the layers, which is one of the most
crucial and the most commonly studied issues related to composite laminates [2] (Figure 2).
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Figure 2. Material structure: (a) composite laminate; (b) functionally graded materials (FGM).

Metal/ceramics are the most frequently used FGM, metal being superior to ceramics regarding
strength, toughness, and high thermal conductivity, while ceramics features a good temperature
resistance, low thermal conductivity, and good antioxidant characteristics. FGM that contain both metal
and ceramic constituents enhance thermal-mechanical characteristics between layers. As a consequence
of continuous change of properties at the interface, FGM avoids delamination.

Functionally graded materials, being modern materials in the group composite materials, represent
a popular topic discussed among numerous authors in recent years, as evidenced by a large number of
publications in renowned journals in the field of composite materials. The actuality and the importance
of the topic are addressed in numerous reviewed papers [3—6], which undoubtedly indicates the
intention of the authors to illustrate the current state of research in this area and point to further
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research directions related to this very interesting area. Overall, FGM plates and shells under the
impact of mechanical load or temperature can be studied using a 3D elastic theory or equivalent
layer theories, which means classical plate theory (CPT), first-order shear deformation theory (FSDT),
and higher-order shear deformation theory (HSDT). In order to eliminate the disadvantages of CPT in
the analysis of moderately thick and thin plates [7], as well as to exclude the shear correction factors in
FSDT [8], higher-order shear deformation theories (HSDT) were introduced. The most commonly used
HSDT theory is third-order shear deformation theories (TSDT) developed by Reddy [9,10] for laminate
composite materials, taking into account the effects of shear deformation and satisfying condition that
the laminates upper and lower surface stress-free. Later, the aforementioned theory was applied to the
analysis of the FGM plates [11]. Subsequently, a number of authors have used Reddy’s TSDT theory in
the analysis of free vibrations and the dynamic stability [12,13] of FGM plates, with or without the
interaction of the plate and the elastic foundation [14]. The impact of temperature, plate geometry,
and material on free vibrations was studied in [15]. In addition to TSDT, a special HSDT group of
theories, which has been developed in order to exclude the need to use correction factors, includes
HSDT theories with shape functions. In general, there are different types of shape functions.

The initial idea of developing FGM was aimed at obtaining a material with high resistance to
temperature gradient on one side and also good mechanical properties on the other side. For this
reason, a number of authors have addressed the behavior problems of FG plates made of metal-ceramic
constituents under mechanical and thermal, static, and dynamic loads, applying the theories mentioned
above. The equilibrium and stability equations of thin, moderately thick, and thick FGM plates exposed
to the impact of temperature have been considered in the area of linear [16-18] and nonlinear
elasticity [19,20]. The effect of uniform, linear, and nonlinear temperature change in the direction of
plate thickness has been analyzed in dynamic problems [21-23]. The plate/foundation interaction and
the impact of the elasticity of the foundation, modeled by the Winkler-Pasternak model, were analyzed
by the authors in [24-27]. The problem of constrained multi objective optimization performed for mass
and material cost minimization as well as the minimization of stress failure criteria or maximization of
natural frequency is studied in [28,29]. A recent trend of research in the area of FGM is quantifying
uncertainty [30-33].

Ultimately, the final aim of all the previously mentioned research and studies is the application of
FGM in various fields of engineering and industry. Although initially used as FGM material for thermal
coating in spacecraft, due to their advantages over conventional materials, today FGM is increasingly
being used in medicine [34], dentistry [35], the energy and nuclear sectors [36], the automotive
industry [37], the military industry [38], optoelectronics [39], and others.

2. Mathematical Model of the Functionally Graded Plate Placed on Elastic Foundation

This paper deals with the FGM rectangular plate (a-length, b-width, and h-height) resting on
an elastic foundation, where the z-axis has a direction of thickness & and the x-y plane represents the
mid surface of the plate (Figure 3). Mathematical model of elastic foundation is defined by the use of
Winkler-Pasternak type of two parameters elastic foundation:

e kg is stiffness of Winkler foundation,
e  kj represents shear stiffness (Pasternak coefficient).

Power law distribution is used to define Young’s modulus of elasticity, thermal expansion
coefficient, and temperature change through plate thickness [40]:

+
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The analytical procedure for determining natural frequencies as well as critical buckling
temperature for both linear and nonlinear temperature change across the FG plate thickness is

hereby developed.

ZA

shear layer (k)

Winkler springs (ko)
Figure 3. Mathematical model of the functionally graded plate placed on elastic foundation.

3. Equilibrium and Stability Equations of FG Plate Placed on Elastic Foundation

By introducing HSDT with shape functions, numerous authors have eliminated the disadvantages

of CPT and FSDT.
In order to produce good results for specific dynamical and static problems, many of these shape

functions have been introduced. It is important to note that the shape functions proposed by various
authors (Table 1) are not generally applicable to all types of problems.

Table 1. Different type of shape functions.

Number of Function Shape Function, f(z)
No. 1 [41] (z/2)(h?/4 - 22/3)
No. 2 [42] (52/4)(1 - 422 /31%)
No. 3[43] (h/m) sin(niz/h)
No. 4 [44] sin(nz/h)ez s (£2) 4 (nz/2h)
No. 5-6 [45] tan(mz) — zmsec?(mh/2), m = {1/5h,7/2h}
No. 7 [46,47] zexp(-z(z/h)Z),zexp(%), Vo 0
No. 8 [48] 2-2.85722/0)" 40,0287
No. 9 [49] E[(h/m)sin(nz/h) —z],& = {1,1/ cosh(n/2) — 1}
No. 10 [50] hsinh(z/h) —zcosh(1/2)
No. 11 [51] Zsec h(22 /hz) —zsech(nt/4)[1 - (n/2)tanh(7t/4)]
No. 12 [51] (37/2)htanh(z/h) — (37/2)zsech?(1/2)
zcos(1/2) hsin(z/h)
No. 13 [52] “1+cos(1/2) ~ —1+cos(1/2)

This paper introduces a new shape function:

f(z) = z(cosh(ﬁ) - 1.388) )

The starting point for developing a new shape function was a comparative analysis of the
advantages and disadvantages of existing shape functions given in Table 1. The initial conditions which
had to be satisfied in developing a new shape function are: the function has to be an odd function
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of the thickness coordinate, the function has to satisfy zero stress conditions for out of plane shear

stresses, the function has to be analytically integrable in order to additionally increases the precision of

the results obtained. Table 1 shows that the newly developed shape function belongs to the category of

simple mathematic functions. This makes the process of integration easier and it consequently reduces

the calculation time significantly. Since the function is analytically integrable, it is not necessary to

switch to numeric integration, and that fact additionally increases the precision of the results obtained.
Here, the assumed form of the displacement field [50] is:

u(x,y,zt) = up(x,y,t) —zja—‘f(’(x, y, t) + £(z)0y,
V(x,y,2,8) = volx,,t) - 225 (x,y, 1) + ()8, ©
w(x,y,2,t) = wo(x,y,t).

It is necessary to apply the relations between strains and displacements based on von Karman'’s
non-linear theory of elasticity so as to define the components of unit loads [53]. Considering the effect
of the temperature change (1) and thermal expansion that cause a strain AT, as well as using the
generalized Hooke’s law, the following unit load components are obtained:

oy 4w
Nixx h/2 [ Oxx h2| Qu(z) Qu(z) 0 ox T 2hox/,
Nyy ¢ = f oyy dz = f Qu2(z) Qup(z) 0 %—0—%(%—‘;’) dz
ny -h/2 Ty -h/2| 0 0 Q66(Z) ﬂ+3ﬂ+a_wa_w
2 dy Ix ox dy 2
b2 | Quz) Qualz) 0 "3 h2| Qu(z) Qulz) 0 7
+ [ | Qu(z) Qu(z) 0 _3yzo zdz+ [ | Qu(z) Qun(z) 0 a_yy f(z)dz
-h/21 0 0 Qe6(2) —2‘39133 Lo 0 Qe6(2) ‘99;4-3(%
/2| Qu1(z) +Qua(2)
- [ | Qu(z) +Qu(z) |x(z)T(z)dz,
2| g
o 4 (2w’
Mix h/2 [ Oxx n2| Qu(z) Qu(z) 0 K T2\ ox/,
Myy = f Oyy zdz = f Q12(Z) QZZ(Z) 0 aa_\;)+%(%_\;v) zdz
Mxy -h/2 Txy “h/z |0 0 Qs6(2) dug | Idvo | JwIw
T TNy
_Pwo 90,
n2 | Qu(z) Qu(z) 0 2 n2| Qu(z) Qu(z) 0 o
+ [ | Quz) Qu(z) 0 —9yzo z22dz+ [ | Qu(z) Qun(z) 0 > 7f(z)dz @)
-h/2| 0 0 Qe6(2) _zgi‘g; -h/2| o 0 Qes(2) | aaeyx+‘9%
n/2 | Qu(z) +Qua(z)
- Qi2(2) + Qu(z) |za(z)T(z)dz,
-h/2{ 0
dug | 1(aw)?
Pix h/2 [ Oxx n2| Qu(z) Qua(z) 0 3X+2(9X)2
Py 1= [ oy (f@)dz= [ | Qu(z) Qu(z) 0 () e
Pyy -h/2 Txy “h/21 0 0 Qss(2) dug | Ivo | Jww
y TNy
_Bzwo 90x
n2 | Qu(z) Qu(z) 0 2 n2| Qu(z) Qup(z) 0 & s
+ [ | Qulz Qu(z) 0 —ayzo zf(z)dz+ [ | Qu(z) Qu(z) 0 r (f(z))"dz
-h/2| 0 0 Qg6(2) _zz;i‘:;/; -h/21 0 0 Qs6(2) B;;XJF%
n/2| Qui(z) +Qua(2)
- [ | Quz)+Qu(2) [f(z)a(z)T(2z)dz,
-h2| g
Ry h/2{ Txz }/ h/Z[ Qu(z) 0 ]{ Ox } / 2
= f'(z)dz = f dz,
(%] I 1@ = T 10 aue Lo, fE@
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where:

0 Jug 1{dwp 2 0 _8 wo 1 90y

F-)((x) o T2 ( )2 k>(<x) gxz k>(<><> 9‘96‘ k(z) 0

E(O) _ vy 1( owg k(0> _ _9°wg k(l) _ y XZ _ X (5)

o) T2y NG Dy || 1D s oo, |17 oy J'
X y

Y Tt ) R 25y ) S

df(z)

and f’ (Z) = 4z -
The coefficients of the constitutive elasticity tensor could be derived using engineering constants:

E E(z .
Qu(2) = Qn(2) = % Qus(2z) = Qs5(z) = Qe6(2) = 2(1 (Jr) ) Qu2(z) = I—(j; (6)
Based on the Equation (4), new matrices are defined:
h/2

(Aij/ Bijr Dij/ Eij/ Fij/ Gl]) = f Qij(l, z, f(Z),ZZ, Zf(Z), (f(z))Z)le,] _ (1, 2, 6),

o (7)
h/2 )
He = [ Q,(f(2)’dz (Lr) = (45).
~h/2

In order to use the principles of minimum potential energy, it is necessary to define strain energy
Us, the potential energy of the elastic foundation U, and the total potential energy I1:

h/2
Us= [ [(owlen—a(z)T(2)] + Gy[syy - oc(z)T(Z)] + Oz + Ty Yxy + Txe Vo + Ty Yy, )dAdz, 8)

-h/2 A
Ue = ;f{kow +k1[(i.¥) +(‘Z¥) }}dA )

A
1 = Us + U. (10)

By applying the principles of minimum potential energy:

SIT = §(Us + Ue) = 8Us + 8Ue = [ (Ndels) + Nyy8el) + Ny SvL9) + M8k + My 8k(5) + My 5k

. (11)
1 1 1 2 2)
Pkl + Pyy8kly) 4 Py Skl + oSk + Ryok7 )dA + { {kowéw + kl(%l)f PBw %—;V‘;g—yw)}dA —0,

XX

equilibrium equations become:

Ny _

J INy
6u0:aNXX+ =0, ovg: Nyy—l— Ny*0
My 3 My *M
dwy : e +2 8x8yy + ayzyy + NXX ™ 20 + 2ny 9)«90 +Nyy 8y2 —kowo +k1( e ) =0, (12)
. anx an _ . Py JP.
50y : + y —-Ry =0, 59y~a_xy+ a}y,y Ry =0.

Based on the equilibrium Equation (12) and wusing the displacement components
ug, vo, wo, Bxo and By, the stability equation could be defined. The displacement components of the
next stable configuration are:

u=1ug+u, Vv=vp+Vvy, W=wo+wy,

13
Ox = Ox0 + 0x1, Oy = Oy0 + 6y, (13)

where 1y, v1, wy, 85 and 0y represent the displacement components of arbitrarily small deviation
from the stable configuration. If it is assumed that the temperature is constant in xy-plane of the
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FG plate and that it changes only in the direction of z-axis, the stability equation can be obtained by
substituting the Equation (13) into the Equation (12):

1 1 1
ONL, | Nk Nl N

dug : =3 Iy T 0, 51\/0 C oy a;y =0,
PML, | PMy | PM P ? i P P
dwo : 7 +2 axayy + ayzy * 4 Ni w t 2N2y 3x‘g; + Ngyﬁ —kow1 + kl( Fral a;vzl) =0 (14)
9Pl | P 1 9Py, Py 1
80x: ZE+ 5 ~Re=0, 80y: 5+ 5% —Ry =0.
where NY,, Ngy and Ngy are the resultants of pre-buckling forces:
T Ea)10)
E(z)x(z)T(z
0 0 0
Nix =Nyy = - f ?dz, Ny = 0. (15)
-h/2

Analytical solutions are obtained by using assumed solution forms and boundary conditions
in accordance with Navier’s methods [54]. Boundary conditions along the edges of the rigidly
fixed-simply supported plate rectangular plate are the following:

u =vy =wp =0y =NL =M, =PL =0 along sides x =0and x = a,

u=vi=wj =0, = N%,y = M}l,y = Pg,y =0 alongsides y=0andy =b. (16)

In order to satisfy the previously defined boundary conditions, the following Navier’s solution is
assumed [54]:

oo o0 [S oA

1 . nm 1 . nrt
u(xy)= Y Y Uppcos2gin 22 vi(x,y) = ¥ Y Vp,sin 2 cos -3%,
m=1n=1 m=1n=1
1 . .. nm
wi(xy) = Y Y Wp,sin B sin Ty, (17)
m=1n=1
vy . nmy v v ol e mmx .o DY
0x1(xy) = X ¥ Timncos B sin T Oyxy)= L X Tymasin®7*cos 5=
m=1n=1 m=1n=1
where UL V1wl Tl T;mn are parameters which are to be determined.
Based on Navier’s solution, the stability equation becomes:
[L-QIU =0, (18)

T
where U = { ul, vi, o wl Tl T%,mn } and () buckling parameter. Coefficients Ly,
(i,j = 1+ 5) are defined in the following way:

L1 = o?Aq1 + B*Ags, L1z = aP(A12 + Ags), L1z =0, Lis = o?Dy; + B*Des,

Lis = af (D12 + Dig), Lo = 0?Ags + B?Az, Loz =0, Lyg = af(D1n + Dig),

Los = a?Ces + B?Caa, Laz = o*Eq1 +202B?Eqp + 40> BEe + B*Eno, (19)
Las = —oFy1 — ap?F1a — 2aP?Ees, Las = —a®BF1a — 202 BFee — p°Fao,

Ly = Hys + o®Gy1 4+ 0®Ges, Las = aP (G2 + Ges), Lss = Hss + c*Ges + a®Goa,

while the matrix Iy, (i,j = 1+5) is determined as:

0,
= 20
{&N&+WN&+m+k¢ﬁ+ﬁﬂ,@j:@,a:nmm,ﬁ:mvb (20)

The determinant in (18) must be equal to zero value in order to get nontrivial solutions:

IL - QI = 0. 1)
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4. Equations of Motion of FG Plate Placed on Elastic Foundation

As the subject of this chapter is linear dynamic analysis, the kinematic relations of displacements
and deformations are defined under assumptions of small deformations. Since the total potential
energy I1is represented as the sum of the strain energy of the plate and the potential energy of the
elastic foundation (10), for the application of the Hamilton’s principle it is necessary to further define

the kinetic energy:
h/2

Jmf |(au) ((3:)2+(88V:) ]dAdZ (22)

wherein:
p(z)-material density in an arbitrary cross-section z,

As can be seen, as a consequence of the gradient structure of the plate material, the material
density represents a function of the z coordinate. The change of density in the direction of z-axis is
defined in accordance to the power-law distribution as:

1 z\P
p(Z) = Pm + pcm(i =+ E) s Pem = Pc~ Pm;/ (23)

By substituting the strain energy of the plate (8), the potential energy of the elastic foundation (9)
and the kinetic energy (22) into the Hamilton’s principle:

1)
5 f (Us+Ue)ldt = [ [— [ (Nl + Nyyeld) + Nug vy + Mykd + Myy kY + My k)
t A

Pkl + Pyykiy) + Prykly) + Rek) + Ryki))dA

-J {iowtw + ke 2w - e )}dA

(24)

h/2

o 1 T3 % R ehaasfa o

By substituting the strain components expressed by assumed displacement forms as well as
by applying the calculus of variations and group the members with the duy, dvg, 8wy, 0x and 50y,
the equations of motion are obtained:

3NX
dug : aNXX + y =Tjug - Iz —|— I49X,
3N HNX .
dvp : a;ly + Wy =Iivy —12— + I49y,

. QZMXX 2 2 aZWO 82W0 _ N 9110 aVO
dwy : 52 +2 Iy + oy £ —k0W0+k1( 32 T 7y =hLwo+ D5 +

- %
—Is(aaxz aw0)+15(an+ y)

(25)

JPx
50y : % + ayy Ry = Lyug - 15 0 + 160,
JPx JpP
80y 1 o+ 5 —Ry =Iavo . Sl L+ 1By,
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where I; (i = 1,2,3,4,5i6) are terms due to inertia defined as:

h/2 h/2
L = f p(z)dz, I = f p(z)zdz,
-h/2 -h/2
h/2 h/2
I3 = f p(z)f(z)dz, Iy = f 0(z)z%dz, (26)
-h/2 -h/2
h/2 h/2 )
Is = f p(z)zf(z)dz, Ig= f p(z)(f(z))"dz.
-h/2 -h/2

Analytical solutions will be derived for the simply supported rectangular FGM plate, wherein the
boundary conditions are defined according to [54] as:

vp = wg = 0y = Nyx = Myx = Pyx = Ry = 0, on the sides where x = 0 or x = a,
y y

27
uyg = wo = 0x = Nyy = Myy = Pyy = Ry = 0, on the sides wherey = 0 ory = b. 27)

In order to satisfy the previously defined boundary conditions, the following Navier’s solution

is assumed:
(o) o0 n7t . o0 (o) n7e .
u(x,y,t) = ¥ Y Unncos 2 sin Tye“”t, vo(x,y,t) = ¥ ¥ Vinnsin 22 cos Tyel“’t,
m=1n=1 m=1n=1
0o 00 .
wo(x,y,t) = ;1 ;l Winn sin 22 sin 272 efwt, (28)
BigRRt I o oo N
0x(x,y,t) = X Y Txmncos ™ sin Tye‘“’t, Oy(x,y,t) = ¥ Y Tymnsin 2 cos Tyel‘”t.
m=1n=1 m=1n=1

Comparing the assumed form of Navier’s solutions (17) and (28), it can be observed that the only
difference between these forms is in the terms e!®!, where w is the natural frequency of the system
and Umn, Vmn, Wmnn, Txmn, Tymn are parameters to be determined. By substituting (28) into (25) the
following equation is obtained:

[K-w?]u =0, (29)
Kii Kz Kiz Ky Kys Umn
Kz Kz Ky Kis - Vinn
K= Kz Kz Kss || U={ Wpn ¢ (30)
sym Ky Kys Txmn
Kss Tymn

Coefficients Kj;,(i,j = 1 +5) are defined as:

K11 = o2Aq; + B*Ags, Kio = aB(A12 + Ags), Kiz = —3B160®B — Bos°,
Kig = 2DjsaB, Kis = o®Diyg + B2Dag, Koo = 0?Ags + B2An,
Koz = —Bo® — 3BosxB?, Koy = o?Eq + B2Eae, Kos = 20BEns,

31
Kas = o*Eqq + 202 B%Eqn + 402 B%Ege + B*Exn, Kag = —a®Fy1 — afp2Fip — 20 Fes, G1)
Kss5 = —o?BF1p — 202 BFes — B°Fap, Kyg = Hyg + o?Gy1 + B>Gee,
K5 = af(Giz + Ges), Kss = Hss + o®Ges + B>Goa.
while I, (i,j = 1+5) is defined as:
Il 0 —O(Iz 14 0
0 I; —BI 0 Iy
m7t n7
I=| —oly -Bly T(e?+p?)+1L —ols —Bls |, o= — b= (32)
Iy 0 —aols Ig 0

0 Iy —BI5 0 Is
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The determinant in (29) must be equal to zero value in order to get nontrivial solutions:
|K - w?1| = 0. (33)

5. Numerical Examples and Results

In order to verify the derived theoretical results on numerical examples, an original program code
for determination of critical buckling temperature as well as for determination natural frequencies of
FGM plates has been implemented within software MATLAB. The main goal of this chapter is to check
the exactness and the effectiveness of the proposed theory and new shape function. Different numerical
examples were done in order to compare obtained results to results based on other shear deformation
theory. Analysis were performed for FG plate with metal and ceramic constituents, the mechanical
and thermal characteristics of which are given in Table 2.

Table 2. Material properties of functionally graded materials (FGM) constituents.

Material Properties

Material

Elasticity . , . Thermal Expansion . 3

Modulus E[GPa] Poisson’s Ratio v Coefficient x[°C7!] Density p [kg/m”]
Aluminum (Al) m =70 v=03 o = 23-1076[°C71] Pm = 2702
Alumina (Al,O3) Ec = 380 v=03 ac =7.4-107°]°CY] 0. = 3800

5.1. Thermal Buckling Analysis

This section provides results of the research based on comparative analysis of all shape functions
(Table 1) and new proposed function. The obtained results for critical buckling temperatures of FG
square and rectangular plates placed on an elastic foundation are totally in accordance with the results
by authors in [55] which is applied trigonometric shear deformation plate theory and [25] which is
applied HSDT based on the just one shape function.

In Table 3, critical buckling temperatures (Atey = ATcr-107%) of FGM plates placed on an elastic
foundation for case a linear temperature change through the plate thickness are presented. Values
such as the power law index p, Winkler and Pasternak coefficient kg, k; and thickness ratios a/h were
varied during the analysis of the influence on the critical buckling temperature. By drawing an analogy
between these findings where 13 different shape functions were applied, it can be clearly seen that
the newly established shape function demonstrates quite similar results. From the findings, we can
infer that critical buckling temperatures drops off with the rise of power law index p and ratio a/h.
Additionally, Pasternak coefficient ki has a bigger effect than Winkler coefficient ky on the critical
buckling temperatures.

Table 3. Critical buckling temperatures (At.r) of FGM plates placed on an elastic foundation for case of
linear temperature change across plate thickness (a/b =1, m =n =1, and Ty = 5°).

Ater
|4 Source ko=0,k; =0 ko =10,k; =0 ko =10, k1 =10

a/h=10 a/h=20 a/h=10 a/h=20 a/h=10 a/h =20

[55] 3.2276 0.833 3.3154 0.855 5.0479 1.2881

[25] 3.2273 0.833 3.3151 0.855 5.0476 1.2881

Present study 3.2274 0.8331 3.3151 0.855 5.0476 1.2881

No. 1 3.2273 0.833 3.3151 0.855 5.0476 1.2881

0 No. 2 3.2273 0.833 3.3151 0.855 5.0476 1.2881
No. 3 3.2276 0.833 3.3154 0.855 5.0479 1.2881

No. 4 3.2333 0.8334 3.3211 0.8554 5.0536 1.2885

No. 5 3.2273 0.833 3.3151 0.855 5.0476 1.2881

No. 6 3.2282 0.8331 3.316 0.855 5.0485 1.2882
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Table 3. Cont.

Ater
p Source ko=0,k; =0 ko=10,k; =0 ko =10,k =10

a/h=10 a/h=20 a/h=10 a/h=20 a/h=10 a/h=20

No. 7 3.2284 0.8331 3.3162 0.855 5.0487 1.2882
No. 8 3.2285 0.8331 3.3163 0.855 5.0488 1.2882
No. 9 3.2285 0.8331 3.3163 0.855 5.0488 1.2882

0 No. 10 3.2273 0.833 3.3151 0.855 5.0476 1.2881
No. 11 3.2288 0.8331 3.3166 0.8551 5.0491 1.2882
No. 12 3.2275 0.833 3.3152 0.855 5.0477 1.2881
No. 13 3.2273 0.833 3.3151 0.855 5.0476 1.2881
[55] 1.413 0.3587 1.4897 0.3778 3.004 0.7564

[25] 1.4129 0.3587 1.4896 0.3778 3.0039 0.7564
Present study 1.413 0.3587 1.4897 0.3779 3.0039 0.7564
No. 1 1.4129 0.3587 1.4896 0.3778 3.0039 0.7564
No. 2 1.4129 0.3587 1.4896 0.3778 3.0039 0.7564
No. 3 1.413 0.3587 1.4897 0.3778 3.004 0.7564
No. 4 1.4152 0.3588 1.4919 0.378 3.0061 0.7565

1 No. 5 1.4129 0.3587 1.4896 0.3778 3.0039 0.7564
No. 6 1.4133 0.3587 1.49 0.3779 3.0042 0.7564
No. 7 1.4133 0.3587 1.49 0.3779 3.0043 0.7564
No. 8 1.4134 0.3587 1.4901 0.3779 3.0043 0.7564
No. 9 1.4134 0.3587 1.4901 0.3779 3.0043 0.7564
No. 10 1.4129 0.3587 1.4896 0.3778 3.0039 0.7564
No. 11 1.4135 0.3587 1.4902 0.3779 3.0044 0.7564
No. 12 1.413 0.3587 1.4897 0.3778 3.0039 0.7564
No. 13 1.4129 0.3587 1.4896 0.3778 3.0039 0.7564
[55] 1.16 0.2986 1.2576 0.323 3.1839 0.8046

[25] 1.1606 0.2987 1.2582 0.3231 3.1845 0.8046
Present study 1.1608 0.2987 1.2584 0.3231 3.1846 0.8047
No. 1 1.1606 0.2987 1.2582 0.3231 3.1845 0.8046
No. 2 1.1606 0.2987 1.2582 0.3231 3.1845 0.8046
No. 3 1.16 0.2986 1.2576 0.323 3.1839 0.8046
No. 4 1.1604 0.2986 1.2579 0.323 3.1842 0.8046

5 No. 5 1.1607 0.2987 1.2582 0.3231 3.1845 0.8046
No. 6 1.1626 0.2988 1.2602 0.3232 3.1865 0.8048
No. 7 1.1597 0.2986 1.2573 0.323 3.1835 0.8045
No. 8 1.1597 0.2986 1.2572 0.323 3.1835 0.8045
No. 9 1.1597 0.2986 1.2572 0.323 3.1835 0.8045
No. 10 1.1607 0.2987 1.2583 0.3231 3.1846 0.8046
No. 11 1.1631 0.2988 1.2607 0.3232 3.187 0.8048
No. 12 1.1602 0.2986 1.2578 0.323 3.184 0.8046
No. 13 1.1606 0.2987 1.2582 0.323 3.1844 0.8046
[55] 1.2183 0.3156 1.3317 0.344 3.5699 0.9035

[25] 1.2186 0.3156 1.332 0.344 3.5701 0.9035
Present study 1.2187 0.3157 1.3321 0.344 3.5703 0.9036
No. 1 1.2186 0.3156 1.332 0.344 3.5701 0.9035
No. 2 1.2186 0.3156 1.332 0.344 3.5701 0.9035
No. 3 1.2183 0.3156 1.3317 0.344 3.5699 0.9035
No. 4 1.2206 0.3158 1.3339 0.3441 3.5721 0.9037

10 No. 5 1.2186 0.3156 1.332 0.344 3.5702 0.9035
No. 6 1.2201 0.3157 1.3335 0.3441 3.5717 0.9036
No. 7 1.2184 0.3156 1.3318 0.344 3.57 0.9035
No. 8 1.2185 0.3156 1.3318 0.344 3.57 0.9035
No. 9 1.2185 0.3156 1.3318 0.344 3.57 0.9035
No. 10 1.2186 0.3156 1.332 0.344 3.5702 0.9035
No. 11 1.2203 0.3158 1.3337 0.3441 3.5719 0.9036
No. 12 1.2184 0.3156 1.3318 0.344 3.5699 0.9035

Z
©

—
W

1.2186 0.3156 1.3319 0.344 3.5701 0.9035
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Table 4 illustrates comparative findings of critical buckling temperatures of FGM plates placed on
an elastic foundation for case a nonlinear temperature change through the plate thickness. By drawing
an analogy between these findings, the ones where 13 different shape functions were applied, and the
ones included in the sources [55], it can be clearly seen that the newly established shape function

demonstrates quite similar results.

Table 4. Critical buckling temperatures (At.r) of FGM plates placed on an elastic foundation for case of

nonlinear temperature change across plate thickness (a/b=1, m=n=1,5s =3, and Ty =5°).

Ater

14 Source ko=0,k; =0 ko=10,k; =0 ko =10,k; =10
a/h=10 a/h=20 a/h=10 a/h=20 a/h=10 a/h =20

[55] 6.4552 1.6661 6.6308 1.71 10.0958 2.5763
Present study 6.4547 1.6661 6.6303 1.71 10.0953 2.5763
No. 1 6.4547 1.6661 6.6302 1.71 10.0953 2.5762
No. 2 6.4547 1.6661 6.6302 1.71 10.0953 2.5762
No. 3 6.4552 1.6661 6.6308 1.71 10.0958 2.5763
No. 4 6.4667 1.6669 6.6422 1.7108 10.1073 2.577
No. 5 6.4547 1.6661 6.6302 1.7182 10.0953 2.5762

0 No. 6 6.4564 1.6662 6.632 1.71 10.097 2.5764
No. 7 6.4569 1.6662 6.6324 1.7101 10.0974 2.5764
No. 8 6.4571 1.6663 6.6326 1.7101 10.0977 2.5764
No. 9 6.4571 1.6663 6.6326 1.7101 10.0977 2.5764
No. 10 6.4547 1.6661 6.6302 1.7101 10.0953 2.5762
No. 11 6.4577 1.6663 6.6332 1.7139 10.0983 2.5764
No. 12 6.455 1.6661 6.6305 1.7102 10.0956 2.5762
No. 13 6.4547 1.6661 6.6302 1.71 10.0953 2.5762
[55] 2.8269 0.7176 2.9804 0.756 6.0097 1.5133
Present study 2.8268 0.7176 2.9802 0.756 6.0096 1.5133
No. 1 2.8267 0.7176 2.9802 0.7559 6.0095 1.5133
No. 2 2.8267 0.7176 2.9802 0.7559 6.0095 1.5133
No. 3 2.8269 0.7176 2.9804 0.756 6.0097 1.5133
No. 4 2.8312 0.7179 2.9847 0.7562 6.014 1.5136
No. 5 2.8267 0.7176 2.9802 0.7559 6.0095 1.5133

1 No. 6 2.8274 0.7176 2.9808 0.756 6.0102 1.5133
No. 7 2.8275 0.7176 2.981 0.756 6.0103 1.5133
No. 8 2.8276 0.7176 29811 0.756 6.0104 1.5133
No. 9 2.8276 0.7176 2.9811 0.756 6.0104 1.5133
No. 10 2.8267 0.7176 2.9802 0.7559 6.0095 1.5133
No. 11 2.8278 0.7177 2.9813 0.756 6.0106 1.5134
No. 12 2.8268 0.7176 2.9803 0.756 6.0096 1.5133
No. 13 2.8267 0.7176 2.9802 0.7559 6.0095 1.5133
[55] 2.0152 0.5188 2.1847 0.5612 5.5309 1.3977
Present study 2.0165 0.5189 2.186 0.5613 5.5322 1.3978
No. 1 2.0162 0.5188 2.1858 0.5612 5.5319 1.3978
No. 2 2.0162 0.5188 2.1858 0.5612 5.5319 1.3978
No. 3 2.0152 0.5188 2.1847 0.5611 5.5309 1.3977
No. 4 2.0157 0.5188 2.1853 0.5612 5.5315 1.3977
No. 5 2.0163 0.5188 2.1858 0.5612 5.532 1.3978

5 No. 6 2.0197 0.5191 2.1892 0.5615 5.5354 1.398
No. 7 2.0146 0.5187 2.1841 0.5611 5.5303 1.3977
No. 8 2.0145 0.5187 2.1841 0.5611 5.5302 1.3977
No. 9 2.0145 0.5187 2.1841 0.5611 5.5302 1.3977
No. 10 2.0164 0.5189 2.1859 0.5612 5.5321 1.3978
No. 11 2.0206 0.5191 2.1901 0.5615 5.5363 1.3981
No. 12 2.0154 0.5188 2.1849 0.5612 5.5311 1.3977
No. 13 2.0161 0.5188 2.1856 0.5612 5.5318 1.3978
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Table 4. Cont.

Ater

p Source ko=0k; =0 ko =10,k; =0 ko = 10, ky = 10
a/h=10 a/h=20 a/h=10 a/h=20 a/h=10 a/h =20
[55] 20971 05433 22923 05921 61448 15552
Presentstudy 20978 05434 22929 05922 61455 15553
No. 1 20976 05433 22928 05921 61453 15553
No. 2 20976 05433 22928 05921 61453 15553
No. 3 20971 05433 22923 05921 61448 15552
No. 4 2.101 05436 22961 05924 61487  1.5555
No. 5 20976 05433 22928 05921 61453 15553
10 No. 6 21002 05435 22954 05923 61479 15554
No. 7 20973 05433 22925 05921 6.145 1.5552
No. 8 20973 05433 22925 05921 6.145 1.5552
No. 9 20973 05433 22925 05921 6.145 1.5552
No. 10 20977 05433 22928 05921 61454 15553
No. 11 21005 05435 22957 05923 61482 15555
No. 12 20972 05433 22924 05921 61449 15552
No. 13 20975 05433 22927 05921 61452 15553

Figures 4a and 5a clarify the impact of ratio a/b on the critical buckling temperature for case of
linear and nonlinear temperature change through the plate thickness. It should be stressed that the rise
of a/b ratio leads to the rise of critical temperature, e.g., curves show the harsh rise of a/b ratio functions.
Furthermore, the critical buckling temperatures in the same instance are higher for nonlinear than the
linear temperature change through the plate thickness.

16 T T 20 T T .
/ 0 -3 —+— No.3 | an 3 —+— No.3
ATer-10 No3 _ 4ATer-10 No3 |
14t —&—No.12 P —&—No. 12
—+— No.13 16 /p—O —+— No.13 1
12} —S— Present —S— Present

10

(@) (b)

Figure 4. Impact of the ratio a/b and a/h on the critical buckling temperature At for case of linear
temperature change across plate thickness: (a) a/h =10, kg = 10, k; = 10; (b) a/b =1, kg = 10, k; = 10.

Figures 4b and 5b illustrate the impact of ratio a/h on the critical buckling temperature for case
of linear and nonlinear temperature change through the plate thickness. This diagram exhibits the
values of p =0, 1, 5, 10 and it is evident that the most prominent curve is the one whose valueis p =0,
while the remaining curves lie over each other when the value of ratio is a/h > 15.

The impact of the elastic foundation on the critical buckling temperature for case of linear and
nonlinear temperature change through the plate thickness is shown in Figure 6a,b. It should be
underlined that results are presented for the shape function is No.10 because of its analytical integration.
Numerical integration does not have to be employed.
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Figure 5. Impact of the ratio a/b and a/h on the critical buckling temperature At for case of nonlinear
temperature change across plate thickness: (a) a/h =10,s =3,k =10,k =10; (b) a/b=1,5 =3, ky =10, k; =10.
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Figure 6. Impact of the power law index p and parameter s on the critical buckling temperature Atc,
for case of linear and nonlinear temperature change across plate thickness: (a) a/h=10,a/b=1,s=1;

(b)a/h=10,a/b=1,5s=3

The numerical calculations were done to figure out the influence of every elastic foundation
parameter (kg and k;). This was achieved by varying one of the parameters and setting the other one
as a constant. Similarly to previous cases, the analysis is conducted for a linear and nonlinear rise in
temperature and the findings are illustrated in Figures 7a and 8a (fixed value k; and variation of k)
and also in Figures 7b and 8b (fixed value kg and variation of k;). The Figures provide information
about the curves that represent critical buckling temperature changes and their rapid rise that occurs
because of the change of coefficient k;, rather than when coefficient ky changes. Another important
observation is that the curve with the most rapid rise has the value p = 10.
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Figure 7. Impact of the Winkler coefficient kg and Pasternak coefficient k; on the critical buckling
temperature At for case of linear temperature change across plate thickness: (a) a/h =10, a/b =1,
ky =10; (b) a/h =10, a/b =1, kg = 10.
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Figure 8. Effect of the Winkler coefficient ky and Pasternak coefficient k; on the critical buckling
temperature At for case of nonlinear temperature change across plate thickness: (a) ah=10,a/b =1,
s =3,k; =10; (b) a/h =10,a/b =1, kg = 10.

5.2. Free Vibration Analysis

In order to properly evaluate the behaviour of FGM plates, in addition to the results of the static
analysis, an analysis of the behaviour of plates in a dynamic environment is also required. This section
presents the results of free vibrations of FGM plates placed on an elastic foundation for different values
of Winkler coefficient kg, Pasternak coefficient k;, and power law index p. As with the results of
the thermal analysis described above, the verification of the developed and implemented theoretical
results based on the newly introduced shape function was performed through a tabular representation
of the obtained results, in comparison with the results from the literature. The procedure verified in
this way was used to obtain other results for plates of different gradient structure. Based on the results
of the dynamic analysis, appropriate interpretations and the comments were provided, and certain
conclusions made. In order to display the numerical values of natural frequencies, for rectangular and
square FGM plates, it is necessary to normalize the obtained values according to:

Pm

w = wh B

(34)

Tables 5 and 6 show the non-dimensional natural frequencies w of rectangular (a/b = 0.5) and
square (a/b = 1) plates resting on an elastic foundation for different values of Winkler coefficient
(ko), Pasternak coefficient (k;) and index p. In order to observe the impact of the elastic foundation,
the values of kg = 0 and k; = 0 were first taken, introducing one coefficient at the time in order to
determine which of the two coefficients has a greater impact. By analyzing the results, it is evident that
the impact of the coefficient k; on the w is far greater than the impact of the coefficient k.

Table 5. Non-dimensional natural frequencies (w) of rectangular FGM plates placed on an elastic
foundation for different values of the Winkler coefficient kg, Pasternak coefficient ki, and power law
indexp (a/b=05,a/h=5m=1,n=1).

w

a/b ko kg Theory a/h=5
p=0 p=1 p=5 p=10
Present study 6.761 5.2016 4.3761 4.206
No. 1 6.7609 5.2015 4.3757 4.2058
No. 2 6.7609 5.2015 4.3757 4.2058
05 0 0 No. 3 6.7616 5.202 4.3733 4.205
No. 4 6.775 5.2108 4.3753 4.2136
No. 5 6.7609 5.2015 4.3757 4.2058
No. 6 6.7628 5.2027 4.3832 4.211
No. 7 6.7636 5.2033 4.3722 4.2055
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Table 5. Cont.

w

a/b ko kq Theory a/h=5

p=0 p=1 p=5 p=10

No. 8 6.7638 5.2034 4.3721 4.2056

No. 9 6.7638 5.2034 4.3721 4.2056

0 0 No. 10 6.7609 5.2015 4.3759 4.2059
No. 11 6.7642 5.2036 4.3852 42117

No. 12 6.8031 5.2291 4.4434 4.2771

No. 13 6.7609 5.2015 4.3754 4.2056

Present study 7.2125 5.8654 5.2358 5.1214

No. 1 7.2125 5.8653 5.2354 5.1211

No. 2 7.2125 5.8653 5.2354 5.1211

No. 3 7.2132 5.8657 5.2336 5.1205

No. 4 7.2256 5.8734 5.2353 5.1274

No. 5 7.2125 5.8653 5.2355 5.1212

100 0 No. 6 7.2142 5.8664 5.2415 5.1252
No. 7 7.215 5.8668 5.2327 5.1209

No. 8 7.2152 5.867 5.2326 5.121

No. 9 7.2152 5.867 5.2326 5121

No. 10 7.2125 5.8653 5.2357 5.1212

No. 11 7.2155 5.8672 5.2431 5.1258

No. 12 7.2517 5.8893 5.2902 5.1777

No. 13 7.2125 5.8653 5.2352 5.121

Present study 11.115 10.845 10.992 11.079
No. 1 11.115 10.845 10.9919 11.0793
05 No. 2 11.115 10.845 10.9919 11.0793
No. 3 11.1154 10.8452 10.9914 11.0791
No. 4 11.1226 10.8484 10.9922 11.0814
No. 5 11.115 10.845 10.9919 11.0793
0 100 No. 6 11.116 10.8455 10.9936 11.0803
No. 7 11.1164 10.8457 10.9912 11.0793
No. 8 11.1166 10.8457 10.9912 11.0794
No. 9 11.1166 10.8457 10.9912 11.0794
No. 10 11.115 10.845 10.992 11.0793
No. 11 11.1168 10.8458 10.994 11.0804
No. 12 11.138 10.8552 11.0077 11.0949
No. 13 11.115 10.845 10.9918 11.0792
Present study 11.395 11.178 11.3593 11.4558
No. 1 11.3952 11.178 11.3593 11.4558
No. 2 11.3952 11.178 11.3593 11.4558
No. 3 11.3956 11.1782 11.3588 11.4557
No. 4 11.4026 11.1812 11.3596 11.4578
No. 5 11.3952 11.178 11.3593 11.4558
100 100 No. 6 11.3962 11.1784 11.3608 11.4567
No. 7 11.3966 11.1786 11.3587 11.4559
No. 8 11.3967 11.1787 11.3587 11.4559
No. 9 11.3967 11.1787 11.3587 11.4559
No. 10 11.3952 11.178 11.3593 11.4558
No. 11 11.3969 11.1787 11.3612 11.4568

No. 12 11.4174 11.1876 11.3737 11.47
No. 13 11.3952 11.178 11.3592 11.4557

16 of 22
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Table 6. Non-dimensional natural frequencies (w) of square FGM plates placed on an elastic foundation

for different values of the Winkler coefficient kg, Pasternak coefficient k;, and power law index p (a/b =1,
alh=5m=1,n=1).

w

a/b ko ki Theory a/h=5

p=0 p=1 p=5 p=0

Present study 10.3761 8.0121 6.6687 6.3883

No. 1 10.3761 8.0121 6.6677 6.3879

No. 2 10.3761 8.0121 6.6677 6.3879

No. 3 10.3779 8.0133 6.663 6.3864

No. 4 10.4086 8.0336 6.6684 6.4062

No. 5 10.3761 8.0121 6.6679 6.3879

0 0 No. 6 10.38 8.0147 6.6838 6.3987
No. 7 10.3824 8.0163 6.6607 6.3877

No. 8 10.3831 8.0167 6.6606 6.388

No. 9 10.3831 8.0167 6.6606 6.388

No. 10 10.3761 8.0121 6.6683 6.3881

No. 11 10.383 8.0166 6.6881 6.4001

No. 12 10.4698 8.0739 6.8155 6.5423

No. 13 10.3762 8.0122 6.6672 6.3876

Present study 10.6722 8.4517 7.2542 7.0179

No. 1 10.6723 8.4517 7.2534 7.0175

No. 2 10.6723 8.4517 7.2534 7.0175

No. 3 10.674 8.4528 7.2491 7.0162

No. 4 10.7037 8.4718 7.2541 7.0339

No. 5 10.6722 8.4517 7.2535 7.0176

100 0 No. 6 10.676 8.4541 7.2678 7.0271
No. 7 10.6783 8.4556 7.2471 7.0174

No. 8 10.679 8.456 7.247 7.0177

No. 9 10.679 8.456 7.247 7.0177

No. 10 10.6722 8.4517 7.2539 7.0177

No. 11 10.6789 8.4559 7.2717 7.0284

No. 12 10.7629 8.5096 7.3865 7.1553

1 No. 13 10.6723 8.4517 7.2529 7.0173
Present study 15.1867 14.3818 14.3054 14.376
No. 1 15.1867 14.3818 14.3052 14.3759
No. 2 15.1867 14.3818 14.3052 14.3759
No. 3 15.1878 14.3823 14.304 14.3757
No. 4 15.2066 14.391 14.3064 14.3818

No. 5 15.1867 14.3818 14.3052 14.376
0 100 No. 6 15.1891 14.3829 14.3094 14.3785
No. 7 15.1906 14.3836 14.3036 14.3763
No. 8 15.191 14.3838 14.3036 14.3764
No. 9 15.191 14.3838 14.3036 14.3764

No. 10 15.1867 14.3818 14.3053 14.376
No. 11 15.191 14.3838 14.3105 14.3788
No. 12 15.2444 14.4086 14.3463 14.4167
No. 13 15.1868 14.3818 14.305 14.3759
Present study 15.3904 14.6304 14.5846 14.6636
No. 1 15.3904 14.6305 14.5843 14.6636
No. 2 15.3904 14.6305 14.5843 14.6636
No. 3 15.3914 14.6309 14.5833 14.6634
No. 4 15.4099 14.6394 14.5856 14.6692
No. 5 15.3904 14.6305 14.5844 14.6636

100 100 No. 6 15.3927 14.6315 14.5883 14.666
No. 7 15.3941 14.6322 14.5829 14.6639

No. 8 15.3945 14.6323 14.5829 14.664

No. 9 15.3945 14.6323 14.5829 14.664
No. 10 15.3904 14.6305 14.5845 14.6636
No. 11 15.3945 14.6324 14.5894 14.6663
No. 12 15.447 14.6564 14.6233 14.7021
No. 13 15.3904 14.6305 14.5842 14.6635




Appl. Sci. 2020, 10, 4190 18 of 22

Figure 9 shows the diagrams of the non-dimensional natural frequencies w of the plates resting on
an elastic foundation for different ratios a/h, a/b, and the values of the coefficients ko, k;, and index p.
Figure 9a shows the impact of the Winkler coefficient (kg) and Pasternak coefficient (k;) on the values
of natural frequencies for the first oscillation mode. It can be clearly observed that the introduction of
the coefficient ky leads to very small changes in the w values in comparison to the case of absence of
an elastic foundation (ky = 0 and k; = 0). On the other hand, when you introduce the coefficient k;,
there is an evident change in the value of natural frequencies w. The effect of the geometry changes
of the plate (a/b ratio) and the index p is shown in the diagram 9b. With the increase of a/b ratio the
curves become further away from each other, i.e., the fastest change in the w value occurs in a ceramic
plate, the slowest change occurs in a metal plate, and in FGM the rate of change depends on the ratio
of constituents. Figure 9¢ shows the effect of different a/h ratios on the values w. For smaller values of
a/h ratios, the changes in values w are greater, while at values of a/h > 5, the effect on the values w
is decreasing.

16 55 )
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Figure 9. Impact of the Winkler coefficient kg, Pasternak coefficient k;, power law index p and ratio a/b
and a/h on non-dimensional natural frequencies w: (a)a/h=5,a/b=05m=1,n=1;(b)ah=5m=1,
n=1,ky=100,k; =100; (c)a/b =05 m=1,n=1, ks =100, k; = 100.

Figure 10 shows 3D diagrams of the non-dimensional natural frequencies w of the plates resting on
an elastic foundation for different ratios a/h, a/b, and values kg, ki, and the index p. This visualization
provides a more transparent insight into the previously described effects of certain parameters on the
natural frequency values and the conclusions reached. For example, at Figure 10c it can be clearly
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seen that the impact of the coefficient k; on the frequency values is far greater than the impact of the
coefficient k.

400
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Figure 10. 3D diagrams of the non-dimensional natural frequencies w of the plates placed on an elastic
foundation for different ratios a/h, a/b, values kg, k; and index p: (a) p =5 m=1,n=1, kg = 100,
ki =100; (b)ab=1,m=1,n=1,kg=100,k; =100; (c)a/b=1,a/h=5m=1,n=1.

6. Conclusions

The obtained results presented in the already published articles have been the foundation for
developing and introducing the new shape function. The results obtained put an emphasis on the
significance and topicality of the research in the field of functionally graded materials. A comprehensive
and detailed investigation and systematization of the literature according to the topic have been guided
related to the type of problems that authors tried to solve during the analysis of the functionally
graded materials. Special focus and attention has been paid to different shear deformation theories that
authors have used during the research. The new introduced shape function has been compared to 13
other shape functions that were originally proposed by different authors for the purpose of analysing
composite laminates. However, this article implemented the previously mentioned shape 13 shape
functions as well as new proposed shape function in order to analyse FGM plates. By comparing
obtained results related to the static and dynamic analysis of moderately thick and thick plates, it is
possible to conclude that the newly presented shape function can be applied during the analysis
of FGM plates. Generally, based on the above research as well as obtained results, the following
conclusions could be emphasized:
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Decreasing the volume fraction of ceramics and increasing the volume fraction of metal in the
FGM (the value of p index increases) decreases the value of the critical buckling temperature for
both linear and nonlinear cases of temperature distribution through plate thickness
Comparative analysis of the results for the linear and nonlinear distribution of the temperature
across the plate thickness, and for other fixed parameters of the plate, it can be concluded that
higher critical buckling temperatures are obtained for nonlinear distribution

The elastic foundation effect shows that critical buckling temperature rapid rise because of the
change of Pasternak coefficient ky, rather than when Winkler coefficient ky changes

Based on the analysis of the impact of the Winkler-Pasternak elastic foundation model parameters,
similar to the thermal analysis, it was pointed out that the Pasternak coefficient k; has a far greater
influence on natural frequencies than the Winkler coefficient kg

Author Contributions: Conceptualization, G.B. and D.C; methodology, A.R. and G.B.; validation, M.B., B.S.
and D.D,; formal analysis, A.R., D.C.and N.M.; writing-original draft preparation, D.C.and AR; writing-review
and editing, D.C. and A.R. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Acknowledgments: Research presented in this paper was supported by Ministry of Education, Science and
Technological Development of Republic of Serbia, TR32036, TR33015 and multidisciplinary project III 44007.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Jha,D.K;Kant, T.; Singh, R K. A critical review of recent research on functionally graded plates. Compos. Struct.
2013, 96, 833-849. [CrossRef]

2. Kohli, G.S;; Singh, T. Review of funtionally graded materials. |. Prod. Eng. 2015, 18, 1-4.

3. Udupa, G;; Shrikantha, S.R.; Gangadharan, K.V. Functionally graded composite materials: An overview.
Procedia Mater. Sci. 2014, 5, 1291-1299. [CrossRef]

4. EL-Wazery, M.S.; EL-Desouky, A.R. A review on Functionally Graded Ceramic-Metal Materials. J. Mater.
Environ. Sci. 2015, 6, 1369-1376.

5. Thai, H.T;; Kim, S.E. A review of theories for the modeling and analysis of functionally graded plates and
shells. Compos. Struct. 2015, 128, 70-86. [CrossRef]

6. Swaminathan, K.; Sangeetha, D.M. Thermal analysis of FGM plates—A critical review of various modeling
techniques and solution methods. Compos. Struct. 2017, 160, 43—60. [CrossRef]

7. Xing, Y.; Wang, Z. Closed Form Solutions for Thermal Buckling of Functionally Graded Rectangular Thin
Plates. Appl. Sci. 2017, 7, 1256. [CrossRef]

8.  Jouneghani, FZ.; Dimitri, R.; Bacciocchi, M.; Tornabene, F. Free Vibration Analysis of Functionally Graded
Porous Doubly-Curved Shells Based on the First-Order Shear Deformation Theory. Appl. Sci. 2017, 4, 1252.
[CrossRef]

9.  Reddy, J.N. A simple higher-order theory for laminated composite plates. |. Appl. Mech. Trans. ASME
1984, 51, 745-752. [CrossRef]

10. Phan, N.D.; Reddy, J.N. Analysis of laminated composite plates using a higher-order shear deformation
theory. Int. |. Numer. Meth. Eng. 1985, 21, 2201-2219. [CrossRef]

11.  Reddy, J.N. Analysis of functionally graded plates. Int. |. Numer. Meth. Eng. 2000, 47, 663—684. [CrossRef]

12.  Yang, J.; Liew, K.M.; Kitipornchai, S. Dynamic stability of laminated FGM plates based on higher-order shear
deformation theory. Comput. Mech. 2004, 33, 305-315. [CrossRef]

13.  Akbarzadeh, A.H.; Zad, S.H.; Eslami, M.R,; Sadighi, M. Mechanical behaviour of functionally graded plates
under static and dynamic loading. Proc. Inst. Mech. Eng C |. Mech. Eng. Sci. 2011, 225, 326-333. [CrossRef]

14.  Zhang, D.G. Nonlinear bending analysis of FGM rectangular plates with various supported boundaries
resting on two-parameter elastic foundations. Arch. Appl. Mech. 2014, 84, 1-20. [CrossRef]

15.  Kim, Y.W. Temperature dependent vibration analysis of functionally graded rectangular plates. J. Sound Vib.

2005, 284, 531-549. [CrossRef]


http://dx.doi.org/10.1016/j.compstruct.2012.09.001
http://dx.doi.org/10.1016/j.mspro.2014.07.442
http://dx.doi.org/10.1016/j.compstruct.2015.03.010
http://dx.doi.org/10.1016/j.compstruct.2016.10.047
http://dx.doi.org/10.3390/app7121256
http://dx.doi.org/10.3390/app7121252
http://dx.doi.org/10.1115/1.3167719
http://dx.doi.org/10.1002/nme.1620211207
http://dx.doi.org/10.1002/(SICI)1097-0207(20000110/30)47:1/3&lt;663::AID-NME787&gt;3.0.CO;2-8
http://dx.doi.org/10.1007/s00466-003-0533-1
http://dx.doi.org/10.1243/09544062JMES2111
http://dx.doi.org/10.1007/s00419-013-0775-0
http://dx.doi.org/10.1016/j.jsv.2004.06.043

Appl. Sci. 2020, 10,4190 21 of 22

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Alibeigloo, A. Exact solution for thermo-elastic response of functionally graded rectangular plates.
Compos. Struct. 2010, 92, 113-121. [CrossRef]

Akbarzadeh, A.H.; Abbasi, M.; Eslami, M.R. Coupled thermoelasticity of functionally graded plates based
on the third-order shear deformation theory. Thin-Wall Struct. 2012, 53, 141-155. [CrossRef]

Bodaghi, M.; Saidi, A.R. Thermoelastic buckling behavior of thick functionally graded rectangular plates.
Arch. Appl. Mech. 2011, 18, 1555-1572. [CrossRef]

Bouazza, M.; Tounsi, A.; Adda-Bedia, E.A.; Megueni, A. Thermoelastic stability analysis of functionally
graded plates: An analytical approach. Comp. Mater. Sci. 2010, 49, 865-870. [CrossRef]

Khazaeinejad, P; Usmani, A.S.; Laghrouche, O. Temperature-dependent nonlinear behaviour of thin
rectangular plates exposed to through-depth thermal gradients. Compos. Struct. 2015, 132, 652-664.
[CrossRef]

Li, Q. Iu, V.P; Kou, K.P. Three-dimensional vibration analysis of functionally graded material plates in
thermal evironment. J. Sound Vib. 2009, 324, 733-750. [CrossRef]

Akavci, S.S.; Tanrikulu, A.H. Static and free vibration analysis of functionally graded plates based on a new
quasi-3D and 2D shear deformation theories. Compos. Part B Eng. 2015, 83, 203-215. [CrossRef]

Talha, M.; Singh, B.N. Thermo-mechanical induced vibration characteristics of shear deformable functionally
graded ceramic—metal plates using finite element method. Proc. Inst. Mech. Eng C |. Mech. Eng. Sci. 2011, 225,
50-60. [CrossRef]

Huang, Z.Y,; Lu, C.F; Chen, W.Q. Benchmark solutions for functionally graded thick plates resting on
Winkler Pasternak elastic foundations. Compos. Struct. 2008, 85, 104. [CrossRef]

Yaghoobi, H.; Fereidoon, A. Mechanical and thermal buckling analysis of functionally graded plates resting
on elastic foundations: An assessment of a simple refined nth-order shear deformation theory. Compos. Part
B Eng. 2014, 62, 54—64. [CrossRef]

Zhang, D.G.; Zhou, H.M. Mechanical and thermal post-buckling analysis of FGM rectangular plates with
variou ssupported boundaries resting on nonlinear elastic foundations. Thin-Wall Struct. 2015, 89, 142-151.
[CrossRef]

Bani¢, D.; Bacciocchi, M.; Tornabene, E; Ferreira, A.J.M. Influence of Winkler-Pasternak Foundation on the
Vibrational Behavior of Plates and Shells Reinforced by Agglomerated Carbon Nanotubes. Appl. Sci. 2017,
7,1228. [CrossRef]

Correia, VM.E; Madeira, ]. F.A.; Aratjo, A.L.; Soares, C.M.M. Multiobjective optimization of ceramic-metal
functionally graded plates using a higher order model. Compos. Struct. 2018, 183, 146-160. [CrossRef]
Correia, VM.F,; Madeira, J.F.A.; Aratjo, A.L.; Soares, C.M.M. Multiobjective optimization of functionally
graded material plates with thermo-mechanical loading. Compos. Struct. 2019, 207, 845-857. [CrossRef]
Karsh, PK.; Mukhopadhyay, T.; Dey, S. Stochastic dynamic analysis of twisted functionally graded plates.
Compos. Part B Eng. 2018, 147, 259-278. [CrossRef]

Karsh, PK.; Mukhopadhyay, T.; Chakraborty, S.; Naskar, S.; Dey, S. A hybrid stochastic sensitivity analysis
for low-frequency vibration and low-velocity impact of functionally graded plates. Compos. Part B Eng. 2019,
176,107221. [CrossRef]

Karsh, PK.; Mukhopadhyay, T.; Dey, S. Stochastic low-velocity impact on functionally graded plates:
Probabilistic and non-probabilistic uncertainty quantification. Compos. Part B Eng. 2019, 159, 461-480.
Vaishali; Mukhopadhyay, T.; Karsh, PX.; Basu, B.; Dey, S. Machine learning based stochastic dynamic analysis
of functionally graded shells. Compos. Struct. 2020, 237, 111870. [CrossRef]

Li, Y,; Yang, C.; Zhao, H.; Qu, S.; Li, X.; Li, Y. New developments of Ti-based alloys for biomedical applications.
Materials 2014, 7, 1709-1800. [CrossRef] [PubMed]

Jarrahi, A; Shirazi, H.A.; Asnafi, A.; Ayatollahi, M.R. Biomechanical analysis of a radial functionally graded
dental implant-bone system under multi-directional dynamic loads. J. Braz. Soc. Mech. Sci. Eng. 2018,
40, 249. [CrossRef]

Niino, M.; Kisara, K.; Mori, M. Feasibility study of FGM technology in space solar power systems (SPSS).
Mater. Sci. Forum. 2005, 492, 163-168. [CrossRef]

Jojith, R.; Radhika, N. Fabrication of LM 25/WC functionally graded composite for automotive applications
and investigation of its mechanical and wear properties. J. Braz. Soc. Mech. Sci. Eng. 2018, 40,292. [CrossRef]


http://dx.doi.org/10.1016/j.compstruct.2009.07.003
http://dx.doi.org/10.1016/j.tws.2012.01.009
http://dx.doi.org/10.1007/s00419-010-0501-0
http://dx.doi.org/10.1016/j.commatsci.2010.06.038
http://dx.doi.org/10.1016/j.compstruct.2015.05.051
http://dx.doi.org/10.1016/j.jsv.2009.02.036
http://dx.doi.org/10.1016/j.compositesb.2015.08.043
http://dx.doi.org/10.1243/09544062JMES2115
http://dx.doi.org/10.1016/j.compstruct.2007.10.010
http://dx.doi.org/10.1016/j.compositesb.2014.02.014
http://dx.doi.org/10.1016/j.tws.2014.12.021
http://dx.doi.org/10.3390/app7121228
http://dx.doi.org/10.1016/j.compstruct.2017.02.013
http://dx.doi.org/10.1016/j.compstruct.2018.09.098
http://dx.doi.org/10.1016/j.compositesb.2018.03.043
http://dx.doi.org/10.1016/j.compositesb.2019.107221
http://dx.doi.org/10.1016/j.compstruct.2020.111870
http://dx.doi.org/10.3390/ma7031709
http://www.ncbi.nlm.nih.gov/pubmed/28788539
http://dx.doi.org/10.1007/s40430-018-1166-9
http://dx.doi.org/10.4028/www.scientific.net/MSF.492-493.163
http://dx.doi.org/10.1007/s40430-018-1217-2

Appl. Sci. 2020, 10,4190 22 of 22

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

Lu, L.; Chekroun, M.; Abraham, O.; Maupin, V.; Villain, G. Mechanical properties estimation of functionally
graded materials using surface waves recorded with a laser interferometer. NDT E Int. 2011, 44, 169-177.
[CrossRef]

Wu, C.P; Liu, Y.C. A review of semi-analytical numerical methods for laminated composite and multilayered
functionally graded elastic/piezoelectric plates and shells. Compos. Struct. 2016, 147, 1-15. [CrossRef]
Suresh, S.; Mortensen, A. Fundamentals of Functionally Graded Materials; IOM Communications Ltd.:
London, UK, 1998.

Ambartsumyan, A.S. On the Theory of Anisotropic Shells and Plates. In Proceedings of the Non-Homogeneity
in Elasticity and Plasticity: Symposium, Warsaw, Poland, 2-9 September 1958; Olszak, W., Ed.; Pergamon
Press: London, UK, 1958.

Reissner, E.; Stavsky, Y. Bending and Stretching of Certain Types of Heterogeneous Aeolotropic Elastic Plates.
J. Appl. Mech. Trans. ASME 1961, 28, 402-408. [CrossRef]

Stein, M. Nonlinear theory for plates and shells including the effects of transverse shearing. AIAA J. 1986, 24,
1537-1544. [CrossRef]

Mantari, J.L.; Oktem, A.S.; Soares, C.G. Bending and free vibration analysis of isotropic and multilayered
plates and shells by using a new accurate higherorder shear deformation theory. Compos. Part B Eng. 2012, 43,
3348-3360. [CrossRef]

Mantari, ].L.; Oktem, A.S.; Soares, C.G. A new trigonometric shear deformation theory for isotropic, laminated
composite and sandwich plates. Int. |. Solids Struct. 2012, 49, 43-53. [CrossRef]

Karama, M.; Afaq, K.S.; Mistou, S. Mechanical behaviour of laminated composite beam by the new
multi-layered laminated composite structures model with transverse shear stress continuity. Int. ].
Solids Struct. 2003, 40, 1525-1546. [CrossRef]

Aydogdu, M. A new shear deformation theory for laminated composite plates. Compos. Struct. 2009, 89,
94-101. [CrossRef]

Mantari, J.L.; Bonilla, E.M.; Soares, C.G. A new tangential-exponential higher order shear deformation theory
for advanced composite plates. Compos. B Eng. 2014, 60, 319-328. [CrossRef]

Meiche, N.E. A new hyperbolic shear deformation theory for buckling and vibration of functionally graded
sandwich plate. Int. J. Mech. Sci. 2011, 53, 237-247. [CrossRef]

Soldatos, K. A transverse shear deformation theory for homogeneous monoclinic plates. Acta Mech. 1992, 94,
195-220. [CrossRef]

Akavci, S.S. Two new hyperbolic shear displacement models for orthotropic laminated composite plates.
Mech. Compos. Mater. 2010, 46, 215-226. [CrossRef]

Mechab, B.; Mechab, I.; Benaissa, S. Analysis of thick orthotropic laminated composite plates based on higher
order shear deformation theory by the new function under thermo-mechanical loading. Compos. Part B Eng.
2012, 43, 1453-1458. [CrossRef]

Praveen, G.N.; Reddy, ].N. Nonlinear transient thermoelastic analysis of functionlly graded ceramic-metal
plates. Int. ]. Solids Struct. 1998, 35, 4457-4476. [CrossRef]

Reddy, ].N. Mechanics of Laminated Composite Plates and Shells: Theory and Analysis; CRC Press LLC: New York,
NY, USA, 2004.

Zenkour, A.M.; Shoby, M. Thermal buckling of functionally graded plates resting on elastic foundations
using the trigonometric theory. J. Therm. Stresses 2011, 34, 1119-1138. [CrossRef]

@ © 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http://creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/j.ndteint.2010.11.007
http://dx.doi.org/10.1016/j.compstruct.2016.03.031
http://dx.doi.org/10.1115/1.3641719
http://dx.doi.org/10.2514/3.9477
http://dx.doi.org/10.1016/j.compositesb.2012.01.062
http://dx.doi.org/10.1016/j.ijsolstr.2011.09.008
http://dx.doi.org/10.1016/S0020-7683(02)00647-9
http://dx.doi.org/10.1016/j.compstruct.2008.07.008
http://dx.doi.org/10.1016/j.compositesb.2013.12.001
http://dx.doi.org/10.1016/j.ijmecsci.2011.01.004
http://dx.doi.org/10.1007/BF01176650
http://dx.doi.org/10.1007/s11029-010-9140-3
http://dx.doi.org/10.1016/j.compositesb.2011.11.037
http://dx.doi.org/10.1016/S0020-7683(97)00253-9
http://dx.doi.org/10.1080/01495739.2011.606017
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Mathematical Model of the Functionally Graded Plate Placed on Elastic Foundation 
	Equilibrium and Stability Equations of FG Plate Placed on Elastic Foundation 
	Equations of Motion of FG Plate Placed on Elastic Foundation 
	Numerical Examples and Results 
	Thermal Buckling Analysis 
	Free Vibration Analysis 

	Conclusions 
	References

