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Abstract: The newly emerging severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2),
also known as COVID-19, has been recognized as a pandemic by the World Health Organization
(WHO) on 11th March 2020. There are many unknowns about this virus to date and no vaccine or
conclusive treatment due to the lack of understanding of its pathogenesis and proliferation pathways
which are unknown and cannot be traced. The prime objective is to stop its spread worldwide.
This article aims to provide predictions of its spread using a stochastic Lotka—Volterra model coupled
with an extended Kalman Filter (EKF) algorithm to model the COVID-19 dynamics. Our results show
the feasibility of utilizing this model for predicting the spread of the virus and the ability of different
control measures (e.g., social distancing) on reducing the number of affected people.
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1. Introduction

SARS-CoV-2 known as COVID-19 is an newly emerging human infectious coronavirus that
originated in Wuhan, China, and has been spreading rapidly in China and around the world
since December 2019 [1]. It was declared a global emergency on 31 January 2020 by the World
Health Organization (WHO) and on 11 March the disease was recognized as a global pandemic [2].
The original observation was that the virus can infect family clusters as well as in healthcare workers
which confirmed the occurrence of human-to-human transmission, though the extent of this mode of
transmission is unclear yet. On 21 January 2020, the WHO suggested there was possible sustained
human-to-human transmission [3].

This epidemic has shocked the world and generated a significant amount of uncertainty to
everyday life. Figure 1 shows a nearly empty subway station in New York City (NYC) that is typically
bustling with people in normal circumstances. It also impacted the economy in an unprecedented
way especially the aviation industry. Figures 2 and 3 show a comparison between the skies over the
US before and after the epidemic respectively and it shows an approximate 30 percent reduction in
flights since the beginning of this virus and is expected to reduce even further. With this outbreak still
ongoing, it has dire consequences on global public health and economics [4,5].

The number of confirmed COVID-19 cases worldwide as of 31 March 2020 is shown in Figure 4
which is collected from the WHO website. It is clear that the cases originated from China where they
reached the peak at the end of February 2020 and plateaued thereafter indicating a possible control
over the spread. While the US has clearly shown a dramatic increase in the number of cases recently
reaching around 200,000 cases. If we track the cases day-by-day as shown in Figure 5 we cannot make
any conclusion on a trend but its clear that there is an exponential increase overall worldwide. We can
safely assume that given the lack of available testing kits the number could very well be much larger
emphasizing the importance of resolving this manner quickly.
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Figure 1. People enter a nearly empty Fulton subway station during the evening rush, as people react
to coronavirus disease in New York City, U.S., 18 March 2020 [6].
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Figure 3. Commercial flight traffic above the US post COVID-19 outbreak showing a 30 percent
reduction, 29 March 2020 [7].
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Figure 4. Time series of global confirmed cases of COVID-19 from 22 January to 31 March.
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Figure 5. Number of daily confirmed cases by country of COVID-19 from 22 January to 31 March.

However, what about those people that have been infected and recovered? Those data are
summarized in Figure 6 and show that people do recover from their illness and survive while others
die as shown in Figure 7. The trends indicate that the number of survivals surpass the number of
deaths but there are not enough data yet to make any final conclusive remarks as to the demographics
of those that survive and die.

Since the outbreak is very recent there has not been many articles published on predicting the
impact of variables that can reduce the total number of people infected using mathematical models.
Lin et al. [8] adopted a simplified model and considered several variables including governmental
actions, essential elements and others and estimated the parameters using a mechanistic model utilizing
data from the 1918 influenza pandemic in England. It is not clear the variables considered have a direct
relation to the outbreak nor if the trends hold true. We propose the use of a dynamical model coupled
with a Kalman Filter to perform estimation of variables we considered that have recently shown to
minimize the spread of the virus.

For the purpose of this article, we will utilize the data collected thus far on the pandemic to
support some of the modeling calibration as will be discussed in the next sections.
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Figure 6. Time series of global recovered cases of COVID-19 from 22 January to 31 March.
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Figure 7. Time series of global death cases of COVID-19 from 22 January to 31 March.

2. COVID-19 Mathematical Modeling

This section presents two modeling methods to predict the spread rate of the coronavirus globally
and by country. The first model utilizes the data collected thus far to build a classical power series curve
fitting model. The second approach develops a dynamical model based on Lotka-Voltera equation.

2.1. Statistical Power Series Model

By incorporating all statistical data available, which were presented in Section 1, a mathematical
model is developed using power series polynomials. This is a classical function approximation which
can be used to extrapolate the prediction of the coronavirus spread rate. More about different sets of
these classical function approximations are in [9]. We curve-fit the data as

N
yi=) ant"; j=0,1,...,.M (1)
n=0

where t is the time in days, a,, are the polynomial coefficients, N is the order of the polynomial, M is the
number of spread rate data points, and y is the spread rate data (given). The polynomial coefficients
are evaluated using least square approximation.
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The model is developed based on the considered global spread rate data in the period from
22 January to 31 March. For demonstration purposes, two data sets are modeled; (1) the global (total)
confirmed cases per day, and (2) the confirmed cases per day for the USA given that it has the highest
infection rate. The data sets are shown in Figure 8. The two models are used to estimate the elevation
in the total number of cases per day in the next two week time frame (1-14 April). The two models can

be described as
Yoiobal = 1 — 78t% + 1600t — 5300

2
Yusa = 0.0097t% — 3 4+ 33t2 — 3700t + 9900 2

where ¢ is the number of days since 22 January. If no serious control action is imposed to reduce the
number of cases per day, about 171,436 confirmed cases per day is predicted in the whole world by
14 April. This number is significant and demands serious actions by leaders in order to bring this
number down and flatten the curve.

This approximation model presents a good prediction to view the progressing of the cases with
time. However, it does not reveal the influence of following the proper actions in the overall process.
Thus, a dynamical model is needed to study how a resolution of this problem can potentially bring an
end to this pandemic. The order of the polynomial is selected based on the lowest R-squared (R?) value,
which is a statistical measure of how close the data are to the fitted regression line. For the global case,
a cubic polynomial is selected with R? = 0.9689. For the USA model, a 4th order polynomial is selected
with R? = 0.9816. While the statistical models are commonly used for curve fitting applications,
we believe that those two curve-fitting models would fail extrapolation beyond a period of a few days.
Therefore, we are motivated to develop a dynamical model that measures most of the contributing
variables in the spread rate of the virus. COVID-19 modeling and control reveals interesting challenges,
not least because the data are so unreliable.
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Figure 8. Number of daily confirmed cases of COVID-19 from 22 January to 31 March and the prediction
based on the statistical power series model in the following projected two weeks (until 14 April).

2.2. Lotka-Volterra Dynamic Model

It is well-known that dynamic models play important roles in describing the interactions among
specific behaviours. We propose a new dynamic model inspired from the generalized Lotka-Volterra
(gLV) model [10-13] for simulating predator-prey dynamics. The classic model has been suitably
modified to build the healthy-infected individual population dynamics model. The gLV model is a
first order nonlinear system of differential equations. In its discrete form, the gLV is represented as a
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group of first order nonlinear difference equations that relate the dissimilarity between the abundance
levels of species at time t with respect to time t — 1.

Let {x;(t);i = 1,..., N} be the relative abundance level of the ith species at time t whose intrinsic
growth rate is ;. Moreover, let ¢;; represent the strength of the influence of species i onto species j
(a.k.a., the ‘interaction coefficient’). Thus, the gLV model is given by:

d .
axi(t) = gix;(t) + x;(t Zc,]x] i=1,...,N. 3)

The above framework was extended to model the effects of external perturbations (e.g., antibiotics,
diets) onto the microbial community structure [12,13]. This was obtained by adding another term
to (3) which modulates the influence of each stimulating source into each member of the ecosystem.
Mathematically, let €;; represent the ‘sensitivity” of the ith species in response to /th behaviour or
control action with signal strength u;. The resulting gLV model is given by [13]:

d L
axi(t) :gixl +x1 chjx] +xl ) Zeil“l(t)' (4)
=1

The proposed COVID-19 dynamical model adopts the formulation in Equation (4) where two
species are considered; (1) Xy (t) which is the healthy individual population at time ¢, (2) X;(t) is
the infected individual population at time t. The population dynamics are dictated by the following
differential equations:

Control
) Immlgratlon Infection Recovery ~
dxXpy(t) = af XH — B Xu X1+ ’YXI +XHZ€ Ui
i=1 (5)
N
d I /
Xty = o Xp +pXuX;— 7Xp —Xi1) eUi—5X
e Vad N—— ~ i=1 ~
Immigration Infection Recovery  ~e—  ——vr Death
Control

The population dynamics represent five different states of interaction as follows:

e Immigration: This due to the individual travels between different zones. When people move
from a destination to another destination (of interest), the size of the population in the destination
will increase linearly. af! > 0 and a! > 0 are the immigration rates of healthy individuals and
infected individuals, respectively. For example, the travel bans between different destinations
means that the values of immigration rates are zero. It is obvious that a < 0and a! < 0when the
individuals travel out of the destination. This implies that the size of the population will decrease.

e Infection: This due to the direct interactions between the healthy individuals and infected
individuals. B > 0 is the infection rate. The negative sign in the healthy population term indicates
that the infection will reduce the number of healthy individuals which are, in turn, added to the
infected population. The infection rate can be managed by reducing the interactions between
healthy and infected individuals. Which in a perfect world when we have everyone adhere to
social distancing, 8 can be simply zero.

e Recovery: This indicates the infected individuals who got recovered and cured based on their self
immunization; no medication was used. This population will be added to the healthy population.
v = 0is the cure rate. We have no control cure rate since no medication or vaccine is available thus
far. Figure 9 represents the global percentage of death (and recovered) cases relative to the total
confirmed cases per day. The data represent the cases from 22 January until 31 March. These data
can help quantify the value of v that can be considered in this model. The global mean value
is 25.5%.
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Figure 9. The global death (and recovered) to confirmed ratio of COVID-19 from 22 January to
31 March.

e  Control: This indicates any possible control that can by imposed by governments. The control
actions can be categorized into two aspects. First, the effectiveness of any potential vaccine to
avoid infection of COVID-19 or potential medication to treat infected cases. The vaccine control
is measured by €/’ > 0, which will lead to an increase in the size of the healthy population.
Whereas, the medication treatment is measured by €! > 0. Thus, the control term can be modified
as Xy Zfil elH U, — X Zfil el-l U; for the healthy population, and X; Zfil eiI U; — Xy Zfil elH U; for
the infected population. Since, no vaccine or medication is available to treat the COVID-19 cases,
we can consider e = e = 0. Second, the control actions can be represented in terms of guidelines
provided by the World Health Organization to reduce the spread of the coronavirus. Currently,
there are five guidelines recommended by the World Health Organization to stop the spread of
the coronavirus, see Figure 10.

Public Service Announcement

DO THE FIVE

Help stop coronavirus

HANDS Wash them often
ELBOW Cough into it
FACE Don't touch it
SPACE Keep safe distance
HOME Stay if you can

a b WO N =2

Figure 10. The general five guidelines recommended by the World Health Organization to stop the
spread of the coronavirus.

Thus the control actions can be given by

T
Ui(t) = {UHANDS Ugtgow Urace Uspace Unowme i=1,...,5 (6)
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For demonstration purposes and due to the lack of data available to model these control
behaviours, we consider a single normalized control action that is a contribution of all the
above five guidelines in our model. Therefore, we can define:

— 2 2 2 2 2
u= \/UHANDS + UELBOW + UFACE + USPACE + uHOME (7)

and e = |/YN75 €?. We suggest the normalization because there are no adequate data to analysis
for each variable. We keep the main terms for future reference, when more reliable data become
available. The normalization is only for demonstration purposes and is not practical without
having sufficient and reliable data.

o Death: This indicates the infected individuals who died. § > 0 is the death rate. Figure 9
represents global percentage of recovered (and death) cases relative to the total confirmed cases
per day. This data will help quantify the values of 6 that can be considered in this model. The global
mean value is 3.22%.

The population dynamic model in Equation (5) is not a unique representation of the COVID-19
healthy/infected populations. Some terms can be modified or added depending on the study and
prospective for the problem. We present this model as a good candidate to overview the dynamic
behaviour of the coronavirus spread rate. By utilizing the dynamic model in Equation (5), one can
get an understanding of how to reduce the infected populations. In the dynamic model, the values
of v and ¢ are uncontrollable and can be estimated using the statistical data in Figure 9. However,
the values of af!, af, B, ef, and €! are controllable. Working to minimize the values of af ol B as well
as maximizing the values of €, and €’ will improve the situation and result in less number of infected
people. The optimum caseis a” = al = =0,e =€l ,and el =€l ..

We observe that the dynamic model in Equation (5) has missed the growth rate of the overall
population. In other words, the model needs to be augmented to account for the fertility rate and

(normal or non COVID-19) death rate. Thus, the augmented model is given by

. Control
Immigration Infection ~ Recovery ,lSirth /Eeath /—1\7_'\
— —— A -~ =
d H H H H
mXH(t) = o' Xg —BXg X+ vX;p 4y Xg—96 XH+XHZ€1' U;
i=1 8)
N
d I I I I
aXI(t) = o X +BXpXi— Xy +y Xr—=96 XI_XIZGiui
~ —~ ~~ S~ i=1
Immigration Infection Recovery Birth Death
Control

where 7 and 5! are the fertility rate in the healthy and infected individuals. 6/ and &' are the death
rate in the healthy and infected individuals. Note that these parameters are uncontrollable and can
be estimated from statistical data. Perhaps, finding an effective medicines, vaccines or anti viral,
and adequate ventilators would control the death rate ! of the infected population and lead to less
death cases.

The state-space dynamic population model is defined by

x(t) = Ax+ fi(x) + falx)u 9)
H_, ,H_ sH _
where x() = 0], A = |7 F0T al_vjﬂf_y],fux) - [ ﬁﬁx’l‘lx’j],fﬁx) -
Uy
H|T U
[};11 [EI]]T]/ u(t) = *| and e = [e1€2 ... en]
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3. Extended Kalman Filter

The main drawbacks of this model include the fact that the model can only consider the
measurement noise without taking into consideration uncertainties in the underlying dynamics.
Therefore, we develop a stochastic gLV model with Extended Kalman Filter (EKF) algorithm to model
COVID-19 spread dynamics.

The nonlinear dynamic stochastic model that captures the COVID-19 spread rate along with the
measurement model is defined as:

dx(ty=% = flx(t),u(t))+G(tw(t)
yit) =y = h(x(t),t)+o(t) , (10)
i = 12,---,N

where N denotes the number of state variables (i.e., N = 2 in the model), x(¢) € RN is the system
state vector, y(t) € RN stands for the observation vector. The nonlinear state model is defined
by f : RN — RN, which is the discrete-time form of Equation (9). The nonlinear observation
model is defined by h : RN — RR. G(t) is a coefficient matrix associated with the process noise.
w(t) ~N(0,Q(t)) and v(t) ~ N(0, R(t)) represent the zero-mean Gaussian uncorrelated white-noise
process and measurements, respectively, with covariance matrices given by

E{w(ty)w’ ()} = Q(t)é(tr—t)

E{v(t2)o" ()} = R(t2)d(t2—t)

E{w(k)o"(h)} = 0 (11)
i) = {7717

where E{.} is the expectation operator. The EKF structure for the state estimate %, in the absence of the
control input, is given by

&(t) = f(2(t), ) + K()[y(t) — h(£)(2())] (12)

where K(t) represents the Kalman gain. [14] provides detailed derivations of the EKF. The state vector
is augmented to estimate both the dynamic states and the unknown parameters. We consider the
following augmented state vector z(f) to estimate both the model states x(t) and parameters p(t)

IRE)
)

Therefore, the augmented system becomes

2(t) = F(z(t)+ (1)
y(k) = h(z(t)+o(t)’ (14)

where {(t) denotes the zero-mean Gaussian white-noise for the augmented dynamic, and

F(z(),p) = [f(x(é),p)].

h(z(t)) = h(x(t),p)

For our gLV dynamic model, the observation model is defined as

(15)

y=x(f)+o(t). (16)
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The system parameters are given by

T
p= [sz,sz,[B,’y,(S} . 17)
The EKF is implemented following sequentially the steps below:

e Initialization: at k = 0 and for given initial states zy = [x, po]T, the initial value of the covariance
matrix is given by:

P P
P — X0X0 XoPo 18
’ PPoxo PPOPO] (19
and
£7(0) = E{z(0)} =z )
P=(0) = E{(2(0) —20)(2(0) —z0)"} = Py
where the superscript (—) denotes a priori value. The initial covariance matrices are given by
Pyxy = E{(x(0) —x0)(x(0) —x0)"}
Papy = E{(x(0) = x0)(p(0) = po) "} 20
Ppoxy = E{(p(0) — po)(x(0) —x0)"}
Ppopy = E{(p(0) = po)(p(0) = po)"}
Assume that z(0) ~ N(0, P(0)).
e  Gain: compute the Kalman gain matrix
—p- T(s—
K(k) =P (kiH (27 (k) 1)

[H(2™ (k)P (k)HT (2™ (k) + R(K)] ",

5— — oh
where H(27 (k)) = §7|:- k)
e  Update: update the state estimate 27 (k) and covariance P" (k) at each measurement

£ (k ly(k) — h(z~ (k)] (22)

P* (k) _ I - K(k)H

~—
[N\
|
=
~—
_|_
~
—
X

where the superscript (+) denotes posteriori value.
e Propagation: propagate both the state estimate 2(k) and covariance P(k) using the posteriori
estimate 27 (k) and posteriori covariance P (k)

(23)

where ®(2% (k)) = ag(zz) |2+ (k)-

The implementation of the above algorithm is conducted on a set of generated data to demonstrate
the convergence and how the model parameters are computed. The stochastic data are generated based
on nominal values of case 1 in Table 1. Figure 11 exhibits how the system parameters converge to the
estimated values. Thus, the dynamic model can now predict the dynamic behaviour of the infection in
a particular area or country. Next section, takes this model and introduces control strategies to resolve
the inflation in the infection population of COVID-19.
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Figure 11. The Extended Kalman Filter (EKF) estimated parameters used for the predictions.
4. Control Authority and Regulation

This section discusses how to apply control strategies to the mathematical model, in Equation (8),
and predict the best actions and their influence to slow down the spread rate of the coronavirus.

There are two control schemes that are proposed to interact with the population model and
provide system stability by reducing the number of infected cases per day, as shown in Figure 12.
First, the high level control represents the effectiveness of any potential vaccine to avoid infection of
COVID-19 or potential medication to treat infected cases. Both control inputs are tuned to decrease the
size of the infected population to the desired reference, zero infection. Second, the low level control
represents the actions that individuals should follow to reach to the same desired reference.

High Level Control

- Vaccine

- Effective Medicine

- Improve
immunization
system

- Improve the health

care system (e.g.

ventilators)

ZERO
INFECTION

Cases per day

/DYNAMIC MODEI\
Low Level Control /\

- Control immigration

(a” and &) Time (days)
- Cleaning
- Control exposure to

the virus (B )

S

Figure 12. Low level and high level control structure considered in this paper.

Since there is no vaccine nor medication that has been proven to protect or treat individuals
from this disease, let us discuss how other model parameters provide control on the spread rate.
In the dynamic model, the values of -, #, and ¢ are uncontrollable and are normally estimated using
the statistical data. However, the values of a¥, a, and B are controllable. Working to minimize the
values of a!, af, and B improves the situation and results in less number of infected population.
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Optimum case is a/! = a! = B = 0. Let us simulate the dynamics by tuning these variables and

investigate the effect in the healthy and infected populations. Based on the statistical data available,
we ran experimental simulation for five test cases described below and shown in Table 1 and Figure 13.
We assume that country (A) has 100 people total population with 50% infected with COVID-19.

Table 1. Test cases used to evaluate the model.

Case af ol B 0% 7 U oH ot
1 0 0 0 0.25 0.01 0 0.001  0.05
0.001 0.001  0.005 025 0.01 0 0.010 0.05

0.001 0.001 0.050 025 0.01 0 0.010 0.05
0 0 vary 025 0.05 0.025 0.010 0.05
0 0.100 control 0.25 0.01 0.010 0.010 0.05

QL W N

Case 1 investigates the impact of the infection rate  on the population (e.g., the country imposes a
travel ban and no immigration allowed). As shown in Figure 13a, country (A) could reach to zero infected
cases in less than two weeks if it controlled the infection rate (8 = 0); e.g., social distancing. However
in case 2, the country might need about three months to reach a steady state zero infection if it allowed
infection rate and immigration to continue as is, as shown in Figure 13b. Case (3) shows the extreme
condition when higher infection rate is allowed. Thus, the majority of the population got infected in the
first week before the entire population dropped to small numbers due to the death rate, as shown in
Figure 13c. Note that we assumed that any recovered case could still get the infection if it was exposed
to infected individuals. Case 4 investigates the infected population changes to different values of the
infection rate. It is clear in Figure 13d that the infected population increased with the increase of the
infection rate. The elevation reached the peak at earlier week, when the entire community got infected.
Then, the population started dropping down due to the increase in death rate.

COVID-19: Dynamic Model COVID-19: Dynamic Model

50
100 - —e—Healthy Population
5 80 —°~Healthy Population S 40 —e—Infected Population
'ﬁ —e—|Infected Population %
=] 330
& 60 &
o S a
T 40 520
o o
" 20 F 10
0 0
5 10 15 20 25 20 40 60 80 100
Days Days
(a) Case 1. (b) Case 2.
100 COVID-19: Dynamic Model % Infected Population
—6—Healthy Population
- 80 —e—|Infected Population 80 4000
_9 70
K 60 3000
a 2,50
o ®
o 040 2000
[
2 30
it 20 1000
10
0 20 40 60 80 100 10 20 30 40 50 60 70 80 90100
Days B
(c) Case 3. (d) Case 4.

Figure 13. Experimental results based on the assumed 100 subjects evaluated for this study.
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It is very clear that (B) plays a significant role in controlling the spread rate and the infected
population system. f embodies all parameters that relate to guidelines recommended by the world
health organization, most importantly social distancing. The value of f may vary from country to
country, region to region, and culture to culture. However, the best practice is driving this value to a
minimum with time. This is the low level control scheme that assumes the infection rate as a function
of the infected population. In control theory, it is called closed-loop feedback control law. Now, S is
treated as a control input that directly depends on the infected population. It is given as

pr=—K X! (24)

where K is the control gain that can be tuned based on the country capability to implement the WHO
guidelines; control authority. Figure 14 exhibits Case 5 (in Table 1) that shows the response of the
population dynamical system to the feedback control with different value of control gains. It is clear
that imposing strict control authority in the infection rate would lead to a quick elimination of the
disease. On the contrary, lean control practices of isolation and social distancing will delay the process
and may lead to instability as shown in case 3.

COVID-19: Dynamic Model COVID-19: Dynamic Model

100 — P
100 —e—Healthy Population
c 80 ——Infected Population c —e—Infected Population
o o 80
kS kS
g 60 2 60
e} { [e) [
o 40 o
= I 40
o o
F 20 F 20
0 0
5 10 15 20 5 10 15 20
Days Days
(a) K = 0.001. (b) K = 0.0001.
COVID-19: Dynamic Model , COVID-19: Dynamic Model
- p
c 100 —e—Healthy Population c 100 —e—Healthy Population
% 80 —e— Infected Population % 80 —e—|nfected Population
> > &
g 60 S 604
a o
« 40 © 40
P P
20 20
0 0
5 10 15 20 5 10 15 20
Days Days
(c) K = 0.00001. (d) K = 0.000001.

Figure 14. Tuning the control gain.
5. Conclusions

The paper presented a dynamical model utilizing both the Lotka—Volterra model coupled with
an extended Kalman Filter in order to evaluate the spread of COVID-19 and ways to control that
spread. Initially, data were collected to understand the scope of the spread worldwide in order to aid in
calibrating the model to ensure accuracy. Five distinct state variables were considered that were shown
to be crucial in spreading the virus that include the immigration of people from country to country,
infection rate at any specific location, number of recoveries from the virus, control measures imposed
by governments to limit the spread, and death rates. It was shown that without imposing any control
measures the spread grows exponentially while the spread can be controlled within several weeks if
a complete travel ban was implemented to prevent the spread. The impact of social distancing was
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the most prominent among all other variables and has proven to reduce the spread when comparing
to actual data from states nationwide. While a simplified statistical model utilizing a power series is
capable of making predictions based on historical data, studying the impact of control measures is
not adequate and a dynamical model offers the ability to perform such evaluations which should be
considered for future prediction models during such pandemics. The model can be further expanded
to add other state variables that can impact the virus spread and evaluate its effectiveness in real time.
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