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Abstract

Data on various air-quality metrics are collected repeatedly by numerous monitoring
stations worldwide to closely assess the severity of pollution. Particle pollution from fine
particulate matter PM2.5 is one such measure used as an indicator of whether air quality
is unhealthy. PM2.5 is a specific form of air contamination that negatively impacts the
environment and human health when levels are above a certain threshold. As data are
collected repeatedly over time at multiple locations, there may be a temporal dependence
among repeated outcomes and spatial dependence between neighboring stations. Thus,
it is important to assess the impact of risk factors on trajectory risk prediction. However,
due to the temporal and spatial dependencies, trajectory risk prediction for such data
becomes complicated, as both types of dependences must be accounted for during model
building. In this paper, we propose a modeling framework that accounts for both types of
dependences by incorporating Markov chains and Markov regression, using autologistics
for model fitting and trajectory risk prediction. The proposed model fitting and trajectory
risk prediction are illustrated using PM2.5 outdoor air pollution data from the United States
from 2000 to 2020.

Keywords: autologistic; Markov chain; temporal dependence; spatial dependence;
longitudinal data; PM2.5; trajectory risk

1. Introduction
Fine particulate matter (PM2.5) pollution is typically found in outdoor air due to emis-

sions from the combustion of gasoline, oil, diesel, or wood. Fine particulate matter (PM2.5)
pollution has been identified as a leading risk factor for the global disease burden [1], as
several adverse short- and long-term health impacts have been associated with exposure to
PM2.5. According to the Environmental Protection Agency (EPA), short-term exposures to
PM2.5 (up to a 24 h duration) have been associated with premature mortality, increased
hospital admissions for heart or lung causes, acute and chronic bronchitis, asthma attacks,
emergency room visits, respiratory symptoms, and restricted activity days. These adverse
health effects have been reported primarily in infants, children, and older adults with
preexisting heart or lung diseases. Long-term (months to years) exposure to PM2.5 has
been linked to premature death, particularly in people who have chronic heart or lung
diseases, and reduced lung function growth in children. In addition, of all of the common
air pollutants, PM2.5 is associated with the greatest proportion of adverse health effects
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related to air pollution, both in the United States and worldwide, based on the World
Health Organization’s Global Burden of Disease Project. Haze with PM2.5 as the primary
pollutant has been an atmospheric environmental problem in various parts of the world
and has become a significant threat to people’s well-being. PM2.5 can lead to environmental
degradation through reduced visibility, acid rain formation, and ecosystem damage [2].
According to the United States Environmental Protection Agency [3], PM2.5 is the main
cause of reduced visibility (haze) in parts of the United States, including many treasured
national parks and wilderness areas. To be specific, as mentioned by [4], PM2.5 poses a
serious risk to human health by stimulating oxidative stress and inflammation. Thus, it is
very important to perform a rigorous analysis of levels and trends, and risk quantification
of PM2.5 based on related predictors.

There are varied sources of PM2.5. Land use, for example, influences PM2.5 levels,
with dense vegetation areas tending to have lower concentrations due to the natural air
filtration provided by plants [5,6]. Geographically, urban centers often exhibit higher
PM2.5 levels compared with rural areas due to higher emission sources such as industrial
activities and vehicular traffic [7,8]. Additional sources include dust storms, wildfires,
and sea spray, as well as anthropogenic activities such as the combustion of fossil fuels
and biomass burning [9,10]. Secondary pollutants can also be formed through chemical
reactions of primary gaseous emissions [11]. Additionally, meteorological conditions, such
as humidity and wind patterns, significantly affect the deposition and dispersion of PM2.5

particles, and these conditions are influenced by emission sources [12,13]. This research is
motivated by PM2.5-based outdoor air pollution data from the United States from 2000 to
2020 and downloaded from the United States Environmental Protection Agency website [3].
The EPA collects data from 1110 sites across the U.S. These data are collected repeatedly
at high volume, intensity, and complexity. Our objective is to predict the trajectory risk
over the years for given values of available covariates as well as examine how the risk
of PM2.5 varies across defined risk levels and how controllable levels (categories) of risk
factors (sources) affect the trajectories of PM2.5. The identification and risk quantification of
influencing factors over time are critical for understanding the formation processes and
pollution characteristics. However, this task is particularly complex due to temporal and
spatial dependencies, with the interplay of multiple factors and their dynamics posing
significant challenges. The availability of models that adjust for both temporal and spatial
dependences, along with covariates, and accurately predict pollutant patterns across time
points is limited [14,15].

To address the modeling of PM2.5 data with temporal and spatial dependencies,
we propose a covariate-dependent Markov regression model to estimate the impact of
risk factors on the trajectory of PM2.5 risk. To that end, we propose a joint modeling
approach for multiple repeated categorical outcomes at subsequent time points (follow-
ups). Note that in this process, one must account for transitions among several states
over time, generating a large number of trajectories from the beginning to the end of
the study. With the increase in follow-ups, the problem of constructing a joint model for
categorical outcomes becomes more difficult and may be unidentifiable. To estimate the
impact of risk factors on trajectory risk in repeated-measures data, covariate-dependent
Markov regression models are widely used in fields such as rainfall and air pollution
modeling. However, most of these applications are used to assess the impact of covariates
on transitions [16,17]. The advantage of using the Markov model is that the estimation
and model-fitting process is reduced from a multivariate to a univariate approach, due to
the effective stratification of the data. The PM2.5 data considered in this research exhibit
both temporal and spatial dependences, which must be accounted for during model
fitting and risk prediction to avoid misleading results. In this research, using repeated
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measures and assessing the impact of covariates on transitions, we illustrate trajectory
risk prediction to understand air pollution trends by proposing a model that adjusts
simultaneously for both temporal and spatial dependences in the data. Efficient prediction
of trajectory risk and estimation of the risk of PM2.5 exceeding acceptable levels over time
will allow policymakers to identify vital information, such as how transitions between
states in consecutive responses occur and how covariates influence these transitions. An
accurately predicted trajectory will allow us to quantify the risk of air pollution over time,
which will be beneficial to identifying factors that may increase air pollution, as required
by policymakers.

We start with a brief discussion of the data with the trajectory in Section 2. In Section 3,
we proposed a modeling framework based on Markov regression models for the trajectory
prediction of repeated categorical responses. The estimation process of the model param-
eters, along with model significance, is presented in Section 4. An illustrative example
using PM2.5-based air pollution data is shown in Section 5. We present the conclusions in
Section 6.

2. Fine-Particulate-Matter (PM2.5)-Based Air Pollution Data
In this paper, we have used fine particulate matter (PM2.5) data from 1110 sites across

various states in the United States [3]. In PM2.5-based air pollution data, the response
variable is denoted by Zij and measured as the yearly maximum value of the PM2.5 level,
where i refers to the sites and j refers to the years from 2000 to 2020. Following the EPA
cutoff for air-quality standards for PM2.5 [18], outcomes for all the years are re-categorized
as Zij = 0 if Zij < 35 µg/m3 and Zij = 1 if Zij ≥ 35. Thus, the outcome variable Zij

from the years 2000 to 2020 (j = 1, . . . , 21) for the ith (i = 1, . . . , 1110) site is expressed as
Yi1, . . . , Yi21. The frequency distribution of responses (Zij) for all the years is presented in
Table 1.

Table 1. Outcome frequency for the years 2000 to 2020.

Years 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010

Zj Z1 Z2 Z3 Z4 Z5 Z6 Z7 Z8 Z9 Z10 Z11

0 374 363 347 379 354 215 377 217 320 378 301
1 734 708 661 573 492 597 368 372 219 138 181

Total 1108 1071 1008 952 846 812 745 589 539 516 482

Years 2011 2012 2013 2014 12015 2016 2017 2018 2019 2020

Zj Z12 Z13 Z14 Z15 Z16 Z17 Z18 Z19 Z20 Z21

0 308 319 320 311 292 289 291 256 241 154
1 103 84 93 109 117 102 93 114 116 40

Total 411 403 413 420 409 391 384 370 357 194

It is noteworthy that the monitoring locations (sites) are likely to be spatially correlated,
with stronger correlations between sites that are closer. Figure 1 presents the USA map
showing the key feature of PM2.5 level at the monitoring locations (sites) in various states.

Specifically, we used the proportion of years in which PM2.5 exceeded the cutoff
points, divided by the total number of years considered in the analysis. In Figure 1, we
used various sizes of circles to display the proportion of years that the PM2.5 level exceeded
cutoff points. For example, the bigger the circle, the higher the proportion of excessive
PM2.5 levels. We also used various colors to indicate the various proportions. For example,
larger circles with the color “yellow” indicate that the proportion is greater than 75% at a
specific monitoring site. This means that for 75% of the years considered, the PM2.5 level
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was higher than the cutoff point at this particular site. Similarly, the colors “blue”, “green”,
and “purple” represent the proportions of 50–74%, 25–49%, and less than 25%, respectively.
As mentioned earlier, the PM2.5 data are likely to exhibit a spatio-temporal correlation, as
the responses are repeatedly collected over time at various locations (monitoring sites). In
the next subsection, we verify the presence of spatial correlation.

Figure 1. Proportion of PM2.5-level-based air-quality indicator at various monitoring sites in the USA.

Moran’s I Statistic for Spatial Correlation

To obtain precise estimates and increased accuracy of the risk prediction, it is necessary
to investigate the presence of any spatial dependence in the PM2.5-related air pollution
data. Spatial dependence refers to the extent to which environmental measurements taken
at nearby monitoring locations (sites) are statistically correlated. To be specific, whether
the PM2.5 air pollution measurements at one station are influenced by the same values at
surrounding stations, due to the geographical proximity and shared environmental factors.

Analyzing data with spatial dependences often requires spatial statistical methods to
account for correlations among nearby locations and to achieve more accurate interpreta-
tions of trends and patterns. We need to measure the spatial autocorrelation to describe
the extent to which an outcome is correlated with the nearby station’s outcome. This
phenomenon can be loosely defined as a measure of similarity or dissimilarity between the
attribute values of two locations that are spatially proximate. When positive spatial auto-
correlation occurs, observations with similar values tend to cluster together. For negative
spatial autocorrelation observations, dissimilar values are closer together. Various indices
are available to measure the spatial autocorrelation. One most well-known technique is
Moran’s I statistic [19], used to assess the spatial dependence of whether air-quality (PM2.5)
measures taken at nearby stations are statistically correlated with each other. For the mathe-
matical formulation of this statistic, readers are referred to [20]. Moran’s I statistic is similar
to Pearson’s correlation, which measures the strength of a linear relationship between two
variables [21]. The estimate of Moran’s I statistic along with standard errors and p-values
for the PM2.5 of years 2000 to 2020 are shown in Table 2. Although the autocorrelation
values are not strong, ranging from 0.21 to 0.07, the p-values for all years were statistically
significant (p < 0.01).
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Table 2. Estimate with standard errors of the spatial autocorrelation using Moran’s I statistic.

Year Estimates Standard Errors p-Values

2000 0.115 0.0068 0.000
2001 0.172 0.0063 0.000
2002 0.155 0.0065 0.000
2003 0.189 0.0067 0.000
2004 0.159 0.0071 0.000
2005 0.186 0.0070 0.000
2006 0.167 0.0075 0.000
2007 0.065 0.0231 0.004
2008 0.150 0.0091 0.000
2009 0.153 0.0103 0.000
2010 0.127 0.0109 0.000
2011 0.141 0.0113 0.000
2012 0.096 0.0132 0.000
2013 0.113 0.0134 0.000
2014 0.212 0.0126 0.000
2015 0.135 0.0121 0.000
2016 0.164 0.0124 0.000
2017 0.180 0.0128 0.000
2018 0.133 0.0131 0.000
2019 0.126 0.0136 0.000
2020 0.095 0.0135 0.000

Table 2 indicates the presence of spatial correlation in the PM2.5 related air pollu-
tion data. Additionally, PM2.5 air pollution data are more likely to exhibit a temporal
dependence, as responses are collected repeatedly over time. Thus, in the presence of
spatio-temporal dependencies in PM2.5 air pollution data, we require a modeling technique
that can account for both. To that end, in the next section, we propose covariate-dependent
Markov regression models to predict trajectory risks that accommodate both spatial and
temporal correlations.

3. Trajectory Risk Prediction Using Covariate-Dependent Markov
Regression Models

In this section, to analyze PM2.5-related air pollution data, we develop covariate-
dependent Markov regression models following Chowdhury and Hasan [22]. Let Yi1, · · · , Yi21

represent the binary responses of PM2.5-related air pollution levels from the jth (j = 1, · · · , 21)
repeated time point for the ith (i = 1, · · · , 1110) site. To illustrate the trajectory, we con-
sider three repeated responses, Yi1, Yi2, and Yi3 for the ith site, and xij is the vector of
covariates for the ith site at the jth year. Henceforth, for simplicity, we omit the covariate
subscript. The trajectory is shown in Figure 2. Here, the first column shows marginal
probabilities P(Yi1 = yi1 | x), the second column shows first-order conditional probabili-
ties P(Yi2 = yi2 | y1; x) and the third column shows second-order conditional probabilities
P(Yi3 = yi3 | y1; y2; x). There are eight possible trajectories. Thus, including many repeated
measures (e.g., 2000 to 2020) in the study will require fitting lots of models.
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t1 t2 t3Follow-up 1
Yi1

Follow-up 2
Yi2

Follow-up 3
Yi3

0 = PM2.5 < 35 µg/m3

P0(xij)

1 = PM2.5 ≥ 35 µg/m3

1 = PM2.5 ≥ 35 µg/m3P1.10(xij)

0 = PM2.5 < 35 µg/m3
P0.10(xij)P1.0(xij )

0 = PM2.5 < 35 µg/m3

1 = PM2.5 ≥ 35 µg/m3P1.00(xij)

0 = PM2.5 < 35 µg/m3
P0.00(xij)

P0.0(xij)

1 = PM2.5 ≥ 35 µg/m3

P1(xij)

1 = PM2.5 ≥ 35 µg/m3

1 = PM2.5 ≥ 35 µg/m3P1.11(xij)

0 = PM2.5 < 35 µg/m3
P0.11(xij)P1.1(xij )

0 = PM2.5 < 35 µg/m3

1 = PM2.5 ≥ 35 µg/m3P1.01(xij)

0 = PM2.5 < 35 µg/m3
P0.01(xij)

P0.1(xij)

Figure 2. Transitions between two states from three follow-ups.

To obtain trajectory risks, we need to estimate the joint probability, which can be
obtained using a Markov chain without relying on a joint model. For example, the out-
comes Yi1, Yi2, . . . , Yij (j = 1, · · · , J) in the presence of covariates xij

′=(1, xi1, . . . , xip) can
be expressed as the product of the marginal and conditional probability mass functions
as follows:

Pyi1,yi2,...,yij(xij) = P(Yi1 = yi1, Yi2 = yi2, . . . , Yij = yij | xij) = Pyi1(xij)

× Pyi2.yi1(xij)× Pyi3.yi2yi1(xij)× . . . × Pyij .yi(j−1),...,yi1(xij)
(1)

which is a Markov chain of order k(= j − 1). In Equation (1), Py1(xij) is the marginal
probability function of the Yi1 conditional on the covariate vector xij. This is a higher-
order Markov model. In other words, the future outcome depends on all previous out-
come(s) (higher-order dependence), but this would require a very large sample size for
each time point.

The trajectory risk using Equation (1) with three time points shown in Figure 1 would
be as follows.

Pyi1,yi2,yi3(xij) = P(Yi1 = yi1, Yi2 = yi2, Yi3 = yi3 | xij)

= Pyi1(xij)× Pyi2.yi1(xij)× Pyi3.yi2yi1(xij)
(2)

where P(Yi2 = yi2 | y1; x) = Pyi2.yi1(xij), P(Yi3 = yi3 | y1; y2; x) = Pyi3.yi2yi1(xij) and so on.
This is a second-order Markov chain as outcome Yi3 depends on the previous two outcomes,
Yi2 and Yi1, respectively.

3.1. Covariate-Dependent Markov Regression Models

The Markov model is a common choice for studying covariate impacts on transition
probabilities used for risk prediction, considering the underlying dependence in consecutive
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time points [16,17,23]. A natural choice is logistic regression to model the transition
(Yij → Yi(j+1)) as a function of the covariate vector xij for the ith site. Then, the first
order conditional probability Yi2 given Yi1 and xij (the probability mass function of the Yi2

conditional on Yi1 and xij) can be expressed as P(Yi2 = yi2 | Yi1 = yi1, xij), stratifying the
sample based on Yi1 = 0 and Yi1 = 1 as the outcome Yi1 is binary. To be specific, when
we stratify the data using Yi1 = 0 and model Yi2 as a function of the covariates, we are
modeling the transitions from Yi1 = 0 to Yi2 = s (i.e., Yi1 = 0 → Yi2 = s) where s = 0, 1.
Similarly, when we stratify the data using Yi1 = 1 and model Yi2 as a function of covariates,
we are modeling the transitions (Yi1 = 1 → Yi2 = s). Then, the impact of the covariates on
the first order Markov model for P(Yi2 = yi2 | Yi1 = 0, xij) can be shown as:

Pyi2.0(xij) = P(Yi2 = s | Yi1 = 0, xij) =
e(β00+β01xi1+...+β0pxip)s

1 + e(β00+β01xi1+...+β0pxip)
=

e(x′ij βy2.0)s

1 + e(x′ij βy2.0)
, s = 0, 1, (3)

where β′
y2.0 =

[
β00, β01, . . . , β0p

]
is a 1 × (p + 1) vector of regression coefficients corre-

sponding to the covariate vector x′ij =
[
1, xi1, . . . , xip

]
for the sub-sample stratified on

Yi1 = 0.
Similarly, the first order conditional model for P(Yi2 = yi2 | Yi1 = 1, xij) is:

Pyi2.1(xij) = P(Yi2 = s | Yi1 = 1, xij) =
e(x′ij βy2.1)s

1 + e(x′ij βy2.1)
, s = 0, 1, (4)

where βy2.1
′ =

[
β10, β11, . . . , β1p

]
is a 1 × (p + 1) vector of regression coefficients corre-

sponding to the covariate vector x′ij for the sub-sample stratified on Yi1 = 1.
Consequently, Equations (3) and (4), P(Yi2 = s | Yi1 = yi1, xij) can be simplified as :

Pyi2.y1(xij) = P(Yi2 = s | Yi1 = yi1, xij) =
e(x′ij βy2.y1 )s

1 + e(x′ij βy2.y1 )
, s, y1 = 0, 1, (5)

where βy2.y1
′ =

[
βy10, βy11, . . . , βy1 p

]
is a 1 × [2(p + 1)] vector of regression coefficients

corresponding to the covariate vector x′ij =
[
1, x1, . . . , xp

]
for the sub-sample stratified on

Yi1 = yi1. This first-order Markov model easily generalizes to a higher-order [22].
The (j− 1) th order Markov models shown in (1) is conditional on all previous histories.

These models require large samples at every time point for model fitting. If the sample size
is inadequate, one can assess only first-order dependencies and predict trajectory risks—for
example, the air-quality data. In this case, we can develop models by considering pairwise
(first-order) conditional models. The first-order Markov models for j consecutive outcomes
Yi1, · · · , Yij can be shown as follows:

Pyij .yj−1(xij) = P(Yij = s | Yi(j−1) = yi(j−1), xij) =
e(x′ij βyj .yj−1 )s

1 + e(x
′
ij βyj .yj−1 )

,

s, yi(j−1), yij = 0, 1,

(6)

where βyj .yj−1
′ =

[
βy10, βy11, . . . , βy1 p

]
is a 1 × [2(p + 1)] vector of regression coefficients

corresponding to the covariate vector x′ij =
[
1, x1, . . . , xp

]
for the sub-sample stratified on

Yi(j−1) = yi(j−1).
The trajectory risk based on consecutive first-order Markov models (6) can be obtained

using the following Markov chain:

Pyi1,yi2,...,yi J (xij) = Pis(xij)× Pyi2.yi1(xij)× Pyi3.yi2(xij)× . . . × Pyij .yi(j−1)(xij). (7)
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We can obtain the first-order conditional probabilities for all consecutive outcomes
using Equation (6).

3.2. Markov Chain and Temporal Dependency

The Markov chain has a built-in mechanism to handle temporal dependency. To
predict the trajectory risk, we need to estimate the joint probability. In Markov chain,
the joint probability (trajectory risk) for a site with a specified covariate vector (xij

∗) for
a trajectory P̂(Yi1 = yi1, Yi2 = yi2, . . . , Yij = yij | xij

∗) is predicted using the following
k = (j-1)th order Markov chain:

P̂(Yi1 = yi1, Yi2 = yi2, . . . , Yi J = yi J | xij) = P̂(Yi1 = yi1 | xij)× P̂(Yi2 = yi2 | Yi1 = yi1; xij)

× P̂(Yi3 = yi3 | Yi2 = yi2, Yi1 = yi1; xij)×, . . . ,×P̂(Yi J = yi J | Yi(j−1) = yi(j−1), . . . , Yi1 = yi1; xij)

= P̂yi1(xij)× P̂yi2.yi1(xij)× P̂yi3.yi2.yi1(xij)× ... × P̂yi J .yi(j−1),...,yi1(xij).

(8)

The left-hand side of Equation (8), which is the joint probabilities and what we want
to estimate, is denoted as P̂yi1,yi2,...,yi J (xij). If available, we could predict the above joint
probabilities in (8) for trajectory risk using a joint model for repeated binary outcomes
that considers the effect of covariates. However, no such models for many repeated binary
outcomes (e.g., multivariate logistic regression) are available.

The first term of the right-hand side of Equation (8), P̂(Yi1 = yi1 | xij) = P̂yi1(xij) is
the marginal probabilities for different values of covariate vectors xij and yij = 0, 1. These
probabilities can be estimated using the fitted marginal model using Equation (5) and the
data from the first time point. In other words, these provide the initial probabilities for the
Markov chain.

The second term of the right-hand side of Equation (8), P̂(Yi2 = yi2 | Yi1 = yi1; xij) =

P̂yi2.yi1(xij) are the conditional probabilities for different values of the covariates vector xij

and for yij = 0, 1 and so on. Again, these probabilities can be estimated using the fitted
higher-order Markov models. It should be noted that to estimate first-order probabilities,
we use two models for yi1 = 0 and yi1 = 1 as shown in Equations (1) and (2), respectively.
Since the first-order Markov model uses two consecutive binary outcomes yij and yi(j−1),
we need to fit two separate models.

Then, for outcomes yi1, yi2 with categories 0,1 and using Equation (8), we can predict
joint probabilities for all possible values of yi1, yi2 and xij using marginal and conditional
probabilities as follows:

P̂(Yi1 = yi1, Yi2 = yi2 | xij) = P̂(Yi1 = yi1; xij)× P̂(Yi2 = yi2 | Yi1 = yi1; xij),

yi1 = 0, 1; yi2 = 0, 1; j = 1, 2.

Similarly, for all j outcomes yi1, yi2, . . . , yij, we can predict joint probabilities. For
example, P̂0,1(x∗) = P̂0(x∗)× P̂1.0(x∗) and P̂0,0(x∗) = 1 − P̂0,1(x∗) and so on. It may be
noted that for simplicity, the subscript i is omitted from the predicted joint probabilities
P0,1(x∗) and P0,0(x∗). Therefore, we will obtain these two probabilities for each site.

It is clear from Equations (1) and (2) that these two models are univariate because
the yearly repeated data were stratified cross-sectionally by the previous years’ outcome
categories. In other words, all datasets from 2 onward are cross-sectional (univariate)
and are used to estimate Markov regression models for conditional probabilities by ac-
counting for temporal dependence. We use Equation (8) to obtain the joint probabilities
from the univariate probabilities. Hence, the Markov chain addresses the problem of
temporal dependence.
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3.3. Adjustment of Spatial Dependence Using Autologistic Regression

In this section, we extend the proposed covariate-dependent Markov regression model
to adjust for spatial dependency. It should be noted that the logistic regression for the binary
outcome we adopted earlier does not account for spatial dependence. As our objective is to
predict trajectory risk and obtain more precise and accurate estimates, we are interested in
improvements from adjusting spatial and temporal dependencies.

Logistic regression is the most widely used model for analyzing binary responses in
the presence of covariates; however, it does not directly account for spatial dependences in
the data. The autologistic regression model incorporates a spatially lagged term to account
for the behavior of neighboring agents, thereby adjusting for spatial dependences in the
data [24]. Autologistic examples can be seen in ecology [25–28], health [29,30], atmospheric
science [31], and mining [32,33] among others.

In the autologistic regression model, an additional explanatory variable is added,
along with the existing covariates, to capture the effect of other response variables in the
spatial neighborhood. Using the form of the ordinary logistic regression model shown in
Equation (6), the autologistic regression model can be shown by adding a spatially lagged
term accounting for spatial autocorrelation as follows:

Pyij .yj−1(zij) = Pyij .yj−1(xij; Aij) = P(Yij = s | Yi(j−1) = yi(j−1), xij, Aij)

=
e(β00+β01xi1+...+β0pxip+γ0(p+1)Aij)s

1 + e(β00+β01xi1+...+β0pxip+γ0(p+1)Aij)
=

e(z
′
ijαyj .yj−1 )s

1 + e(z
′
ijαyj .yj−1 )

, s, yi(j−1), yij = 0, 1,
(9)

where αyj .yj−1
′ =

[
βy10, βy11, . . . , βy1 p, γ0(p+1)

]
is a 1 × [2(p + 1)] vector of regression coef-

ficients corresponding to the covariate vector x′ij =
[
1, x1, . . . , xp, Ap+1

]
for the sub-sample

stratified on Yi(j−1) = yi(j−1); Ai is the spatially lagged explanatory variable (also known
as autocovariate) and γ0(p+1) is the unknown parameter corresponding to Ai that needs
to be estimated. This autocovariate term (Ai), used by others [24,34–37], can be estimated
as follows:

Ai =

∑k
i=1
i ̸=i′

Wii′ p̂i′

∑k
i=1
i ̸=i′

Wii′
.

where Wii′ is the spatial weight between monitoring stations i and i′, and p̂ is the predicted
probability at monitoring station i by the logistic regression model. k represents the number
of neighbouring monitoring stations around i to be included in the calculation of the
Ai term. The trajectory risk based on consecutive first-order Markov models (9) can be
obtained using Equation (7) as before.

4. Parameter Estimation
The log-likelihood function of the joint mass function for the first-order Markov chain

in (7) can be shown to be:

l =
n

∑
i=1

J

∑
j=1

ln P(Yi1 = yi1, Yi2 = yi2, · · · , Yi J = yi J | xij) =
n

∑
i=1

J

∑
j=1

[
ln P(Yi1 = yi1 | xij)

+ ln P(Yi2 = yi2 | yi1; xij) + · · ·+ ln P(Yi J = yi J | yi(j−1); xij)

]
=

n

∑
i=1

J

∑
j=1

[
ln Py1 (xij) + ln Py2.y1 (xij) + · · ·+ ln Pyi J .yj−1 (xij)

]
.

(10)

From Equation (10), it is clear that the joint mass function reduces to the univariate
mass function for a single outcome variable. In other words, all the consecutive first-order
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conditional models are equivalent to that of the marginal model (univariate logistic or
auto logistic regression). All these models can be estimated in a standard manner using an
appropriate data structure and Python 3.14.3, R 4.3.3, or other software capable of fitting
these models. Then, we can exploit parallel programming to analyze all data subsets using
multiple cores on a single computer or several CPUs in a distributed system.

The complete R code to fit models simultaneously on 41 datasets using autologistic
regression and logistic regression, including predicted probability, is shown in Appendix A,
Table A9. This code also included all the necessary R packages used for our analysis. We
used a parallel programming approach using multiple processors to fit all the models.

5. Analysis of Fine Particulate Matter (PM2.5) Data
5.1. Data Preparation

To fit the Markov regression model, we must stratify the data by transitions between
consecutive years. For the years 2000 to 2020, there will be 41 datasets (requiring the fitting
of 41 separate models), numbered from 1 to 41. The dataset for the year 2000 (marginal
model) is assigned codes 1 and 2 to 41 for the two types of transitions. For example, code
2 represents the dataset for transitions Yi1 = 0 → Yi2 = s, code 4 represents the dataset for
transitions Yi2 = 0 → Yi3 = s as shown in Table 3. We assigned even numbers for datasets
for any transition of type 0 → s where (s = 0, 1), whereas the number 3 represents the
dataset for transitions Yi1 = 1 → Yi2 = s (s = 0, 1). The number 5 represents the dataset
for transitions Yi2 = 1 → Yi3 = s (s = 0, 1). That is, we assigned odd numbers for datasets
for any transition of type 1 → s where (s = 0, 1). By creating transition indicators, we
stratify all observations for the current year by the two categories (0, 1) of the previous year.
Table 3 presents the datasets and transition (dependent) variables constructed from several
hypothetical observations.

Datasets 2–41 (Table 4) can be used to fit first-order Markov regression models (con-
ditional models) to estimate conditional probabilities. Because of the small sample size
(1110 sites), it may not be possible to include higher-order terms, as there may not be
sufficient cell frequencies to fit the model. Table 4 also presents the frequency distribution
for all 41 datasets. The description of the covariates used in the model is shown in Table 5.
The variables included in the augmented data file, and the data file structure are shown in
Table 6. The Moran’s I statistics for all datasets from the consecutive transitions are shown
in Table 7. In general, Moran’s I values are lower across all datasets.

Table 3. Transitions indicator with dependent variable based on the four hypothetical sites.

Site (i) Year (j) Year (j+1) Zij Zi(j+1) Transitions Depvar (Y) Datasets

1 2000 2001 0 0 0 → 0 0 2
2 2000 2001 0 1 0 → 1 1 2
3 2000 2001 1 1 1 → 1 0 3
4 2000 2001 1 0 1 → 0 1 3
1 2001 2002 0 0 0 → 0 0 4
2 2001 2002 0 1 0 → 1 1 4
3 2001 2002 1 1 1 → 1 0 5
4 2001 2002 1 0 1 → 0 1 5
1 2002 2003 0 0 0 → 0 0 6
2 2002 2003 1 0 1 → 0 1 7
3 2002 2003 1 1 1 → 1 0 7
4 2002 2003 1 0 1 → 0 1 7
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Table 4. Outcome frequency for the subsets for two transition types and the marginal model.

Subset and Transition Type: 0 → 1

Model (Dataset) Number

2 4 6 8 10 12 14 16 18 20 22 24 26

Yj Y2 Y4 Y6 Y8 Y10 Y12 Y14 Y16 Y18 Y20 Y22 Y24 Y26

0 235 213 213 209 159 145 161 164 265 265 200 253 279
1 121 109 98 93 173 33 130 31 38 88 43 27 31

Total 356 322 311 302 332 178 291 195 303 353 243 280 310

Continued. . . Subset and Transition type: 0 → 1

Model (Dataset) Number

28 30 32 34 36 38 40

Yj Y28 Y30 Y32 Y34 Y36 Y38 Y40

0 266 254 231 244 236 208 128
1 41 40 46 36 42 36 13

Total 307 294 277 280 278 244 141

Subset and Transition type: 1 → 1

Model (Dataset) Number

3 5 7 9 11 13 15 17 19 21 23 25 27

Yj Y3 Y5 Y7 Y8 Y11 Y13 Y15 Y17 Y19 Y21 Y23 Y25 Y27

0 130 135 167 147 55 232 55 152 109 34 104 50 25
1 587 552 475 399 422 335 238 187 99 93 58 49 58

Total 717 687 642 546 477 567 293 339 208 127 162 99 83

Continued. . . Subset and Transition type: 1 → 1 Marginal model

Model (Dataset) Number

29 31 33 35 37 39 41 1

Yj Y29 Y31 Y33 Y35 Y37 Y39 Y41 Y1

0 23 31 57 47 19 32 26 376
1 67 76 55 54 70 80 27 734

Total 90 107 112 101 89 112 53 1110

Table 5. Descriptions of covariates used in the models.

Variables Description Values

SiteID ID number for each
monitor site

Event (X1) Occurance of a wildfire Yes = 1, No = 0
Elevation (X2) Measured in meters Ranges between 0 to 7085
Area (X3) Location of the monitors Urban/Suburban = 1,

Rural/Others = 0
Land (X4) Type of land Commercial/Industrial/

Agriculture = 1,
Residential/Others = 0

DivID Dataset identification
number 1 to 41

Latitude (X5) Site Latirude
Longitude (X6) Site Longitude
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Missing Data Handling

Missing data are common in longitudinal and time-series data for various reasons.
The same is true for environmental data; however, it is less prone to error because it is
captured automatically via monitors. However, in our proposed modeling framework,
data stratification reduces a multivariate problem to a univariate case. Therefore, one can
easily apply all appropriate techniques for handling missing data as we would do for a
single dataset. Additionally, the presence of outliers in this dataset does not pose a threat to
model building, as shown in the covariate details in Table 5. It is strictly categorical except
for one. Also, the proposed framework can accommodate a varying number of covariates
per stratified dataset, which can be handled through additional programming tasks.

5.2. Analysis Results

The proposed methodology is illustrated by applying it to fine-particulate-matter
(PM2.5)-based air pollution data collected from 1110 sites across various states in the
United States. We fitted three sets of models to all datasets. The following are the models:

(i) Logistic Model 1: This model includes six independent variables from X1 to X6 as
identified in Table 5.

(ii) Logistic Model 2: This model includes four independent variables from X1 to X4 as
identified in Table 5.

(iii) Autologistic: This model includes four independent variables from X1 to X4 and an
additional variable, a spatially lagged term that accounts for the spatial autocorrelation
derived based on latitude (X5) and longitude (X6) variables as identified in Table 5.

(iv) Logistic Model 4: In this model, we are assuming no temporal dependence. This
implies that we can fit a total of 21 logistic regression models, one for each year. We
do not need the data stratification that will create a total of 41 datasets. However, if
the temporal dependence is there, our standard error of regression coefficients will
be distorted, hence distorting inferences. In addition, it may affect the trajectory
risk prediction.

If the logistic regression model 4 holds, then Equation (8) becomes as follows:

P̂(Yi1 = yi1, Yi2 = yi2, . . . , Yi J = yi J | xij) = P̂(Yi1 = yi1 | xij)× P̂(Yi2 = yi2 | xij)

×, . . . ,×P̂(Yi J = yi J | xij) = P̂yi1(xij)× P̂yi2(xij)× ... × P̂yi J (xij), where yi J = 0, 1.
(11)

Table 6. Augmented data file structure.

SiteID Y Event Elevation Area Land DivID Latitude Longitude

10030010 1 0 37.19 1 1 1 30.50 −87.88
10030010 0 0 37.19 1 1 4 30.50 −87.88
10030010 0 1 37.19 1 1 8 30.50 −87.88
10030010 0 0 37.19 1 1 12 30.50 −87.88
10030010 0 0 37.19 1 1 3 30.50 −87.88
10030010 0 0 37.19 1 1 6 30.50 −87.88
10030010 0 0 37.19 1 1 10 30.50 −87.88
10270001 1 0 344.42 0 0 4 33.28 −85.80
10270001 1 0 344.42 0 0 10 33.28 −85.80
10270001 1 0 344.42 0 0 1 33.28 −85.80
10270001 0 0 344.42 0 0 13 33.28 −85.80
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Table 6. Cont.

SiteID Y Event Elevation Area Land DivID Latitude Longitude

10270001 0 0 344.42 0 0 9 33.28 −85.80
10270001 1 0 344.42 0 0 7 33.28 −85.80
10270001 0 0 344.42 0 0 3 33.28 −85.80
10331002 1 0 122.00 1 1 4 34.76 −87.64
10331002 0 0 122.00 1 1 13 34.76 −87.64
10331002 1 0 122.00 1 1 1 34.76 −87.64
10331002 0 0 122.00 1 1 3 34.76 −87.64
10331002 1 0 122.00 1 1 7 34.76 −87.64
10331002 0 0 122.00 1 1 9 34.76 −87.64

Table 7. Moran’s I statistic of spatial autocorrelation for all new datasets.

Datasets Observed Expected sd p.v Datasets Observed Expected sd p.v

1 0.115 −0.0009 0.0068 0.000 21 0.080 −0.0079 0.0342 0.010
2 0.157 −0.0028 0.0141 0.000 22 0.071 −0.0041 0.0177 0.000
3 0.118 −0.0014 0.0088 0.000 23 0.164 −0.0062 0.0315 0.000
4 0.128 −0.0031 0.0153 0.000 24 0.094 −0.0036 0.0157 0.000
5 0.093 −0.0015 0.0091 0.000 25 0.181 −0.0102 0.0424 0.000
6 0.140 −0.0032 0.0159 0.000 26 0.204 −0.0032 0.0143 0.000
7 0.170 −0.0016 0.0095 0.000 27 0.339 −0.0122 0.0536 0.000
8 0.164 −0.0033 0.0173 0.000 28 0.063 −0.0033 0.0139 0.000
9 0.111 −0.0018 0.0097 0.000 29 0.104 −0.0112 0.0535 0.032
10 0.246 −0.0030 0.0141 0.000 30 0.138 −0.0034 0.0127 0.000
11 0.104 −0.0021 0.0117 0.000 31 0.145 −0.0094 0.0443 0.000
12 0.150 −0.0057 0.0286 0.000 32 0.223 −0.0036 0.0149 0.000
13 0.170 −0.0018 0.0089 0.000 33 0.335 −0.0090 0.0392 0.000
14 0.178 −0.0034 0.0165 0.000 34 0.056 −0.0036 0.0159 0.000
15 0.080 −0.0034 0.0162 0.000 35 0.330 −0.0100 0.0412 0.000
16 0.126 −0.0052 0.0210 0.000 36 0.073 −0.0036 0.0153 0.000
17 0.121 −0.0030 0.0150 0.000 37 0.143 −0.0114 0.0410 0.000
18 0.044 −0.0033 0.0164 0.004 38 0.057 −0.0041 0.0177 0.001
19 0.149 −0.0048 0.0235 0.000 39 0.177 −0.0090 0.0354 0.000
20 0.097 −0.0028 0.0142 0.000 40 0.030 −0.0071 0.0304 0.220

Then, the following form of autologistic regression can be used to assess the impact
of covariates:

Pyij(zij) = Pyij(xij; Aij) = P(Yij = s | xij, Aij) =
e(β00+β01xi1+...+β0pxip+γ0(p+1)Aij)s

1 + e(β00+β01xi1+...+β0pxip+γ0(p+1)Aij)

=
e(z

′
ijαyj .yj−1 )s

1 + e(z
′
ijαyj .yj−1 )

, s, yi(j−1), yij = 0, 1,

(12)

where αyj .yj−1
′ =

[
βy10, βy11, . . . , βy1 p, γ0(p+1)

]
is a 1 × [(p + 1)] vector of regression coeffi-

cients corresponding to the covariate vector x′ij =
[
1, x1, . . . , xp, Ap+1

]
for the sample data

from each year; Ai is the spatially lagged explanatory variable (also known as autocovari-
ate) and γ0(p+1) is the unknown parameter corresponding to Ai that needs to be estimated.
The trajectory risk can be obtained using Equation (11) as before.

The proposed framework is based on a statistical approach to analyzing these longitu-
dinal datasets. The covariate impact on binary outcomes is estimated using logistic regres-
sion and autologistic regression. The linking of repeated-measures data was performed
using joint, marginal, and conditional models by data stratification. The longitudinal data
allows us to observe how individual responses change over time, which is very useful
for trajectory analysis [38]. This is generally done by conditioning on a subject’s previous
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history. Lee and Nelder [39] concluded that conditional models were of fundamental
interest and that marginal predictions could be derived from them. Of course, different
machine-learning (ML) models can be used for risk prediction. However, it is beyond the
scope and objectives of this paper, as we are interested in hypothesis testing, statistical
inference, and trajectory risk prediction. ML models do not align with all of our objectives.
Chowdhury and Islam [40] proposed predicting joint probabilities by linking marginal and
conditional probabilities in a Markov chain for multinomial outcomes.

Table 8 presents the likelihood ratio (L.R.) statistics and Akaike information criterion
(AIC) for the above three models and all the datasets. The L.R. and AIC statistics for the
autologistic models across all datasets are the lowest, indicating that the autologistic models
are the best-fitted. The prediction accuracies and the area under the curve (AUC) for all
three models across all datasets are shown in Table 9. In this table, the last two columns
present the accuracy for independent logistic (Logistic model 4) and autologistic regression
models for individual yearly datasets, that is, 2000–2019 (20 sets) . This implies that we
assume temporal independence across the years. The independence models achieve the
lowest accuracy. However, compared with Model 1, the autologistic regression models
across all datasets achieve the highest accuracies and are therefore the best-fitting models,
as shown in Table 8. In general, the autologistic models perform better, as measured by
AUC, than other models. Also, the relative operative characteristic (ROC) curves provide
very similar findings, as shown in the Appendix A, Figures A1–A3. In other words, we
need to use models that adjust for both temporal and spatial dependences in the data.
For example, for trajectory risk prediction and statistical inference, we need to use the
autologistic model proposed within the Markov regression framework.

The directions of the relationships between the covariates and the dependent variables,
along with the significance levels for the autologistic regression models, are shown in
Table 10. The coefficients on the spatial dependence variable (AutoCov) across all Markov
models are positive and highly significant (p < 0.01). However, in general, the coefficient
sizes for models that transitioned from 1 → 1 (models with odd numbers) were larger
than those for models that transitioned from 0 → 1 (models with even numbers), as
expected. Other covariates (X1 to X4) showed both positive and inverse relationships
with the dependent variables, with some significant at the 5% or 1% levels and others
nonsignificant. For comparison, the directions of the relationships between the covariates
and the dependent variable, along with their significance levels, for all independent logistic
regression models, are shown in Table 11. While the significance levels and directions
for the AutoCov variables remain the same, the direction and significance level of the
relationship showed some changes.
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Table 8. Model statistics for different logistic and autologistic models for all datasets.

Logistic Logistic

Data Model 1 Model 2 Auto Data Model 1 Model 2 Auto

Sets L.R. AIC L.R. AIC L.R. AIC Sets L.R. AIC L.R. AIC L.R. AIC

1 299.4 289.4 133.7 121.8 113.9 106.0 21 23.3 14.0 30.2 18.7 14.2 6.7
2 121.0 111.3 51.6 39.8 5.0 −2.8 22 26.0 16.3 25.2 13.6 13.0 5.2
3 165.9 156.0 49.3 37.4 14.2 6.2 23 35.5 25.9 29.1 17.7 18.5 10.7
4 78.5 68.8 27.2 15.5 24.0 16.1 24 34.2 24.6 17.6 6.1 10.9 3.2
5 137.9 128.0 45.7 33.8 32.8 24.9 25 37.7 28.4 30.2 19.1 16.0 8.5
6 78.2 68.4 30.7 19.0 4.7 −3.2 26 78.1 68.8 40.6 29.3 24.9 17.3
7 211.1 201.3 59.1 47.2 11.0 3.1 27 54.4 46.0 31.7 21.2 16.9 9.9
8 100.1 90.4 11.7 0.0 10.7 2.8 28 24.4 14.8 23.2 11.8 10.2 2.5
9 127.9 118.0 41.7 29.8 26.5 18.6 29 7.2 −2.1 9.6 −1.4 4.2 −3.3
10 163.3 153.5 91.3 79.6 29.5 21.6 30 69.7 60.0 63.2 51.8 44.2 36.5
11 50.0 40.1 35.6 23.9 9.1 1.2 31 29.6 20.4 22.5 11.5 10.5 3.1
12 33.9 24.6 25.2 14.1 23.4 16.0 32 121.4 111.8 30.2 18.7 11.1 3.3
13 220.7 210.8 30.5 18.6 14.0 6.1 33 59.8 50.5 33.2 22.1 9.9 2.3
14 103.5 93.7 58.8 47.1 8.7 0.8 34 31.7 22.0 36.6 25.1 24.1 16.3
15 41.2 31.5 23.0 11.4 7.8 0.0 35 53.8 44.8 65.8 53.8 16.6 9.1
16 46.0 36.6 33.2 22.0 12.7 5.0 36 34.3 24.6 23.6 12.0 13.2 5.4
17 80.3 70.5 53.8 42.1 17.6 9.7 37 12.6 3.4 12.9 2.2 0.7 −6.7
18 20.1 10.4 20.1 8.6 11.0 3.3 38 27.3 18.2 13.5 2.5 6.1 −1.0
19 47.4 37.7 37.7 26.2 9.8 2.0 39 27.3 18.1 6.0 −5.4 2.8 −4.8
20 54.6 44.8 43.1 31.4 25.9 18.0 40 4.8 −4.0 12.8 2.6 1.9 −4.9
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Table 9. Accuracies and AUC for different logistic, autologistic, and independent logistic models.

Data Logistic Data Logistic Independent Logistic

Sets Modrel 1 Model 2 Auto Sets Model 1 Model 2 Auto Model 1 Auto

Accuracy
1 0.699 0.710 0.764 21 0.732 0.764 0.701 0.699 0.764
2 0.661 0.715 0.816 22 0.835 0.815 0.840 0.676 0.810
3 0.819 0.826 0.828 23 0.716 0.747 0.772 0.689 0.799
4 0.688 0.691 0.750 24 0.904 0.907 0.911 0.636 0.803
5 0.802 0.803 0.820 25 0.657 0.727 0.727 0.648 0.787
6 0.683 0.680 0.773 26 0.910 0.923 0.929 0.736 0.830
7 0.740 0.726 0.799 27 0.699 0.771 0.867 0.584 0.754
8 0.690 0.690 0.803 28 0.866 0.863 0.863 0.368 0.769
9 0.727 0.753 0.775 29 0.744 0.756 0.744 0.594 0.677

10 0.658 0.739 0.824 30 0.895 0.891 0.898 0.733 0.738
11 0.885 0.887 0.885 31 0.710 0.729 0.776 0.376 0.448
12 0.812 0.818 0.824 32 0.838 0.819 0.924 0.251 0.260
13 0.612 0.654 0.774 33 0.616 0.795 0.804 0.208 0.476
14 0.570 0.704 0.773 34 0.879 0.889 0.868 0.225 0.707
15 0.812 0.833 0.826 35 0.683 0.861 0.812 0.260 0.460
16 0.841 0.846 0.872 36 0.849 0.853 0.867 0.286 0.643
17 0.590 0.696 0.717 37 0.787 0.775 0.820 0.261 0.719
18 0.875 0.875 0.878 38 0.852 0.857 0.857 0.445 0.698
19 0.587 0.726 0.731 39 0.714 0.723 0.804 0.308 0.608
20 0.768 0.754 0.759 40 0.908 0.908 0.901 0.325 0.521

AUC
1 65.27 70.06 81.63 21 70.22 80.71 75.68 61.12 70.09
2 56.52 72.21 79.97 22 63.23 70.48 75.22 52.64 56.91
3 60.08 68.37 86.12 23 65.33 70.46 72.66 49.05 50.09
4 64.53 65.86 79.01 24 64.84 74.15 80.73 50.38 48.04
5 64.96 67.50 82.86 25 66.98 81.55 83.06 53.03 51.56
6 57.72 72.21 80.66 26 68.42 74.93 85.79 50.73 50.81
7 54.49 70.62 85.98 27 71.72 83.79 95.03 49.22 52.01
8 60.72 61.09 83.06 28 61.79 75.30 75.00 47.54 44.78
9 64.07 68.69 81.68 29 65.54 71.32 66.52 48.28 49.88

10 68.98 80.16 87.32 30 72.33 83.30 82.66 49.37 49.61
11 59.39 72.28 83.57 31 67.53 76.27 82.13 46.17 46.65
12 77.50 77.83 79.40 32 63.84 81.33 91.61 47.56 46.91
13 58.39 62.03 84.52 33 61.31 77.19 88.58 48.62 48.99
14 57.18 75.98 82.99 34 69.72 71.82 79.49 47.79 51.57
15 60.07 64.84 79.30 35 70.71 91.96 88.49 50.41 51.07
16 73.37 81.94 85.37 36 63.52 73.58 75.74 49.22 47.93
17 60.91 71.91 77.24 37 55.38 78.42 71.58 53.92 49.57
18 61.60 74.04 68.29 38 67.07 64.38 73.90 47.94 44.55
19 56.66 75.76 77.97 39 56.89 62.27 76.91 48.67 48.72
20 62.76 74.54 75.98 40 57.60 76.50 71.63 50.77 51.20

The coefficient estimates, standard errors, and p-values for all autologistic models
across all datasets are presented in Tables A1–A4 in the Appendix A. These tables present
the estimated regression coefficients, standard errors, and p-Values (Prob). We also pre-
sented the same results for independent logistic regression models in Tables A5 and A6.
The parameter estimates, standard errors, and p-values for the first model from Table A1
and the first model from Table A1 are the same, as both are the same Marginal models.
However, if we compare Model 2 (0 → 1) and Model 3 (1 → 1) from Table A1 with the
independent model and the independent logistic regression models in Table A5, we observe
changes in the estimates, standard errors, and p-values. For example, the standard errors for
the coefficient of elevation and area for Model 2 (0 → 1) are 0.002 and 0.2927 with p-values
of 0.0126 and 0.1892; compared with these, from the independent model for 2001 from
Table A1, are 0.3000 and 0.0002 with p-values of 0.0487 and 0.0000, respectively. Now, while
making inferences, we will accept the null hypothesis related to the elevation (p ≥ 0.05) and
will reject the null hypothesis related to the area (p < 0.05) for the independent model in
Table A5. On the other hand, these inferences will reverse completely in the case of Model
2 (0 → 1) from Table A1. Because we will reject the null hypothesis related to the elevation
(p < 0.05) and will accept the null hypothesis related to the area (p ≥ 0.05), respectively.
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Table 10. Direction and significance level of coefficients for Markov regression models.

Variables/Models 1 2 3 4 5 6 7 8 9 10

β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v

Intercept − ** − ** − ** − ** − ** − ** − ** − ** - ** − **
Event + ** − − + + * + − − − −
Elevation − * + * + − - + − − − +
Area + ** + + * + + ** + + ** + + ** +
Land + − + − + − + + − −
AutoCov + ** + ** + ** + ** + ** + ** + ** + ** + ** + **

11 12 13 14 15 16 17 18 19 20

Intercept − ** − ** − ** − ** − ** − ** − ** − ** − ** − **
Event − − * + + − + + + ** + ** + **
Elevation − − − − + + * + − − −
Area + * + + * + + * − + + + + *
Land − + − + + + − − + +
AutoCov + ** + ** + ** + ** + ** + ** + ** + ** + ** + **

21 22 23 24 25 26 27 28 29 30

Intercept − − ** − * − ** − − ** − − ** - ** - **
Event + + ** + + ** + * + ** + + * − * + **
Elevation + − + + − + + − + +
Area − − - + − * + − + − −
Land − ** + + − − − − − + +
AutoCov + ** + ** + ** + ** + ** + ** + ** + ** + ** + **

31 32 33 34 35 36 37 38 39 40

Intercept − − − * − ** − − ** − − ** − * - **
Event + * + + + ** + + − − + −
Elevation + + − + * − + * − − + +
Area − − − * − − − − − − +
Land − − − + − + − − − −
AutoCov + ** + ** + ** + ** + ** + ** + ** + ** + ** + **

** Significant at 1% level; * Significant at 5% level.
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Table 11. Direction and significance level of coefficients for independent logistic regression models.

Variables/Models 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009

β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v β̂ p.v

Intercept − ** − ** − ** − ** − ** − ** − ** − ** − ** − **
Event + ** + + + − − − + + * + **
Elevation − * + * − + − − - + + −
Area + ** + ** + ** + ** + ** + ** + ** + ** + * +
Land + + + + + − − + + +
AutoCov + ** + ** + ** + ** + ** + ** + ** + ** + ** + **

2010 2011 2012 2013 2014 2015 2016 2017 2018 2019

Intercept − ** − ** − ** − ** − ** − ** − ** − ** − ** − **
Event + ** + ** + ** + + + ** + * + ** + +
Elevation + + − − + + + + + +
Area + − − − + − − * − ** − ** − *
Land − + − − − − − − − −
AutoCov + ** + ** + ** + ** + ** + ** + ** + ** + ** + **

** Significant at 1% level; * Significant at 5% level.
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5.3. Trajectory Risks Prediction

To compare the estimated trajectory risk, we used two stations as shown in
Appendix A, Table A7. The observed values of the dependent variable (Y) and inde-
pendent variables X1 to X4 for years 2000 to 2020 are also shown in Appendix A, Table A7.
For Station 1, the Y for all the years was 1 (PM2.5 ≥ 35 µg/m3). However, for Station 2, the
Y values were 0 PM2.5 < 35 µg/m3 for all the years except for the year 2020. For Stations
1 and 2, we estimated the conditional and joint probabilities from the covariate values, as
shown in Table A7. The trajectory risk for both stations is predicted using all four models
(i–iv). The predicted conditional and joint probabilities from four models, for both stations,
are shown in Table A8. The trajectory of conditional probabilities based on all four models
for Station 1 is shown in Figure 3. Note that the conditional probability is based on the
reduced sample, using the observed value of the conditioning variable Y (1 or 0). As all the
values of Y are 1 for all the years, we expect that the predicted risk by the best model for
each year should be as close as possible to 1. The predicted risk for this graph is the highest
for most years from the autologistic regression model, followed by Model 1, Model 2, and
Model 4, respectively. It is noteworthy that Model 4’s prediction is the worst, as this is an
independent model, i.e., without temporal dependence adjustment. Figure 4 displays the
joint probability trajectory for Station 1 across all four models. This shows a pattern similar
to that in Figure 3.
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Figure 3. Trajectory of conditional probabilities for Station 1 using different models.
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Figure 4. Trajectory of joint probabilities for Station 1 using different models.

The trajectory of conditional probabilities based on all four models for Station 2 is
shown in Figure 5. Because all Y values are 0 for all years except 2020, we expect the best
model’s predicted risk for each year to be as close to 0 as possible. The model-predicted
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risk for this graph is the lowest for most of the years from the autologistic regression
model, followed by Model 1, Model 2, and Model 4, respectively. Figure 6 displays the joint
probability trajectory for Station 2 across all four models. This shows a pattern similar to
that in Figure 3.
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Figure 5. Trajectory of conditional probabilities for Station 2 using different models.
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Figure 6. Trajectory of joint probabilities for Station 2 using different models.

We can generate new cases with varying covariate values and predict risk using the
fitted models. Then, plotting these will help us understand the impact of distinct covariate
categories on the trajectory risk. If we look at the covariate values for various years for Station
1 and Station 2 from Table A7, the values of Event, Area, and Land are the same for both years.
However, Elevation is 0 for Station 1 and 353.84 for Station 2; as a result, the predicted risks
for all the years are much lower for Station 2 as compared to Station 1 (Table A8).

6. Conclusions
In this paper, we propose a modeling approach and trajectory risk prediction for

repeated binary outcomes from repeated-measures or longitudinal studies. The proposed
framework for trajectory risk prediction employs a Markov chain to estimate joint prob-
abilities as the trajectory risk. These joint probabilities are obtained by linking marginal
and conditional probabilities from repeated-measures data. For many repeated-measures
datasets from various fields, there is an inherent temporal and spatial dependence. The
presence of temporal dependence may affect the standard error estimates of regression
coefficients, and inferences will be misleading. Ultimately, it will affect the trajectory risk
prediction. A Markov chain has a built-in mechanism that captures temporal dependencies.
To measure the impact of covariates on the binary outcomes, we can adapt the logistic re-
gression. The second problem is how we will adjust the spatial dependency simultaneously.
In our proposed framework, we used autologistic regression to measure the covariate
impact on binary outcomes. The autologistic regression adds a covariate: a spatially lagged
term that accounts for spatial autocorrelation and is derived from latitude and longitude.
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Using autologistics in the Markov chain framework, we adjust for both temporal and
spatial dependencies.

The proposed framework is mathematically sound, and model fitting and trajectory
prediction are straightforward and computationally efficient. We illustrated the proposed
framework using real-life longitudinal data on fine-particle (PM2.5) outdoor air pollution
from the United States between the years 2000 and 2020. We compared four models of
trajectory risk, as described in the result sections. The highest prediction accuracy was
achieved using autologistic regression within the proposed Markov chain framework,
as it accounts for both temporal and spatial dependences. The second-best model was
logistic regression, including latitude and longitude as covariates along with other available
independent variables. However, this model does not adjust for temporal dependency. The
third model uses the available independent variables, excluding latitude and longitude,
as covariates. The fourth model, which assumed no temporal or spatial dependencies,
produced the lowest prediction accuracy.

One can quickly implement the proposed framework using available packages in
R or other software, e.g., Python, to fit an auto logistic regression. The augmented data
preparation structure simplifies computation to univariate cases, and parallel computing
enables us to fit all models simultaneously. It is straightforward to include a varying
number of covariates at each follow-up, as many new factors may be added in later follow-
ups, as in many longitudinal studies. The trajectory risk can be predicted for a segment
or up to the endpoint, both conditionally and jointly. The proposed framework can be
readily applied to analyze datasets from various fields that exhibit inherent temporal and
spatial dependencies.

7. Limitations
Our objectives were to develop a modeling framework to simultaneously adjust for

both temporal and spatial dependence in longitudinal datasets and to test hypotheses and
perform statistical inference. Hence, we used statistical modeling approaches. However,
in our proposed framework, we can use any machine-learning (ML) model for a cross-
sectional dataset to predict the trajectory risk. But it should be noted that ML models
lack statistical hypothesis testing and inference. This is possible because our proposed
framework reduces a multivariate problem into univariate cases. It is also possible to use
a Long Short-Term Memory (LSTM) model if only the prediction is of interest. However,
this is beyond the scope of this paper, as ML models are not of interest to us. Nevertheless,
it will be interesting work, which we plan to pursue in the future. Also, it would be
interesting to check the data split into training and test sets for model validation, as we do
in the ML approach.
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Appendix A

Table A1. Parameter estimates of Markov regression (autologistic) models.

Variable Coef StdError Prob Coef StdError Prob

Marginal Model 1 Model 2 (0 → 1)

Intercept −6.2864 0.5500 0.0000 −5.0212 0.5929 0.0000
Event 1.0963 0.3166 0.0005 −0.1163 0.5585 0.8350
Elevation −0.0003 0.0001 0.0243 0.0005 0.0002 0.0126
Area 1.2246 0.1831 0.0000 0.3843 0.2927 0.1892
Land 0.1923 0.1478 0.1931 −0.0919 0.2679 0.7316
AutoCov 8.5286 0.7274 0.0000 10.8586 1.2969 0.0000

Model 3 (1 → 1) Model 4 (0 → 1)

Intercept −10.2453 1.0629 0.0000 −3.6229 0.5854 0.0000
Event −0.1960 0.3708 0.5970 0.3025 0.3789 0.4247
Elevation 0.0004 0.0004 0.3173 −0.0004 0.0004 0.3062
Area 0.7777 0.3144 0.0134 0.3139 0.3071 0.3066
Land 0.3716 0.2273 0.1020 −0.4836 0.2679 0.0711
AutoCov 13.1165 1.2544 0.0000 7.9665 1.2462 0.0000

Model 5 (1 → 1) Model 6 (0 → 1)

Intercept −10.0898 1.2626 0.0000 −4.1620 0.5738 0.0000
Event 0.6634 0.3149 0.0352 0.4718 0.4061 0.2453
Elevation −0.0002 0.0002 0.3010 0.0003 0.0002 0.2918
Area 0.9193 0.2973 0.0020 0.3148 0.3356 0.3482
Land 0.2761 0.2190 0.2074 −0.0117 0.2808 0.9669
AutoCov 12.7512 1.4763 0.0000 8.8053 1.1943 0.0000

Model 7 (1 → 1) Model 8 (0 → 1)

Intercept −8.0056 0.7877 0.0000 −4.6570 0.6535 0.0000
Event −0.2201 0.5113 0.6669 −0.4298 0.3962 0.2780
Elevation −0.0000 0.0002 0.8018 −0.0004 0.0003 0.1961
Area 0.8153 0.3037 0.0073 0.3745 0.3535 0.2895
Land 0.2867 0.2199 0.1923 0.1614 0.2977 0.5878
AutoCov 10.9660 0.9451 0.0000 10.7189 1.4810 0.0000

Model 9 (1 → 1) Model 10 (0 → 1)

Intercept −7.2458 0.9089 0.0000 −4.8653 0.7027 0.0000
Event −0.0708 0.3750 0.8503 −0.5473 0.4114 0.1834
Elevation −0.0003 0.0003 0.2306 0.0001 0.0002 0.6256
Area 1.1449 0.3011 0.0001 0.1567 0.3342 0.6392
Land −0.1363 0.2212 0.5377 −0.5383 0.2965 0.0695
AutoCov 9.9790 1.1427 0.0000 9.3056 1.0175 0.0000
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Table A2. Parameter estimates of Markov regression (autologistic) models.

Variable Coef StdError Prob Coef StdError Prob

Model 11 (1 → 1) Model 12 (0 → 1)

Intercept −5.6488 1.2845 0.0000 −2.1864 0.6914 0.0016
Event −0.6411 0.5085 0.2074 −2.0117 0.8551 0.0186
Elevation −0.0003 0.0003 0.4117 −0.0008 0.0005 0.1263
Area 0.8791 0.4057 0.0302 0.1481 0.4875 0.7613
Land −0.2206 0.3150 0.4838 0.3433 0.4604 0.4558
AutoCov 8.1059 1.3775 0.0000 4.1056 1.3957 0.0033

Model 13 (1 → 1) Model 14 (0 → 1)

Intercept −6.4196 0.6335 0.0000 −5.0657 0.7048 0.0000
Event 0.2506 0.3775 0.5068 0.4112 0.2916 0.1586
Elevation −0.0002 0.0002 0.4804 −0.0005 0.0005 0.3146
Area 0.7202 0.3063 0.0187 0.3098 0.3440 0.3678
Land −0.3570 0.2096 0.0885 0.0559 0.2847 0.8443
AutoCov 10.6605 0.9455 0.0000 8.7850 1.1128 0.0000

Model 15 (1 → 1) Model 16 (0 → 1)

Intercept −7.6489 1.6367 0.0000 −3.9948 0.6971 0.0000
Event −0.2083 0.3654 0.5687 0.9551 0.5137 0.0630
Elevation 0.0000 0.0004 0.9318 0.0010 0.0005 0.0532
Area 1.1207 0.4450 0.0118 −0.7320 0.5161 0.1561
Land 0.1229 0.3330 0.7121 0.2723 0.4613 0.5549
AutoCov 9.7708 1.8675 0.0000 12.7115 3.0904 0.0000

Model 17 (1 → 1) Model 18 (0 → 1)

Intercept −5.1393 0.7861 0.0000 −3.0158 0.5948 0.0000
Event 0.7931 0.4329 0.0669 1.5026 0.4437 0.0007
Elevation 0.0002 0.0005 0.6968 −0.0005 0.0007 0.5049
Area 0.8677 0.3899 0.0260 0.2049 0.4812 0.6702
Land −0.0389 0.2466 0.8748 −0.1517 0.3651 0.6777
AutoCov 7.8228 1.1619 0.0000 5.8695 1.9056 0.0021

Model 19 (1 → 1) Model 20 (0 → 1)

Intercept −3.4099 0.7558 0.0000 −3.7591 0.5567 0.0000
Event 1.8647 0.6710 0.0055 1.3833 0.4871 0.0045
Elevation −0.0004 0.0005 0.3958 −0.0001 0.0006 0.8644
Area 0.4447 0.5060 0.3795 0.9549 0.4277 0.0256
Land 0.1335 0.3125 0.6693 0.1605 0.2733 0.5570
AutoCov 5.7283 1.0588 0.0000 5.6624 1.1408 0.0000

Table A3. Parameter estimates of Markov regression (autologistic) models.

Variable Coef StdError Prob Coef StdError Prob

Model 21 (1 → 1) Model 22 (0 → 1)

Intercept −1.8073 1.3453 0.1791 −2.3284 0.5576 0.0000
Event 1.6870 0.9314 0.0701 1.9788 0.5471 0.0003
Elevation 0.0004 0.0007 0.5941 −0.0004 0.0006 0.5282
Area −0.2881 0.6869 0.6749 −0.3632 0.4214 0.3888
Land −1.2841 0.4571 0.0050 0.0153 0.3730 0.9674
AutoCov 4.6732 1.6619 0.0049 5.0858 1.4814 0.0006

Model 23 (1 → 1) Model 24 (0 → 1)

Intercept −1.7299 0.7152 0.0156 −3.8102 0.7903 0.0000
Event 1.0363 0.6105 0.0896 2.6031 0.9344 0.0053
Elevation 0.0001 0.0006 0.8697 0.0007 0.0007 0.3705
Area −0.8869 0.5720 0.1210 0.4262 0.7387 0.5640
Land 0.2952 0.3715 0.4269 −0.6226 0.4564 0.1725
AutoCov 4.7579 1.3219 0.0003 9.7584 2.1118 0.0000

Model 25 (1 → 1) Model 26 (0 → 1)

Intercept −1.7922 1.0107 0.0762 −4.5747 0.9890 0.0000
Event 1.8583 0.8867 0.0361 2.1535 1.3225 0.1035
Elevation −0.0003 0.0006 0.6383 0.0001 0.0007 0.9005
Area −1.3821 0.6656 0.0379 0.9675 0.9440 0.3054
Land −0.0584 0.4966 0.9064 −0.6020 0.5200 0.2470
AutoCov 5.8954 1.4691 0.0001 13.0182 2.2611 0.0000
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Table A3. Cont.

Variable Coef StdError Prob Coef StdError Prob

Model 27 (1 → 1) Model 28 (0 → 1)

Intercept −2.2883 2.3872 0.3378 −3.7804 0.7710 0.0000
Event 0.6607 1.2306 0.5913 1.0336 0.5244 0.0487
Elevation 0.0019 0.0020 0.3507 −0.0006 0.0008 0.4682
Area −2.8265 1.9133 0.1396 1.2037 0.7108 0.0904
Land −0.5845 0.6994 0.4033 −0.2222 0.3536 0.5297
AutoCov 8.8956 2.0731 0.0000 6.1995 1.6428 0.0002

Model 29 (1 → 1) Model 30 (0 → 1)

Intercept −0.6390 1.0604 0.5468 −3.5876 0.6256 0.0000
Event −0.1290 0.7431 0.8622 2.2743 0.5496 0.0000
Elevation 0.0007 0.0007 0.2923 0.0004 0.0005 0.3831
Area −0.2034 0.7186 0.7772 −0.2344 0.5432 0.6661
Land 0.4877 0.5255 0.3534 0.0476 0.4147 0.9087
AutoCov 2.1329 1.2516 0.0884 8.5465 1.7587 0.0000

Table A4. Parameter estimates of Markov regression (autologistic) models.

Variable Coef StdError Prob Coef StdError Prob

Model 31 (1 → 1) Model 32 (0 → 1)

Intercept −2.5904 1.3901 0.0624 −4.8253 0.7228 0.0000
Event 2.1922 0.9768 0.0248 0.4852 1.0939 0.6574
Elevation 0.0000 0.0007 0.9499 0.0014 0.0008 0.0674
Area −1.3636 0.8210 0.0968 −0.5521 0.5791 0.3404
Land −0.3239 0.4955 0.5134 −0.8674 0.4900 0.0767
AutoCov 6.4315 1.7133 0.0002 15.6361 2.0414 0.0000

Model 33 (1 → 1) Model 34 (0 → 1)

Intercept −1.6897 0.8372 0.0436 −2.8245 0.6114 0.0000
Event 1.0683 0.8129 0.1887 2.2958 0.7876 0.0036
Elevation −0.0005 0.0006 0.4306 0.0017 0.0008 0.0279
Area −1.2687 0.6340 0.0454 −0.5252 0.4884 0.2822
Land −0.3603 0.5014 0.4725 0.0675 0.3887 0.8622
AutoCov 6.5321 1.2128 0.0000 6.4246 2.3407 0.0061

Model 35 (1 → 1) Model 36 (0 → 1)

Intercept −1.2678 0.7492 0.0906 −2.6542 0.5850 0.0000
Event 3.1071 2.0486 0.1293 1.5773 1.1951 0.1869
Elevation −0.0003 0.0006 0.5689 0.0012 0.0006 0.0454
Area −0.9603 0.6189 0.1207 −0.8400 0.4496 0.0617
Land −0.8640 0.5319 0.1043 0.0792 0.3671 0.8293
AutoCov 5.5113 1.0867 0.0000 8.4485 2.0549 0.0000

Model 37 (1 → 1) Model 38 (0 → 1)

Intercept −2.0199 1.4773 0.1715 −3.1919 0.7853 0.0000
Event −0.0948 0.9156 0.9176 −2.5685 4.8236 0.5944
Elevation −0.0007 0.0006 0.2310 −0.0010 0.0011 0.3591
Area −0.3723 0.6472 0.5651 −0.1842 0.5448 0.7353
Land −0.3015 0.5585 0.5893 −0.1842 0.3874 0.6344
AutoCov 5.4078 1.9127 0.0047 13.0873 3.0425 0.0000

Model 39 (1 → 1) Model 40 (0 → 1)

Intercept −3.1831 1.3085 0.0150 −3.3113 1.1089 0.0028
Event 1.2232 1.5812 0.4391 −1.8867 3.1949 0.5548
Elevation 0.0001 0.0004 0.7961 0.0007 0.0009 0.3988
Area −0.3580 0.5710 0.5307 0.6003 1.0090 0.5519
Land −0.3478 0.4845 0.4728 −0.2509 0.5839 0.6674
AutoCov 6.6194 1.6389 0.0001 6.7866 4.0702 0.0954
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Table A5. Parameter estimates of marginal and independent logistic regression models.

Variables/Models Coef StdError Prob Coef StdError Prob

Years 2000 2001

Intercept −6.2864 0.5500 0.0000 −9.3119 0.6159 0.0000
Event 1.0963 0.3166 0.0005 0.0442 0.3000 0.8830
Elevation −0.0003 0.0001 0.0243 0.0003 0.0002 0.0487
Area 1.2246 0.1831 0.0000 0.9436 0.2075 0.0000
Land 0.1923 0.1478 0.1931 0.1294 0.1663 0.4364
AutoCov 8.5286 0.7274 0.0000 13.2335 0.8371 0.0000

2002 2003

Intercept −9.0220 0.6832 0.0000 −6.9910 0.4978 0.0000
Event 0.1446 0.2418 0.5497 0.2048 0.3022 0.4980
Elevation −0.0000 0.0001 0.9952 0.0001 0.0001 0.5466
Area 0.8903 0.2081 0.0000 0.7881 0.2188 0.0003
Land 0.0051 0.1653 0.9754 0.1854 0.1673 0.2678
AutoCov 13.0287 0.9568 0.0000 10.4660 0.6814 0.0000

2004 2005

Intercept −7.9360 0.6279 0.0000 −7.9177 0.7289 0.0000
Event −0.0015 0.2593 0.9953 −0.3377 0.3019 0.2634
Elevation −0.0002 0.0002 0.3356 −0.0002 0.0002 0.2528
Area 0.9952 0.2323 0.0000 0.8728 0.2463 0.0004
Land 0.0493 0.1746 0.7777 −0.3370 0.2038 0.0982
AutoCov 12.2030 0.9197 0.0000 11.4128 0.8900 0.0000

2006 2007

Intercept −6.3137 0.5310 0.0000 −7.7929 0.7637 0.0000
Event −0.0947 0.2815 0.7365 0.2172 0.2204 0.3246
Elevation −0.0002 0.0002 0.3683 0.0000 0.0003 0.9176
Area 0.7090 0.2530 0.0051 0.7964 0.2694 0.0031
Land −0.2194 0.1824 0.2291 0.0186 0.2096 0.9294
AutoCov 11.1199 0.8633 0.0000 11.1521 1.0025 0.0000

2008 2009

Intercept −5.8153 0.5676 0.0000 −4.1083 0.4718 0.0000
Event 0.7509 0.3088 0.0150 1.3477 0.3410 0.0001
Elevation 0.0004 0.0003 0.2757 −0.0001 0.0004 0.7185
Area 0.6686 0.3030 0.0273 0.4501 0.3264 0.1679
Land 0.0667 0.2123 0.7533 0.0092 0.2296 0.9681
AutoCov 10.4392 1.0119 0.0000 8.6782 1.0340 0.0000

Table A6. Parameter estimates of independent logistic regression models.

Coef StdError Prob Coef StdError Prob

Years 2010 2011

Intercept −4.5469 0.5194 0.0000 −2.3833 0.4087 0.0000
Event 1.5623 0.4292 0.0003 1.4747 0.4021 0.0002
Elevation 0.0001 0.0004 0.7421 0.0001 0.0004 0.8479
Area 0.6076 0.3204 0.0579 −0.3224 0.3153 0.3065
Land −0.2453 0.2226 0.2703 0.1129 0.2478 0.6488
AutoCov 8.3403 0.9802 0.0000 5.2163 1.0611 0.0000

2012 2013

Intercept −2.4737 0.4390 0.0000 −3.1052 0.4719 0.0000
Event 2.1831 0.5476 0.0001 1.3306 0.7726 0.0850
Elevation −0.0003 0.0004 0.4382 −0.0000 0.0004 0.9497
Area −0.4317 0.3544 0.2232 −0.5571 0.3706 0.1328
Land −0.0202 0.2774 0.9419 −0.3123 0.3119 0.3167
AutoCov 6.4167 1.1568 0.0000 10.3072 1.2599 0.0000

2014 2015

Intercept −2.9508 0.4357 0.0000 −2.9107 0.4348 0.0000
Event 0.6063 0.4065 0.1358 1.7506 0.4433 0.0001
Elevation 0.0002 0.0003 0.5472 0.0003 0.0003 0.4429
Area 0.0025 0.3458 0.9943 −0.5745 0.3405 0.0915
Land −0.1694 0.2532 0.5034 −0.1868 0.2699 0.4889
AutoCov 7.0504 1.0190 0.0000 7.5818 1.0359 0.0000
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Table A6. Cont.

Coef StdError Prob Coef StdError Prob

Years 2016 2017

Intercept −3.5205 0.4815 0.0000 −2.0276 0.4115 0.0000
Event 1.3694 0.6385 0.0320 2.2611 0.6432 0.0004
Elevation 0.0006 0.0004 0.1508 0.0004 0.0003 0.2865
Area −0.8632 0.3483 0.0132 −0.9598 0.3298 0.0036
Land −0.2037 0.2919 0.4852 −0.3181 0.2776 0.2518
AutoCov 11.1475 1.3242 0.0000 6.8335 1.0986 0.0000

2018 2019

Intercept −2.1919 0.4629 0.0000 −2.6640 0.5526 0.0000
Event 0.8771 0.7341 0.2322 0.8847 0.7789 0.2561
Elevation 0.0007 0.0004 0.0538 0.0003 0.0003 0.3418
Area −1.0251 0.3208 0.0014 −0.6779 0.3152 0.0315
Land −0.0761 0.2608 0.7704 −0.1547 0.2540 0.5425
AutoCov 7.3146 1.1536 0.0000 8.2038 1.3921 0.0000

Table A7. Values for dependent and independent variables for two selected monitoring stations.

Station 1 Station 2

Y Event Elevation Area Land Y Event Elevation Area Land

1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 0 0 353.84 1 0
1 0 0 1 0 1 0 353.84 1 0

Table A8. Predicted marginal, conditional, and joint risks for two selected stations.

Model 1 Model 2 Model 4 Auto Logistic
Year Y CP JP CP JP CP JP CP JP

Station 1

1 1 0.771 0.771 0.723 0.723 0.723 0.723 0.845 0.845
2 1 0.858 0.661 0.793 0.573 0.693 0.500 0.944 0.798
3 1 0.816 0.700 0.785 0.622 0.685 0.474 0.932 0.880
4 1 0.828 0.676 0.739 0.580 0.651 0.446 0.920 0.857
5 1 0.830 0.687 0.801 0.592 0.687 0.447 0.932 0.857
6 1 0.959 0.796 0.923 0.739 0.856 0.589 0.957 0.892
7 1 0.679 0.651 0.647 0.597 0.602 0.516 0.902 0.863
8 1 0.859 0.583 0.831 0.538 0.698 0.421 0.921 0.831
9 1 0.564 0.484 0.525 0.437 0.390 0.272 0.767 0.707
10 1 0.405 0.228 0.427 0.224 0.239 0.093 0.270 0.207
11 1 0.837 0.339 0.770 0.329 0.365 0.087 0.834 0.225
12 1 0.198 0.166 0.217 0.167 0.185 0.067 0.431 0.359
13 1 0.371 0.073 0.434 0.094 0.187 0.035 0.213 0.092
14 1 0.450 0.167 0.593 0.257 0.209 0.039 0.812 0.173
15 1 0.569 0.256 0.647 0.383 0.235 0.049 0.692 0.562
16 1 0.544 0.309 0.637 0.412 0.217 0.051 0.780 0.540
17 1 0.273 0.148 0.411 0.262 0.192 0.042 0.234 0.182
18 1 0.718 0.196 0.502 0.206 0.185 0.035 0.629 0.147
19 1 0.739 0.531 0.809 0.406 0.230 0.042 0.551 0.346
20 1 0.713 0.527 0.719 0.581 0.304 0.070 0.889 0.490
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Table A8. Cont.

Model 1 Model 2 Model 4 Auto Logistic
Year Y CP JP CP JP CP JP CP JP

Station 2

1 0 0.636 0.636 0.665 0.665 0.665 0.665 0.343 0.343
2 0 0.302 0.192 0.388 0.258 0.685 0.455 0.366 0.126
3 0 0.384 0.116 0.384 0.149 0.640 0.438 0.504 0.185
4 0 0.277 0.106 0.341 0.131 0.613 0.393 0.180 0.091
5 0 0.309 0.086 0.317 0.108 0.628 0.385 0.079 0.014
6 0 0.560 0.173 0.637 0.202 0.813 0.511 0.385 0.031
7 0 0.195 0.109 0.203 0.130 0.568 0.462 0.139 0.053
8 0 0.222 0.043 0.433 0.088 0.680 0.387 0.113 0.016
9 0 0.052 0.012 0.115 0.050 0.470 0.320 0.034 0.004
10 0 0.086 0.004 0.111 0.013 0.289 0.136 0.083 0.003
11 0 0.156 0.013 0.232 0.026 0.403 0.117 0.126 0.010
12 0 0.128 0.020 0.155 0.036 0.228 0.092 0.093 0.012
13 0 0.137 0.018 0.126 0.020 0.184 0.042 0.082 0.008
14 0 0.172 0.024 0.164 0.021 0.254 0.047 0.065 0.005
15 0 0.159 0.027 0.139 0.023 0.288 0.073 0.119 0.008
16 0 0.044 0.007 0.087 0.012 0.264 0.076 0.053 0.006
17 0 0.151 0.007 0.178 0.015 0.255 0.067 0.038 0.002
18 0 0.177 0.027 0.138 0.024 0.231 0.059 0.106 0.004
19 0 0.225 0.040 0.141 0.019 0.303 0.070 0.135 0.014
20 0 0.199 0.045 0.111 0.016 0.334 0.101 0.083 0.011

CP = Conditional Probability; JP = Joint Probability.
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Figure A1. ROC using logistic regression Model 1 for 41 datasets.
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Figure A2. ROC using logistic regression Model 2 for 41 datasets.
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Figure A3. ROC using autologistic regression model for 41 datasets.
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Table A9. R-codes for fitting autologistic and logistic regression models.

library(foreach);library(doParallel);library(tmap);library(spdep);
library(sf);library(ape);library(rms);library(spatialEco);library(psych)
require(sp);library(autoReg);

Dat41 <- Data41Sets[,c(4:9,12,16:17)]
indvars <- c("Event", "Elevation", "Area", "Land")

idvar <- "SiteID"
depvar <- "Y"
tvar <- "Type1"
b <- 5
totfol <- 40

stopImplicitCluster()
registerDoParallel(6)
system.time(
Auto40 <- foreach(i= 1:totfol,

packages=c(’MASS’,’sf’,’spdep’,’spatialEco’,’rms’,’dplyr’,’caret’,’ape’))
%dopar% {
newDat <- Data41Sets[Data41Sets$DivID==i,]
newDat <- newDat[complete.cases(newDat),]
colnames(newDat)[16]<-"x"
colnames(newDat)[17]<-"y"
newDat <- st_as_sf(newDat, coords = c("x", "y"), crs = 28992,

agr = "constant")
fitmod <- logistic.regression(newDat, y=’Y’, x=c(’Event’, ’Elevation’,

’Area’, ’Land’),
autologistic=TRUE, coords=st_coordinates(newDat),
bw=5000)

aa <- fitmod$model
bb <- fitmod$diagTable
cc <- fitmod$coefTable
prob <- predict(aa, type=’fitted.ind’)
Yh <- ifelse(prob > 0.50, 1, 0)
conFM <- confusionMatrix(data=as.factor(Yh),

reference = as.factor(newDat$Y))
prob <- as.data.frame(cbind(SiteID=newDat$SiteID,

Y=newDat$Y,Yh,prob))
colnames(prob) <- c(idvar, paste("Y",i,sep=""), paste("Yh",i,sep=""),

paste("Py",i,sep=""))
%%%%% Logistic model
fitmod1 <- logistic.regression(newDat, y=’Y’, x=c(’Event’,

’Elevation’,’Area’, ’Land’))
aa1 <- fitmod1$model
bb1 <- fitmod1$diagTable
cc1 <- fitmod1$coefTable
prob1 <- predict(aa1, type=’fitted.ind’)
Yhh <- ifelse(prob1 > 0.50, 1, 0)

conFM1 <- confusionMatrix(data=as.factor(Yhh),
reference = as.factor(newDat$Y))

prob1 <- as.data.frame(cbind(SiteID=newDat$SiteID,
Y=newDat$Y,Yh,prob1))

colnames(prob1) <- c(idvar, paste("Y",i,sep=""), paste("Yh",i,sep=""),
paste("Py",i,sep=""))

mls <- list(fitmod,prob,conFM,fitmod1,prob1,conFM1)
})

stopImplicitCluster()
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