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Abstract: Structural pounding during earthquakes may cause substantial damage to colliding
structures. The phenomenon is numerically studied using different models of collisions. The aim of
the present paper is to propose an effective formula for the impact damping ratio, as a parameter
of the impact force model used to study different problems of structural pounding under seismic
excitations. Its accuracy has been verified by four various approaches. Firstly, for the case of collisions
between two structural elements, the dissipated energy during impact has been compared to the loss
of kinetic energy. In the second stage of verifications, the peak impact forces during single collision
have been analyzed. Then, the accuracy of different equations have been verified by comparing
the impact force time histories for the situation when a concrete ball is dropped on a rigid concrete
surface. Finally, pounding between two structures during earthquakes has been studied. The results
of the analysis focused on comparison between dissipated and kinetic energy show relatively low
errors between calculated and assumed values of the coefficient of restitution when the proposed
equation is used. In addition, the results of the comparison between experimentally and numerically
determined peak impact forces during single collision confirm the effectiveness of the approach. The
same conclusion has been obtained for the whole impact time history for collision between a ball and
a rigid surface. Finally, the results of the comparative analysis, conducted for pounding between
two structures during an earthquake, confirm the simulation accuracy when the proposed approach
is used. The above conclusions indicate that the proposed formula for impact damping ratio, as a
parameter of impact force model for simulation of earthquake-induced structural pounding, is very
effective and accurate in numerical simulations in the case of different scenarios.

Keywords: earthquakes; structural pounding; impact damping; dissipated energy; coefficient
of restitution

1. Introduction

It is obviously accepted that insufficient separation distance between buildings, or bridge segments,
provides many damages due to collisions during earthquakes, which is called structural pounding [1,2].
This phenomenon occurs when critical distance cannot cover relative movements under seismic
excitations, and large lateral displacement exceeds separation distance between adjacent structures or
structural elements [3–8].

In order to investigate earthquake-induced structural pounding, many researchers experimentally
tested collisions between models of structures and also conducted numerical analyses using
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different impact force models. In order to calculate impact force during ground motions, several
equations were suggested to describe the impact damping ratio so as to determine the energy
dissipation. Anagnostopoulos [9,10], Maison and Kasai [11], Jankowski [12,13], Mahmoud et al. [14,15],
Komodromos et al. [16,17], Ye et al. [18], Barros et al. [19], Naderpour et al. [20–24] as well as Bamer
and Markert [25] analyzed a number of proposed models and also demonstrated the effects of
earthquake-induced structural pounding. Moreover, Filiatrault et al. [26] presented results of shake
table tests of pounding between adjacent single-bay steel framed model structures and compared them
with predictions resulting from two existing pounding analysis programs. Masroor and Mosqueda [27]
performed a series of earthquake simulator experiments to assess performance limit states of seismically
isolated buildings under strong ground motions. Jankowski [28] presented the analysis of pounding
between superstructure segments of a highway elevated bridge with three-span continuous deck under
3D non-uniform earthquake excitation and showed that the structural response depends much on the
gap size between adjacent segments.

Moreover, Papadrakakis and Mouzakis [29] conducted the experimental study and analytical
analysis focused on collisions between adjacent buildings during earthquakes. After static and shaking
table dynamic tests, the results of experiments were compared with analytical results and good
agreement was obtained. An interesting approach was also demonstrated by Papadrakakis et al. in [30].
The authors presented an effective method of testing the impacts of two, or more, adjacent buildings
during earthquakes based on the Lagrange multiplier method. A solution scheme was proposed and
the correlation between numerical and analytical results was found to be satisfactory. Shakya and
Wijeyewickrema [31] presented the analysis of seismic pounding of reinforced concrete buildings of
various heights, including the aspects of soil-structure interaction. Two configurations of buildings
were considered and pounding between structures was modelled by impact Kelvin–Voigt elements.
In most of the cases, the incorporation of soil, taken into account in the analysis, resulted in a lower
normalized story shear. Kajita et al. [32] performed collision tests and simulation analyses using the
three-dimensional finite element method. The authors proved that the maximum impact force can
be roughly estimated from the simulation analyses. Miari et al. [33] carried out the in-depth analysis
of the results of other researchers and also noted the recommendations concerning appropriate gap
size between structures so as to prevent pounding. Cole et al. [34] analyzed damages observed in the
February 2011 Christchurch earthquake. They found that susceptibility to building collisions during
an earthquake can be identified with adequate accuracy by comparing specified configurations with
characteristics previously noted by researchers. It is also worth mentioning the recent publication
by Crozet et al. [35] who carried out the shaking table experimental tests which can be utilized as
reference tests to be compared with the results of numerical analyses.

A number of the above-mentioned analyses considered the numerical models which can accurately
simulate impact force in the specific situation taking into account the amount of dissipated energy
during collision. However, there might be significant differences in the values of impact force and
dissipated energy in the case of different pounding scenarios during earthquakes. Therefore, the aim
of the present paper is to propose an effective formula for the impact damping ratio which can cover
all situations and required parameters while representing the best accuracy. The effectiveness of the
formula is confirmed by four different approaches.

2. Existing Formulae for Impact Force

In most of the cases, a special impact element, consisting of a spring and dashpot, is used to
investigate collisions between two structures during earthquakes in order to simulate impacts and
calculate energy absorption (see [9–24] for details). The general formula to calculate impact force
during contact, Fimp(t), is normally presented as [12,36]:

Fimp(t) = ksδ
n(t) + cimp

.
δ(t) (1)
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where Ks, Cimp, δ(t) and
.
δ(t) are: Impact stiffness, impact damping, relative displacement and relative

velocity, respectively. The power of n is usually taken as equal to 1 (linear models) or 1.5 (non-linear
models). It should be added that the impact stiffness, Ks, should be obtained through the iterative
procedure so as to equalize the peak pounding force determined from the simulations with the
peak pounding force obtained from the experiment (see [12] for details). On the other hand, the
impact damping, cimp, used for simulation of earthquake-induced structural pounding can be directly
calculated as [9,12]:

cimp = 2ζimp
√

ksMeq (for linear models)

cimp = 2ζimp

√
ks

√
δ(t)Meq (for non-linear models)

Meq =
mim j

mi+m j

(2)

where mi, m j are masses of colliding structures, or structural elements, and ζimp is the impact damping
ratio which is related to the coefficient of restitution, CR, and can be defined by a general formula as
in [37]:

CR =

.
δrebound

.
δimp

(3)

where
.
δimp is the relative prior-impact velocity and

.
δrebound is the relative post-impact rebound velocity

(CR = 1 means a fully elastic collision and CR = 0 deals with a fully plastic impact). It should be
underlined that the CR value may depend on a number of factors, such as: Masses and shapes of
colliding structures, structural material properties and contact surface geometry [37]. The value can
be determined experimentally in a simplified way by dropping a sphere on a massive plane plate of
the same material from a specified height and observing the rebound height (see [37] for details). In
spite of its simplicity, the method is yet accurate to obtain appropriate CR values so as to conduct the
impact analyses.

Different formulae for impact damping ratio, ζimp, based on CR, were used by a number of
researchers. Anagnostopoulos [9] proposed the impact damping ratio for the linear viscoelastic model
to be described as (valid for 0 < CR ≤ 1):

ζimp = −
ln(CR)√

π2 + (ln(CR))2
(4)

Mahmoud and Jankowski [15] suggested formula for the impact damping ratio in the modified
linear viscoelastic model in the following form (valid for 0 < CR ≤ 1):

ζimp =
1−CR2

CR(CR(π− 2) + 2)
(5)

Assuming that the damping term is activated only during the approach period of collision in order to
simulate the process of energy dissipation which takes place mainly during that period.

On the other hand, Jankowski [13] considered the non-linear viscoelastic model of impact, in
which the impact damping ratio is calculated as (valid for 0 < CR ≤ 1):

ζimp =
9
√

5
2

1−CR2

CR(CR(9π− 16) + 16)
(6)

while also assuming that the damping term is activated only during the approach period of collision.
The same assumption was taken into account by Barros et al. [19] who suggested another equation
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based on the nonlinear viscoelastic model and justified the impact damping ratio using the coefficient
of restitution expressed by (valid for 0 < CR ≤ 1):

ζimp =

 (1−CR2)

CR
(√
π
(

CR
2 + 1

π

)
−CR

) 
2

(7)

Comparison between different impact force models using Equations (4)–(7) for one chosen CR
value equal to 0.5 is shown in Figure 1. The figure clearly indicates that different equations show
visible different results for the same CR value.
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Figure 1. Comparison between different impact force models using Equations (4)–(7).

3. Effective Formula for Impact Damping Ratio

All previously proposed impact force models, applied to study structural pounding during
earthquakes, define the impact damping ratio based on the coefficient of restitution. However, the
results obtained for different models indicate that the use of them leads to visible different results
for the same CR value. Therefore, there is a need to justify the equation for impact damping ratio in
order to determine accurately all the responses during earthquakes. For the purpose of defining the
parameter in a more general form, an iterative process has been designed using CRVK (coefficient of
restitution—velocity—stiffness) optimization program (see [22] for details) so as to reach a formula for
solving the simulation of impact and calculate the impact damping ratio. In this way, a new formula
has been derived based on the CR value. The iterative process has been divided into two different
parts. In the first one, the impact damping ratio has been defined as:

ζimp = µ(1−CR) (8)

where µ is the parameter of the model.
Then, the effectiveness of CR has been investigated by the following procedure:
Firstly, values of CR and µ are selected and the process starts to solve the problem. The dissipated

energy is calculated as being equal to the area of hysteresis loop during impact (A) and its value is
compared to the loss of kinetic energy (E) determined as [37]:

E =
1
2

Meq(1−CR2)
.
δ

2
imp (9)

Then, it is investigated whether the energy dissipation and the energy absorption are equal. If
they are, µ is accepted and the output is obtained; otherwise, another value for µ is selected and the
procedure is repeated.
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Based on the results of the first part of the iterative process, the following expression has
been obtained:

µ =
1

CRα
→ α = 1.05CR0.653 (10)

In the second part of the iterative process, Equation (10) has been rectified so as to obtain the
same responses by using different coefficients of restitution. Another parameter has been added to
investigate in details the impact damping ratio for different scenarios. In this way, the equation has
been improved into the following form:

ζimp =
(1−CR)
CRα + β

(11)

where β is a coefficient which, based on the results of iterative process, has been determined as equal to:

β =
3.351CR
CR0.204

π (12)

So, the impact damping ratio can be defined by the following expression, as a proposed formula for
the impact damping ratio used to study earthquake-induced structural pounding (valid for 0 < CR ≤ 1):

ζimp =
(1−CR)

CR(α+0.204) + 3.351CRπ
CR0.204 (13)

The relation defined in Equation (13) is presented graphically in Figure 2. The detailed scheme
of the above described iterative procedure used to determine the proposed formula for the impact
damping ratio is also shown in Figure 3.
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4. Verification of Effectiveness

In here, by focusing on Equation (13), in order to investigate the effectiveness of the model
proposed, four different approaches have been used. In all the cases, the CRVK program has been
applied and developed to perform dynamic analyses and solve impact problems (see [22] for details).
Firstly, the dissipated energy and the absorbed energy during impact have been compared with each
other for the case of collisions between two structural elements. In the second part of investigation,
the experimentally obtained peak impact forces during single collision have been compared with the
numerical results. Then, the accuracy of different equations has been verified by comparing the impact
force time histories for the situation when a concrete ball is dropped on a rigid concrete surface. Finally,
the results of the investigation focused on pounding between two structures during earthquake have
been investigated.

4.1. Energy Dissipation during Impact

Firstly, in order to determine the impact force and energy dissipation, impact between two
structural elements has been simulated and the hysteresis loop has been depicted. The dissipated
energy during impact has been calculated as being equal to the area of hysteresis loop and its value
has been compared to the loss of kinetic energy determined by Equation (9). As an example, the
representative results for two structural elements with mass of 170 kg and 320 kg impacting with
CR = 0.4 and

.
δimp = 1 m/s are presented below. The impact damping ratio has been calculated using

Equation (13). The relation between impact force and displacement during impact, for the example
considered, is shown in Figure 4.
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structural elements.

In this case, the enclosed area of the hysteresis loop has been determined as equal to 47.63 Nm,
while the loss of the kinetic energy has been calculated as equal to 46.63 Nm. The calculated CR value
has been found to be 0.3764. Therefore, the error of calculated CR with relation to the assumed CR
value is as low as 5.9% confirming the accuracy of the approach.

The calculated values of CR, for different cases of assumed (selected) CRs, are also presented
in Figure 5 for the formula proposed as well as for other impact force models. The errors between
both CR values are additionally summarized in Table 1. Figure 5 and Table 1 show that the proposed
method results in the lowest errors obtained for all values of CR, as compared to other impact force
models considered in the analysis.
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Table 1. Errors between selected and calculated CR values for different impact force models.

Model
Error (%)

CR = 0.1 CR = 0.2 CR = 0.3 CR = 0.4 CR = 0.5 CR = 0.6 CR = 0.7 CR = 0.8 CR = 0.9 CR = 1

Anagnostopoulos [9] 53.4 44.5 32.5 23.4 14.5 7.2 4.5 2.1 1.3 0.77

Jankowski [13] 14.2 11.3 8.4 6.3 4.7 3.1 1.9 1.1 0.75 0.51

Mahmoud and
Jankowski [15] 40.4 33.3 24.5 16.8 9.5 4.1 2.7 1.8 0.94 0.63

Barros et al. [19] 19.8 15.5 10.7 8.5 6.4 3.8 2.3 1.5 0.82 0.54

Proposed model 7.4 6.9 6.4 5.9 4.2 2.9 1.8 1.1 0.72 0.42

4.2. Peak Impact Force

In the second stage of verifications, the experimentally obtained and numerically determined
peak impact forces during single collision have been compared. The results of the experimental test
conducted by Kajita et al. [32] have been considered in the analysis. The experiment (see [32] for details)
was focused on impact between two 300 kg steel frames with a 40 × 40 cm beam separated by a 10 cm
gap (see Figure 6). The collision test was implemented using a horizontal hydraulic high-speed loading
machine with a loading capacity of 1000 kN and a maximum loading speed of 3.0 m/s. The test was
conducted in a line on a guide rail with the length of 3000 mm allowing to obtain the impact velocity of
0.68 m/s [32]. When the specimen was moving, the sliding friction force was slow, as compared to the
movement of the steel bars. Therefore, the sliding friction force was reduced by using the compressed
air and the energy loss caused by the sliding friction force was suppressed during collision.

It should be added that Kajita et al. [32] performed also the numerical analysis using the
three-dimensional finite element method. They underlined that there are three characteristic measures
(impact force, law of conservation of momentum and kinetic energy loss) to be evaluated in the case
of collision problems involving two bodies. The authors estimated the maximum impact force using
the results of the numerical analysis. Its value was found to be approximately the same as the value
obtained from the experimental test. They concluded, therefore, that the maximum impact force can be
roughly estimated from the simulation analyses using the approach applied.
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Figure 6. Experimental setup for impact between two steel frames [32].

The hysteresis loop obtained from the experiment by Kajita et al. [32] is shown in Figure 7. For
the purposes of comparative analysis, the hysteresis loop has also been numerically determined by
fitting the experimental results using the method of the least squares while applying Equation (13) to
calculate the impact damping ratio (see the results in Figure 7). It can be seen from Figure 7 that the
experimentally determined peak impact force is equal to 30.75 kN, while the value obtained from the
numerical analysis is equal to 30.35 kN. The difference between both peak impact force values is as low
as 1.3% confirming the accuracy of the approach proposed.
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Figure 7. Experimentally and numerically determined relation between impact force and displacement
during impact between two steel frames.

4.3. Impact Force Time History

In this part, the accuracy of different equations is verified by comparing the impact force time
histories for the situation when a ball is dropped onto a rigid surface (see Figure 8). The results of the
experiment conducted by Jankowski and Mahmoud [36] have been used in the analysis. A number of
balls made of different materials and masses, m, were dropped from various height levels, h, onto a
rigid surface of the same material and tested during the extensive experimental investigation (see [36]
for details). The results obtained for the concrete ball with mass of 1.763 kg impacting the rigid concrete
surface with the velocity of 0.13 m/s have been used for the purposes of the present analysis.
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Figure 8. Sketch of a ball falling onto a rigid surface.

The numerical analysis has been conducted using Equations (5)–(7) and (13). Parameters of
different models used in the numerical analysis have been determined through iterative procedure
so as to equalize the peak impact force determined from the simulations with the peak impact force
obtained from the experiment (see [36] for details). The results of the numerical simulations, together
with the experimental results, are shown in Figure 9.
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Figure 9. Impact force time histories for different equations.

The difference between the experimental results and the results from the numerical analysis has
been assessed by calculating the normalized root mean square error (see [38]):

E =

√
NV∑
i=1

(
Hi −Hi

)2

√
NV∑
i=1

H2
i

· 100% (14)

where Hi and Hi denote the values from the impact time history records obtained from the experiment
and from the numerical analysis, respectively and NV is the number of values in these history records.
The errors calculated using Equation (14) for different impact force models based on Equations (5–7)
and (13) are shown in Table 2. The results presented in the table confirm the simulation accuracy when
the proposed formula is used.

Table 2. Errors between experimental and numerical results for the impact force time history.

Model Error (%)

Jankowski [13] 13.9

Mahmoud and Jankowski [15] 13.8

Barros et al. [19] 14.9

Proposed formula 13.7

4.4. Pounding between Two Structures during Earthquake

In the last stage of verifications, the results of the numerical analysis have been compared with
the results of the shaking table experiment focused on pounding between two steel structures (tower
models—see Figure 10) with impacting concrete elements (see [36] for details). The columns of 1 m
high tested structures were arranged in a rectangular pattern with a spacing of 0.22 m along the shaking
direction (longitudinal one) and a spacing of 0.3 m along the orthogonal (transverse) direction (see
Figure 10). All supporting elements used in the left tower model had a rectangular cross section with
dimensions: 6 × 6 mm, whereas the model of the right tower was constructed of members with a
section of 8 × 8 mm. Elements made of different materials were fixed at the top of both towers, and,
with the help of additional masses in the form of plates and bolts (see [36]), the mass of each tower
model was kept constant during all experimental tests, apart from the material used. The top mass of
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the left tower model, m1, was equal to 9.485 kg, while the top mass of the right tower, m2, was 18.337 kg.
The structures were fixed to the shaking table platform with the in-between gap size of d = 40 mm and
excited by the NS component of the El Centro earthquake (18.05.1940).
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Figure 10. Sketch of two steel structures (tower models) with impacting concrete elements during the
shaking table experiment.

The result of the experiment in the form of the pounding-involved displacement time history of
the left tower is shown in Figure 11 [36]. For the purposes of comparison, the numerical analysis has
been conducted using Equations (5)–(7) and (13). Parameters of different models used in the analysis
have been determined through iterative procedure so as to equalize the peak impact force determined
from the simulations with the peak impact force obtained from the experiment (see [36] for details).
The results of numerical analysis are also shown in Figure 11. The normalized root mean square errors
have been calculated using Equation (14) for different impact force models based on Equations (5)–(7)
and (13) and the results are presented in Table 3. It can be seen from the table that the best accuracy of
simulations is obtained by using the proposed formula.

Table 3. Errors between experimental and numerical results for pounding between two structures
during earthquake.

Model Error (%)

Jankowski [13] 11.5

Mahmoud and Jankowski [15] 13.9

Barros et al. [19] 17.6

Proposed formula 9.4
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Figure 11. Displacement time histories of the left tower for pounding between two towers under the El
Centro earthquake using different approaches: (a) experimental; (b) Jankowski [13]; (c) Mahmoud and
Jankowski [15]; (d) Barros et al. [19] and (e) proposed formula.

5. Concluding Remarks

An effective formula for impact damping ratio, as a parameter of impact force model for simulation
of earthquake-induced structural pounding, has been proposed in this paper. It has been determined
based on the iterative process using a numerical program. The effectiveness of the equation has
been verified by four different approaches, i.e., by checking the energy dissipation during impact, by
analyzing the peak impact forces during single collision, by comparing the impact force time histories
for the case of collision between a ball and a rigid surface and by studying pounding between two
structures during earthquake.
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The results of the comparative analysis clearly indicate that using different, previously proposed,
impact force models leads to considerably different results for the same CR value. Therefore, the need
for an effective formula for the impact damping ratio in order to cover all the responses accurately has
been justified in the paper. The results of the analysis focused on the comparison between dissipated
and kinetic energy during impact show relatively low errors between calculated and assumed CR values
while using the proposed equation. In addition, the results of the comparison between experimentally
and numerically determined peak impact forces during single collision confirm the effectiveness of
the approach. The same conclusion has been obtained for the whole impact time history for collision
between a ball and a rigid surface. Finally, the results of the comparative analysis, conducted for
pounding between two structures during an earthquake, confirm the simulation accuracy when the
proposed approach is used.

The above conclusions indicate that the proposed formula for impact damping ratio, as one
of the most important parameters of impact force model, is accurate in numerical simulations in
the case of different scenarios. Therefore, it can be effectively used to study various problems of
earthquake-induced structural pounding.
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