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Abstract

A novel axiomatic foundation of entropy has recently been proposed, overcoming the
limitations of classical and information‑theoretic entropy foundations and eventually uni‑
fying probabilistic and physical entropy. A new set of postulates leads to a rigorous,
uncertainty‑based definition of entropy consistent with the principle of maximum entropy.
Entropy is thus a purely stochastic concept quantifying uncertainty, thereby enriching Kol‑
mogorov’s probability system. Applied to gas thermodynamics, the new framework re‑
produces classical results and derives, rather than assumes, the laws of thermodynam‑
ics. In atmospheric applications, entropy maximization yields an isothermal state as the
molecular equilibrium. Gravitation does not alter the isothermal state but differentiates it
from the isentropic one of macroscopic air parcels, whose motion drives the atmosphere
away from equilibrium. Radiatively active gases, through interactionswith shortwave and
longwave radiation, sustain non‑equilibrium vertical profiles of the atmospheric variables.
Combined with the Stefan–Boltzmann law, these mechanisms provide a simple, parsimo‑
nious, and coherent explanation of observed atmospheric behaviors and the climatic sys‑
tem. The framework highlights thermodynamics as emergent from stochastics, offering
new insights into molecular uncertainty, emergence of macroscopic structures, and radi‑
ation in shaping Earth’s climate. It also suggests a broader stochastic view of nature and
atmospheric processes.

Keywords: stochastic thermodynamics; maximum entropy; atmospheric equilibrium;
gravitation; radiative cooling

«Πoλλὰ ἀπιστία δέδρακεν ἀγαθὰ ‹καὶ› πίστις κακά. ὅ τε Ἐπίχαρµoς “µέµνασo
ἀπιστεῖν” φησίν· “ἄρθρα ταῦτα τῶν φρενῶν.” αὐτίκα τὸ µὲν ἀπιστεῖν τῇ
ἀληθείᾳ θάνατoν φέρει ὡς τὸ πιστεύειν ζωήν, ἔµπαλιν δὲ τὸ πιστεύειν τῷ
ψεύδει, ἀπιστεῖν δὲ τῇ ἀληθείᾳ εἰς ἀπώλειαν ὑπoσύρει.» (“Incredulity has brought
about many good things, and trust evil things. And Epicharmus says, ‘Don’t forget to
exercise incredulity; for it is the sinews of the mind.’ Now, just as believing in the truth
brings life, so does disbelieving in it bring death; but on the other hand, believing in lies,
while disbelieving in the truth, leads to ruin. Clement of Alexandria [1].

1. Introduction
The basic premise of this work, which has been presented in detail in recent books

(Koutsoyiannis, 2025 [2], 2026 [3]), is that entropy is uncertainty quantified and is associ‑
ated with change. As further clarified elsewhere [4,5], uncertainty is not ambiguity, con‑
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fusion, fuzziness, disorder, or a “monster”. Rather, uncertainty (or randomness, which is
the same) is a fundamental governing principle of nature. Uncertainty makes the world
interesting, life liveable, and humanity capable of freedom.

However, uncertainty needs to be described with clarity and accuracy—or, in Aristo‑
tle’s language, with saphenia [2,3]. The language to this aim is offered by stochastics—a
collective name for probability theory, statistics, and stochastic processes. Uncertainty and
its quantified version, entropy, are not just a modeling convenience; they are the actual
physics driving the reality we observe.

This reality is continuously changing, while the very notion of time would be mean‑
ingless without change. The nature of change has been a central philosophical issue from
ancient times, as testified by quotations such as

«Πάντα ῥεῖ» (“Everything flows”; Heraclitus [6])

«Mεταβάλλει τῷ χρóνῳ πάντα» (“All changes in course of time”; Aristotle [7])

The fundamental deterministic physical principles are primarily either conservation
laws (for mass, momentum, energy, etc.) or derived from conservation laws. Conserva‑
tion laws cannot be responsible for change; rather, they constrain the changes that are
dynamically allowed. Because those allowed changes are time‑reversible, the irreversible
evolution observed in macroscopic systems requires a quantity that is not conserved—and
this is entropy. The tendency of entropy to attain its maximum value under the constraints
imposed by the conservation laws is the driving force of change. This tendency is mathe‑
matically expressed by the principle of maximum entropy, for which the following formu‑
lation is proposed:

Uncertainty will not be lower than its maximum possible value without a reason.

Such a reason, if it exists, would be expressed mathematically as a constraint, as we
will see below, but the definition of entropy should be independent of constraints. It is
stressed that, as is typical of first principles, the principle of maximum entropy, with its
above formulation, is posited axiomatically and not derived or proved. Hence, its valid‑
ity is not subject to proof, but is confirmed (or refuted) by the richness, reliability and
consistency of the results it yields. Furthermore, contrary to the usual epistemological in‑
terpretation, the principle is here advanced as an ontological—hence physical—principle.

This difference in status can be seen clearly by comparing the formulation given above
with the classic statement of the principle by Jaynes [8]. Jaynes introduced the principle of
maximum entropy in 1957 not as a physical (ontological) principle, but as one for logical
inference (epistemological):

“In making inferences on the basis of partial information, we must use that probability
distribution which has maximum entropy subject to whatever is known.”

Interestingly, Jaynes (2003 [9]) insisted that probabilistic and thermodynamic en‑
tropies are different. In contrast, the approach proposed here treats the two as equivalent:
the same maximization principle is regarded as governing both the assignment of proba‑
bilities and the irreversible change in physical systems. The tendency of entropy to attain
its maximum value under the prevailing constraints is taken as the principle that supplies
the direction of irreversible evolution once the description has been reduced from the un‑
derlying time‑reversible dynamics. Additional key features of the proposed approach are
the explicit connection between uncertainty and entropy, with the latter being the quantifi‑
cation of the former, and the recognition of uncertainty as a physical reality, also connected
with change.
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Even the colloquial meaning of the name entropy is related to change; it is etymolo‑
gized from the Greek word εντρoπία, a synthesis of εν (=in) and τρoπή (=change; cf. tropo‑
sphere). As a scientific term, entropy was introduced by Rudolf Clausius in 1865 [10], who
understood the connection of entropy with change and its tendency to increase until it
reaches amaximum. However, he did not connect entropywith probability or uncertainty.
His pioneering work led to the development of classical thermodynamics, in which, how‑
ever, the definition of entropy is rather circular. Specifically, the thermodynamic entropy,
S, is defined for a reversible process by dS = δQ/T, where Q is heat and T temperature,
and where a reversible process is one in which this equality holds—otherwise dS > δQ/T.

It was Ludwig Boltzmann (1872 [11], 1877 [12]) who gave entropy its probabilistic
content as he linked it to probabilities of thermodynamic system states. He thus explained
the second law of thermodynamics as the tendency of a system to run toward more prob‑
able states, which have higher entropy. Boltzmann was followed by Gibbs (1902 [13]) and
Planck (1906–1914 [14,15]), who regarded entropy as a probabilistic concept but without
formal mathematical completeness. Note that Kolmogorov’s probability system had not
been proposed at the time. It is interesting that Planck arrived at the same entropic formula
in thermodynamics as the one that Shannon (1948 [16]) did for information content. Shan‑
non also called the quantity he arrived at ‘entropy’ at von Neumann’s suggestion. Accord‑
ing to his definition, entropy is a probabilistic concept, a measure (as Shannon incorrectly
calls it) of information or, equivalently, of uncertainty.

Wiener (1948 [17]) also used the same definition for information, albeit with the op‑
posite sign. Von Neumann (1956 [18]) obtained virtually the same definition of entropy
as Shannon, though in a slightly different way. As von Neumann was a mathematician,
physicist, computer scientist, and engineer, he clearly understood the connection of the
information‑based entropy definition with its pre‑existing physical content. He cited Szi‑
lard (1929 [19]), who had implied the same definition of entropy in a thermodynamic sys‑
tem. (Perhaps he was not aware of the earlier contributions by Planck).

Given the above substantial contributions of famous scientists, one would expect that
the existing foundation of entropy is fully satisfactory. However, it may be argued that it
is not. Specifically, Shannon [16] derived the entropy formula by positing three “proper‑
ties”, which are mathematically problematic—particularly the last one based on an exam‑
ple, rather than a mathematically rigorous statement [2]. Khinchin (1957) [20] tried to give
a proper mathematical foundation to Shannon’s theory using a different variant of Shan‑
non’s postulates and demonstrating a “Uniqueness Theorem”, but he used the notion of
conditional entropy before defining entropy [2].

Jaynes [9] (p. 347) reformulated Shannon’s postulates in a more general wording,
which, however, did not satisfy even himself, as he noted:

Although the above demonstration appears satisfactory mathematically, it is not yet in
completely satisfactory form conceptually. The functional Equation (11.7) [the problem‑
atic Shannon’s example reformulated by Jaynes] does not seem quite so intuitively
compelling as our previous ones did. In this case, the trouble is probably that we have not
yet learned how to verbalize the argument leading to (11.7) in a fully convincing manner.
Perhaps this will inspire others to try their hand at improving the verbiage that we used
just before writing (11.7).

Papoulis (1991 [21], p. 533) claimed that he used Shannon’s postulates, whomhe cited,
after rephrasing them in a bettermathematical language, butwhat hewrotewas inaccurate
(as demonstrated by counterexamples in Koutsoyiannis [2]).

The above limitations and shortcomings give room to introduce a new foundation
serving the need for mathematical rigor, consistency with maximum entropy as an on‑
tological principle, and seamless connection to stochastic processes. In this new founda‑
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tion, rather than following Jaynes’ suggestion for “improving the verbiage,” it was pre‑
ferred to abandon these problematic postulates altogether and replace them with more
satisfactory ones.

Hopefully this is done below in Section 2. Applied to gas thermodynamics, the new
framework reproduces classical results and derives, rather than assumes, the laws of ther‑
modynamics in general and their application in the atmosphere simply by entropy max‑
imization (Section 3). Radiation laws, namely Planck’s Radiation Law and the Stefan–
Boltzmann Law, are also produced by entropy maximization (Section 4), thus completing
the simple, parsimonious, and coherent explanation of observed atmospheric behaviors
and the climatic system. Overall, the framework (further discussed in Section 5 and sum‑
marized in Section 6) highlights thermodynamics as emergent from stochastics, offering
new insights into molecular uncertainty, emergence of macroscopic structures, and radi‑
ation in shaping Earth’s climate. It also suggests a broader stochastic view of nature and
atmospheric processes.

Due to the wide range of topics covered, on the one hand, and the requirement for
brevity, on the other hand, the full set of derivations and their proofs is not contained in
the paper, but can be found in [3].

2. Proposed Stochastic Foundation of Entropy
2.1. Preliminaries: Partitions, Probability, and Uncertainty

Probability, as defined by Kolmogorov (1933) [22], is a normalized measure. Practi‑
cally speaking (excluding non‑measurable sets), probability is a function that assigns num‑
bers to events, where events are represented as sets. Events are subsets of a ground set,
Ω, whose elements are called outcomes. Any subset of Ω which includes any number of
outcomes is also an event. The ground set is also an event, the certain event, and has prob‑
ability 1. All other events are uncertain. In typical problems, there is an infinite number of
outcomes (possibilities) and an even greater number of events. Given two events, we can
tell which is more uncertain by comparing their probability.

Entropy is a quantification of a set of events, which are disjoint and whose union is
the entire ground set. This set of events is called a partition. While probability assigns one
number to each event, entropy assigns a single number to the entire set of events (partition
or distribution). In this respect, it is not a measure. Figure 1 provides a schematic that
helps intuition about the concepts involved.

It is useful to list here a few of the fundamental properties of partitions:

• The coarsest partition has one element, A = {Ω}.
• The finest partition is composed of elementary events, A = {{ω1}, {ω 2}, . . . ,

{ωm}} =: V.
• A partition with two elements, A =

{
A, A

}
is called a bipartition.

• A refinement of a partitionA is a partition B such that each element Bj of B is a subset
of some element Ai of A.

• A common refinement of two partitions is a refinement of both.
• Given two ground sets Ω, Ω′, and partitions thereof A = [Ai],A′ =

[
A′

j

]
, their prod‑

uct partition, denoted as A⊗A′, is a partition of the Cartesian product Ω×Ω′, con‑
sisting of all events Ai × A′

j, Ai ∈ A, A′
j ∈ A′ for all i, j. Since the occurrence of the

event Ai × A′
j is equivalent to the occurrence of both Ai and A′

j, we can simplify the
notation Ai × A′

j by omitting ‘×’ and writing Ai A′
j.

https://doi.org/10.3390/geosciences16090371

https://doi.org/10.3390/geosciences16090371


Geosciences 2026, 16, 371 5 of 53

Figure 1. Schematic for the basic concepts required for entropy definition: ground set, outcomes,
events, partition, and probability and entropy as functions.

2.2. Postulates and the Derivation of the Entropic Formula

We need to define the entropic function Φ(A) (the green layer in Figure 1) in such a
way that it incorporates the principle of maximum entropy. Namely, we should specify
states associatedwithmaximumuncertainty andmake our definition such as to give a func‑
tion Φ(A) that becomes maximum at these states. The following postulates ensure this.

Postulate 1. Continuity: Given a partition A = {A1, . . . , An} of the ground set Ω, its entropy
Φ(A) is a twice continuously differentiable function ΦP( )  of the probabilities of the events Ai that
form the partition. Namely Φ(A) := ΦP(P(A1), . . . , P(An)), i.e., ΦP : Rn → R+, ΦP ∈ C2.

This is a general postulate, specifying the formof entropy as a function of probabilities.

Postulate 2. Zero at certainty: The entropy of the coarsest partition is zero, Φ({Ω}) = 0.

This is an obvious postulate, saying that a certain event has zero uncertainty.

Postulate 3. Non‑interaction: There is no interaction between any two elements of a parti‑
tion: ∂2Φ(A)/∂P(Ai)∂P

(
Aj
)
≡ 0, i ̸= j.

This is posited for consistency with the principle of maximum entropy: Had this sec‑
ond derivative been nonzero, the knowledge of P(Ai) would provide some information
on P

(
Aj
)
and therefore would decrease uncertainty—without a reason.

Postulate 4. Maximization at independence: If  Ω, Ω′ are two identical ground sets, and A,A′

 are partitions thereof, then the entropy of the product partition A ⊗ A′ is maximized when any
paired events Ai ∈ A, A′

j ∈ A′ are independent, i.e., P
(

Ai A′
j

)
= P(Ai)P

(
A′

j

)
.
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This is also posited for consistency with the principle of maximum entropy: Indepen‑
dence between two events A, A′ results in maximum uncertainty as the occurrence of A
does not contain any information about the occurrence of A′.

It is evident that the above postulates are abstract and general in order to characterize
uncertainty and its maximization in the most abstract and broad way possible. No refer‑
ence is made to any specific field of application, let alone to the specific constraints of a
particular system. As already noted in the Introduction, the definition of entropy should
be independent of constraints.

Based on the four postulates, we specify the form of ΦP, completing the entropy defi‑
nition, through the following two theorems:

Theorem 1. There exists a univariate function  φ(P) such that

Φ(A) =
n

∑
i=1

φ(P(Ai)) (1)

Theorem 2. The function  φ(P) in Equation (1) is uniquely determined as

φ(P) = −k PlnP (2)

where k > 0  is a constant.

The proof of Theorem 2, which is not elementary, is given in Appendix A.1. That of
Theorem 1 is easy and can also be found in [2,3]. Based on these two theorems, we derive
the entropic formula (also depicted in Figure 1) for the parsimony and simplicity setting
k = 1, as

Φ(A) = −
n

∑
i=1

P(Ai) ln P(Ai) (3)

and we readily observe that, as P(Ai) is a dimensionless quantity, so will also be the en‑
tropy Φ(A). The following corollaries, whose proofs are direct, express useful properties
of entropy:

Corollary 1. Entropy is determined by Equation (3) uniquely up to a constant multiplier.

Corollary 2. φ(x) ≥ 0 (with φ(x) = 0 when x = 0 or x = 1).

Corollary 3. Φ(A) = ΦP(P(A1), . . . , P(An)) is a concave function of  P(A1), . . . , P(An).

Corollary 4. For independent A,A′, the entropy of the product partition is

Φ
(
A⊗A′) = Φ(A) +Φ

(
A′) (4)

Corollary 5. For any ground sets  Ω, Ω′ and partitions thereof  A,A′,

Φ
(
A⊗A′) ≤ Φ(A) +Φ

(
A′) (5)

with equality holding when A,A′ are independent.

Corollary 4 is called the additivity property (or additivity principle) and verbally ex‑
pressed as “the total entropy of two or more independent systems is equal to the sum
of their individual entropies”. According to corollary 5, that sum is the maximum that
a product partition can reach. Additional theorems and corollaries that give important
properties of entropy can be found in [3].
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Entropy can also be expressed in terms of expectations of functions of stochastic vari‑
ables, considering the finest partition. Specifically, it is readily seen that for a discrete
stochastic variable x taking integer values xj,= 1, . . . , J (where J could be infinite) with
Pj = P

{
x = xj

}
the entropy (of the finest partition) is

Φ[x] := E[− ln P(x)] = −
J

∑
j =1

Pjln Pj (6)

where E[·] denotes expectation.
For a continuous stochastic variable x taking real values x in (−∞, ∞ ) the definition

of the entropy of x is possible by means of the relative entropy. This is defined in terms of a
background measure B, either normalized (so that ∑n

i=1 B(Ai) = 1) or not. If not, the most
typical (but not exclusive) case for continuous variables is the Lebesgue measure, which
for an interval [a, a′] (or (a, a′)) equals the length a′ − a. For any background measure B,
the relative entropy is defined as

Φ(A||B) := −
n

∑
i=1

P(Ai)ln
(

P(Ai)

B(Ai)

)
(7)

It is noted that other names (e.g., Kullback–Leibler divergence or cross‑entropy) have
also been in use for the same concept. To define the entropy of a continuous stochastic
variable, first we take the finest partition for intervals of size δx, form the relative entropy
for measure B(x) =

∫
b(x)dx, and make the partition with elements Ai = [(i − 1)δx, iδx],

Φ(A||B)δx = −
∞

∑
i=−∞

P(Ai) ln
(

P(Ai)

B(Ai)

)
= −

∞

∑
i=−∞

(F(iδx)− F((i − 1)δx))ln
(
(F(iδx)− F((i − 1)δx))
(B(iδx)− B((i − 1)δx))

)
(8)

where F(·) is the distribution function. Then we take the limit of Φ(A||B)δx as δx → 0 and
set F(iδx) − F((i − 1)δx) = f (x)δx, where f (x) is the probability density, and B(iδx) −
B((i − 1)δx) = b(x)δx, so that Φ[x] := lim

δx→0
Φ(A||B)δx. Hence,

Φ[x] := E
[
− ln

(
f (x)
b(x)

)]
= −

∞∫
−∞

f (x) ln
(

f (x)
b(x)

)
dx (9)

It is important to note that for discrete variables, entropy is a nonnegative number
(any number between 0 and ∞), but for continuous variables, the (relative) entropy can
take any real value (between −∞ and ∞).

The importance of entropy stems from the very fact that it quantifies uncertainty in
a rigorous manner. The associated principle of maximum entropy formally expresses the
fact that uncertainty rules in nature. By maximizing entropy, we determine the distribu‑
tion of uncertain quantities, formally expressed as stochastic variables. This determina‑
tion is made in a precise manner and within an inference framework that is deductive
(απoδεικτικó/apodeictic according to Aristotle), i.e., the strongest possible. Maximization
is a very strong mathematical operation, which can determine any number of unknown
quantities. In typical problems we have to determine an infinite number of unknowns,
such as the probabilities of an infinite number of possibilities, but a single maximization
suffices to determine them all. With entropy maximization, we do not get the exact val‑
ues of the variables involved (this would eliminate uncertainty and contradict the very
principle of maximum entropy) but the probabilities thereof.
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3. Applications to Atmospheric Thermodynamics
3.1. Premises

To find the state of the atmosphere, we maximize entropy at the lowest level:
the uncertainty of molecules in motion. For each molecule, the uncertainty comprises
several components:

• Location: Three location coordinates, x1, x2, x3.
• Velocity: Three coordinates, u1, u2, u3, each bearing kinetic energy proportional to u2

i ;
the number of degrees of freedom is thus β = 3.

• Angular momentum (transformed into velocity units, expressing additional, i.e., ro‑
tational, degrees of freedom): (a) for monoatomic molecules (e.g., Ar): no angular
momentum and hence, no additional degrees of freedom (β = 3); (b) for diatomic
molecules (e.g., N2, O2) and triatomic molecules with linear structure (e.g., CO2): two
rotational degrees of freedom, corresponding to two axes of rotation (β = 5); (c) for tri‑
atomic molecules with nonlinear structure (e.g., H2O) or polyatomic molecules: three
additional degrees of freedom, corresponding to three axes of rotation (β = 6).

In the most typical case, we apply the principle of maximum entropy to the micro‑
scopic (molecular) level. Because of the large number of molecules (of the order of Avo‑
gadro’s number, Na = 6.022 × 1023, representing the number of particles per mole of sub‑
stance) the uncertainty is practically eliminated at the macroscopic level. Indeed, the co‑
efficient of variation (standard deviation divided by mean) is minuscule: std[x]/E[x] ∝
1/

√
Na = 1.3 × 10−12. This should not mislead us to think that thermodynamic laws

are deterministic.
In addition to the principle of maximum entropy, which is regarded here as a first

principle, we also use as first principles the conservation of mass, momentum, and energy.
In our framework, these take the form of constraints for the entropy maximization. The
framework is formulated in such a manner that it can work for any number of molecules,
including the case of a single molecule. In the latter case, even if the molecule is treated in
isolation, the fact is that it interacts (collides) with other molecules. Hence, its state vari‑
ables, such as velocity and energy, are not fixed but vary in time. Naturally, we should
consider them as uncertain quantities represented as stochastic variables. This is also a
necessary requirement to define the entropy of its state—without uncertainty there is no
entropy. Accordingly, the conservation laws do not apply to the molecule’s instantaneous
state, but to the expectation thereof. As we will see below, there is no reason to change
this setting when we move from one to many molecules. We always formulate conserva‑
tion laws in terms of expectations or the respective variables. This may sound odd within
classical mechanical thinking, but it is in full consistency with the ontological treatment
of uncertainty. It is similar to the treatment in quantum mechanics, where, for instance,
there is no single classical‑like value of energy that could be “strictly conserved” from one
instant to the next. What is strictly conserved is again the expectation of energy.

For further clarification, our framework considers the mass of each molecule as fixed
and therefore mass conservation switches to probabilities adding up to 1—the standard
requirement of a normalized measure, which probability is. For simplicity, when we ex‑
amine a gas mass in a container, we choose a reference frame for which the container is
motionless (all velocity coordinates have zero expectation). This allows us to omit the mo‑
mentum conservation from the constraints, while it is always necessary to use the energy
conservation (in addition to probability normalization). This does not affect the value of
entropy, which is independent of the choice of the reference frame [3] (Digression 6.A).

https://doi.org/10.3390/geosciences16090371

https://doi.org/10.3390/geosciences16090371


Geosciences 2026, 16, 371 9 of 53

3.2. Entropy of Gas Molecules

First we consider a monatomic molecule of mass m0, moving rapidly in a motion‑
less cube with edge a (volume V = a3), whose exact position and velocity are un‑
known. Its state is described by six variables, three indicating its position xi and three
indicating its velocity ui with i = 1, 2, 3, all represented as stochastic variables, form‑
ing the vector z = (x1, x2, x3, u1, u2, u3). The constraints for the particle’s position are
0 ≤ xi ≤ a. We use a non‑relativistic framework, and therefore we do not constrain ve‑
locity. The feasible space, Ω, is thus (0, a) for each xi and (−∞, ∞) for each ui (Ω :=
{0 ≤ xi ≤ a, − ∞ < ui < ∞; i = 1, 2, 3}).

The conservation of energy demands that E
[
m0∥u∥2/2

]
= (m 0/2

)∫
Ω ∥u∥2 f (z)dz =

ε where ε is the energy per particle (known as internal or thermal energy) and ∥u∥2 =

u2
1 + u2

2 + u2
3. Hence, the energy constraint is E

[
∥u∥2

]
= 2ε/m0.

We form the entropy of z as in Equation (9), recognizing that the background density
b(z) in ln( f (z)/b (z)) should have units [z−1] = [x−3] [u−3] = [L−6 T3]. To form this, we
utilize a universal constant, i.e., the Planck constant hp = 6.626 × 10−34 J s, whose dimen‑
sions are [L2 M T−1]. If we combine it with a reference mass m0 (such as the particle’s or
the proton’s mass), we observe that the quantity

(
m0/hp

)3 has the required dimensions
[L−6 T3], thereby giving the entropy as

Φ[z] = E

[
− ln

((
hp
m0

)3

f (z)

)]
= −

∫
Ω

ln

((
hp
m0

)3

f (z)

)
f (z)dz (10)

Application of the principle of maximum entropy with constraints for conservation
of mass (i.e., total probability equal to 1), momentum, and energy gives the distribution
of z as

f (z) =
(

1
a

)3(3m0

4πε

)3/2
exp

(
−3m0

4ε
∥u∥2

)
, 0 ≤ xi ≤ a (11)

and it is shown that it satisfies all constraints. This is the multivariate normal distribution
for velocity and the uniform for location.

Combining Equations (10) and (11), and performing the integration over Ω, we find
the final expression of entropy:

Φ[z] = 3
2

ln

(
4πe

3
m0

hp2 εV2/3

)
=

3
2

ln
ε

ε∗
+ ln

V
v∗

(12)

where e is the base of the natural logarithm and ε∗, v∗ are constants with units of energy
and volume, respectively, satisfying

4πe
3

m0

hp2 ε∗v∗
2/3

= 1 (13)

so that the middle term of the Equation equals the rightmost one. Note that one of ε∗, v∗

is a freely chosen parameter. Equation (12) reflects the fact that the entropy Φ[z] is a di‑
mensionless quantity, as it should according to its definition in Section 2, and its rightmost
part is the sum of two dimensionless quantities representing energy and space available
to motion.

An extended version of Equation (12) (for many particles; see below), but with some
differences (see Section 3.3), is known as the Sackur‑Tetrode equation (after Sackur [23] and
Tetrode [24], who developed it independently at about the same time in the early 1910s).
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Generalizing for a molecule with β degrees of freedom moving in the same cube, we
again find a multivariate normal distribution for velocity and uniform for location, i.e.,

f (z) =
(

βmG
4πε

)β/2 1
V

exp

(
− β

2ε

β

∑
i=1

miu2
i

2

)
, 0 ≤ xi ≤ a (14)

where z =
(

x1, x2, x3, u1, u2, . . . , uβ

)
, miu2

i /2 is the energy associated with the ith degree
of freedomwith mi being equal to the mass for i = 1, 2, 3 and related to the rotational iner‑
tia for the other coordinates, andmG is the geometricmean ofmi, i.e., mG :=

(
m1 . . . mβ

)1/β.
The maximized entropy of the molecule is

Φ[z] = β

2
ln
(

4πeC2

βmG
ε V2/β

)
=

β

2
ln

ε

ε∗
+ ln

V
v∗

(15)

where C is a physical constant incorporating Planck’s constant, the proton mass, and a
reference moment of inertia, and ε∗, v∗ are constants appropriately chosen to match the
rightmost with the middle term.

If wewish to calculate the total entropy of N identical molecules (instead of one) mov‑
ing in the same cube of volume V = a3, and with average energy per molecule ε, each with
β degrees of freedom, then the unknown quantity is the vector Z = (z1, . . . , zN) with 3N
location coordinates and βN motion coordinates. The molecules collide continuously, as
can be seen in visualized simulations (e.g., ref.  [25] for a homogeneous case and ref. [26] for
motion in a gravitational field). With mass, momentum, and energy constraints expressed
in terms of expectations of the related stochastic variables, the entropy‑maximizing distri‑
bution is found to be the product of the distribution functions of the individual molecules:

f (Z) =
(

βmG
4πε

)βN/2 1
VN exp

(
− β

2ε

N

∑
j=1

β

∑
i=1

miu2
ij

2

)
, 0 ≤ xij ≤ a (16)

This clearly suggests (a) independence of the motion of different molecules, (b) uni‑
form distribution for their location, and (c) multivariate normal distribution for their ve‑
locity. The entropy forNmolecules is the sum of the entropies of the individual molecules
(additivity property):

Φ[Z] = βN
2

ln
ε

ε∗
+ Nln

V
v∗

(17)

It is stressed that the independence in the motion of different molecules is a result
of entropy maximization under the given constraints, and not an assumption. It is also
stressed that, similar to the case of one molecule, the energy constraint is expressed in
terms of the expectation of the total kinetic energy of all molecules and not as a fixed value
of the total kinetic energy. Had we used a fixed value instead, this would create depen‑
dence among different molecules, as well as a departure of the probability distribution of
the molecules’ velocities from the normal distribution. However, as N would tend to in‑
finity, the difference would tend to disappear (because of ergodicity, i.e., equality of the
average of infinitely many variables with the true average) and independence would reap‑
pear. Practically, this happens for N as low as 100. Hence, even in the case of a fixed value
constraint, the dependence could be totally neglected in practical problems, where N is of
the order of Avogadro’s number.

Dependence can also appear in dense systems, where the free path between collisions,
λ, is of the order of molecular size, d. Such systems are characterized by macroscopic
coupling and cross‑dependencies, which are strong, persistent, and highly complex. These
systems cannot be represented by the above setting, which is appropriate for λ/d ≫ 1
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so that the systems can be regarded as collections of isolated particles that only interact
during brief, instantaneous collisions. Instead, when a fluid becomes dense (λ/d → 1),
molecules are in a constant state of overlapping contact. Apparently, the study of such
systems should require additional constraints and more involved treatment. However,
the Earth’s atmosphere is characterized by ratios λ/d of the order of several hundreds and
can therefore be represented as a dilute gas. Hence, the study of dense systems is out of our
scope of typical atmospheric applications. Additional information about this issue is given
in [3]. Themolecular‑independence assumption is also challenged by turbulence, in which
strong velocity correlations develop inside coherent structures. This issue is examined in
Section 3.12.

3.3. Standardized (Intensive and Extensive) Entropies

The entropies determined above for one or N molecules do not precisely correspond
to those in standard use in physics, because they are not intensive and extensive, respec‑
tively. To restore full correspondence, we take the entropies conditional on a partition B,
in which only the molecule location, discretized into N bins, matters. The entropy of this
partition for 1 and N molecules are, respectively, Φ1(B) = ln N and ΦN(B) = Nln N.

We denote E = Nε the total energy and V = Nv the total volume, with v being the
average volume per molecule. The non‑standardized (original) and standardized (condi‑
tional on B) entropies for one molecule are, respectively,

φ(ε, v) := Φ[z] = β

2
ln

ε

ε∗
+ ln

V
v∗

, φ∗(ε, v) := Φ[z|B] = β

2
ln

ε

ε∗
+ ln

v
v∗

(18)

The non‑standardized (original) and standardized (conditional on B) entropies for N
molecules are, respectively,

Φ(E, V, N) := Φ[Z] = βN
2

ln
ε

ε∗
+ N ln

V
v∗

, Φ∗(E, V, N) := Φ[z|B] = βN
2

ln
(

E
Nε∗

)
+ N ln

(
V

Nv∗

)
(19)

The standardized entropies φ∗(ε, v) and Φ∗(E, V, N) are intensive and extensive, re‑
spectively, while the original ones, φ(ε, v) and Φ(E, V, N), do not have these properties.
However, the descriptions by either the original or the standardized entropies are precisely
equivalent, once the probability calculus for each case is correct. The original quantities
are more effective, and hence preferable, in explaining behaviors regarded as paradoxical
(e.g., the Gibbs paradox [27]).

3.4. Definition of Temperature and Relation to Classical Thermodynamics

In classical thermodynamics, temperature is regarded as a foundational concept. In
our stochastic framework, the foundational concepts are the energy E and the entropy Φ,
with the temperature θ being a derivative:

1
θ

:=
∂Φ
∂E

(20)

In a gas with molecules in motion with average energy per particle ε and β degrees of
freedom, the temperature is obtained as

θ =
2ε

β
(21)

Here the temperature θ has energy units and differs from the classical temperature
in physics, T, measured in kelvins. The unit of kelvin was an arbitrary choice (a historical
accident) which, in our framework, is rendered an energy unit: 1 K = 13.81 yJ. The fact that
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the kelvin unit and the Boltzmann constant are both arbitrary choices that need each other
to be made consistent is expressed even in the definition of the kelvin, according to the SI
Brochure [28]:

“[The kelvin] is defined by taking the fixed numerical value of the Boltzmann
constant, k, to be 1.380649 × 10−23 when expressed in the unit J K−1, which is
equal to kg m2 s−2 K−1 […].

1 K =

(
1.380649 × 10−23

k

)
kg m2s−2

[…] The effect of this definition is that one kelvin is equal to the change of
thermodynamic temperature that results in a change of thermal energy kT by
1.380649 × 10−23 J.”

Although, according to SI, the kelvin is derived from Boltzmann’s constant, the histor‑
ical course was the opposite, and this constitutes the historical accident. First, Kelvin de‑
fined the unit in 1848 [29], and later in 1900, for consistency with the arbitrary Kelvin scale,
Planck [30] introduced the constant, which he named the Boltzmann–Drude constant.

Yet the two quantifications are equivalent: Our definition of entropy through The‑
orem 2 (Equation (2)) allows for any arbitrary multiplicative constant k, which here, for
parsimony, we set k = 1. If we took k = kB = 1.381 × 10−23 J K−1 (i.e., equal to
Boltzmann’s constant), we would find the classical entropy, S, in lieu of Φ∗, while the
derivative ∂S/∂E would equal 1/T. The two quantifications are therefore related by the
proportionality relationships:

S = kB Φ∗, T =
θ

kB
(22)

3.5. Ideal Gas Law

To find the pressure, p, at the box shown in Figure 2, we calculate whichmolecules hit
the base of the cube at a time interval δt and with which velocity. Namely, the molecules
in question are those satisfying x3 ≤ −u3δt.

u1
u2u3
u

a
a

a

Figure 2. Explanation sketch for the collision of a molecule with the bottom face of a cube. The
particle shown, located at coordinate x3 (distance from the bottom face), will collide with the bottom
face (x3 = 0) within time δt if x3 ≤ −u3δt. The other location and velocity coordinates do not play
any role: for example, if x1 and/or u1 are large, a possible collision with the rightmost face of the
cube will result in horizontal reflection that will not alter the velocity coordinate u3.

Knowing the distribution function of z, we integrate and find the expectation of the
momentum of those molecules. Using Newton’s Second Law, we calculate the expectation
of the force exerted on the face, and dividing by the area, we calculate the pressure. The
result is (in natural units of temperature θ and for v denoting the volume per molecule):
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pv = θ (23)

Converting to SI and using the universal gas constant (R∗ := kBNa =

8 314.463 J K−1 kmol−1) or the specific gas constant R := R∗/M0 = kB/m0

(
in JK−1 kg−1

)
,

where M0 := Nam0 is the molar mass, we find the classical form of the ideal gas law:

pV = nR∗T ⇔ p
ρ
= RT (24)

where n is the number of moles in the volume V and ρ is the density.

3.6. Specific Heats and Comparison with Observations

The specific heat in thermodynamics reflects just the degrees of freedom. For a gas
with β degrees of freedom and gas constant R, the specific heat under constant volume
(isochoric), cv, and under constant pressure (isobaric), cp, are

cv =
β

2
R, cp =

(
1 +

β

2

)
R (25)

Table 1 shows the gases appearing in Earth’s atmosphere in proportions > 0.05%, and
their characteristics as derived by our stochastic framework. Experimental values for cp

are also given and compared with theoretical values. The deviations are smaller than 1%
except for the most complex case of water vapor, in which it is 2%.

Table 1. Gases appearing in Earth’s atmosphere in proportions (mole fraction) > 0.05%, and their
characteristics as derived by our stochastic framework. Conventional experimental values for the
isobaric specific heat are also given in the table and compared with theoretical values. Trace gases
not included in the table constitute <0.05% altogether.

Gas Structure
Mole

Fraction
(%) *

β
M0,

kg/kmol
R,

J K−1kg−1
cv,

J K−1kg−1
cp,

 J K−1kg−1
Experimental cp †,

J K−1kg−1
%

Deviation

Nitrogen, N2 Diatomic 78.1 (77.8) 5 28.014 296.8 742.0 1038.8 1040 0.1
Oxygen, O2 Diatomic 21.0 (20.9) 5 31.998 259.8 649.6 909.5 918 0.9
Argon, Ar Monatomic 0.9 (0.9) 3 39.950 208.1 312.2 520.3 522 0.3
Water vapor,

H2O
Triatomic,
nonlinear 0 (0.4) ‡ 6 18.015 461.5 1384.6 1846.1 1884 2.0

Dry air Mixture 100 (100) 4.98 28.958 287.1 721.1 1002.2 1004 0.2

* The percentages without parentheses are for dry air, and those in parentheses are for moist air for
the entire atmosphere. † The value given here for water vapor was taken from [31] for the triple point
of water. ‡ It typically varies at 0–3%, averaging at 0.4%.

3.7. Interactions of Bodies

Our framework of entropy maximization can infer by deduction the final states of
systems brought into contact, without using the principles of thermodynamics, both in
equilibrium cases and in non‑equilibrium cases. We summarize the most interesting re‑
sults here, the derivation of which can be found in [3].

In equilibrium cases, we maximize the entropy under the typical constraints as above
and assume that the entropy attains its maximum value allowed by the constraints after
their interaction. Specifically,

• In a closed interaction, two systems A and B that are brought into contact, so that they
can exchange energy but not mass, will have equal temperatures: θA = θB.

• In an open interaction, in which the two systems can exchange both energy and mass,
in the final state all intensive quantities will be equal: temperature, volume per parti‑
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cle, density, pressure and standardized entropyper particle. This expresses themacro‑
scopic ultimate simplicity of a microscopically complex system.

• In an open interaction of two systems under gravitation, in which one system is at an
elevation z higher than the other, the temperature in the two systems will be the same,
but all other intensive properties will differ.

Contrary to classical equilibrium thermodynamics, the proposed framework can also
deal with non‑equilibrium cases. For the latter cases, we just put an additional constraint
expressing the reason why the systems are not allowed to reach equilibrium. Specifically,

• In two systems in contact, a stable temperature difference could be sustained if
there is a constant heat transfer. In this case, all quantities are determined from
the temperature difference, and there is no room for entropy maximization of the
compound system.

• In two systems far apart under gravitation, in which one system is at an elevation z
higher than the other, a stable temperature difference can again be sustained if there
is a constant heat transfer.

• In this case, with isothermality excluded, entropy maximization results in an isen‑
tropic state: the standardized entropy per particle is the same in the two systems.

It is stressed that in these non‑equilibrium cases we apply precisely the same entropy
maximization framework with additional constraints, and we do not involve additional
concepts (e.g., the concept of entropy production or the hypothesis of maximum entropy
production; e.g., [32–34]).

3.8. Equilibrium and Non‑Equilibrium States of an Air Column

The state of an air column is generally affected by gravitation. However, gravitation
does not alter the equilibrium state: it remains isothermal, the same as if gravitation were
absent—a result verified by simulating molecule collisions under gravitation [35]. What
gravitation does is distinguish the isentropic state from the isothermal.

In reality, the Earth is not in equilibrium; hence, the atmosphere is not isothermal. The
non‑equilibrium state is caused by perpetual change occurring on all scales due to diverse
mechanisms affecting radiation processes, both shortwave and longwave: day and night,
cloud formation and disappearance, summer and winter, albedo’s spatial and temporal
variation (also affected by biosphere changes), Sun’s dynamics and astronomical processes,
orbital variations (Milanković cycles), tectonic and volcanic activity, and numerous other
irregular changes by internal processes and external forces [35].

In the absence of equilibrium, there is heat transfer. While in solids heat is transferred
by conduction, in fluids (atmosphere and oceans) heat transfer is dominated by convection,
i.e., mass flow. When mass flows, conduction can be neglected as its power is orders of
magnitude smaller than in convection. This is particularly the case for air, whose thermal
conductivity is 25 times smaller than in water.

Therefore, when there is convection, the macroscopic motion is mostly reversible adi‑
abatic (where adiabatic means without heat exchange), i.e., isentropic. Ergo, the atmo‑
spheric temperature profile departs from the isothermal and tends toward the isentropic.

3.9. Atmospheric Temperature Profiles

A specific solution of the differential equation of vertical heat transfer is a linear tem‑
perature profile,

θ = θ0 − Γθz or T = T0 − ΓTz (26)

with constant Γθ (or ΓT = kBΓθ ) known as the lapse rate. The isothermal profile corre‑
sponds to constant temperature, exponential pressure decrease, and linear entropy increase:
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Γθ = ΓT = 0, θ = θ0, p(z) = p0 exp
(
− gm0z

θ0

)
, φ∗

z (z) = φ∗
0 +

gm0z
θ0

(27)

On the other hand, the isentropic state is characterized by constant entropy and the
following equations for dry air:

Γθ =
m0g

β/2 + 1
, ΓT =

g
cp

= 9.8 K/km, p(z) = p0

(
1 − Γθz

θ0

)m0g
Γθ

, φ∗
z (z) = φ∗

0 (28)

These two profiles are special cases of the general equations for constant lapse rate,
the derivation of which can be found in [3]:

p(z) = p0

(
1 − Γθ z

θ0

) m0g
Γθ = p0

(
1 − ΓT z

T0

) g
R ΓT ,

φ∗
z (z) = φ∗

0 +
(

β
2 + 1 − m0g

Γθ

)
ln
(

1 − Γθ z
θ0

)
, s(z) = s0 +

(
cp − g

ΓT

)
ln
(

1 − ΓTz
T0

) (29)

Since in the applications belowweuse SI units, we omit the subscript ‘T’ for notational
simplification and simply write Γ which is meant to be ΓT . The isothermal and isentropic
profiles are depicted in Figure 3, in comparisonwith four others, also having constant lapse
rates: Γ = 6.5 K/km for the standard atmosphere (see Section 3.11); Γ = −3 K/km for an
inversion state, i.e., one with negative lapse rate; Γ = 12 K/km for a superadiabatic profile
with steep gradient; and Γ = g/R = 34.2 K/km for the so‑called homogeneous profile, in
which the density is constant.

Figure 3. (left) Temperature difference, (middle) pressure ratio, and (right) difference in entropy per
unit mass at elevation z with respect to the values at zero elevation for the indicated states for dry
air. The lapse rates are Γ = 0 (isothermal); Γ = g/cp = 9.8 K/km (isentropic); Γ = g/R = 34.2 K/km
(homogeneous); and Γ = 6.5 K/km (standard atmosphere). The specific rates chosen for illustration
of the superadiabatic and inversion states areΓ = 12K/kmand−3K/km, respectively. In the leftmost
graph, the temperature T0 at zero elevation can be any value, while for the other graphs, it is 288 K
(continuous lines), 258 K (dotted lines), and 303 K (dashed lines).

Real‑world profiles are not identical to any of the above theoretical ones, but change
in time and space. However, all the above lapse rate values (except the homogeneous) do
appear in reality, as seen in the examples in Figure 4. The differences in daytime and night‑
time lapse rates are suggestive of their thermodynamic origin. Despite this, the average
lapse rate in the troposphere is close to 6.5 K/km—that of the standard atmosphere.

One reason for the standard lapse rate being smaller than the above calculated isen‑
tropic one of 9.8 K/km is that in that calculation the air was assumed dry. As explained
in Section 3.10, for air containing water vapor, the calculation is more complex, and the
resulting lapse rate is smaller.
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Figure 4. Lower troposphere profiles as observed by radiosondes at the indicated sites and dates.
The slopes noted are calculated by linear regression on the points shown in the graph (not the entire
range covered by radiosonde data). The profiles with continuous lines correspond to daytime and
those with dashed lines to nighttime. For comparison, the standard atmospheric profile, as well as
the slope of the isentropic profile, are also shown (Data retrieved from [36]).

3.10. Phase Change, Saturation Vapor Pressure and Effect on the Isentropic Profile

To find the equilibrium state between the liquid and gaseous phase of water, we max‑
imize the uncertainty of a single molecule with respect to (a) its phase (whether gaseous
or liquid); (b) its location in space; and (c) its kinetic state, i.e., its velocity and other coordi‑
nates corresponding to its degrees of freedom: βA = 6 in gaseous phase, βB = 18 in liquid
phase [37], where the additional degrees of freedom in the liquid phase are not transla‑
tional or rotational, but are due to local clusters with low‑energy vibrational modes that
can be thermally excited, reflecting the collective, low‑frequency intermolecular modes of
water molecules. The final result for the saturation vapor pressure, e, as a function of the
temperature, θ, which was derived in [38], is

e = e0 exp
(

ξ

θ0

(
1 − θ0

θ

)) (
θ0

θ

)βB/2−βA/2−1
(30)

where (θ0, e0 = e(θ0)) is an anchoring point (arbitrarily chosen) and ξ is the amount of
energy per molecule (which is assumed constant) to break the bonds between molecules
of the liquid phase in order for the molecule to switch to the gaseous phase (evaporation).
If converted to SI units, Equation (30) becomes

e = e0 exp
(

24.921
(

1 − T0

T

))(
T0

T

)5.06
, T0 = 273.16 K, e0 = 6.117 hPa (31)

where the point (T0, e0) denotes the triple point of water and the constant βB/2 − βA/2 −
1 = 5 was slightly modified to 5.06 to agree with the experimental quantity (cL − cp

)
/R.

The agreement of the equationwithmeasurements is excellent, better than in standard and
empirical formulae, and is not limited to the saturation vapor pressure but also extends to
the latent heat of water [38,39]. This is a confirmation of the assumption of a constant
ξ. The impressive agreement with empirical data shows that by maximizing microscopic
uncertainty we almost eliminated the macroscopic one, for the very reason discussed in
Section 3.1.

The equation determining themodified isentropic profile whenwater is present in the
atmosphere in both gaseous (vapor) and liquid (clouds) phases is somewhat complicated
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and needs integration across the atmospheric column. The integration between any two
states 0 and 1 gives the following relationship of the moist isentropic profile:(

1 +
βD
2

− NW
ND

βB
2

)
ln

θ1

θ0
− ln

p1 − e1

p0 − e0
+

NA1

ND

λ1

θ1
−

NA0

ND

λ0

θ0
= 0 (32)

where λ := ξ − (βB/2 − βA/2 − 1)θ is the latent heat of vaporization per molecule, p and
e are the total pressure and saturation vapor pressure, respectively, ND and NW are the
numbers of molecules of dry air and water, respectively, and NA ≤ NW is the number of
water molecules that are in the gaseous phase. Note that during the transition from state
0 to state 1, NA does not remain constant because of vapor condensation.

A simplified equation is obtained if we neglect the term (NW/ND)(βB/2). We call
the resulting profile the wet isentropic profile, which approximates satisfactorily the pseudoa‑
diabatic profile, in which the condensed water vapor precipitates immediately. To a lesser
degree, it also approximates the moist isentropic profile, in which the condensed water va‑
por remains in the atmosphere (clouds). Converted to SI units, the equation of the wet
isentropic profile becomes

cpD ln
T
T0

− RDln
p − e(T)
p0 − e0

+
r(T)L

T
− r0(T0)L0

T0
= 0 (33)

In the latter equation, T and p are the temperature and pressure at any altitude z, e(T)
is the saturation vapor pressure, r(T) := ρV/ρD is the saturation mixing ratio (where ρV
and ρD are the densities of water vapor and dry air, respectively), and L is the latent heat
of vaporization (in SI units). The subscripts ‘0’ and ‘D’ refer to the base level (z = 0) and
“dry air” case, respectively.

Figure 5 illustrates some instances of the wet isentropic profile, which depends on
the surface temperature. For large temperatures, its slope is significantly smaller than in
dry air. The slope of this idealized profile is not constant across altitudes, thus standing in
contrast to the linear Equation (26).

Figure 5. Vertical wet isentropic temperature profiles in the atmosphere for the indicated surface
temperatures. For comparison, the dry isentropic profile for one of the illustrated temperatures is
also plotted. The lapse rate values near the surface are 4.8, 3.5, and 8.2 K/km for surface temperatures
T0 of 288, 303, and 258 K, respectively.
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For low surface temperature, the moist isentropic profile becomes practically indis‑
tinguishable from the dry isentropic profile because the low temperature does not allow
much water to evaporate (or sublimate) to enter the gaseous phase.

3.11. Standard Profiles of Earth’s Atmosphere

The standard atmosphere, i.e., a profile representative of year‑round, midlatitude con‑
ditions (ICAO [40]), is depicted in Figure 6. It is seen that in the mesosphere, the temper‑
ature decreases with increasing altitude as there is removal of heat from the atmosphere
(cooling) due to emission of longwave radiation (see Section 4). In the upper stratosphere,
the pattern is opposite (inversion) because of the absorption of solar radiation, caused by
the ozone layer reacting with ultraviolet radiation. The lower stratosphere is a 9 km‑thick
layer in an isothermal state. There, the presence of ozone is weak, and the air absorbs just
as much heat as it radiates away, keeping the temperature uniform.
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Figure 6. Vertical profiles of the ICAO [40] standard atmosphere (Source: [35]).

In the troposphere, the temperature drops as the altitude increases. While in the es‑
tablished theory the latter behavior is again attributed to radiation, here it is suggested
that it is driven by a different mechanism, namely convection. This convection is strong
near the surface and dies off at the level of the tropopause, thus not affecting the upper
atmospheric layers, where radiative action drives the observed profiles.

Particular local profiles for different zones of the Earth (namely five different local‑
ity profiles) are compiled and used for MODTRAN (MODerate resolution atmospheric
TRANsmission model), a code that performs detailed modeling of radiation in the atmo‑
sphere [41–43]. Three of these profiles are shown in Figure 7, along with data from ERA5
reanalysis (with ERA5 standing for the fifth generation atmospheric reanalysis of the Euro‑
pean Centre for Medium‑Range Weather Forecasts—ECMWF; ECMWF ReAnalysis [44]).
These data are publicly available for the period from 1940 onwards at a spatial resolution
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of 0.5◦. Here, they were retrieved from the WRIT [45] and ClimExp [46] platforms, with
the former providing the entire dataset and the latter for the period from 1950 onwards.
The figure shows good agreement between the data and these profiles.
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Figure 7. ERA5 temperature (marked as “observed”) vs. ERA5 geopotential height, spatially inte‑
grated over ocean grid points at (upper row) a tropical zone extending±7.5◦ around the equator and
(lower row) a polar zone of width 7.5◦ south of the north pole, for mean monthly scale and specif‑
ically for the months of (left column) February and (right column) August. The monthly average
profiles are compared to (i) the profile of the standard atmosphere (shifted to match the temperature
at z = 0), (ii) the closest MODTRAN profile (namely the tropical profile for the upper row, and the
subarctic winter and subarctic summer profiles for the left and right panels of the lower row, respec‑
tively), (iii, iv) the dry and moist isentropic profiles, respectively, and (v) the isothermal profile with
the column average temperature.

It is stressed that the standard and local profiles presented above are not theoreti‑
cally derived (by deduction) but were compiled from long‑term observations. In this case,
while theoretical reasoning does provide qualitative explanations of what is observed in
vertical atmospheric temperature profiles, it does not suffice for quantitative modeling.
The processes are too complex to describe within a simple entropic framework in an inde‑
pendent column approximation. Convection (vertical heat transfer), advection (horizontal
heat transfer by wind from warmer areas, also affected by Coriolis forces and cell forma‑
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tion), radiation, cloud formation, precipitation, and several other processes are acting to‑
gether, and their final outcome cannot be predicted by deduction, unlike the analyses of
previous sections. However, a stochastic framework, on which entropy and its maximiza‑
tion principle are founded, also supports induction, i.e., inference based on data.

Clearly, the atmospheric profiles discussed here are induction‑based. The most im‑
pressive finding of this induction is the near constancy of the lapse rate, which remains
close to the standard of 6.5 K/km across the troposphere and in all areas. While this sig‑
nifies a tendency toward the isentropic profile in the troposphere, we cannot maintain
that the troposphere is isentropic—whether dry or moist. This becomes clear from the
polar areas where the dry and moist isentropic profiles almost coincide with a lapse rate
of 9.8 K/km. The latter coincidence can be explained by the low presence of water vapor,
which also substantially reduces the radiative activity. However, in the polar areas the ac‑
tual rate, instead of tending to 9.8 K/km, is lower than the standard of 6.5 K/km (Figure 7).
Yet the local profiles clearly reflect the connectionwith convection: in the polar regions and
midlatitude winters, the atmosphere is closer to the isothermal profile than in the tropics,
because of the lower level of convection, whose full absence would necessarily lead to an
isothermal atmosphere. Furthermore, in tropical and midlatitude areas the actual lapse
rate is almost constant, as implied by Equation (26), rather than following the patterns
seen in Figure 5. Hence, a common argument that it is the moist isentropic state that deter‑
mines the lapse rate in the troposphere is deemed not accurate. Additionally, most of the
time the atmosphere is not saturated and therefore the moist isentropic profile is not appli‑
cable. As already mentioned, the climatic system is too complex to describe by invoking a
single mechanism.

3.12. Macroscopic Motion, Cells or Air Parcels, and Turbulence

Once entropy is viewed as a quantification of uncertainty, we may think it relevant
to maximize it not only at a molecular level but also at a macroscopic level. As clarified
in Section 2.2, entropy is a function of the probabilities of the events that form a partition.
Many different partitions could be formed, which have different entropies and, when these
are maximized, different values of the variables involved will be obtained. Hence, we
would expect that the maximization of a coarser partition would give a different result
from that of the finest partition.

The entropy maximization at the finest, i.e., molecular, scale gave accurate results for
atmospheric thermodynamics, virtually eliminatingmacroscopic uncertainty, but these do
not explain everything that occurs in the atmosphere. Has nature restricted entropy max‑
imization to a unique unit or scale, the molecular one? Or does it employ a multitude of
scales for this maximization, considering different partitions on which to maximize un‑
certainty? The second possibility appears to be the case. Indeed, there are macroscopic
atmospheric structures, named cells or air parcels, which move as structures (convection),
while being continually transformed in shape and physical characteristics. This makes
their study much more complicated. While molecules belong to a few species only, each
having a fixed and stable structure, the clusters that form the cells are temporary, lack a
clear shape and a fixed scale, and instead span a hierarchy of spatiotemporal scales, start‑
ingwith a spatial scale ofmm tom and a temporal scale ofmin, and reaching the horizontal
scale of a third of a hemisphere, the vertical scale of the entire troposphere, and the seasonal
time scale. The hierarchy includes Rayleigh‑Bénard cells, small thermals or plumes, mesoscale
convection cells, deep convective cells, mesoscale convective systems, and global circulation cells.
The entire hierarchy is linked to macroscopic motion: without it, the clusters do not form
at all, in contrast to the microscopic motion, which is intrinsic.
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In this respect, it looks reasonable to accept that (a) nature does not adhere to a unique
scale or unit for maximizing entropy, (b) the atmospheric system composition includes
units of different sizes, and (c) there are different physical mechanisms acting on multiple
scales. It is important to recognize that there is an antagonism between scales: maximizing
entropy on one scale reduces it on another. A numerical illustration for this, based on a
toymodel, is given in [3] (Digression 6.L). Because simultaneous maximization at all scales
is impossible, a balance across many scales would be the alternative. It is recalled that
entropy means uncertainty, and entropy maximization results in maximum uncertainty.
In this respect, we could assume that nature may “sacrifice” some part of uncertainty on
one scale in order to increase uncertainty on other scales.

The physical mechanisms responsible for the emergence of clusters (coherent flow
structures) on different scales are twofold: viscosity and, primarily, turbulence. Inside
these coherent structures, the velocities of neighboring molecules (or fluid elements) are
strongly correlated, so the assumption of molecular independence no longer holds.

At the finest macroscopic scales, viscous packets emerge within a flow due to local
velocity gradients. The flow disrupts the spatial equilibrium of intermolecular electro‑
magnetic bonds (liquids) or biases the random thermal transport of molecular momentum
(gases). Both manifest macroscopically as a resistance to sliding motion (viscous shear
stress) between adjacent fluid layers.

At larger scales and higher velocities, the flow mechanisms are no longer molecular
in origin. Instead, they arise from macroscopic inertial transport driven by the stochas‑
tic structure of the velocity field. Specifically, these turbulent stresses manifest as covari‑
ances between fluctuating velocity components in different directions (Reynolds stresses).
Turbulence spans a wide range of spatial and temporal scales (encompassing the entire
hierarchy of cells mentioned above) and is sustained by a massive energy cascade. This
cascade continuously transfers kinetic energy from coarser to finer macroscopic scales, un‑
til it reaches the dissipation range where viscosity ultimately converts it into microscopic
kinetic energy (heat).

Because both viscous and turbulent motions emerge from the collective statistical
behavior of countless particles, they are mathematically intractable to model as isolated
molecules via standard molecular thermodynamics. Instead, they are effectively analyzed
within the continuum framework of fluid dynamics.

A natural adaptation of the presented framework is to treat the air parcel (or coherent
turbulent structure) as the new elementary unit and to maximize entropy subject to the ap‑
propriate macroscopic constraints (mass, energy, and possibly Reynolds stresses or other
moments of the velocity field). Developing the corresponding parcel‑scale maximum‑
entropy theory lies beyond the present scope but constitutes a logical extension for complex
turbulent regimes.

Even though continuum dynamics is beyond the scope of this study, the above anal‑
ysis helps us to understand the different mechanisms and dynamics on different scales,
and to explain and interpret the observed profiles discussed in Section 3.11. As shown
in Sections 3.1–3.9, if there were only molecular motion, the atmospheric profile would
tend toward an isothermal profile, driven by the principle of maximum entropy at the
molecular scale.

The coexistence of molecular andmacroscopic motion at multiple scales determines a
nonzero vertical temperature gradient, reducing the entropy at themolecular level. Indeed,
macroscopic motion cannot maintain a constant temperature. Rather, it drives the actual
vertical temperature profile away from the isothermal. An air parcel that has beenwarmed
at the surface will move upward so fast that no heat can be removed from it, or added to
it. Hence, the process is reversible and adiabatic, i.e., isentropic. The lapse rate will then
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tend to the isentropic lapse rate, ΓI, the dry one if the atmosphere is not saturated, or the
wet one if it is saturated.

Since the entropy maximization at the microscopic (molecular) level results in Γ = 0,
while that at the macroscopic level the lapse rate is pushed toward Γ = ΓI, it is reason‑
able to expect that the actual Γ would be in between 0 and ΓI, and the standard lapse
rate Γ = 6.5 K/km is therefore unsurprising. But as we have already explained, we do not
expect to find this by deduction, due to the complexity of the entire climatic system and
the fact that this standard value is the result of an integration over the globe. Hence, it
is necessary to rely on induction, which is fully consistent with the stochastic approach
adopted here.

4. Extension to Radiation
4.1. Entropy of Radiation Quanta and Planck’s Law for Blackbody Radiation

In Section 3, we treated the moving molecules by their kinetic energy, while we also
investigated the effect of the potential energy due to gravitation. In steady state, the energy
and entropy remain unchanged. However, the kinetic energy of molecules tends to decay
due to their emission of photons. Thus, in order to remain in steady state, a system must
receive energy equal to the energy emitted, and in order to be in equilibrium, its entropy
must be at maximum.

We assume that a molecule has average kinetic energy ε and within a certain time
frame it emits an average energy εR as electromagnetic radiation (photons). It receives the
same average amount of energy from the environment (e.g., by heat or radiation), and it
remains at steady state. As radiation is a stochastic process, it has its own entropy φR;
hence, the total entropy of the molecule is

φtot = φ + φR (34)

where φ is the entropy related to the kinetic state of the molecule. Here we have assumed
additivity of entropy, which presupposes independence of the kinetic and the radiative
processes—an assumption that in the problem examined is plausible, even though in other
systems it is not (e.g., in strongly entangled quantum systems). Assuming a perturbation
dεR of radiative energy, at the expense of the kinetic energy, so that dε = −dεR, and taking
derivatives with respect to εR we find

dφtot
dεR

=
dφ

dεR
+
dφR
dεR

=
dφ

dε

dε

dεR
+
dφR
dεR

= −dφ

dε
+
dφR
dεR

(35)

From the definition of temperature, θ (Equation (20)), we recognize that the term
dφ/dε equals 1/θ. The inverse of the term dφR/dεR is the radiation temperature θR and
since at equilibrium dφtot = 0, from Equation (35) we conclude that the radiation temper‑
ature is identical to the kinetic temperature, θR = θ = kBT.

To determine the radiation entropy φR, we recall that a photon is a quantum that
cannot be subdivided and has minimal specific energy content, εmin = hp ν, where hp
is the Planck constant and ν is the frequency. Integer multiples of the minimal energy are
allowed, and thus radiationmaterializes in quanta of energy ε j = j hp ν, where j is regarded
as a realization of the stochastic variable j with allowed values j = 0, 1, . . .. Denoting

Pj := P
{

j = j
}
, the entropy is

φR = −
∞

∑
j=0

Pjln Pj (36)
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where the constraints are

∞

∑
j=0

Pj = 1, E
[

j
]

hp ν =
∞

∑
j=0

Pj j hp ν = εR (37)

After entropy maximization considering the constraints, as shown in Appendix A.2,
the unknown probabilities are found to follow the geometric distribution, namely

Pj =

(
1 − e−

hpν

θ

)
e−

hpν

θ j (38)

and the average energy and entropy expressions become, respectively:

εR =
hpν

e
hpν

θ − 1
, φR =

ln
(
e

hpν

θ − 1
)

e
hpν

θ − 1
−

ln
(

1 − e−
hpν

θ

)
1 − e−

hpν

θ

(39)

Converting the average energy to power per unit area (see Appendix A.2), we obtain
Planck’s Law for blackbody radiation:

Bν(ν, θ) = 2
hpν3

co2
1

e
hpν

θ − 1
, Bλ(λ, θ) = 2

hpco2

λ5
1

e
hpco

λθ −1
(40)

where Bν is the spectral density expressed in terms of frequency ν, Bλ is the spectral density
expressed in terms of wavelength λ = co/ν, and co denotes the speed of light in vacuum.
The law determines the emitted radiation intensity. Converted to SI units, Bν and Bλ are
respectively expressed as W s m−2 sr−1 and W m−3 sr−1. Figure 8 illustrates the law for
the spectrum of the solar (shortwave; SW) and terrestrial (longwave; LW) radiation.

4.2. Atmospheric Radiation Effect

The atmosphere is not transparent to radiation. As shown in Figure 9, several gases
absorb and emit radiation at particular wavelengths. These are called here radiatively active
gases (RAGs) but are more commonly referred to as “greenhouse gases” (see Section 4.4).
These includewater vapor (condensing) and non‑condensing gases (NC‑RAGs). The effect
of RAGs and clouds on transmitted radiation is here called the atmospheric radiation effect
(ARE), but is more commonly referred to as the “greenhouse effect”.

The ARE applies to both solar (SW) and terrestrial (LW) radiation. For the solar spec‑
trum, the total power (area of spectrum) is 1361 and 735 W/m2 (reduction to 54%) at the
top of the atmosphere and the surface, respectively. If reduced to Earth’s area (by division
by 4), these become 340 and 184 W/m2, respectively.

4.3. The Stefan–Boltzmann Law and the Earth’s Equilibrium Temperature

The integral of the spectrum Bν(ν, θ) over the entire range of frequencies ν, is

∞∫
0

Bν(ν, θ)dν =
2

15
π4θ4

hp3co2
(41)

Converting this to SI units and identifying it as emitted power per unit area, I0 after
integrating the radiant exitance (see Appendix A.2) over the outgoing hemisphere (units
W/m2), we obtain

I0 =
2π5k4

B
15 hp3co2

T4 = σSBT4, σSB :=
2π5k4

B
15 hp3co2

= 5.67 × 10−8 Wm−2K−4 (42)
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where σSB is the Stefan–Boltzmann constant. This is the Stefan–Boltzmann Law, which ap‑
plies to a blackbody, an idealized body with maximal emission. In a real object, typically
called a gray body, the total radiation is lower by a factor ϵ < 1, known as emissivity, i.e.,

I0 = ϵ σSBT4 (43)

The solar radiation, which is governed by the Stefan–Boltzmann Law at T = 5772 K,
when reaching the Earth, is partly reflected and absorbed. Then, the Earth emits at differ‑
ent wavelengths, determined by its own equilibrium temperature, where the meaning of
equilibrium is that, in the long term, energy balance is achieved.

Figure 8. Blackbody radiation intensity for the Sun’s surface (spectral radiant exitance, Iλ(λ, θ, d) =
Mλ(λ, θ) = πBλ(λ, θ), for T = 5772 K, θ = T/kB) and the Sun viewed from Earth (irradiance,
Iλ(λ, θ, d) = Ωd Bλ(λ, θ) for Ωd = 6.794 × 10−5 sr), in comparison to terrestrial (Earth’s) blackbody
radiation (spectral radiant exitance, Iλ(λ, θ, d) = Mλ(λ, θ) = πBλ(λ, θ) for T = 255 K, θ = T/kB).
(For further explanations of the different spectral quantities, see Appendix A.2). Classification of ra‑
diation based onwavelength is also shown, with visible light defined between 0.4 and 0.7 µmand the
boundary between solar (SW) and terrestrial (LW) radiation defined at a wavelength of 4 µm. The
wavelengths at which the intensity is maximized are 0.502 µm and 11.36 µm for solar and terrestrial
radiation, respectively (Equation (A37) in Appendix A.2). The temperature T = 255 K is the mean
temperature of the Earth’s atmosphere (see Section 4.3 for justification).

Given that the amount of energy the Earth receives from the Sun is equal to the amount
it radiates back to space, it is not correct to say the Earth gains energy from the Sun. Rather,
it is correct to say that the Sun provides the Earth with a source of low entropy. Indeed,
solar radiation is at higher frequencies than terrestrial radiation (see Figures 8 and 9), and
entropy is a decreasing function of frequency (see Equation (A29) in Appendix A.2). The
difference between the lower entropy of solar radiation and the higher entropy of terrestrial
radiation is the main reason why the atmosphere is maintained away from equilibrium.

Based on the Stefan–Boltzmann Law and using the trigonometric and astronomic de‑
tails of Earth’s geometry andmotion, we obtain the equilibrium temperature of Earth. The
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results shown in Table 2 are for the top of the atmosphere (TOA) and for the average albedo
α = 0.30 [3].

Figure 9. Transmission and absorption of SW (solar) and LW (terrestrial) radiation through the at‑
mosphere vs. wavelength. The absorption bands of Earth’s atmosphere (middle) affect both down‑
welling SW radiation and upgoing LW radiation emitted near the surface (upper). The individ‑
ual absorption spectra of radiatively active gases (plus Rayleigh scattering) are also shown (lower).
(Source: [47] under a CC license.)

Table 2. Comparison of Earth’s average temperature resulting from the indicated assumptions and
albedo α = 0.30 (Source: [3]).

Case Description Ratio
T/T0

T (K) for Emissivity ϵ =
1 0.95 0.9 0.85

Idealized T0 at a surface perpendicular to the Sun’s rays 1.000 359.2 363.8 368.7 374.0
Superconductive sphere, Teff 0.707 254.0 257.2 260.7 264.5
Nonrotating planet (or rotating parallel to the Sun’s rays) 0.400 143.7 145.5 147.5 149.6
Fast‑rotating planet without tilt 0.699 251.0 254.3 257.7 261.5
Fast‑rotating planet with Earth’s tilt 0.681 244.6 247.7 251.1 254.7

As seen in Table 2, the equilibrium temperature is not a uniquely defined magnitude;
depending on several factors, it can range widely. For reasons explained in [3], the most
realistic value is that in the bottom‑right corner of Table 2, or somewhat higher. We finally
adopt the average temperature value of 255 K.

A typical question is ‘Why is Earth’s surface temperature 288 K (estimated by aver‑
aging measurements at Earth’s surface), much higher than the equilibrium temperature
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(255 K)?’ The typical answer is ‘Because of the “greenhouse effect”.’ Here we examine
another question: Is it higher (in a comparable way)?

In calculating the equilibrium temperature of 255 K, we used the irradiance and
albedo at the TOA, and thus we considered the Earth as a whole. On the other hand, at
any location (defined by its geographical coordinates (φ, λ)) we do not have a unique Earth
temperature across altitudes z because the atmospheric column is not isothermal.

Since calculating the equilibrium temperature, we considered the Earth as a whole;
it is reasonable to assume that this value represents the average temperature over the at‑
mospheric column. As inferred from Figure 7, the column average temperature equals the
actual temperature at an altitude of 5–7 km, which roughly corresponds to the atmospheric
pressure level of 500 hPa.

As seen in Figure 10, based on ERA5 reanalysis data, the global average temperature
at the level of 500 hPa is 258 K, close to 255 K. Furthermore, the average altitude for the
pressure level of 500 hPa is 5.7 km. It appears thus that we have a “stationary point”, the
intersection of the isotherm of 255 K and the inclined profile, with its slope being the lapse
rate. For a lapse rate of 6.5 K/km in the troposphere, a temperature of 255 K at the altitude
of 5.7 km yields a surface temperature of 292 K, close to 288 K.
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Figure 10. Temperature variation at the atmospheric level of 500 hPa according to ERA5 Reanalysis.
In addition to the annual global average, maxima and minima are plotted as indicated in the legend;
the dotted line, almost indistinguishable from the line of annual average, is a linear trend with slope
0.14 K/decade. The data were retrieved from WRIT [45], except for the series of annual averages of
monthly maxima and minima, which were retrieved from ClimExp [46].

4.4. Is the Atmosphere a Greenhouse?

A greenhouse is a structure designed to regulate the temperature and humidity of the
environment inside. Such constructions had their origin in Roman times [48], and initially
aimed to insulate a garden during the night. When greenhouses became common in the
17th century, they were outfitted with glass. In modern times, the cover and walls can be
plastic, usually low‑density polyethylene (LDPE).

It was thought that the glass’s opacity to LW radiation was the mechanism causing
warming of the greenhouse, by letting SW radiation in and trapping LW radiation. This is
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not accurate, as testified by both Roman and modern technology. In particular, LDPE is
transparent to LW radiation.

In fact, the mechanism of warming in a greenhouse is the blocking of convection,
which otherwise would transfer heat from the inside farther away. This has been known
for more than 100 years, by an experiment by Wood (1909) [49], who reported that “the
loss of temperature of the ground by radiation is very small in comparison to the loss by
convection; in other words […] we gain very little from the circumstance that the radiation
is trapped”.

In contrast, in the atmosphere, the surface warming relative to the effective radiating
temperature occurs through the establishment of the lapse rate via convection. Without
convection, the temperature profile would be isothermal (as is in a real greenhouse). An
isothermal atmosphere would lead to an average surface temperature of 255 K (see Table 2
and its description). It is the temperature gradient that makes the surface warmer than this.
Thismay sound paradoxical if viewed on a local scale, e.g., abovewarm groundwhere con‑
vection removes heat. However, it should be viewed on a macroscopic basis including the
entire air column and not as a local phenomenon. Convection does not impact the av‑
erage temperature of the atmospheric column, which remains close to 255 K, and this is
indeed the case as seen in Figure 10. A temperature equal to the column average appears
at about 5.7 km. As illustrated above, if we take this “stationary point” (the intersection of
the isotherm at T = 255 K and an inclined profile) and apply a slope of 6.5 K/km to the in‑
clined profile, thenwefind that the surface temperaturewill be close to 288K. Thewarming
(from ~255 K to ~288 K) is a necessary consequence of the lapse rate, which in turn appears
because of convection. Indeed, there would not be a lapse rate without convection. Con‑
vection occurs in a reversible adiabatic manner, thus pushing the atmosphere toward the
isentropic profile. In an isentropic profile, temperature decreases with increasing altitude
(see Figure 3)—hence the lapse rate. This line of reasoning is summarized in the schematic
of Figure 11. Note that this ordering is the reverse of the classic Manabe and Strickler
(1964 [50]) pure‑radiative versus radiative‑convective comparison (see Section 4.5); the dif‑
ference arises because here the lapse rate is set by the entropy maximization framework
rather than by radiative equilibrium.

 

Isothermal profile coinciding with isentropic profileThermal equilibrium

Isothermal equilibrium profile but distinguished from the 
isentropic profile (isothermal: entropy increases with altitude; 
isentropic: temperature decreases with altitude)

Thermal equilibrium 
under gravitation

Nonequilibrium profile with heat fluxPerpetual macroscopic change

Macroscopic (turbulent) fast motion (convection) drives heat 
flux with negligible contribution of molecular motion
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exchange
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Figure 11. Logical chain for the formation of the atmospheric temperature profile according to the
proposed approach.
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Because the dominantmechanisms operating in the atmosphere are in several respects
opposite to those of a greenhouse, the traditional label “greenhouse effect” is arguably in‑
accurate. It carries several potential drawbacks: a mismatch of mechanisms (convection
versus radiation and the implication of a static barrier), an oversimplified view of complex
processes, and an uneven emphasis on particular gases [35]. As first highlighted by Aristo‑
tle, sapheneia (clarity and accuracy) of concepts and terminology is essential in science. In
this respect, the expression “anti‑greenhouse effect” would be more accurate in describing
the behavior of the atmosphere, namely the fact that the convection establishes a lapse rate
and thereby a surface temperature above the column‑mean temperature, whilst a green‑
house warms mainly by suppressing convection. For these reasons, as already mentioned,
the present work uses the terms radiatively active gas (RAG) and atmospheric radiative effect
(ARE). To improve cross‑field readability, the conventional expression “greenhouse effect”
is retained only sparingly and is always placed in quotation marks.

In our framework, ARE is not absent, but constitutes the final link of the chain shown
in Figure 11. Specifically, ARE is necessary for the maintenance and stability of the lapse
rate, which is created by convection. This stability requires an energy source at the bottom
and a sink at the top. Therefore, in a fully transparent atmosphere (without theARE),while
the perpetual changes listed in Section 3.8would still occur andwould produce convection,
that convectionwould vary in time and space, and the lapse ratewould likely becomemore
variable and could frequently change sign locally. In that imaginary case, atmospheric
cells, such as convective systems and global circulation cells, as well as the evaporation–
condensation–precipitation processes, would likely have a more complex structure and an
enhanced role in energy redistributionwithin the atmosphere. In the real atmosphere, ARE
properly adapts the energy balance so that the lapse rate remains at the value determined
by thermodynamics, rather than imposing a different value of its own. The adaptability
of radiation with respect to lapse rate will become more evident in Section 4.5, where it
will be seen that the net effect of ARE on the surface temperature (without considering
convection) can be either warming (for the most common case of positive lapse rate) or
cooling (in the case of atmospheric inversion). In this sense, the radiative adjustment func‑
tions as the restorativemechanism described by the notion of Le Chatelier’s principle. This
principle states that, if a dynamic balance is disturbed by changing conditions, the system
shifts its state to counteract that change and restore balance. Further clarification and jus‑
tification of the proposed logical chain is provided in Appendix A.3, also using real‑world
atmospheric data.

4.5. How Are the Vertical Temperature Gradient and ARE Linked?

This question cannot be answered merely from experimental evidence, as it is diffi‑
cult to control the lapse rate. It is also difficult to address it by deduction based on bulk
entropy maximization, as we did in other questions. Therefore, to investigate the link be‑
tween the vertical temperature gradient and ARE, we use a radiation transmission model,
namely RRTM (standing for rapid radiative transfer model), a hybrid physical/statistical
approximation of the full line‑by‑line models, whose results have been extensively evalu‑
ated and validated [51,52]. The model implementation used here simulates the radiation
flux through Earth’s atmosphere at a range of altitudes, calculating both SW (incoming and
scattered sunlight) and LW (emitted by the ground and the atmosphere), both upward and
downward. The model version used is an online application [53] and thus any interested
reader can repeat the calculations and check the results.

In the first mode, RRTM was run with different lapse rates Γ using default values for
other parameters and assuming no clouds. The equilibrium temperatures obtained from
the RRTM runs at the surface (TS) and the TOA (TTOA) are shown in Figure 12. For Γ = 0
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we get TS = TTOA = 256 K (expected: ~255 K). For Γ = 6 K/km we get TS = 284 K
(reasonably below 288, not considering clouds). Importantly, the surface temperature TS
increases with Γ for the same atmospheric composition and tends to become constant for
high Γ.
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Figure 12. Surface and TOA temperatures leading to energy balance vs. lapse rate, as calculated from
RRTM runs using default parameters without clouds, as well as using the indicated modifications of
parameters for sensitivity analysis.

For sensitivity analysis, additional RRTM runs were conducted, and two sets of re‑
sults are also shown in Figure 12. For the first additional set, the assumption of double
CO2 concentration (800 ppm, where the default value is 400 ppm) was made, as is typical
in climatic sensitivity studies. In isothermality, no change is seen, while in positive and
negative lapse rates the doubling of CO2 concentration results in an increase and decrease
in surface temperature, respectively (and the opposite behavior in TOA temperature). For
Γ = 6 K/km and 12 K/km, the temperature increase is 2.5 K and 3 K, respectively.

For the second additional set, the CO2 concentration was kept constant at the default
value of 400 ppm, but a relatively small fraction, 20%, of high clouds was assumed (com‑
pared to 0 in the default parameter set). The behavior is similar, but the changes are much
greater: 5.5 K and 12 K for Γ = 6 K/km and 12 K/km, respectively (2.2 and 4 times greater
than the effect of doubling the CO2 concentration, respectively). Overall, the sensitivity
analysis shows that the presence ofNC‑RAGs does affect the temperature profile, but other
factors such as lapse rate and clouds are more important.

The most characteristic index for the behavior of the atmosphere—with emphasis on
the troposphere—is provided by the net radiative flux gradient dR/dz, easily calculated
from RRTM and depicted in Figure 13. To investigate the results shown in this graph, we
use the following simplified form of the differential equation for the one‑dimensional heat
transfer in fluids, written in SI units [3]:

cpρ
∂T
∂t

= KT
∂2T
∂z2 − dQ

dz
− dR

dz
(44)

where R and Q are the total vertical radiation and heat flux, respectively (in units of power
per area), and KT is a macroscopic (long‑term in a stochastic view) thermal conductiv‑
ity. The equation holds for an atmosphere without convection, but can approximate an
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atmosphere with convection if the variables are regarded as temporal averages for time
scales long enough so that the expectation of the gradient ∂T/∂z could be assumed con‑
stant throughout z. Observational data of the troposphere suggest that this is indeed the
case, and hence E

[
∂2T/∂z2] = 0; the first term on the right‑hand side of Equation (44) can

be omitted. It is stressed that the online RRTM version used in this paper is consistent with
this assumption (constant Γ = −∂T/∂z).

Figure 13. Vertical distribution of net radiation flux gradient for the RRTM runs as in Figure 12
(ensuring the energy balance) vs. lapse rate. For better presentation, smoothing of the original values
was performed by taking moving averages over five adjacent values.

We examine two special cases: in the first, there is no vertical heat transfer, i.e.,

dQ
dz

= 0, cpρ
∂T
∂t

= −dR
dz

(45)

and in the second, there is steady state, i.e.,

∂T
∂t

= 0,
dQ
dz

= −dR
dz

(46)

Furthermore, we focus on the troposphere and denote TS and TTP as the temperature
at the surface and the tropopause, respectively, where the tropopause is assumed to be
at the altitude of 11 km, as in the standard atmosphere. We compare these temperatures
with those of an isothermal atmosphere, TIT, which would be between TS and TTP. We
also denote dRS/dz and dRTP/dz the radiative heat flux gradient near the surface and the
tropopause, respectively.

In the case of temperature inversion, we will have

Γ < 0,
∂T
∂z

> 0, TS < TIT < TTP (47)

From Figure 13, in both examined cases of inversion, Γ = −3 and −1 K/km, we have

dRS
dz

< 0,
dRTP
dz

> 0 (48)

If we assume no vertical heat transfer, then
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• Near the surface we have, ∂TS/∂t > 0; hence, the layer will warm, and the tempera‑
ture will tend toward the isothermal, TIT;

• Near the tropopause we have, ∂TTP/∂t < 0; hence, the layer will cool, and the tem‑
perature will tend toward the isothermal, TIT.

That is, in both cases, an atmosphere with temperature inversion and no vertical heat trans‑
fer is unstable, and its temperature profile will tend to the isothermal, which is stable ac‑
cording to molecular thermodynamics (Sections 3.7 and 3.8).

If we assume steady state for the cases of temperature inversion, then

• Near the surface, dQS/dz > 0, which means that less energy leaves the layer from
below than enters from above; since heat can only be absorbed by the layer, thismeans
that the heat transfer is from upper layers downward;

• Near the tropopause, dQTP/dz < 0, which means that more energy enters the layer
from below than leaves it from above, or we have upward transfer of energy.

That is, in steady state in the long term, heat should be created somewhere between
the surface and the tropopause and be transmitted both downward and upward, which
seems absurd.

In the case of a regular atmospheric profile, i.e., cooling with increasing altitude, we
will have

Γ > 0,
∂T
∂z

< 0, TS > TIT > TTP (49)

From Figure 13, in the examined regular cases, 0 < Γ ≤ 6 K/km, we have

dRS
dz

> 0,
dRTP
dz

> 0 (50)

If we assume no vertical heat transfer, then across the entire atmosphere we have ∂T/∂t < 0;
hence, any layer will cool, which seems absurd. On the contrary, if we assume steady
state, then across the entire atmosphere we have dQ/dz < 0, which means that more
energy enters the layer from below than leaves it from above. Some energy is absorbed in
the layer, and we have upward transfer of energy. This is physically consistent, because
TS > TTP. Actually, this suggests the development of convection to restore energy balance
through dQ/dz < 0.

The profile with the steepest gradient (superadiabatic case) in Figure 13, Γ = 12 K/km,
results in a very positive dRS/dz near the surface and a negative dR/dz in the upper at‑
mospheric layers. Without convection, we will have ∂T/∂t < 0 in the troposphere and
∂T/∂t > 0 in the stratosphere, i.e., a clear tendency to the isothermal profile.

Most interesting and enlightening are the RRTM results for the isothermal state
(Γ = 0). We observe in Figure 13 that in this case dR/dz is close to zero for the entire
troposphere. A small negative dR/dz appears in the lower atmospheric levels, which,
however, is not deemed to be significant, as the accuracy of the model is not perfect. Also,
an isothermal atmospherewould block convection and hence radically reduce evaporation.
In RRTM, the default value of humidity is 80%, and this was not modified in our model
runs. If taken lower, the negative dR/dz disappears. For dR/dz = 0 we have dQ/dz = 0
implying no heat transfer and no convection. Therefore, the isothermal state is stable both
with and without RAGs. In other words, for the isothermal case (Γ = 0), RRTM confirms
that the thermodynamic equilibrium in the troposphere (dQ/dz = 0) is also a radiative
equilibrium (dR/dz ≈ 0). The plausibility that the atmospheric profile of thermodynamic
equilibrium is also at radiative equilibrium is studied in Appendix A.4 bymeans of simple
and transparent calculations rather than sophisticated models. These simple calculations
are consistent with RRTM results for an isothermal atmosphere.
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Some of the above results stand in contrast to Manabe and Strickler’s [50] notion of
pure radiative equilibrium, which corresponds to a very steep lapse rate and a surface tem‑
perature of 332.3 K, without convection. Further explanation of this contrast is provided in
Appendix A.5. It is stressed that RRTM is a purely radiative model and does not model or
make dynamical assumptions about macroscopic atmospheric motion, including convec‑
tion. Hence, its results are not affected by the presence or the absence of convection. Rather,
the absence of convection is signified by the condition ∂T/∂z = 0 in the temperature profile,
i.e., by the isothermal atmosphere at about T = 255 K. Once RRTM results in dR/dz ≈ 0
for this condition, the same condition ∂T/∂z = 0 also signifies a radiative equilibrium.

The above theoretical findings are also supported by experimental and field evidence.
Among laboratory experiments related to LW radiation from gases, the most sophisticated
and informative ones are those of Harde and Schnell [54,55] and Schnell andHarde [56–58].
Their measurements were also confirmed by radiative transfer calculations. Their results
suggested that ARE depends on the lapse rate. They provided experimental evidence that
ARE can also have a cooling effect, which they called “negative greenhouse effect”.

Measurements by satellites also support the fact that, in the case of an inversion, the
behavior of ARE is reversed. Figure 14 (reproduction with adaptation of part of Figure 9
in [59]) shows the vertical intensities at the TOA observed from a satellite and modeled
with radiation transfer theory for the Mediterranean and Antarctica. In both cases, the
agreement between observations and the detailed radiation modeling the authors con‑
ducted is remarkable. (Similar remarkable agreements have also been reported for other
data sets, e.g., [60]).
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Figure 14. Vertical radiation intensities at TOA observed with a Michelson interferometer in a satel‑
lite (afterHanel andConrath [61]), andmodeledwith radiation transfer theory for theMediterranean
and Antarctica (Reproduction with adaptation of part of Figure 9 in [59]).
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However, when compared to Planck’s law, remarkable differences are seen. In the
Mediterranean, there is a regular vertical temperature profile, with a positive lapse rate.
In contrast, in Antarctica, an atmospheric inversion is almost permanent between the sur‑
face and the atmospheric level of 600 hPa [35]. In theMediterranean, as a result of the ARE,
the radiation intensity at the TOA is lower than that leaving the ground, where the latter
is given by the curve of Planck’s Law. This has a warming effect on the ground. However,
in Antarctica, the ARE amplifies the LW radiation that leaves the ground. This is tanta‑
mount to a cooling effect at all altitudes, including at the surface. Hence, it is the vertical
temperature profile that determines whether ARE has either a warming or a cooling effect.
Once positive lapse rates have a warming effect on the ground and negative lapse rates a
cooling effect, it may be expected that a zero lapse rate would be neutral (neither warming
nor cooling) in consistency with the RRTM results.

Yet the proposed stochastic framework, which is different from the established
radiative‑convective thermodynamic framework, needs to be further tested. Tests should
also include comparisons of the two approaches based on testable observational predic‑
tions. For this reason, some possible falsifiable empirical benchmarks for such testing are
discussed in Appendix A.6.

5. Discussion
The entropic–stochastic framework has several advantages, such as the unifying char‑

acter, simplicity, parsimony, better alignment with quantum uncertainty, and resolution
of paradoxes. Its relevance for hydrometeorology and the new insights it provides can ex‑
plain a diversity of processes, including convection, lapse rates, moisture effects, radiation,
and non‑equilibrium states.

Future work would point out strengths and limitations, as well as required adapta‑
tions of the framework in additional tasks, such as full stochastic processes, turbulence,
and climate implications. As an example, independence at the molecular scale needs to be
adapted in studying turbulent motion.

With reference to classical thermodynamics, it is remarkable that all analyses pre‑
sented here fully avoided using its four principles. Rather, the principles are either derived
or replaced by the new stochastic framework. In summary:

Zeroth Law: If two systems are in thermal equilibrium with a third system, then they are
in thermal equilibrium with each other.

We did not need this law. Rather, we derived it from maximization of entropy.

First Law: It is related to the conservation of energy, which in classical thermodynamics
takes a particular form distinguishing internal energy and work.

We used the conservation of energy as a first principle, fromwhich the particular form
used in thermodynamics is readily derived.

Second Law: It states that in the process of reaching thermodynamic equilibrium, the total
entropy of a system increases, or at least does not decrease.

We replaced itwith the principle ofmaximumentropy applied to thermodynamic systems.

Third Law: It states that the entropy of a system approaches zero as the temperature ap‑
proaches absolute zero.

We did not need to assume this law at all. Rather, the law is derived in [3] in a slightly
different form, in which as the entropy approaches zero, the energy is not zero but a super‑
tiny quantity, smaller than the quantumzero‑point energy that is imposed byHeisenberg’s
uncertainty principle. Thus, our stochastic framework is in better agreementwith quantum
physics than the classical version, which implies that zero energy is in principle feasible.
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Additionally, the new framework enables broader philosophical and scientific impli‑
cations in terms of comprehending and treating uncertainty and change, which are princi‑
pal properties of nature.

6. Conclusions
• A novel foundation of entropy was proposed, grounded in stochastic principles and

four postulates that naturally incorporate the principle of maximum entropy as an
ontological (physical) law of nature, rather than merely an epistemological tool.

• The resulting entropy expression, uniquely derived, coincides with the classical
Planck–Shannon form but rests on firmer mathematical and conceptual grounds, free
from the circularities and limitations of previous formulations.

• This framework unifies probability, uncertainty, and change: entropy is uncertainty
quantified, and its maximization drives the irreversible evolution of natural systems.

• In hydrometeorology and atmospheric thermodynamics, the approach allows deduc‑
tive derivation of key physical laws and relations (temperature, ideal gas law, specific
heats, dry and moist isentropic profiles, Clausius–Clapeyron equation, Planck’s radi‑
ation law) directly from stochastic principles and conservation of energy.

• The stochastic view reveals the atmosphere as a system governed by coexistingmolec‑
ular and macroscopic randomness across scales, explaining why its temperature pro‑
file tends toward (but is not strictly) isentropic rather than isothermal.

• Overall, stochastics emerges not as a modeling convenience but as the actual physics
underlying natural processes. This consideration offers clarity (sapheneia), predictive
power, and deeper insight into the workings of a fundamentally uncertain world.

Uncertainty is not a bug. It is the governing principle that makes the universe alive.
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The following abbreviations are used in this manuscript:

ARE Atmospheric radiative effect
CERES Clouds and the Earth’s Radiant Energy System (NASA)
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ClimExp Climate Explorer

ERA5
Fifth generation atmospheric reanalysis of the European Centre for Medium‑Range
Weather Forecasts

ICAO International Civil Aviation Organization
LDPE Low‑density polyethylene
LW Longwave
MODTRAN MODerate resolution atmospheric TRANsmission model
RAG Radiatively active gas
RRTM Rapid radiative transfer model
SI Système international d’unités (International System of Units)
SW Shortwave
TOA Top of the atmosphere
WRIT Web‑based Reanalysis Intercomparison Tool (NOAA)

Appendix A
Appendix A.1. Proof of Theorem 2 for the Derivation of the Entropic Formula

Step 1. We start with the observation that, since Postulate 4 holds for any pair of
partitionsA,A′, it also holds in the simplest nontrivial case of bipartitions. LetA =

{
A, A

}
be a bipartition ofΩ, with probabilities P(A) =: x and P

(
A
)
= 1− x. By virtue of Theorem

1, the entropy is
Φ[A] = φ(x) + φ(1 − x) (A1)

We consider two identical ground sets Ω, Ω′, and two identical partitions thereof,
A =

{
A, A

}
, A′ =

{
A′, A′} with A′ = A. The product partition is A ⊗ A′ ={

AA′, AA′, AA′, AA′} and constitutes a partition of the set Ω × Ω′. Let y = P(AA′).

Since P(AA′) + P
(

AA′)
= P(A) = x, P(AA′) + P

(
AA′) = P(A′) = x, we have

P
(

AA′)
= P

(
AA′) = x − y. Furthermore, since P

(
AA′) + P

(
AA′)

= P
(

A
)
= 1 − x,

we have P
(

AA′)
= 1 − x − (x − y) = 1 − 2x + y. Hence, the entropy of the product

partition is
Φ
(
A⊗A′) = φ(y) + 2φ(x − y) + φ(1 − 2x + y) (A2)

Step 2. The probability y which extremizes Φ(A⊗A′) has derivative zero, i.e.,

∂Φ(A⊗A′)

∂y
= φ′(y)− 2φ′(x − y) + φ′(1 − 2x + y) = 0 (A3)

Step 3. By Postulate 4, for independent A, A′, y = P(AA′) = P(A)P(A′) = x2. Hence,

φ′
(

x2
)
− 2φ′

(
x − x2

)
+ φ′

(
(1 − x)2

)
= 0 (A4)

We note here that independence of A, A′ implies independence of all other pairs.
Specifically, we have

P
(

AA′)
= P

(
AA′) = x − x2 = x(1 − x) = P(A)P

(
A′)

= P
(

A
)

P(A′),

P
(

AA′)
= 1 − 2x + x2 = (1 − x)2 = P

(
A
)

P
(

A′) (A5)

Step 4. The functional Equation (A4) should be valid for any x in [0, 1]. Consequently,
a solution to this equation will also be a solution to equation

φ′
(

x2
)
− 2φ′(x) + φ′(1) = 0 (A6)
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The latter is obtained by taking a very small x in (A4), so that we can omit all
but the lowest‑order polynomial terms, and it is easier to handle. By setting x = e−s,
g(s) = f ′(e−s)− φ′(1), we get the linearly homogeneous functional equation

g(2s) = 2g(s) (A7)

whose solution is
g(s) = k s (A8)

where k is any real number. Pathological discontinuous solutions of the equation are ex‑
cluded by virtue of Postulate 1. By inverting the transformation, we get

φ′(x) = φ′(1)− kln x, φ(x) =
x∫

0

φ′(q)dq = x
(

φ′(1) + k − k ln x
)

(A9)

From Postulate 2, we have Φ(Ω) = φ(1) = 1(φ′(1) + k) = 0, so that φ′(1) = − k,
and finally

φ′(x) = −k − kln x, φ(x) = −k xln x (A10)

Step 5. We verify that the thus determined φ(x) satisfies the original functional equa‑
tion in step 3. We have

φ′(x2)− 2φ′(x − x2)+ φ′
(
(1 − x)2

)
=
(
−k − k ln x2)+ (2k + 2k ln

(
x − x2))+ (−k − k ln

(
(1 − x)2

))
= k ln (x−x2)

2

x2(1−x)2 = k ln 1 = 0
(A11)

which validates the solution.
Step 6. By virtue of Theorem 1, the entropy of A is

Φ(A) = φ(x) + φ(1 − x) = −k xln x − k (1 − x)ln(1 − x) (A12)

Since (by Postulate 1) Φ(A) ≥ 0, we must set k > 0. We check whether the extremum
Φ(A) is a maximum or a minimum. The second derivative is φ′′ (x) = −k/(x(1 − x)) < 0,
which means that we have a maximum.

Step 7. We consider two arbitrary partitions A,A′ of Ω, Ω′ with n, n′ elements, re‑
spectively, and we will show that the uniquely defined function φ(x) = −k xln x for bi‑
partitions satisfies Postulate 4 for any A,A′. Specifically, we will show that entropy maxi‑
mization with this φ(x) results in independent partitions. If xi = P(Ai), x′j = P

(
A′

j

)
, yij =

P
(

Ai A′
j

)
then

xi =
n′

∑
j=1

yij, x′j =
n

∑
i=1

yij (A13)

The total entropy is

Φ
(
A⊗A′) = −k

n

∑
i=1

n′

∑
j=1

yijln yij (A14)

The functional that maximizesΦ(A⊗A′)with constrained probabilities as above and
Lagrange multipliers λi, λ′

j is

L = −k
n

∑
i=1

n′

∑
j=1

yijln yij −
n

∑
i=1

λi

(
xi −

n′

∑
j=1

yij

)
−

n′

∑
j=1

λ′
j

(
xj −

n

∑
i=1

yij

)
(A15)
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and has derivatives

∂L
∂yij

= k
(
−1 − ln yij

)
− λi − λ′

j = 0,
∂L
∂λi

= −xi +
n′

∑
j=1

yij = 0,
∂L
∂λi

= −xj +
n

∑
i=1

yij = 0 (A16)

Hence,

yij = exp
(
−λi

k

)
exp

(
−

λ′
j

k

)
exp(−1) = exp

(
−λi

k
− 1

2

)
exp

(
−

λ′
j

k
− 1

2

)
(A17)

Setting

λi = −k(ln xi +
1
2
), λ′

j = −k(ln x′j +
1
2
) (A18)

we find that
yij = xix′j (A19)

which means that the partitions A,A′ are independent. It is easy to see that the con‑
straints are satisfied with these values of λi, λ′

j and hence the values set for λi, λ′
j are the

correct ones.
Step 8. The constant k can be any positive real, but by convention (and for conve‑

nience) we set k = 1. This completes the proof of Theorem 2.

Appendix A.2. Derivations for Planck’s Law for Blackbody Radiation

In maximizing φR in Equation (36) with constraints (37), the Lagrangian is

L = φR − λ1

(
∞

∑
j=0

Pj − 1

)
− λ2

(
∞

∑
j=0

Pj j hp ν − εR

)
(A20)

where λ1 and λ2 are Lagrange multipliers. Taking the derivative with respect to Pj and
equating it to 0, we find

−1 − ln Pj − λ1 − λ2hp ν j = 0 (A21)

which, after taking the probability constraint into account, yields

Pj =
(

1 − e−λ2hp ν
)
e−λ2hp ν j (A22)

This is the geometric distribution, which can be reparametrized by its mean in its
standard form (see [2,3]; their Table 2.4):

Pj =
1

1 + µ

(
µ

1 + µ

)j
, µ = E

[
j
]
=

1
eλ2hp ν − 1

(A23)

On the other hand,
µ = E

[
j
]
=

εR
hp ν

(A24)

from which λ2 is determined as

λ2 =
ln
(

1 + hp ν
εR

)
hp ν

(A25)

The entropy of the geometric distribution is (see [2,3], their Table 2.4)

φR = ln

(
(µ + 1)µ+1

µµ

)
=

(
εR

hp ν
+ 1
)

ln
(

εR
hp ν

+ 1
)
− εR

hp ν
ln
(

εR
hp ν

)
(A26)
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Taking the derivative with respect to εR we find

1
θ
=

∂φR
∂εR

= λ2 =
ln
(

1 + hp ν
εR

)
hp ν

(A27)

Solving for εR we find

εR =
hpν

e
hpν

θ − 1
(A28)

Upon substitution of λ2 and θ in the expressions of Pj and φR, we obtain, respectively,
Equations (38) and (39). By taking the derivative of φR in Equation (A28) with respect to ν,
we find

∂φR
∂ν

= −
hp2ν

4θ2sinh2
(

hpν
2θ

) < 0 (A29)

Because ∂φR/∂ν is negative, the radiative entropy φR decreases with the increase
in frequency ν. That is, photons with higher frequency are associated with lower en‑
tropy than those with lower frequency. On the other hand, since ∂φR/∂εR = 1/θ > 0
(Equation (A28)), the radiative entropy is an increasing function of energy. Finally, the
derivative of φR with respect to θ is

∂φR
∂θ

=
hp2ν2

4θ3sinh2
(

hpν
2θ

) > 0 (A30)

and so the radiative entropy is an increasing function of temperature.
Equation (A28) gives the energy without reference to time. To convert it to power

(energy per unit time), we should involve the frequency ν and get the quantity εRν. To
convert it to power per unit area, we move from the notion of a single emitting molecule
to the notion of a surface of a solid or liquid with very many (Avogadro‑scale) emitters. By
elementary dimensional analysis involving the speed of light in vacuum co, in addition to
the frequency ν, as influencing the phenomenon, we observe that the quantity ν2/co2 gives
the required units of inverse area. The typical conceptual explanation for ν2/co2 = 1/λ2

is that it represents the number of “modes” that exist in a given space in a standing wave
vibrating at frequency ν. Therefore, we need to use the quantity εRν3/co2. However, in
whatwe call blackbody radiation, the emission does not occur at a specific frequency but at all
frequencies. Therefore, we need to define a quantity of power per unit frequency (dividing
by ν) and per solid angle (measured in steradians—sr—which in fact is dimensionless,
surface area divided by radius squared).

From these considerations and utilizing Equation (A28), we conclude that the so‑
called spectral radiance (in unitsW sm−2 sr−1) is given by the first expression in Equation (40)
known as Planck’s Radiation Law. In this, the multiplying factor 2 could not be found by
dimensional analysis, but from measurement. The typical conceptual explanation for it
is that there are two different polarizations of light as a transverse wave. Specifically,
there are two spatial dimensions perpendicular to the direction of travel, which define
two independent (orthogonal) states of polarization, horizontal and vertical (any other
polarization is just a combination of these two primary states). We note, though, that
Equation (A28) does not contain angle units and therefore, assuming that the total angle
of emission over a surface is 2π (for a half‑spherical geometry), the actual equivalence is
2π Bν(ν, θ) = 2

(
ν2/co2) εR or Bν(ν, θ) =

(
ν2/co2) εR/π, which implies a factor of 1/π

instead of 2, when we convert the energy of an emitter to the power per unit area, unit
frequency, and unit angle.
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Assuming that the emission is from a sphere (a star or a planet) of radius r and that we
observe it from a point at a distance d from the center of the sphere, the received radiation
or irradiance (in units of W−1 m−2 s) is

Iν(ν, θ, d) = π
( r

d

)2
Bν(ν, θ) = 2π

( r
d

)2
(

ν

co

)2
εR(ν, θ) (A31)

At the surface of the sphere d = r the irradiance is called the spectral radiant exitance
and is

Iν(ν, θ, r) = Mν(ν, θ) := πBν(ν, θ) =
2πhpν3

co2
(
e

hpν

θ − 1
) (A32)

We note that, despite the angle being 2π, we multiply by π as a result of decreasing
weight for more distant emitters. (The result is accurate, but we omit the proof.) At a large
distance, the quantity πr2/d2 equals the solid angle Ωd, and thus,

Iν(ν, θ, d) = Ωd Bν(ν, θ) =
Ωd
π

Mν(ν, θ) =
2Ωdhpν3

co2
(
e

hpν

θ − 1
) (A33)

It is common to use the loose term spectral intensity to describe any of the quantities
B, M, I. We can also convert the spectral intensity using the wavelength λ instead of the
frequency ν, where

λ =
co
ν

, dλ = − co
ν2dν (A34)

Since
Mν(ν, θ)dν = Mλ(λ, θ)dλ (A35)

we obtain the second expression listed in Equation (40). Likewise, wemay convert Bν(ν, θ)

and Iν(ν, θ, d) to expressions involving λ.
All the above functions represent bell‑shaped curves with a maximum intensity. To

find the position of the maximum, we take the derivative of Mλ(λ, θ) and equate it to zero.
This results in

e
hpco

λθ

(
hpco

θ
− 5λ

)
+ 5λ = 0 (A36)

which has a closed solution for λ:

λmax =
1

5 +W(−5e−5)

hpco
kBT

= 0.2014
hpco

θ
(A37)

where W(·) is the Lambert W function. This result, here derived analytically with a closed
solution (rather than numerically as is typical in the literature), is known asWien’s Displace‑
ment Law.

Appendix A.3. Atmospheric Radiative Cooling as an Emergence of Le Chatelier’s Principle

A common account in the climate literature is that radiative processes associated with
the “greenhouse effect” set the tropospheric lapse rate. The alternative developed here is
that the lapse rate is fixed by convective thermodynamics, while radiation adjusts to it. The
different line of reasoning proposed here is summarized in the schematic of Figure 11. The
emission of LW radiation by the atmosphere is highly adaptive and is therefore regarded
here as emergent from Le Chatelier’s principle, while the lapse rate is dictated by atmo‑
spheric thermodynamics. In the present case, the dynamic balance to which the principle
refers is not the molecular (thermal or chemical) equilibrium (the first link of the chain
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of Figure 11) but a combined balance that incorporates both microscopic (molecular) and
macroscopic (convective) motion, modulated by gravity.

Here we provide additional support to the argument that the lapse rate does not
emerge as a result of the ARE. The high adaptivity of ARE and hence its role as the agent
materializing Le Chatelier’s principle is evident from Equation (43). An elementary rela‑
tive increase in temperature, dT/T, produces a fourfold greater relative increase in the LW
radiation L ≡ I0 (dL/L = 4 dT/T) if the emissivity ϵ is constant.

However, while the emissivity of Earth’s surface ϵS is almost constant and close to
1 (typically between 0.95 and 0.97), the bulk atmospheric emissivity ϵA is not a physical
constant. Rather, it increases with rising temperature for several reasons, thereby enhanc‑
ing the adaptivity still further. One such reason is the spectral shift, described by Wien’s
displacement law (Equation (A37)). As temperature increases, λmax decreases and the spec‑
trum shifts toward smaller wavelengths. As illustrated in Figure 9 of the main text, this
shift brings a larger portion of the spectrum into the region where water vapor is strongly
radiatively active, thereby increasing the effective emissivity. Yet at lower temperatures
(high altitudes), it is the carbon dioxide that becomes more active, as the emission band is
centered at its thermal emission peak (14–15 µm). Still, the relationship of emissivity with
temperature is dominated by the presence of water.

Another reason originates from the geometric distribution of the probability that a
photon of frequency ν is emitted. According to Equation (38) (setting j = 0), this equals
1 − P0 = exp

(
−hpν / kBT

)
, which entails that the probability increases with increasing

temperature. Also, at higher temperatures, molecules have high kinetic energy, and col‑
lisions are more frequent. A large percentage of molecules are constantly bumped into
excited states, giving a higher emissivity at higher temperatures.

An additional reason is related to the fact that the saturation water vapor pressure
increases almost exponentially with temperature. For the same relative humidity, the con‑
centration of water molecules tends to be higher at higher temperatures. As water is the
strongest RAG, this results in higher bulk emissivity.

This should be combined with another factor which is not directly related to tempera‑
ture, but it becomes relevant in the presence of a positive lapse rate: the rise in temperature
goes together with the rise in pressure. At higher pressure, collisions are more frequent,
again resulting in higher bulk emissivity at higher temperatures.

As a combined result of all these factors, in the standard atmosphere the atmospheric
emissivity drops from over ~0.80 near the ground to ~0.10 near TOA, while at the same
time the temperature drops from an average of 288 K near the ground to less than 230 K at
the tropopause.

As a conclusion of all the above analyses, changes in LW radiation required to sat‑
isfy changes in the radiation balance can be effectively taken up by much smaller changes
in temperature, without producing changes in the lapse rate. To illustrate this fact, we
study the monthly changes in radiation, temperature, and lapse rate at north midlatitudes
(30–60◦ N) for the year 2024. The radiation data, both SW and LW at TOA, were taken
from NASA’s ongoing satellite project, Clouds and the Earth’s Radiant Energy System
(CERES) [62,63], were retrieved from the CERES site for the Terra platform [64], and were
spatially averaged over themidlatitude area. The temperature data were taken from ERA5
Reanalysis, were retrieved from the WRIT platform [45] for pressure levels ranging from
1000 to 10 hPa (altitudes 0 to ~31 km), and were again spatially averaged. For the same
pressure levels, the ERA5 geopotential heights were also retrieved, which are practically
equal to the altitudes (error < 0.5% for the examined altitudes). Finally, relative humidity
data at the level of 850 hPa (altitude ~1.5 km) were used as described below.
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The altitude vs. temperature relationships are plotted in Figure A1 for four months,
with January and July being the coldest and hottest, respectively. It is seen that the lapse
rate, depicted as the slope of each plot, is fairly constant for altitudes <10 km and does
not vary substantially through the months, despite the enormous changes in radiation.
Indeed, radiation is marked by huge imbalances, noted in the figure caption; the outgoing
minus incoming total radiation for the four months varies from +118.5 W/m2 (January) to
−76.7 W/m2 (July), and this range is even higher when all 12 months are considered.
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Figure A1. ERA5 temperature vs. altitude, spatially integrated over midlatitudes (30–60◦ N) for the
indicatedmonths of 2024. Themonthly average profiles are compared to the isothermal profiles with
the column‑average temperature as calculated fromEquation (A38) and depictedwith the same color
as that of the empirical profiles. The radiation imbalance (outgoing minus incoming total radiation)
for the four months in W/m2 is Jan +118.5, Apr −36.1, Jul −76.7, Oct +73.0.

Figure A1 also shows the column‑average temperatures calculated as [3]

T =
1

pB − pT

pB∫
pT

T(p)dp (A38)

where T(p) is the temperature at pressure level p, and pB and pT are, respectively, the
pressures at the bottom and the top level of the column considered (here taken as 1000 hPa
and 10 hPa, respectively). The column average temperature T varies from 245.6 K (January)
to 258.5 K (July), while the temperature near the surface (for pB = 1000 hPa) varies from
277.2 K (January) to 295.5 K (July).

The lapse rates, calculated by linear regression on altitudes <10 km for all months, are
slowly varying with a ratio max/min = 1.07, as shown in Figure A2. Figure A2 also shows
the monthly variation in temperature near the surface (at 1000 hPa) and radiation at TOA,
both net SW (incoming minus outgoing) and LW (outgoing). The ratios max/min for all
variables are also shown in the figure legend, and it is seen that radiation has much higher
variation than lapse rate, particularly the SW one.

The relative stability of the lapse rate clearly indicates the thermodynamic, rather than
radiative, origin of the nearly constant lapse rate, as the radiation intensities are highly
variable. This is supported by the observation in Figure A2 that the slight variation in
the lapse rate is not in phase with either SW or LW radiation, nor with temperature. The
hypothesis is that this slight variation could be related to the relative humidity, as a proxy
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of the probability that at a certain location the atmosphere reaches saturation; hence, the
moist lapse rate dominates over the dry one.
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Figure A2. Monthly variation in radiation fluxes at TOA according to CERES data, and temperature
at 1000 hPa and lapse rate according to ERA5 reanalysis data. All data are spatially integrated over
midlatitudes (30–60◦ N) for the months of 2024.

We quantify this assumption by the simple macroscopic relationship in linear form:

Γ = Γd − a U850 (A39)

where Γd = 9.8 K/km is the dry lapse rate, U850 is the relative humidity at the level of
850 hPa, expressed as a fraction between 0 and 1, and a is a parameter to be fitted. It is
readily seen that for U850 = 0, Equation (A39) yields Γ = Γd, as expected for dry air. From
the available monthly data, maximization of the explained variance, EV, of the model in
Equation (A39) results in a = 6.2 K/km and EV = 57%—a satisfactory explanatory power
for the variation in the lapse rate. The good agreement of the thus modeled Γ with the
empirical values is also evident in Figure A2. A caution should be issued, though, that
the validity of the model and the estimated parameter a are limited to the examined area
(midlatitudes) and period (2024), and it would not be appropriate to consider it as a more
general macroscopic law.

It is notable that the very high variability of the net SW radiation (max/min = 4.11)
does not influence the lapse rate at all. The variability of LW radiation at TOA is lower
but also considerable (max/min = 1.23), and much higher than that of the lapse rate
(max/min = 1.07). The variation in the LW radiation follows the pattern seen in the net
SW radiation with a time lag of 2 months. Actually, the monthly average LW radiation at
TOA, LTOA, can be accurately predicted by temperature through the model:

LTOA = (1 − ϵA)ϵSBS + ϵABA = (1 − ϵA)ϵS σSBT4
S + ϵA σSBT4

A (A40)

which gives LTOA as the sum of two terms: the surface LW radiation that is transmitted to
space and a bulk quantity of radiation emitted by an upper layer of the atmosphere (for
further explanation see also Appendix A.4 and in particular Figure A4). In Equation (A40),
TS and TA are characteristic temperatures at the surface and an atmospheric layer, respec‑
tively, BS = σSBT4

S and BA = σSBT4
A are the corresponding values of the blackbody radia‑

tion, ϵS is the surface emissivity and ϵA is a bulk emissivity of the considered atmospheric
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layer. Specifically, we take as TS the temperature at 1000 hPa and as TA the column‑average
temperature from the level of 400 hPa and higher. Furthermore we take ϵS = 0.95 and es‑
timate ϵA from the available monthly data, by maximizing the explained variance, EV, of
the model in Equation (A40). This results in ϵA = 0.59 and EV = 99.5%. The very high EV
signifies an impressively high level of explanatory power for the variability of the LW radi‑
ation at the TOA for this very simple model with only one parameter, despite its simplicity
and the constancy of the emissivity ϵA.

Furthermore, it is clear from the plots of Figure A2 that radiative equilibrium never
appears and that both the surface and the atmosphere have warming and cooling periods.
Taken on an annual basis, again the radiative equilibrium does not close, as the annual
average incoming SW radiation is 310W/m2, while the sumof the annual average outgoing
SW and LW radiation is 330 W/m2, 20 W/m2 higher. To close the balance, we should take
the quantities over the entire Earth rather than the midlatitudes alone.

The key findings of these analyses are as follows:

• The SW radiation is highly variable through the year in midlatitudes.
• The LW radiation changes following a similar pattern to that of the SW radiation, but

with a lag of 2 months and a significant attenuation of variation.
• The temperature variation fully explains and predicts the variation in the LW radiation.
• Despite considerable variation and imbalances in radiation, the lapse rate remains

practically stable.
• The small changes in the lapse rate cannot be attributed to changes in any component

related to radiation; rather, they can be explained by changes in relative humidity.

All the above points allow us to question the standard hypothesis that the lapse rate
is driven by radiation, and to support the alternative hypothesis that it is thermodynam‑
ically determined. Further evidence in support of the alternative hypothesis is provided
by Figure A3, which illustrates that the lapse rate is invariant with respect to changes in
LW radiation. If the lapse rate were driven by radiation, then we would expect that the
difference in LW radiation emitted at the surface, LS, from that outgoing at TOA, LTOA,
would influence the lapse rate. This difference can be reliably estimated by

LS − LTOA = ϵS σSBT4
S − LTOA (A41)

where LTOA is taken from the CERES dataset and the other variables are as described
above. The difference LS − LTOA varies substantially from 108.4 (January) to 154.5 (July)
with max/min = 1.42. However, as shown in Figure A3, it has no effect on the lapse
rate. It is therefore suggested that the role of LW radiation is to materialize Le Chate‑
lier’s principle through the simple model of Equation (A40), while the lapse rate is
thermodynamically driven.

The proposed explanation of surface warming due to convection and the implied
lapse rate extends beyond Earth, most notably to Venus, whose atmosphere is composed
primarily of CO2 (at a mole fraction of about 97% [65]). The very high temperature of
Venus’s surface, of more than 700 K, is usually attributed to the abundance of CO2. For in‑
stance, NASA’s Venus Facts site contains the statement: “The atmosphere is mostly carbon
dioxide—the same gas driving the greenhouse effect on Venus and Earth” [66]. However
the following facts are relevant (a) Venus has a troposphere extending to an altitude of
60 km; (b) it has a dry adiabatic lapse rate of 10.5 K/km [67]; (c) the actual lapse rate in the
entire troposphere is very close to the dry adiabatic [65], which suggests an isentropic pro‑
file; (d) convection with cellular structures dominates in the atmosphere [68]; (e) relatively
low temperatures of about 260 K (but higher than in the Earth) appear in the tropopause
and much lower, of about 120 K (lower than in the Earth), appear in the mesopause [69].
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Consequently, while the overall system is complex, the thermodynamically driven in‑
crease in temperature from the tropopause to the surface by 60 × 10.5 = 630 K fully ex‑
plains the high surface temperature, leaving radiation again to play the role of an agent of
Le Chatelier’s principle.
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FigureA3. Illustration of invariance of lapse ratewith respect to the difference between LW radiation
emitted at the surface, LS, from that outgoing at TOA, LTOA. All data are spatially integrated over
midlatitudes (30–60◦ N) for the months of 2024.

Appendix A.4. Plausibility That the Atmospheric Profile of Thermodynamic Equilibrium Is Also
at Radiative Equilibrium

The RRTM model runs showed that an isothermal profile in the atmosphere (Γ = 0),
which reflects thermodynamic equilibrium, is more or less in radiative equilibrium, too,
and is therefore effectively stable as an equilibrium profile. Here we further investigate
the plausibility of this result using simple calculations with an explanatory, rather than
detailedmodeling, aim. We assume an isothermal atmospherewith temperature TA, while
the temperature at the surface could be different, TS. If our calculations show that TS ≈ TA
satisfies radiative equilibrium, this would support the case for an atmospheric profile that
is both radiatively and thermodynamically stable.

First, we note that, contrary to the standard case of a positive lapse rate (Γ > 0), an
isothermal atmosphere would not feature condensation of water vapor because the satu‑
ration vapor pressure would be constant across altitudes. In contrast to the standard case,
the mixing ratio of water vapor will increase with altitude because the molar mass of wa‑
ter is smaller than that of dry air. Hence, its density will decay more slowly with height,
and its molecules will spread to higher altitudes more easily compared to dry air. On the
other hand, carbon dioxide is heavier than dry air, leading to a steeper decay of density
and greater concentration at low altitudes. Given that water vapor is the most powerful
RAG in the atmosphere and would have higher concentrations at lower pressures, it is not
unreasonable to assume a roughly constant ARE intensity across altitudes. Effectively, this
means that the LW radiation emitted by the atmosphere will be

LA = ϵABA = ϵAσSBT4
A (A42)
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where BA is the blackbody radiation at temperature TA and ϵA is the emissivity of the
atmosphere. The same quantity LA will be outgoing at the TOA and downwelling at the
surface. On the other hand, the LW radiation emitted by Earth’s surface will be

LS = ϵSBS = ϵSσSBT4
S (A43)

with the symbols having the same meaning as above but with the subscript S denoting the
Earth’s surface. Using Kirchhoff’s law (absorptivity = emissivity), we conclude that the
atmosphere absorbs a fraction ϵA of LS, i.e., ϵAϵSBS while the remainder (1 − ϵA)ϵSBS will
find its way to space, as seen in the schematic in Figure A4.

TOA

Surface

SW direct SW reflected by surface LW emittedby surface LW emittedby atmosphere
Key: Upward Absorbed by atmosphereDownward

Figure A4. Schematic of radiation fluxes in an isothermal atmosphere.

Let SA be the SW radiation entering TOA. A fraction equal to the albedo at the TOA,
αA, will be scattered and reflected toward space. Denoting the absorptivity of the atmo‑
sphere for SW radiation as ϵSWA (which is not necessarily equal to ϵA because of the different
frequency bands), a quantity ϵSWA SAwill be absorbed by the atmosphere and the remainder(
1 − αA − ϵSWA

)
SA will reach the ground. The quantity 1− αA − ϵSWA denotes the transmis‑

sivity of the atmosphere. It should bementioned that this is not an accurate relationship for
the SW radiation process, but the most typical approximation, in which reflection (more
accurately, scattering) is not regarded as a local phenomenon at the TOA but one that oc‑
curs across all altitudes. According to this approximation, the absorption applies to the
unattenuated incident intensity and is parallel to the propagation of an attenuated beam
due to scattering.

Of the SW radiation reaching the ground, a fraction equal to the surface albedo, αS,
will be reflected and will subsequently leave the TOA without further attenuation across
its backpropagation towards space. The reason is that it no longer contains spectral com‑
ponents, which could further be absorbed on the way up, because in its long downward
propagation through the atmosphere the absorption was completely saturated on the ab‑
sorption bands. Thus the quantity αS

(
1 − αA − ϵSWA

)
SA will be reflected by the ground,

the same quantity will escape to space, and the remainder (1 − αS)
(
1 − αA − ϵSWA

)
SA will

be absorbed by the surface.
Hence, the radiation equilibrium will be as follows:
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• at the surface,

(
1 − αA − ϵSWA

)
SA + ϵABA = αS

(
1 − αA − ϵSWA

)
SA + ϵSBS (A44)

• at the TOA,

SA = αASA +
(

1 − ϵSWA

)
αS

(
1 − αA − ϵSWA

)
SA + (1 − ϵA)ϵSBS + ϵABA (A45)

• and, at the atmospheric mass,

ϵSWA SA + ϵAϵSBS = 2ϵABA (A46)

Solving the system of the two linear Equations (A44) and (A45), we find

BA =
ϵSWA + ϵA(1 − αS)

(
1 − αA − ϵSWA

)
(2 − ϵA)ϵA

SA, BS =
2(1 − αA)(1 − αS)− (1 − 2αS)ϵ

SW
A

(2 − ϵA)ϵS
SA (A47)

It can be seen after some algebra that substitution of this solution into Equation (A46) sat‑
isfies the equality of the two sides.

From Equation (A47), we readily find the ratio of temperatures

TA
TS

=

(
BA
BS

) 1
4
=

(
ϵS
(
ϵSWA + ϵA(1 − αS)

(
1 − αA − ϵSWA

))
ϵA
(
2(1 − αA)(1 − αS)− (1 − 2αS)ϵ

SW
A
)) 1

4

(A48)

To find a simplified solution, we set

ϵSWA
ϵA

= 1 − αA − αS

(
1 − αA − ϵSWA

)
(A49)

where we note that this equation results in smaller emissivity/absorptivity to SW than to
LW (ϵSWA /ϵA ≤ 1, with the value 1 attained if there is no reflection, i.e., αA = αS = 0). In
this case, after some algebra, Equation (A48) simplifies to

TA
TS

= ϵ1/4
S (A50)

and if we set ϵS = 1, thenwe get a precisely isothermal and stable atmosphere. For realistic
values of ϵS between 0.95 and 0.97, we find TA/TS ≈ 0.99, i.e., very close to isothermality.

In this simplified solution, the albedos do not play any role, but more generally they
do. Looking for realistic values of the albedos, we observe that an appropriate value for the
surface is αS = 0.15, as calculated in typical energy balance studies. For the atmosphere,
we also set αA = 0.15, close to the albedo inferred by CERES satellite observations for
clear‑sky conditions—because in an isothermal atmosphere we would not have clouds.

Realistic values of the bulk atmospheric emissivity are regarded to be in the range
ϵA = 0.75 to 0.85. Using Brutsaert’s formula [70]:

ϵA = 0.553(ea/hPa)1/7 (A51)

where ea is the vapor pressure near the surface, assuming an average surface temperature
TS = 288 K and an average relative humidity of 50%, we find ea = 8.45 hPa and ϵA = 0.75.
However, in an isothermal atmosphere, the average Earth’s temperature would be lower,
TS ≈ 255 K, so that with 50% relative humidity, ea = 0.73 hPa and ϵA = 0.52. But since
the assumption and data on which Brutsaert’s formula was based were for a nearly stan‑
dard atmosphere, we cannot be certain about the actual ϵA of an isothermal atmosphere.
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Therefore, instead of assuming a specific value, we present in Figure A5 the ratio TA/TS
as a function of ϵA.
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Figure A5. Ratio of atmospheric to surface temperature, TA/TS for three cases described in the text,
where in the gray‑body case ϵA = ϵSWA and in the low SW emissivity case ϵSWA = 0.3.

Here are some characteristic values assuming ϵS = 0.95:

• Simplified solution: TA/TS = 0.99.
• Assuming an atmosphere behaving as a gray body with ϵSWA = ϵA: TA/TS = 1.03

(almost constant, practically independent of ϵA).
• Assuming a non‑gray‑body atmosphere with ϵSWA = 0.3 and ϵA = 0.5: TA/TS = 0.95.
• Assuming a non‑gray‑body atmosphere with ϵSWA = 0.3 and ϵA = 0.4: TA/TS = 0.98.

These values are not far from isothermality. Deviations from the precise equality
TA/TS = 1 appear in both directions (both lower and higher values than 1), which means
that the Earth’s surface could be warmer or cooler than the atmosphere. Therefore, a con‑
clusion that the ARE necessarily warms the surface can be disputed. Instead, according to
the hypothesis supported in this paper, it is the lapse rate that warms the surface, and this
lapse rate is in turn created by convection.

Overall, the results of these simple calculations are consistent with the RRTMoutputs,
with the latter being, of course, more reliable. Yet the analysis in this appendix provides a
transparent explanation of why this occurs.

Appendix A.5. Comparison of the Proposed Framework with the Notion of Radiative Equilibrium

The classical work byManabe and Strickler [50] argued that, in the absence of convec‑
tion, a pure radiative equilibrium would produce a very steep lapse rate that would lead
to a surface temperature of 332.3 K due to the “greenhouse effect”. Modern recalculations
(e.g., Wester [71]) reaffirmed this result. This pure radiative equilibrium is not associated
with a linear vertical temperature profile, as are the RRTM results presented in this work.
On the other hand, the RRTM version adopted here, which is the simplest and most trans‑
parent (available online so that any interested reader can repeat the calculations and check
the results), only allows a linear temperature profile. Therefore, an accurate comparison
of the Manabe and Strickler’s radiative equilibrium with RRTM results is (a) out of the ca‑
pacity range of the current study and (b) beyond the scope of this paper, as the radiative
equilibrium refers to idealized conditions not realized in the observed troposphere.
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However, another type of comparison is provided here, which is more relevant to re‑
ality as it only uses linear temperature profiles. Linear profiles are empirically supported
by long‑term observations and, within the theoretical framework of the present study, cor‑
respond to the condition ∂2T/∂z2 = 0 that characterizes steady state. A deviation from the
linear profile would imply vertically varying energy fluxes inconsistent with that steady‑
state condition. Forcing the temperature profile to remain linear is therefore the relevant
comparison for the purposes of this paper.

Specifically, we use those linear profiles that mimic the steep lower part of Manabe and
Strickler’s curve reproduced in Figure A6 (digitized from their Figure 4 in [50]) enveloping
this curve. We use three families of linear temperature profiles. Each family is characterized
by a ground temperature T (assumed equal to T1000 corresponding to the pressure level of
1000 hPa), namely 330 K, 315 K and 300 K. The examined lapse rates Γ vary between 10 K/km
and 30 K/km, as specified in the caption of Figure A6 for each ground temperature. Such
values are far beyond realistic ones; they are used only to create the envelope and are math‑
ematically necessitated by the fact that the Manabe and Strickler profile is very steep, with
surface temperature for the radiative equilibrium as high as 332.3 K.

Once T1000 andΓ are specified, the pressure at any elevation z can be determined from
Equation (29), valid for any Γ. The resulting curve p(T) can then be directly compared to
the Manabe and Strickler curve seen in Figure A6. It is observed in the figure that the
envelope for T1000 = 330 K covers the entire curve, while that at the other end, T1000 = 300 K,
leaves out a non‑negligible part of the curve.

Given T1000 and Γ, RRTM can directly determine the loss, gain, or equilibrium of en‑
ergy from the Earth considering both SW and LW radiation. The RRTM results are plotted
in Figure A7, from which we can readily make the following observations:

• In all cases, there is a loss of energy, and equilibrium never appears.
• The loss of energy is an increasing function of (a) the ground temperature and (b) the

lapse rate.
• The casewhere T1000 = 330 K,which (a) is closest to theManabe and Strickler surface tem‑

perature of 332.3 K and (b) envelopes their entire curve, results in very high energy loss.

Hence, the RRTM results show that if linearity of the vertical temperature profile,
which is consistent with empirical evidence, is set as a requirement, in a manner that they
approximate the nonlinear Manabe and Strickler’s curve, then pure radiative equilibrium
with these steep linear profiles does not hold. Rather, the RRTMcalculations show substan‑
tial energy loss for all examined cases. The imbalance is largest for the family that most
closely envelopes the nonlinear Manabe and Strickler’s curve (T1000 = 330 K). These re‑
sults are consistent with the view that pure radiative equilibrium is an idealized construct;
profiles with the steep lapse rates characteristic of that construct are radiatively far from
balance and would require strong convective action to reach a steady state.

Additional support for the same view is also provided by other analyses and results
of this study, namely the asymptotically constant surface temperature for high lapse rates
(clearly visible in Figure 12), the general behavior of the RRTM‑derived radiative flux gra‑
dient dR/dz (seen in Figure 13), and the nearly radiative balance (dR/dz ≈ 0) of the
isothermal (dT/dz = 0) profile (also seen in Figure 13). All analyses presented, based on a
constant lapse rate, suggest that the surface temperature increase is accompanied by an in‑
creased lapse rate, which is also associated with increased convection intensity (in contrast
to Manabe and Strickler’s implication that convection decreases the surface temperature).
Hence, all thermodynamic and radiative analyses presented in this work, including the
RRTM results, converge to the conclusion that steep lapse rates enhance convection rather
than leading to an equilibrium without convection.
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Figure A6. Explanatory schematic for comparing the Manabe and Strickler’s (1964) [50] radiative
equilibrium curve (digitized from their Figure 4) with RRTM results using three families of linear
temperature profiles, starting at ground temperature T (assumed equal to T1000 corresponding at the
pressure level of 1000 hPa) and having appropriate lapse rates Γ. The envelopes for all examined Γ
shown in the schematic have, respectively, minimum andmaximum values of 14 K/km and 30 K/km
for T = 330 K, 12 K/km and 18 K/km for T = 315 K, and 10 K/km to 12 K/km for T = 300 K.
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Figure A7. Energy loss rate (difference in outgoing minus incoming total radiation at Earth’s TOA)
resulting from RRTM for default parameters. Continuous lines correspond to the assumptions de‑
scribed in the text and to the envelopes of Figure A6, while dashed lines correspond to additional
RRTM runs in which the two vertical lines in the envelopes of Figure A6 (corresponding to low pres‑
sure, p < 300 hPa) are forced to coincide at 190 K.
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Appendix A.6. Falsifiable Empirical Benchmarks

To further test the present stochastic maximum‑entropy framework, in comparison
to the established one, a first possible falsifiable empirical benchmark could be based on
whether suppressed convection increases or decreases the distance frommolecular isother‑
mality. A distinctive, testable prediction of the proposed framework is that the tropo‑
spheric temperature profile systematically approaches the isothermal molecular equilib‑
rium (the state that maximizes entropy at the microscopic level) as the intensity of macro‑
scopic convective motions declines. Because residual convection, advection, and latent‑
heat release never vanish completely, pure isothermality is an asymptotic reference rather
than an attainable end‑state. The observable signature is therefore a continuous reduction
in the conditional mean lapse rate (and a corresponding narrowing of the temperature pro‑
file difference from isothermality) with decreasing convective activity. This relation can be
examinedwith existing high‑resolution soundings, radio‑occultation profiles, and reanaly‑
ses by stratifying the data according to independentmeasures of convective intensity (such
as convective available potential energy—CAPE)while controlling for radiative effects and
moisture content. Polar‑night and inversion regimes provide natural promising cases.

The appropriate conventional counterpart is that of the pure radiative equilibrium
that does not impose any fixed critical lapse rate through convective adjustment. Under
those conditions, the temperature profile is free to evolve according to radiative cooling
rates, and is under no theoretical obligation to approach isothermality. Rather, in this
counterpart framework an increase in the distance from isothermality is expected, accom‑
panied by a steepening of the near‑surface lapse rate. The so‑called radiative‑convective
equilibrium, which also includes convection, is another candidate counterpart. We note,
though, that this is not an equilibrium state despite the term used for it [72].

If, after the stated controls, the observed conditional mean lapse rate shows no sys‑
tematic drift toward zero as convective intensity decreases, but rather remains constant
or steepens toward the non‑adjusted pure radiative model, then the claim that the tro‑
pospheric profile reflects a competition between molecular (isothermal) and macroscopic
(isentropic) maximum‑entropy states is falsified.

A second falsifiable empirical benchmark can be based on the speed of the thermo‑
dynamic adjustment of the lapse rate. According to the proposed framework, the tropo‑
spheric lapse rate should adjust to its characteristic seasonal value on a timescale of weeks
or less, regardless of whether the LW radiation field approaches equilibrium or remains
far from it. This separation of timescales follows because the macroscopic isentropic state
is enforced by fast convective processes related to entropy maximization under the rele‑
vant parcel constraints; radiation responds more slowly. The prediction can be examined
with consecutive monthly or sub‑monthly temperature and radiation profiles (as already
illustrated for mid‑latitudes in Figure A3).

If the observed lapse rate is found to lag the radiation field on the radiative timescale,
or to vary in proportion to the concurrent LS− LTOA difference rather than locking rapidly
to the seasonal thermodynamic value, then the claim that the lapse rate is primarily related
to entropy‑maximizing thermodynamics (with radiation adjusting passively) is falsified.

A third falsifiable empirical benchmark can be based on studying cross‑planetary at‑
mospheres. A hint has already been given for Venus in Appendix A.3, but systematic
work is possible, based on modern data availability from space exploration missions. In
this case, however, the available data can hardly support detailed testing similar to those
in the previous empirical benchmarks. Yet it is possible to make predictions, based on the
proposed framework, for the equilibrium lapse‑rate structure (or the isothermal molecular
baseline) under different gravity, different molecular degrees of freedom, or different ra‑
diatively active gas inventories. If these predictions differ substantially from observational
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data, then the claim of entropy‑maximizing thermodynamics as the primary driver of the
atmospheric profile is falsified.
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