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Abstract

Tailings are unconventional geomaterials that require dynamic characterisation due to seis-
mic hazards at several storage facilities. Due to the anthropic origin of these materials, their
dynamic properties differ from those reported for natural soils. In particular, the damping
ratio is a relevant parameter that controls the dynamic response of tailings storage facilities.
It can be estimated using different experimental methods. The objective of this research is
to disclose the results obtained through laboratory tests in which the damping ratio was
evaluated independently by Half-Power Bandwidth or the free-vibration decay methods.
A comprehensive testing plan comprising resonant column tests and free-vibration decay
tests was carried out on three types of tailings from the Riotinto mines (Huelva, Spain):
Cerro Salomón Sand (CSS), High-Density Sludge (HDS), and Copper Lamas (CL). These
tests were carried out under different effective consolidation pressures and torsional excita-
tions. The results allowed the establishment of a series of relationships between the testing
conditions and the identification of differences between the methods for tailings.

Keywords: dynamics; tailings; laboratory tests; modelling

1. Introduction
Research on the dynamic behaviour of soils has focused primarily on determining the

shear modulus (G), with comparatively less attention devoted to evaluating the damping
ratio (λ or D). Nevertheless, seminal studies by Hardin and Drnevich [1,2], Seed and
Idriss [3], among others, have demonstrated that the damping ratio of soils is influenced
by several factors, including the plasticity index (PI), effective consolidation pressure (σ′

0),
level of induced angular strain (γ), void ratio (e), generated pore water pressure (u), and
number of loading cycles (N).

Vucetic and Dobry [4], based on an extensive review of cyclic tests on clays with
degree of over-consolidation (OCR) values between 1 and 8, showed that PI governs the
variation in damping ratio with shear strain, particularly within the strain range γ ≈ 10−4

to 10−2. At low strains, damping is relatively insensitive to PI, whereas at higher strains,
soils with higher plasticity exhibit larger damping ratios. Further experimental work
by Vucetic et al. [5], based on controlled-strain cyclic simple shear tests, confirmed that
damping behaviour cannot be generalised across different clays. For comparable strain
levels, some clays exhibited significant increases in damping with γ, whereas others showed
limited or negligible variation. These differences were attributed to variations in soil fabric,
stress history (e.g., OCR), and mineralogical composition. Zergoun and Vaid [6], using
resonant column and cyclic triaxial tests on undisturbed Cloverdale clay, reported that for
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cyclic stress ratios between 0.46 and 0.79, the damping ratio is practically independent of
stress ratio. Brennan et al. [7], based on dynamic centrifuge tests on normally consolidated
kaolinitic clay, found damping ratios up to 1.5 times greater than those measured in
conventional laboratory tests, suggesting a strong frequency dependency.

Soriano et al. [8], using cyclic simple shear tests, examined the influence of pre-
existing static shear stress (τo) combined with cyclic shear stress (τc) on the dynamic
behaviour of saturated granular soils. Their results showed that, for a given number
of cycles, the interaction between static and cyclic stresses significantly affects damping
evolution. Patiño and Galindo [9] extended this approach to soft cohesive soils susceptible
to sudden failure and demonstrated that the combination of monotonic and cyclic shear
stresses controls the damping ratio. They proposed empirical relationships of the form
D(N, γc), D(N, G/σ′

ov) and D(N, u/σ′
ov) for different τo/σ′

ov ratios, as well as design charts
for practical damping evaluation.

In granular materials, the damping ratio decreases with increasing confining pressure.
Hardin and Drnevich [1] reported that the damping ratio of sandy soils decreases as a
power function of the effective consolidation pressure, regardless of strain level. Kurib-
ayashi et al. [10] found that the energy dissipation capacity of normalised Toyoura and
Sengenyama sands decreases with increasing mean effective stress. Laird [11] showed
that the minimum damping ratio of dry granular soils decreases with increasing effec-
tive confining pressure. Zhang et al. [12] demonstrated that both confining stress and
geological age significantly influence damping ratio and, consequently, predicted spectral
accelerations. Wichtmann and Triantafyllidis [13] showed that for quartzitic clean sands,
the damping ratio and threshold strain levels are independent of the uniformity coefficient
(Cu) and median grain size (D50). Ham et al. [14] demonstrated that in dry clean sands,
damping is more strongly affected by particle roundness and surface roughness than by
sphericity. Madhusudhan and Kumar [15] found that increasing the degree of saturation
from near-dry to fully saturated conditions produces only marginal increases in damping.

Numerous empirical correlations have been proposed to relate the damping ratio
to controlling parameters in granular soils. Formulations were proposed by Hardin and
Drnevich [1,2], Laird [11], Subramaniam et al. [16], Rollins et al. [17], Molina-Gómez et al. [18]
and Patiño and Galindo [19], incorporating various combinations of shear strain, confining
pressure, void ratio, soil gradation, number of cycles and pore water pressure.

Schaeffer et al. [20] demonstrated that damping ratios measured using free–free
axial resonant column tests may be one to two orders of magnitude higher than those
obtained from fixed–free torsional configurations in cohesive soils. Although damping is
routinely employed in geotechnical dynamic analyses, relatively few studies have explicitly
addressed the distinction between hysteretic and viscous damping mechanisms [21–23].
This limitation is particularly significant because different laboratory procedures, such
as resonant column tests and free-vibration decay methods, capture different sources of
energy dissipation. Consequently, damping values derived from these techniques are not
always directly comparable. The authors of [21–23] primarily focused on conventional soils,
highlighting that damping evaluation is highly dependent on both the testing methodology
and the interpretation framework. However, this issue remains insufficiently explored for
tailings materials.

This study aims to clarify the differences in damping ratios obtained through various
experimental procedures in resonant column testing. To achieve this, an advanced experi-
mental program using the resonant column apparatus on three different types of tailings
from the Riotinto mines in Spain was conducted. The damping ratio was estimated using
either the Half-Power Bandwidth method or the free-vibration decay method. As a result,
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the empirical relationships proposed in this study are novel and provide valuable insights
into the characterisation of damping ratios using different methodologies.

2. Materials and Methods
2.1. Materials

The materials used in this investigation were obtained from tailings deposits associated
with the exploitation of the Riotinto mines, located in the central–eastern region of Huelva,
Spain (Figure 1). The Riotinto mining district contains one of the most significant deposits of
gold, copper and silver in Spain and has been exploited since approximately 2000 BC. Over
centuries of mining activity, extensive waste dumps and tailings dams have been generated,
currently occupying approximately 1200 hectares. These deposits are of considerable
geotechnical interest, particularly in relation to the dynamic behaviour of tailings dams
constructed using mining residues such as those examined in this study.

Figure 1. Location of Riotinto mines (adapted from [19]).

The samples were collected from the surface deposits in the tailings storage area,
located at approximately 37º43′48′′ N 6º35′16′′ W. Three distinct materials were investigated,
identified on site as Cerro Salomón Sand (CSS), High Density Sludge (HDS) and Copper
Lamas (CL). The index properties of the tailings are summarised in Table 1.

Table 1. Index properties of the materials tested.

Material In Situ Preparation <80 µm LL PL PI Specific γd
Moisture (%) Moisture (%) (%) (%) (%) (%) Gravity (g/cm3)

CSS 8.1 8.1 32.7 – – NP 3.02 1.60
HDS 14.3 7.8 48.5 – – NP 2.99 1.65
CL 38.5 25.0 85.9 26.9 19.9 7 2.83 1.65

CSS and HDS are non-plastic materials (NP), whereas CL exhibits low plasticity with
a plasticity index of 7%. The fine fraction (<80 µm) is significantly higher in CL, indicating
a predominantly fine-grained structure compared with CSS and HDS materials. X-ray
fluorescence analysis revealed that silicon, iron and sulphur are the dominant elements
in all three materials, with corresponding oxides present in significant proportions. This
mineralogical composition explains the relatively high specific gravity values reported in
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Table 1. Detailed information on the mineralogical phases obtained from X-ray diffraction
analysis is presented in Table 2.

Table 2. Mineralogical composition of the materials (%) [24].

Mineral Phase CSS HDS CL

Quartz 92 82 23
Phyllosilicates Chlorites 0 0 50

Micas 8 6 17
Metallic minerals Pyrite 0 0 9

Jarosite 0 12 0

CSS and HDS are predominantly quartzitic materials, whereas CL contains a substan-
tial proportion of phyllosilicates, particularly chlorites, as well as metallic minerals such as
pyrite. The markedly different mineralogical compositions are expected to influence the
mechanical and damping behaviour of the materials under dynamic loading.

2.2. Resonant-Column Testing and Damping Ratio Estimation

The resonant column apparatus used in this investigation was manufactured by Wyke-
ham Farrance (Italy). This apparatus corresponds to a forced-vibration system with a single
torsional degree of freedom, designed to induce vibration in the specimen over a frequency
range encompassing its first natural mode. In the present study, specimens were fixed at
the base and free at the top, corresponding to a fixed–free boundary condition (Figure 2).
The excitation system incorporates an internal floating structure, allowing specimens to
undergo significant axial deformation during consolidation without affecting the electronic
components. Real-time visualisation of sensor responses is available throughout testing.

Figure 2. Photograph of the resonant -column apparatus of UPM.

The apparatus is fully automated and instrumented to estimate the resonant frequency,
shear-wave velocity (Vs), shear modulus (G), angular strain, and damping ratio. This
equipment allows for resonant column, cyclic torsional, and free-decay testing. In resonant
column and free-decay modes, the equipment operates at frequencies typically greater than
10 Hz, whereas in cyclic torsional shear mode, the operating frequency is generally below
2 Hz. Control and data acquisition are performed through an integrated electronic unit
comprising a power supply, manual and electronic pressure regulators, signal-conditioning
modules and a computer interface. Therefore, no external signal generator or oscilloscope
is required.
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The damping ratio is evaluated using two independent procedures available in
the resonant column apparatus, the Half-Power Bandwidth (H-PB) or the free-vibration
decay (F-VD) methods. Both approaches assume that the soil specimen behaves as a
single-degree-of-freedom torsional oscillator vibrating in its first mode. In this paper, λ is
used to denote the damping ratio from the H-PB method, while the symbol D refers to the
damping ratio of the F-VD. Figure 3 illustrates the fundamentals of these methods.

(a)

(b)

Figure 3. Methods to estimate the damping ratio: (a) Half-Power; (b) free-vibration decay.

In forced-vibration resonant column testing, the specimen is subjected to harmonic
excitation over a range of frequencies until resonance is reached. The resonant frequency fr

corresponds to the frequency at which the amplitude of vibration is maximum. The damp-
ing ratio is obtained from the frequency response curve by identifying the two frequencies,
f1 and f2, at which the vibration amplitude decreases to 1/

√
2 of the maximum amplitude.

These frequencies correspond to the points at which the stored energy in the system is half
of that at resonance (see Figure 3a). The damping ratio is then calculated as it is in the H-PB:

λ =
f2 − f1

2 fr
(1)

where λ is the viscous damping ratio, fr is the resonant frequency, and f1 and f2 are the
Half-Power frequencies. This method evaluates damping under steady-state harmonic
loading conditions and is particularly suitable for small-strain measurements. It implicitly
assumes linear damping and a symmetric resonance curve.
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In the F-VD, the specimen is first excited at or near its resonant frequency. The
excitation is abruptly stopped, allowing the system to vibrate freely as its amplitude
progressively decays due to energy dissipation within the material. The damping ratio is
determined from the logarithmic decrement of successive vibration peaks. If An and An+1

are the amplitudes of two successive cycles, the logarithmic decrement δ is defined as:

δ = ln
(

An

An+1

)
(2)

Alternatively, when multiple cycles are considered:

δ =
1
n

ln
(

A1

An+1

)
(3)

where n is the number of cycles between measured amplitudes.
For lightly damped systems (D < 0.1), the damping ratio may be approximated as:

D =
δ

2π
(4)

For improved accuracy, the expression can be written more rigorously as:

D =
1√

4π2 + δ2
δ (5)

The F-VD method provides a direct quantification of the energy dissipation rate
during transient responses and does not depend on the symmetry of the resonance curve.
To optimise the response amplitude, F-VD tests were conducted at the resonant frequency
( fr) reported in the H-PB, under the same confinement and torsional amplitude conditions.

2.3. Experimental Programme Description

For each material, 108 resonant column tests and 108 free-vibration decay tests were
carried out. CSS and HDS specimen dimensions were height h = 100.8 mm and diameter
d = 49.7 mm, and CL specimen dimensions were height h = 109.9 mm and diameter
d = 49.6 mm.

The general testing conditions for resonant column tests are summarised in Table 3.
Chamber pressure (σc), back pressure (Bp), effective confining pressure (σ′

c), and torsional
excitation amplitudes (Te) were systematically varied.

Table 3. General conditions for damping assessment by H-PB and F-VD methods.

σc (kPa) Bp (kPa) σ′
c (kPa) Te (V)

450 400 50 0.025, 0.05, 0.1, 0.2, 0.4, 0.8
500 400 100 0.025, 0.05, 0.1, 0.2, 0.4, 0.8
550 400 150 0.025, 0.05, 0.1, 0.2, 0.4, 0.8
600 400 200 0.025, 0.05, 0.1, 0.2, 0.4, 0.8
650 400 250 0.025, 0.05, 0.1, 0.2, 0.4, 0.8
700 400 300 0.025, 0.05, 0.1, 0.2, 0.4, 0.8

While specimen preparation procedures typically adhere to established international
standards, the three types of tailings may become unstable during mounting due to their
low plasticity. Patiño et al. [19] provide a detailed description of the specimen preparation
methods and a series of non-standard accessories designed to ensure the vertical alignment
of the excitation head and strict parallelism of the specimen’s end surfaces during resonant
column testing.

The samples were prepared to a target dry density (γd) determined from the ho-
mogenised water content (wh). Using the mould volume and wet density, the required
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mass of homogenised material was determined for specimen fabrication. Specimens were
prepared to achieve uniform density and moisture distribution prior to installation in the
apparatus by the undercompaction moist tamping method [25].

All specimens were saturated with de-aired water by applying an automatic increment
of CP and BP under a positive difference of 20 kPa. The increment stopped when a BP
of 400 kPa was achieved. This phase lasted over 24 h, ensuring B-values greater than
0.98 due to the complete dissolution of air in the water. B-values confirm the full saturation
conditions. After that, the samples were isotropically consolidated under various effective
confining stresses (σ′

c): 50, 100, 150, 200, 250, and 300 kPa. Following this, damping
assessments were carried out using the H-PB and F-VD methods.

3. Results and Discussion
Table 4 provides a comprehensive overview of the test results, addressing the measured

resonant frequency, angular strain, and damping ratios under all test conditions.

Table 4. Overview of the test results.

CSS HDS CL

σ′
c Te fr γ λ D fr γ λ D fr γ λ D

(kPa) (V) (Hz) (%) (%) (%) (Hz) (%) (%) (%) (Hz) (%) (%) (%)

50 0.025 50.08 0.004 3.60 3.80 87.20 0.004 1.79 1.37 54.99 0.006 2.99 3.20
50 0.050 50.02 0.008 4.00 4.00 84.33 0.006 2.18 1.81 53.12 0.010 3.61 3.80
50 0.100 47.10 0.017 4.70 4.30 81.00 0.009 2.86 2.47 48.69 0.018 4.12 4.50
50 0.200 43.55 0.033 5.28 4.70 77.77 0.014 3.40 3.21 45.33 0.031 4.61 5.20
50 0.400 38.70 0.065 5.80 5.30 69.59 0.023 4.20 3.90 39.09 0.058 5.32 6.30
50 0.800 27.20 0.148 6.01 6.00 55.97 0.048 5.49 5.83 29.71 0.140 6.91 7.70

100 0.025 64.62 0.003 2.80 3.10 91.20 0.003 1.65 1.49 66.79 0.003 2.25 2.35
100 0.050 61.02 0.006 3.46 3.56 91.27 0.005 2.18 1.85 65.91 0.006 2.80 2.89
100 0.100 58.31 0.011 4.00 3.80 87.07 0.009 2.62 2.37 64.07 0.011 3.40 3.56
100 0.200 52.47 0.024 4.63 4.30 84.09 0.014 3.07 3.20 59.90 0.021 3.80 4.35
100 0.400 47.79 0.048 5.02 4.70 77.66 0.022 3.86 3.90 54.20 0.038 4.65 5.20
100 0.800 40.07 0.096 5.66 5.20 67.91 0.039 5.03 4.70 46.60 0.076 5.32 6.40

150 0.025 71.90 0.004 2.51 2.85 99.76 0.003 1.38 1.50 83.23 0.003 2.18 2.19
150 0.050 69.70 0.008 2.79 3.18 97.60 0.005 2.12 1.76 81.29 0.006 2.43 2.70
150 0.100 67.30 0.013 3.23 3.67 96.50 0.008 2.33 2.12 79.99 0.010 2.78 3.09
150 0.200 63.90 0.022 3.68 3.94 92.20 0.013 2.86 2.91 76.20 0.016 3.24 3.63
150 0.400 59.50 0.038 4.39 4.29 86.02 0.021 3.40 3.64 70.71 0.025 3.71 4.20
150 0.800 52.20 0.064 4.80 4.40 77.10 0.035 4.23 4.50 61.61 0.056 4.31 5.49

200 0.025 76.75 0.004 2.10 2.20 107.88 0.003 1.44 1.26 92.24 0.003 1.73 1.79
200 0.050 77.12 0.008 2.47 2.50 106.00 0.005 1.75 1.59 90.43 0.006 1.98 2.23
200 0.100 74.92 0.013 2.73 2.90 105.00 0.008 2.03 1.92 87.80 0.009 2.42 2.65
200 0.200 71.60 0.022 3.14 3.13 100.21 0.013 2.58 2.58 85.90 0.016 2.71 3.16
200 0.400 67.33 0.037 3.82 3.60 94.32 0.020 3.19 3.05 80.85 0.026 2.98 3.80
200 0.800 61.93 0.062 4.60 3.88 86.03 0.033 3.97 3.85 73.77 0.043 3.29 4.50

250 0.025 84.62 0.004 1.60 1.92 113.12 0.003 1.33 1.23 100.22 0.003 1.73 1.66
250 0.050 82.30 0.007 2.00 2.31 112.00 0.005 1.66 1.55 97.62 0.005 1.91 2.00
250 0.100 81.20 0.013 2.34 2.46 110.00 0.008 2.09 2.02 94.90 0.009 2.29 2.52
250 0.200 78.30 0.022 2.74 2.79 106.00 0.012 2.42 2.59 93.10 0.015 2.53 2.99
250 0.400 74.50 0.036 3.35 3.24 100.19 0.019 3.06 3.10 88.10 0.025 2.91 3.68
250 0.800 69.00 0.058 3.91 3.78 92.20 0.031 3.75 3.59 81.33 0.041 3.43 4.27

300 0.025 88.77 0.004 1.40 1.70 118.33 0.003 1.19 1.15 107.88 0.003 1.32 1.36
300 0.050 89.60 0.007 1.61 1.84 117.00 0.005 1.71 1.60 106.79 0.005 1.75 2.03
300 0.100 87.50 0.012 2.10 2.27 115.41 0.007 1.97 1.80 104.00 0.009 1.88 2.40
300 0.200 86.00 0.021 2.43 2.50 111.89 0.011 2.25 2.10 102.00 0.015 2.12 2.76
300 0.400 82.00 0.034 2.90 2.82 105.79 0.018 2.78 2.60 97.20 0.024 2.38 3.37
300 0.800 75.88 0.050 3.60 3.38 98.55 0.028 3.61 3.40 90.68 0.035 2.79 4.01
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3.1. Results of Damping Ratio from Half-Power Bandwidth Method

The hysteretic damping ratio values reported in Table 4 and plotted in Figure 4
were obtained from forced-vibration measurements in resonant column mode using the
Half-Power Bandwidth (H-PB) method. Figure 4 presents, for each material, the variation in
λ with cyclic angular strain γ at different effective consolidation pressures (σ′

c). The results
indicate that, across all materials, the effective consolidation pressure clearly influences
λ(γ). Hence, at a given strain level, λ decreases markedly with increasing σ′

c. In addition,
for all materials and confinement levels, λ generally increases with increasing γ. The strain
dependency is more pronounced at lower σ′

c. For example, at γ = 0.04%, increasing σ′
c from

50 to 300 kPa reduces the absolute λ values by 2.3% (CSS), 1.5% (HDS), and 2.6% (CL).

(a)

(b)

(c)

Figure 4. Variation trends in the damping ratio by the H-PB method as a function of the angular
strain, for different effective consolidation pressures: (a) CSS tailing; (b) HDS tailing; (c) CL tailing.

For modelling purposes, the relationship between hysteretic damping ratio and cyclic
angular strain may be approximated, for each material and each effective consolidation
pressure level, by a power-law expression:

https://doi.org/10.3390/geosciences16050173

https://doi.org/10.3390/geosciences16050173


Geosciences 2026, 16, 173 9 of 22

λ = A γB (6)

where λ is the hysteretic damping ratio, γ is the cyclic angular strain, and A and B are
empirical constants. The fitted values of A and B for each material and σ′

c are reported
in Table 5.

Table 5. Empirical constants of Equations (6) and (10).

CSS HDS CL

σ′
c

(kPa) A B C E A B C E A B C E

50 8.48 0.15 7.49 0.13 22.43 0.45 34.19 0.57 11.20 0.25 13.59 0.28
100 9.22 0.20 7.32 0.14 21.39 0.45 24.93 0.49 10.38 0.25 13.68 0.30
150 9.57 0.25 7.22 0.17 19.38 0.44 23.77 0.49 9.20 0.25 13.91 0.32
200 9.82 0.29 7.15 0.21 17.95 0.44 20.68 0.49 7.59 0.26 13.98 0.36
250 9.61 0.32 7.11 0.24 17.53 0.44 17.53 0.44 6.58 0.26 14.10 0.37
300 10.27 0.37 7.11 0.26 16.96 0.44 15.50 0.44 6.37 0.26 14.12 0.38

To generalise Equation (6), the parameters A and B were expressed as functions of
effective consolidation pressure using power-law relationships:

A = I (σ′
c)

J (7)

B = K (σ′
c)

L (8)

as illustrated in Figures 5 and 6. Substitution of Equations (7) and (8) into Equation (6)
yields the general expression:

λ = I (σ′
c)

J γK(σ′
c)

L
(9)

where I, J, K and L are empirical constants (Table 6).

(a)

(b)

Figure 5. Cont.
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(c)

Figure 5. Variation trends in the empirical constant A with the confinement: (a) CSS tailing; (b) HDS
tailing; (c) CL tailing.

(a)

(b)

(c)

Figure 6. Variation trends in the empirical constant B with the confinement: (a) CSS tailing; (b) HDS
tailing; (c) CL tailing.
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Table 6. Empirical constants of Equations (9) and (13).

Material
λ Formulation D Formulation

I J K L M N O P

CSS 5.92 0.094 0.021 0.495 8.44 −0.031 0.023 0.415

HDS 44.26 −0.167 0.463 −0.008 176.20 −0.415 0.965 −0.137

CL 46.00 −0.341 0.243 0.009 12.38 0.023 0.130 0.187

3.2. Results of Damping Ratio from Free-Vibration Decay Method

To complement the hysteretic damping analysis, the viscous damping ratio values (D)
reported in Table 4 and plotted in Figure 7 were obtained from the decay of free vibrations
using the free-vibration decay (F-VD) method. Figure 7 shows the variation in D with
cyclic angular strain γ at different effective consolidation pressures σ′

c. From this figure, it
can be observed that for all materials and confinement levels, D generally increases with
increasing γ. In addition, at a given strain level, D exhibits systematic variation with σ′

c,
consistent with the confinement dependency observed for λ.

(a)

(b)

Figure 7. Cont.
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(c)

Figure 7. Variation trends in the damping ratio by the F-VD method as a function of the angular
strain, for different effective consolidation pressures: (a) CSS tailing; (b) HDS tailing; (c) CL tailing.

For modelling purposes, the dependence of viscous damping ratio on cyclic angular
strain may be approximated by:

D = C γE (10)

where C and E are empirical constants (Table 5). To generalise Equation (10), the parameters
C and E were expressed as functions of effective consolidation pressure:

C = M (σ′
c)

N (11)

E = O (σ′
c)

P (12)

as shown in Figures 8 and 9. Combining Equations (10)–(12) provides:

D = M (σ′
c)

N γO(σ′
c)

P
(13)

where M, N, O and P are empirical constants (Table 6).

(a)

Figure 8. Cont.
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(b)

(c)

Figure 8. Variation trends in the empirical constant C with the confinement: (a) CSS tailing; (b) HDS
tailing; (c) CL tailing.

(a)

Figure 9. Cont.
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(b)

(c)

Figure 9. Variation trends in the empirical constant E with the confinement: (a) CSS tailing; (b) HDS
tailing; (c) CL tailing.

3.3. Relationship Between Viscous and Hysteretic Damping

In addition to the empirical functions relating damping ratios to strain and effective
consolidation pressure (Equations (9) and (13)), a key outcome of this study is the establish-
ment of relationships between the two damping descriptors, D and λ. Figure 10 presents
the variation in D as a function of λ for each material at different σ′

c values.

(a)

Figure 10. Cont.
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(b)

(c)

Figure 10. Variation between λ and D under different effective consolidation pressure: (a) CSS tailing;
(b) HDS tailing; (c) CL tailing.

For modelling purposes, for each material and effective consolidation pressure level,
the relationship may be approximated by:

D = F λH (14)

where F and H are empirical constants (Table 7). To generalise Equation (14), the parameters
were related to effective consolidation pressure using:

F = Q (σ′
c)

R (15)

H = S (σ′
c)

T (16)

as shown in Figures 11 and 12. Substituting Equations (15) and (16) into Equation (14) yields:

D = Q (σ′
c)

R λS(σ′
c)

T
(17)

where Q, R, S and T are empirical constants (Table 8).
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(a)

(b)

(c)

Figure 11. Variation trends in the empirical constant F with the confinement: (a) CSS tailing; (b) HDS
tailing; (c) CL tailing.

Table 7. Empirical constants of Equation (14).

CSS HDS CL

σ′
c (kPa) F H F H F H

50 1.31 0.80 0.66 1.27 0.96 1.09
100 1.43 0.73 0.84 1.10 0.89 1.17
150 1.61 0.66 0.94 1.05 0.85 1.26
200 1.32 0.73 0.87 1.10 0.84 1.38
250 1.35 0.74 0.92 1.07 0.80 1.40
300 1.32 0.72 0.95 0.99 0.91 1.47
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(a)

(b)

(c)

Figure 12. Variation trends in the empirical constant H with the confinement: (a) CSS tailing; (b) HDS
tailing; (c) CL tailing.

To maximise practical use of the experimental dataset, Figure 13 presents the overall
D–λ relationship for each material using all results, without discretisation by γ or σ′

c. This
figure indicates that for the predominantly granular materials (i.e., CSS and HDS), D tends
to be close to λ. For CSS, a small deviation is observed: for λ < 4, D is slightly larger than
λ, whereas for λ > 4, D is slightly smaller. For practical purposes, D ≈ λ may be adopted
for CSS and HDS within the tested ranges. For the tailings with plastic fines (CL), D is
generally greater than λ.
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(a)

(b)

(c)

Figure 13. Variation trends between λ and D: (a) CSS tailing; (b) HDS tailing; (c) CL tailing.

Although Equation (17) explicitly accounts for the effect of σ′
c, the clustering of all

results suggests that a simplified global relationship may be adopted:

D = U λV (18)

where U and V are empirical constants (Table 8). It should be noted that, in general, D
depends not only on λ but also on γ and σ′

c; however, the (D, λ) pairs occupy different
regions of Figure 10 while still following the trend described by Equation (18).
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Table 8. Empirical constants of Equations (17) and (18).

Material
Generalised Formulation Simplified Formulation

Q R S T U V

CSS 1.418 −0.005 0.930 −0.048 1.277 0.805

HDS 0.343 0.183 1.916 −0.112 0.885 1.072

CL 1.207 −0.065 0.549 0.170 1.087 1.050

3.4. Interpretation and Discussion of the Relationship Between Damping Estimation Methods

Beyond the empirical correlations established in this study, it is important to provide
a physical interpretation of the observed relationships between hysteretic damping (λ) and
viscous damping (D), particularly in light of the distinct behaviours exhibited by granular
(CSS and HDS) and cohesive (CL) materials.

For the predominantly granular materials (CSS and HDS), the results indicate that
D ≈ λ over most of the investigated strain and confinement ranges. This suggests that,
under the tested conditions, the viscous damping obtained from free-vibration decay
closely approximates the energy dissipated through hysteretic mechanisms during forced
vibration. In clean or low-plasticity granular soils, energy dissipation is primarily governed
by frictional sliding at particle contacts and minor rearrangement of the soil skeleton. These
mechanisms are strain-dependent but exhibit limited time dependence over the frequency
range considered (28–118 Hz). Consequently, the viscous damping derived from transient
decay provides a consistent approximation of the energy loss per cycle.

In contrast, the cohesive material (CL), characterised by a significant propor-
tion of phyllosilicates and measurable plasticity (PI = 7%), consistently exhibited
D > λ. This behaviour may be attributed to the combined influence of interparticle
bonding, physico-chemical interactions and internal viscous resistance within the clay
matrix. These processes introduce additional time-dependent components into the mate-
rial response, which are better captured by the free-vibration decay method. As a result,
the viscous damping ratio tends to exceed the hysteretic damping estimated from the
resonance curve.

The role of effective consolidation pressure further supports this interpretation. In-
creasing σ′

c leads to reduced damping in all materials, reflecting the stabilisation of the
soil skeleton and the restriction of interparticle slip [14,18,26]. At higher confinement
levels, contact stiffness increases and micro-sliding mechanisms become less pronounced,
resulting in lower energy dissipation [16,24]. In cohesive material, higher confinement
also reduces the contribution of fabric-related rearrangements, although time-dependent
mechanisms remain active, which may explain the persistence of D > λ.

The frequency range employed in resonant column testing may also contribute to the
observed differences. The forced-vibration response (Half-Power method) is determined
at steady-state resonance, whereas the free-vibration decay method captures transient
behaviour immediately after excitation removal [20]. If the material exhibits even moderate
viscoelastic behaviour, the decay response may include additional damping contributions
due to rate effects. This influence is expected to be more significant in materials with higher
fines content and greater physico-chemical activity, such as CL.

From a microstructural perspective, the quartz-dominated CSS and HDS materials
behave primarily as frictional granular assemblies, where damping is controlled by contact
mechanics [24]. Conversely, the mineralogical composition of CL, which includes phyl-
losilicates and metallic minerals, promotes a more complex interaction network involving
particle-to-particle bonding, internal shear within clay platelets and fluid-mediated dis-
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sipation. This structural difference provides a consistent explanation for the systematic
deviation of CL results from the D = λ line.

Overall, the findings indicate that the equivalence between hysteretic and viscous
damping in soils is not universal but depends on soil type, mineralogical composition and
stress state. The proposed empirical relationships therefore provide not only practical pre-
dictive tools but also insight into the underlying mechanisms governing energy dissipation
in different geomaterials.

4. Conclusions
This study investigated the damping ratio of three tailings materials obtained from

the Riotinto mining district (Huelva, Spain), identified as Cerro Salomón Sand (CSS),
High-Density Sludge (HDS) and Copper Lamas (CL), by comparing two experimental
methods. The conclusions are supported by identification and classification tests, with
108 resonant column tests and 108 free-vibration decay tests performed under effective
consolidation pressures ranging from 50 to 300 kPa.

The main findings of this research are summarised as follows:

• CSS and HDS behave as predominantly granular, non-plastic materials with high
fines content, whereas CL is classified as a low-plasticity clay. The three materials
exhibit unusually high specific gravities due to the heavy minerals associated with the
mining process.

• For the three tailings materials, both the hysteretic damping ratio (λ) and viscous
damping ratio (D) increase with increasing cyclic angular strain (γ), confirming the
strong strain dependency of energy dissipation mechanisms.

• At a given strain level, both λ and D decrease systematically with increasing effective
consolidation pressure (σ′

c), indicating that confinement stabilises the soil skeleton and
reduces interparticle energy dissipation.

• The strain dependency of damping is more pronounced at lower confinement levels,
suggesting that micro-sliding and structural rearrangement mechanisms are progres-
sively inhibited as σ′

c increases.
• Power-law relationships provide accurate representations of the variation of λ and D

with γ for each confinement level. Furthermore, the empirical constants governing
these expressions can themselves be expressed as functions of σ′

c, enabling gener-
alised formulations that reproduce experimental behaviour over wide strain and
stress ranges.

• A key contribution of this research is the establishment of direct empirical relationships
between viscous and hysteretic damping ratios. For the granular materials (CSS and
HDS), D is approximately equal to λ within the investigated ranges, whereas for the
cohesive material (CL), D is generally greater than λ. This distinction reflects the
different energy dissipation mechanisms governing granular and cohesive soils.

• The simplified potential-type relationship D = UλV provides a practical and robust
approximation of the interaction between the two damping descriptors. Although both
D and λ depend on γ and σ′

c, the (D, λ) pairs follow a consistent mathematical trend,
allowing direct estimation of one parameter from the other for the materials studied.

• The proposed empirical formulations reproduce the experimental results with good
accuracy and may significantly reduce the number of laboratory tests required for
characterisation. In practical terms, reliable damping estimates can be obtained using
a limited number of torsional excitation levels and effective consolidation pressures.

• From an engineering perspective, the methodology presented herein provides a ratio-
nal and simplified framework for incorporating damping behaviour into numerical
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simulations and dynamic analyses, particularly when distinguishing between two
experimental methods.

Overall, the results demonstrate that the relationship between viscous and hysteretic
damping in soils is soil-type-dependent and influenced by stress state and strain level. The
proposed empirical functions offer both practical predictive capability and insight into
the mechanisms governing energy dissipation in mining tailings materials. The findings
presented here are based on small to medium strain levels typical of resonant column
testing; additional studies at larger strains are necessary to explore other conditions and
enhance these results.
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