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Abstract: In geotechnical engineering, dynamic soil models are used to predict soil behavior under
different loading conditions. This is crucial for many dynamic geotechnical problems related to
earthquakes, train loading and machine foundation design. Researchers agree that under dry or
drained conditions, cohesionless soils increase in stiffness with each loading cycle. Soil models that
simulate the dynamic behaviors of soils are often coupled with the Masing criteria. Such models
neglect the impact of stiffening during cyclic loading, leading to an underestimation in the shear
modulus (G). This study investigates the stiffening behavior by conducting laboratory tests on three
types of Danube sands using the Resonant Column-Torsional Simple Shear device (RC-TOSS). The
increase in the dynamic shear modulus with an increasing number of cycles is substantial, especially
for samples with low density. Sometimes, the dynamic shear modulus doubles when loaded at high
stress levels for more than 50 cycles. A new model is introduced to simulate the stiffening behavior
of dry sand when subjected to cyclic torsional loading. Modifications are proposed for the Ramberg–
Osgood and Hardin–Drnevich models and for the Masing criteria to overcome the limitations that
accompany these models due to the influence of stiffening caused by repetitive loading being ignored.
This model can be implemented in finite element and finite difference software to solve dynamic
geotechnical problems.

Keywords: resonant column; torsional simple shear test; Masing criteria; stiffening of dry sand

1. Introduction

Modeling the dynamic behavior of soil has become essential to address numerous
geotechnical issues. Whether it is a cyclic loading problem (e.g., machine foundations
and loading of train [1]) or a more complicated irregular loading, such as earthquake
site response analysis [2,3], the advancements in computer technology and faster process-
ing speeds have facilitated the use of numerical modeling (e.g., finite element and finite
difference methods [4]) for quicker and more efficient calibration of models. The use of
semi-static and equivalent linear methods has many limitations related to the assumptions
made to simplify the problem. For instance, the equivalent linear method performed in
a site response analysis assumes that the shear modulus and damping ratio are constant
throughout the analysis. This assumption causes an underestimation or overestimation in
the response depending on the soil type and earthquake record [5,6]. To overcome this limi-
tation, nonlinear response analysis methods have been developed, which emphasize the
need for nonlinear soil models that can simulate the shear stress–strain behavior accurately.

Vucetic (1994) [7] defined two types of shear strain thresholds during cyclic loading.
Below the linear strain threshold (γtl), the soil exhibits an elastic behavior. This limit is
reached when the secant shear modulus to the small strain shear modulus (G/Gmax) equals
0.99. After exceeding this limit, the soil behavior becomes slightly elastoplastic (still elastic
but nonlinear), and the permanent microstructural change is insignificant until the strains
reach the second threshold, which is defined as the volumetric strain threshold (γtv), after
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which the microstructure is altered irreversibly, and the soil stiffness changes permanently.
The studies presented in [8–10] show that γtv is associated with a G/Gmax range of 0.6
to 0.85.

When applying torsional cyclic loading to soil, the first loading curve in the shear
stress–strain plot is termed the backbone curve. The stiffness of the soil represented by
the shear modulus degrades with the increasing strain. When cyclically loading soil, the
nonlinearity and stiffness recovering among load reversals generate hysteresis loops in the
shear stress–strain space. The secant shear modulus, which represents the “average” shear
stiffness of the soil, is determined by the slope of the line that connects the endpoints of the
hysteresis loop (Figure 1).
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Figure 1. Concept for torsional strain in a fixed-free hollow cylinder specimen. (a) Diagram of the
concept. (b) Hysteresis loop and Masing criteria.

The nonlinear monotonic shear stress–strain curve of soils (backbone curve) can be
simulated with a simple equation (e.g., Ramberg–Osgood (RO) and Hardin–Drnevich (HD)
models). Nevertheless, cyclic and irregular load histories applied to soils increase the
complexity of the problem, and additional principles are required to simulate the generated
hysteresis loops. Therefore, soil models are often coupled with the Masing criteria. The
first two rules were introduced by Masing (1926) [11] to describe the behavior of brass
subjected to repeated, symmetric cyclic loading. Jennings added two more rules to study
the earthquake response of a yielding structure represented by a single-degree-of-freedom
system [12]. These four rules are acknowledged together in the literature as the extended
Masing criteria [13–19] as follows:

(1) The shear modulus in unloading/reloading is equal to the initial tangent modulus for
the initial loading curve.

(2) The unloading and reloading curves duplicate the initial curve, except its scale in-
creases by a factor of two in both directions. The variables τ and γ in the formula
become (τ − τi)/2 and (γ − γi)/2 (Figure 1b).

(3) The unloading and reloading curves should follow the backbone curve in the case
that the previous maximum shear strain is exceeded.

(4) If the current loading or unloading curve intersects a previous one, it should follow
the intersected curve.

The number of loading cycles seems to have a considerable impact on the soil stiffness
beyond the cyclic volumetric strain threshold. Cyclic loading tests performed on dry or
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drained sand cause an increase in the shear modulus with the increasing number of cycles,
which is referred to as “cyclic hardening in stiffness”. Complex mechanisms contribute to
this phenomenon. However, they can be divided into three categories: fabric reorientation,
particle relocation and contact area growth [20]. As shearing forces twist the specimen,
particles reorient themselves, gaining and losing contact points with other particles. This is
known as a change in fabric. The particles are reoriented to form a new, different fabric
without a considerable change in the void ratio. Particle relocation occurs when individual
particles move into a former void location. The new location will usually create different
contact points between grains as well. This incident causes an increase in the stiffness with
a small reduction in the void ratio. The three mechanisms occur simultaneously and can be
viewed as successive stages in an ongoing process.

There is a lack of consensus among studies regarding the magnitude of this effect,
with varying perspectives on whether it is minor or substantial. Silver and Seed (1971) [21]
reported that the rise in stiffness is higher for the first 10 cycles and then becomes relatively
low. For Sherif and Ishibashi (1976) [22], after 25 cycles, the shear modulus increased by up
to 28% and then became almost constant. Ray (1984) [20] reported the highest increase in
the shear modulus, which was around 5% per logarithmic cycle of loading. Ray and Woods
(1988) [16] presented similar outcomes based on their Resonant Column-Torsional Simple
Shear (RC-TOSS) tests, where the increase reached up to 120% of the initial value at a given
strain level. In this study, the effect of the cyclic loading on the stiffness was found to be
significant and had a great effect on the accuracy of the soil models.

Ahmad and Ray (2021) [19] showed the ability of the RO and HD modes to simulate
the shear stress–strain curves when the sample was subjected to irregular loading. However,
the results presented in that study originated from irregular tests conducted after 100 cycles
of loading. As a result, the effect of the number of cycles does not show in the shear
stress–strain curves because the stiffening effect is marginal after around 75 cycles. This
explains the excellent fit between soil models and lab testing curves when using the
Masing criteria. However, when applying an irregular loading history on soil without
preconditioning cycles (not cyclically loaded before), the Masing criteria predict behavior
much less accurately. There would be a significant deviation from the laboratory test results
if they were subjected to more cycles. This study addresses the limitations of the soil models
in simulating the shear stress–strain curves while accounting for the stiffening behavior
caused by cyclic loading. Modifications to the Ramberg–Osgood and Hardin–Drnevich
models and the Masing criteria are introduced.

2. Testing Program

The device used in this study is the combined Resonant Column-Torsional Simple
Shear Device (RC-TOSS). It was first designed and built by Prof. Richard Ray at the Univer-
sity of Michigan in the 1980s based on ideas gathered from early designs from [23–26], and
it included a few new developed features. The device’s design process, transducers, signal
conditioning, data acquisition, and test control are presented in his dissertation [20] and
are shown in Figure 2.

The RC-TOSS equipment uses a fixed-free configuration. A rigid, massive steel plate
anchors the device’s base, holding a measurement post and drive coil supports. The device
applies torsion to the top of a hollow cylindrical specimen with an inner diameter (Di) of
4.0 cm, an outer diameter (Do) of 6.0 cm, and a length of 14 cm. The torsion is applied
using a set of two permanent magnets and four electric coils. A porous, sintered bronze
ring provides a rough surface for contact between the device and specimen, allowing for
saturation and pore water movement. The top assembly moves freely where the specimen
connects to the drive head through a retainer, plug and ring. Two permanent neodymium
magnets, attached to the drive head, pass freely through four drive coils. Inner and
outer neoprene membranes cover the specimen, allowing for external pressure or internal
vacuum confinement. Vacuum confinement provides a more convenient means to apply
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isotropic stress but limits the maximum magnitude to about 97 kPa. External pressure
using a confining chamber can increase the stress levels to about 300 kPa.
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Figure 2. RC-TOSS testing device.

The RC test requires displacement measurements with very high accuracy at a very
low amplitude (γ = 10−4%), which is provided by an accelerometer mounted on the drive
head and connected to a multimeter and oscilloscope, providing dynamic amplitude and
frequency data. Two proximitors mounted on the measurement post measure the rotational
displacement for the TOSS test.

For this research, three specimens of coarse soils were chosen. These samples origi-
nated from an area close to the Danube River in Hungary, specifically near Paks, and were
taken from depths ranging between 5 and 15 m using a hollow-stem auger sampler. The
soils were fluvial sediments of the river with a wide variation of in situ densities. Samples
A and B contained a very low percentage of fines, while Sample C retained a 21.11% content
of fines with low plasticity. The properties of the tested samples are detailed in Table 1, and
the particle size distribution curves are demonstrated in Figure 3. The samples exhibited a
complex grain structure with heterogeneous grain shapes varying between sub-angular
and rounded shapes.

Table 1. Properties of the tested soils.

Sample
ID

Mean
Particle

Diameter

Eff
Particle

Diameter
Uniformity

Coeff.
Fines

Content
Max Void

Ratio
Min Void

Ratio
Liq.

Limit for
Fines

Plastic
Limit for

Fines

Plastic
Index for

Fines

d50
(mm)

d10
(mm)

Cu
(-)

FC
(%)

emax
(-)

emin
(-)

wl
(%)

wp
(%)

Ip
(%)

A 0.211 0.109 2.06 7.56 0.81 0.52 - -
B 0.243 0.130 2.18 5.69 0.79 0.516 - -
C 0.107 0.013 9.85 21.11 0.9 0.524 30.4 19.7 10.7
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The preparation method depended on the required initial density of the soil. The dry
pluviation method created a dense specimen. Dry soil, poured slowly from a controlled
height, fell and collided with the soil below, generating a dense condition. The height of the
fall controlled the specimen’s density. A hollow cylinder specimen required a 50 cm cone
to direct the falling soil outward into the space between the inner and outer molds. An
outer tube, matching the specimen’s outer diameter, also directed the soil. For the tested
soils in this study, the dry pluviation method achieved samples with relative densities that
ranged between 0.72 and 0.80.

On the other hand, to prepare samples in a loose state, a method to produce the
maximum void ratio of the soil was employed; this was the dry filling–tamping method,
where a glass funnel with a 14 cm spout deposited the dry soil into the mold. To create a
bulking effect on a uniform loose specimen, preparation started with the spout touching
the base ring, and then the spout was carefully raised constantly and moved around to
touch the surface of the soil gently. A slightly denser condition was accomplished by softly
tapping the mold 10–15 times.

Two variations of TOSS tests allowed for the investigation of the impact of the number
of cycles on the dynamic properties. Table 2 shows the testing program. In tests #1-#3-
#5-#7-#9-#11, the backbone curve developed by loading the sample for only one cycle at
progressively higher stress levels (5-10-15-20-25-30-35-40-45-50 kPa), and the equivalent
shear modulus was found for each cycle (Figure 4a). A second identical specimen was
constructed with the same void ratio and confining stress for tests #2-#4-#6-#8-#10-#12.
However, in this case, the sample was subjected to 100 cycles of loading at every stress
level. The duplicates revealed any effects of the number of cycles on specimen behavior
(Figure 4b). More tests were conducted (#13 and #14) to determine the effect of the strain
level on the stiffening behavior by loading the soil cyclically at the same peak-to-peak stress
level but at different offsets.
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Table 2. Testing program.

Test Number Sample ID Confining Stress Void Ratio Relative
Density

Angle of
Friction Test Type

# P′

(kPa)
e

(-)
Dr
(-)

φ
(o)

1–2 A 97 0.77 0.14 31 Cyclic RC-TOSS
3–4 A 97 0.58 0.79 40 Cyclic RC-TOSS
5–6 B 96.5 0.76 0.11 35 Cyclic RC-TOSS
7–8 B 96.5 0.57 0.80 43 Cyclic RC-TOSS
9–10 C 97 0.85 0.13 31 Cyclic RC-TOSS

11–12 C 97 0.62 0.74 40 Cyclic RC-TOSS

13 A 97 0.58 0.79 40 TOSS, effect of
stress offset

14 B 97 0.58 0.77 43 TOSS, effect of
stress offset
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3. Original Soil Models
3.1. Ramberg–Osgood Model

The model introduced by Ramberg and Osgood (1943) [27] includes three parameters
that describe the stress–strain behavior of carbon steel and aluminum alloy sheets. The
form used today is different from the original paper. The model that is used for soil
in geotechnical earthquake engineering was presented by Streeter, Wylie and Richart
(1974) [28] and has since gained considerable prominence, and it has been extensively
applied in numerous subsequent research endeavors (e.g., [16,29,30]). The formula for the
shear stress–strain relation is

γ =
τ

Gmax

(
1 + α

∣∣∣∣ τ

C τmax

∣∣∣∣R−1
)

(1)

where γ and τ are the shear strain and shear stress, respectively. Gmax is the maximum shear
modulus at very small strains. τmax is the maximum shear strength, which is a function of
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the confining stress, the angle of friction, and cohesion obtained from the triaxial test. α, C
and R, are constants used to fit the curve with the test data.

The original Masing criteria were later integrated to the Ramberg–Osgood model to
simulate two-way loading. The equation for two-way loading is

γ =
τ − τi
Gmax

1 + α

∣∣∣∣∣
τ−τi

2
C τmax

∣∣∣∣∣
R−1

+ γi (2)

where τi and γi are the shear stress and the shear strain at the turning point, respectively.

3.2. Modified Hardin–Drnevich Model

A hyperbolic equation was proposed by Hardin and Drnevich [31] as a relationship
between the shear stress and the shear strain. Darendeli [32] modified the equation by
adding a curvature coefficient. This provided higher accuracy and the ability to fit TOSS test
data, as demonstrated in [19]. The final form used in this study has only two curve-fitting
constants, γr and m, as shown in the following equation:

τ =
Gmaxγ

1 +
∣∣∣ γ

γr

∣∣∣m (3)

The formula that describes two-way loading, using the second Masing criteria, is
presented as follows:

τ =
Gmax(γ − γi)

1 +
∣∣∣ γ−γi

γr

∣∣∣m + τi (4)

4. Results of the RC-TOSS Tests

The small strain shear modulus Gmax and the secant shear modulus up to a strain
amplitude of 0.1% were obtained from the RC test by measuring the natural frequency of
the specimen. The shear modulus from the cyclic TOSS test was calculated for each of the
cycles at every tested shear stress level (Figure 5a). The normalized relationship between
G/Gmax and γ/γre f is shown in Figure 5b, with the RO model curve that fits all samples.
The change in the shear modulus with the increasing number of cycles was examined and
is shown in Figure 6a.
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(b) samples standardized with RO fit.
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Therefore, the stiffening index δG, at a given stress level, is calculated as the ratio
of the measured strain γcN of the N-th cycle divided by the peak strain γc1 of the first
cycle obtained from the initial backbone curve at that stress level. The increase in δG with
the increasing number of cycles for Sample A in a loose state appears in Figure 6b. The
stiffening behavior increases with the increasing stress or strain amplitude after exceeding
the volumetric shear strain threshold (here, at a stress level of 20 KPa). The soil stiffening
index (δG) represents the ratio of secant modulus at cycle N to cycle 1 at the same stress level.

δG =
GN

G1
=

τc/γcN
τc/γc1

=
γcN

γc1
= t∗ log(N) + 1 (5)

In Equation (5), (t) is the slope of the (δG − 1)-log(N) plot and represents a stiffening
parameter. Practically, t describes the slope of the relationship:

t =
δG − 1
log(N)

(6)

The deviation of the fit from the measured values at a high stress level (50 kPa in
Figure 6b) is attributed to the high number of cycles applied at lower stress levels. However,
the test can still show when the increase in stiffness levels off, and Equation (5) gives a
good estimate of the stiffness.

At low strain levels (below γtv) where no stiffening is experienced by the soil due
to the cyclic loading, the stiffening index will take the constant value (δG = 1) and the
stiffening parameter (t = 0). As the stress or strain amplitude increases, the stiffening rate
also increases, leading to a rise in the value of t. Since the tests are stress-controlled with
gradually increasing stress levels of cyclic loading, loose samples will reach higher strain
amplitudes than dense samples at the same stress level due to their lower initial stiffness.
Therefore, the stiffening parameter (t) is always higher for loose samples at a prescribed
stress level, as shown in Figure 7a.
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The stiffening parameter (t) is normalized by plotting the parameter with the normal-
ized shear stress (τ/τmax), as demonstrated in Figure 7b. This relationship produced a
good fit for all tested samples with a coefficient of determination (R2) of 0.988, as follows:

t = 0.822
(

τ

τmax

)2
− 0.11

τ

τmax
− 0.024 (7)

Equations (6) and (7) can estimate the dynamic shear modulus of dry Danube sand
after any number of cycles and at any shear stress level during a torsional simple shear test.

5. Limitations of the Soil Models and Extended Masing Criteria

When ignoring the impact of the stiffening behavior, the second Masing rule may
be correct. However, applying cyclic loading causes a significant change in the size of
the hysteresis loops. Some previous researchers suggested changing the scale (2) in the
soil models (R-O or H-D) to fit with the test results [33–36]. Although this technique
provided an improved estimate to the problem, it did not match the test outcomes in this
investigation when employing the soil models, especially after a high number of cycles.
Therefore, a new method should be employed to find the model parameters that would
best fit the cyclic TOSS test results.

Simulating the stiffening behavior of cyclically loaded samples leads to further com-
plications in the Masing criteria. We can apply the third rule to the maximum shear stress
instead of strain in our stress-controlled tests. However, due to increased stiffness, the TOSS
test results showed a considerable drift from the backbone curve during cyclic loading. In
Figure 8, after 100 cycles of 40 kPa, the shear stress was increased to 50 kPa. If the third
Masing criterion was followed, and after exceeding 40 kPa (point a), the curve would take
path A. However, this does not concur with the test results. A proposed solution to this
problem is discussed in the next section.
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The irregular behavior of the sample was studied in tests #13 and #14 with the effect
of stress offset on the stiffness at the same peak-to-peak shear stress amplitude. The fourth
Masing rule applies when neglecting the effect of the stiffening behavior [19]. Stiffening,
due to cyclic loading, will cause the current shear stress–strain curve to intersect previous
curves under different conditions, as shown in Figure 9. In this test, (a) the sample was
loaded for five cycles at a shear stress of 45 kPa. Then, (b) it was loaded for 30 cycles
between 40 kPa and −20 kPa (~30 kPa single amplitude), which caused more stiffening in
the sample. Finally, (c) when the sample was unloaded to −40 kPa, the turning point that
should be used after intersecting with the curve in the fifth cycle could not be identified
due to the stiffening caused by the 30 cycles that followed that fifth cycle. Thus, it would be
very difficult to introduce a model that can replace the fourth Masing criterion to predict
the shear stress–shear strain curve of dry sand subjected to irregular loading patterns due
to stiffening behavior.
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6. Proposed Soil Models

After determining the Gmax and τmax values for each of the tested samples, the curve-
fitting constants in the soil models that fit the TOSS test data were determined. The least
square method was used by employing the Solver in Excel to minimize the sum of squared
errors between the predicted and measured values of the backbone curve. VBA codes were
developed to use the same technique to find the curve-fitting constants for each of the loops
in the cyclic TOSS test to simulate stiffening behavior.

The RO model can fit to the backbone curves very well with the chosen curve-fitting
constants shown in Table 3 with a coefficient of determination (R2) of > 0.99 for all tested
samples, as shown in Figure 10. It is evident that identical curve-fitting constants can be
utilized for the same soil specimen under different conditions by changing τmax and Gmax
depending on the state of the sample (angle of friction, confining stress and void ratio). The
Gmax value can be determined based on the RC measurements or correlations that estimate
its value from the void ratio and mean effective stress. Most relevant to this study is the
correlation found in [17] after measuring the Gmax of the Danube sand over a wide range
of densities and confinement stresses.
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Table 3. Backbone curve-fitting constants for the RO model.

Test
Number

Sample
ID

Uniformity
Coeff.

Fines
Content

Void
Ratio

Maximum
Shear Modulus

Maximum
Shear Stress α Cb Rb

# Cu
(-)

FC
(%)

e
(-)

Gmax
(MPa)

τmax
(kPa) (-) (-) (-)

1 A 2.06 7.56 0.77 85 40 0.3 0.33 3.78
3 A 2.06 7.56 0.58 103.4 50 0.3 0.33 3.78
5 B 2.18 5.69 0.76 79.6 44 0.3 0.44 4.66
7 B 2.18 5.69 0.57 100 53 0.3 0.44 4.66
9 C 9.85 21.11 0.85 76 40 0.3 0.29 3.35

11 C 9.85 21.11 0.62 87 50 0.3 0.29 3.35
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A, (b) Sample B.

6.1. Modifications to the Ramberg–Osgood Model

It was found that the curve-fitting constants obtained for the backbone curve should be
modified for the unloading–reloading curves for a better fit. While the value of α remained
constant throughout the analysis, R and C were reduced for the unloading–reloading curves
to better fit the reduced curvature observed for such curves, as demonstrated in Figure 11a.

It was apparent that the sample became stiffer with every half-cycle (unloading/reloading
curve). The number of half-cycles in the test denoted by n is equal to the number of load
reversals (turning points). By decreasing R after every load reversal during cyclic tests and
keeping constant values of α and C in the two-way RO equation, the stiffening behavior
of the sample was captured with a better fit of the data compared to when changing the
scale factor (2 in the second Masing criterion). When applying the RO model with constant
curve-fitting parameters for simulating the cyclic loading, the loops will always return to
the same point on the shear stress–shear strain curve. However, by slightly decreasing the
value of R after each half-cycle, the loops will start drifting from the first cycle following
the stiffening behavior.
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The VBA codes implemented the least squares method in Excel to find the optimum
value of R that best fits the RO model to the lab curves for each half-cycle in the shear stress–
strain plot, as shown in Figure 11b. For each stress level, we can consider a parameter
δR that represents the ratio of the curvature coefficient (R) of the n-th half-cycle to the
curvature coefficient of the first half-cycle (R1) at the same stress level.

δR =
Rn

R1
= n−b (8)

The values of R1 increased with the increasing stress level after exceeding the volu-
metric shear strain threshold (γtv). By conducting stress-controlled tests, we determined
the relationship between the shear stress and curvature coefficient for each sample’s first
unloading curve (R1). The relationship has a power form of R1 = a′ ∗ τb′ , as shown in Table 4.
Moreover, the relationship between R1 and the shear strains can be found at any point
based on the known backbone curve from the RO model (Equation (1)). This relationship
depends on the soil type and void ratio, which can be obtained separately for each test
using a regression analysis.

Table 4. Two-way modified RO model parameters for cyclic loading.

Test
Number Sample ID Max Shear

Modulus
Max Shear

Stress α C R1 * b ** k ***

# Gmax
(MPa)

τmax
(kPa) (-) (-) (-) (-)

1 A 85 40 0.3 0.23 1.123τ0.27 0.06 0.0231e0.052τ

2 A 103.4 50 0.3 0.23 1.12τ0.26 0.06 0.0308e0.039τ

3 B 79.6 44 0.3 0.23 1.9τ0.128 0.055 0.003τ + 0.13
4 B 100 53 0.3 0.23 1.548τ0.174 0.04 0.001τ + 0.13

5 C 76 40 0.3 0.15 0.463τ0.467 0.045 for τ < 35 kPa
0.06 for τ ≥ 35 kPa 0.002e0.125τ

6 C 87 50 0.3 0.15 1.135τ0.21 0.08 − 0.0005τ 0.0488e0.035τ

* τ in R1 equations is the maximum single amplitude shear stress reached in the test in any direction. ** b = 0
when τ < 20 for loose samples and when τ < 25 for dense samples. *** k becomes constant when exceeding the
maximum shear stress τmax.
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In Equation (8), b is the slope of the log (δ R)-log(n) plot. Practically, b describes the
negative slope of the relationship as follows:

b = − log(δ R)

log(n)
(9)

For Samples A and B with very low percentages of fines, the curvature degradation
parameter (b) is constant throughout the test. On the other hand, for Sample C with a
content of fines of around 20%, the value of b followed the changes in the cyclic loading
stress level, as shown in Figure 12a.
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Below the shear strain volumetric threshold (γtv), δR = 1, the stiffening behavior
is insignificant and b = 0 up to that point. Even though the value of b varies with the
shear stress for Sample C, it does not substantially affect the stiffening behavior. Setting
b = average constant throughout the test would still yield a good approximation to the
problem.

To solve the problem with the third Masing criterion, demonstrated in Figure 8, a
modification to the two-way RO equation is presented. In Equation (2), α is replaced by R1,
and R is reduced to (R/1.3). The “turning point” (τi, γi) is considered as the point where
the previous maximum shear stress is exceeded (point a in Figure 8). The curve (ab) will
follow this modified equation:

γ =
τ − τi
Gmax

[
1 + R1

∣∣∣∣ τ − τi
2C′τmax

∣∣∣∣ R
1.3−1

]
+ γi (10)

where C′ is a parameter that decreases with the increasing maximum reached shear stress
in the test. The relationship between C′ and the maximum reached shear stress can be cal-
culated by isolating C′ from Equation (10) and setting (τm,γm) as the last measured point on
the backbone curve before leveling off (point (τmax,γm) in Figure 4a). The curve will aim to
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reach this point when the turning point is still on the backbone curve. Then, C′ is calculated
for each point on the backbone curve, presented as ( τi, γi) in the following equation:

C′ =
τm − τi
2τmax

∗

 Gmax(γm−γi)
|τm−τi |

− 1

R1

−
1

R
1.3 −1

(11)

By using Equation (11) after exceeding the shear stress of 40 kPa in the example given
in Figure 8, the curve will follow path B. The new path closely agrees with the testing data.
The dependency on the number of loops previously applied will be reflected on the curve
by the curvature parameter (R) decrease in the equation. C′ cannot have negative values.
Moreover, whenever the shear stress exceeds τmax while modeling using this method, C′

will keep a constant positive value that is close to 0.
The stiffness of the cyclically loaded sample at any stress amplitude is affected by

the previous cyclic loading at a lower stress level as long as it is above the volumetric
threshold. As shown in Figure 12b, the stiffness at a stress level of 40 kPa increased by
55% compared to the backbone curve due to the previous 100 cycles applied at 30 kPa for
a loose sample. Previous cycling also decreased the curvature parameter (R) from 3.05 to
2.8. It is challenging to study the effect of the number of previously applied cycles at lower
stress levels on the stiffness because of the long time and high effort required for sample
preparation and testing using the RC-TOSS device. However, there is a method to find the
curvature parameter R in the RO equation based on an equivalent number of half-cycles
(neq). The equivalent number of half-cycles (load reversals) depends on the peak strain
amplitude when the unloading starts at a higher stress level than the previous cycle (γn
in Figure 12b). This method allows for the prediction of the shear stress–strain curve, and
hence, the stiffness of the sample.

After obtaining R1 and b at each stress level for a sample, we can calculate the peak
strain amplitude of each cycle from 1 to 100. By considering the strain amplitude on the
backbone curve as the peak strain of the first half-cycle (γ1), we can find a parameter δγ

that represents the ratio of peak strain amplitude (γ) of the n-th half-cycle to the peak strain
amplitude of the first half-cycle (γ1) at the same stress level:

δγ =
γn

γ1
= n−k (12)

The parameter (k) is the slope of the log(δγ)-log(n) plot that represents the change in
the peak strain amplitude with the number of load reversals. K increases with the increasing
stress level, as shown in Table 4. Note that k keeps a constant maximum value when the
stress level exceeds τmax.

After any sequence of cyclic loading, and when exceeding the previously reached
maximum shear stress, the strain amplitude will result from Equation (10) before the start
of the next unloading phase (curve ab in Figure 8). From the strain where the unloading
begins, an equivalent number of load reversals

(
neq
)

at that stress level can be calculated
from the following equation:

neq = 10
log(δγ)

−k (13)

For instance, in a loose Sample A, 100 cycles at a stress level of 30 kPa were equivalent
to 42 cycles at a stress level of 40 kPa. The equivalent number of load reversals (half-cycles)
in that case is neq = 84. The curvature parameter Rn that corresponds to the calculated
equivalent number of load reversals at that stress level is calculated as follows:

Rn = R1 ∗ neq
−b (14)

Subsequently, the cyclic loading will be restarted with n = neq, and the curvature
coefficient R = Rn will continue to diminish with the rising number of load reversals.
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6.2. Modifications to the Hardin–Drnevich Model

The modified Hardin–Drnevich equation contains only two curve-fitting constants
(γr, m), making it more straightforward than the Ramberg–Osgood model to simulate the
behavior, especially since these parameters can be considered constant regardless of the
shear strain amplitude with reasonable accuracy.

Similar to the RO model, and due to the problem discussed and shown in Figure 11a,
the parameter γrb for the backbone curve can be higher than γr for the unloading–reloading
curves. In order to simulate the stiffening behavior, γr increases with the increasing number
of half-cycles (n), while m remains constant throughout the analysis.

The modified HD model calculates the stresses based on the given strain history;
therefore, to study the stiffening behavior, this model is more conveniently calibrated
using a strain-controlled test. However, since our device is only capable of conducting
stress-controlled tests and we found that the HD model’s parameters can be considered
independent of the strain/stress amplitude (unlike the RO model), we can find the rate of
increase in γr using a stress-controlled test by adjusting γrn for each half-cycle to match the
TOSS test results based on the measured shear strains.

For each stress level, we can consider a parameter δγr that represents the ratio of the
parameter (γr) of the n-th half-cycle to the curvature coefficient of the first half-cycle (γr1)
at the same stress level.

δγr =
γrn
γr1

= n f (15)

where f is the slope of the log(δγr )-log(n) plot. Practically, f describes the slope of the
relationship:

f =
log(δγr )

log(n)
(16)

The Hardin–Drnevich curve-fitting constants and the calculated stiffening parameter
f for all the samples are shown in Table 5. The cyclic strain-controlled test results based
on the HD model, considering the stiffening behavior using the parameters for Soil A in a
dense state, appear in Figure 13a.

Geosciences 2024, 14, x FOR PEER REVIEW  17  of  20 
 

 

2  A  103.4  0.00042  0.88  0.00042  0.09  0.15𝛾଴.ଵ଺ 

3  B  79.6  0.0005  0.88  0.00047  0.085  0.09𝛾଴.ଵ 

4  B  100  0.0005  0.88  0.00047  0.063  0.114𝛾଴.ଵ଼ 

5  C  76  0.00053  0.88  0.0005  0.095  0.24𝛾଴.ଶହ 

6  C  87  0.00053  0.88  0.0005  0.11  0.29𝛾଴.ଶ଺ 
* f = 0 when the shear strain is below the volumetric strain threshold. **  𝛾  is the maximum single 

amplitude shear strain reached in the test, and s is constant after exceeding a shear stress value equal 

to  𝜏௠௔௫. 

   
 

(a)  (b) 

Figure 13. Modifications to the HD model due to the stiffening behavior. (a) HD model stiffening 

behavior for a strain-controlled test. (b) Modification to the third extended Masing criterion in HD 

model. 

The same limitation to the third Masing criterion in the RO model described in the 

previous section applies  to  the HD model, and a different equation  is necessary when 

exceeding  the previously reached maximum shear strain, as shown  in Figure 13b. The 

curve cannot follow the backbone curve (path A) due to stiffening behavior and higher 

stress levels at the same strain amplitude; instead, it should follow path B. 

Figure 13b shows a cyclic strain-controlled test. After exceeding the maximum pre-

viously reached strain amplitude, the curve (ab) can follow the same two-way HD equa-

tion  (Equation  (4)) by  introducing a  factor  (𝜔ሻ  that reduces Gmax while considering  the 

turning point (𝜏௜, 𝛾௜) to be the point where the previous maximum shear strain is exceeded 

(point a). Therefore, the curve in path B follows Equation (17). 

𝜏 ൌ
𝜔𝐺଴ሺ𝛾 െ 𝛾௜ሻ

1 ൅ ቚ
𝛾 െ 𝛾௜

2𝛾௥
ቚ

௠ െ 𝜏௜  (17) 

where 𝜔  can be calculated for any strain amplitude from the backbone curve as follows: 

𝜔 ൌ
ሺ𝜏௠ െ 𝜏௜ሻ ∗ ሺ1 ൅ ቚ

𝛾௠ െ 𝛾௜
2𝛾௥

ቚ
௠

ሻ

𝐺଴ሺ𝛾௠ െ 𝛾௜ሻ
  (18) 

where (𝜏௠,𝛾௠) is the last measured point on the backbone curve before leveling off (point 

(𝜏௠௔௫,𝛾௠) in Figure 4a), which is the point that the curve will aim to reach when the turning 

Figure 13. Modifications to the HD model due to the stiffening behavior. (a) HD model stiffening
behavior for a strain-controlled test. (b) Modification to the third extended Masing criterion in
HD model.



Geosciences 2024, 14, 26 17 of 20

Table 5. Backbone and two-way modified HD model parameters for cyclic loading.

Test
Number Sample ID Maximum Shear

Modulus γrb m γr f * s **

# Gmax
(MPa) (-) (-) (-) (-) (-)

1 A 85 0.00042 0.88 0.00042 0.1 0.18γ0.18

2 A 103.4 0.00042 0.88 0.00042 0.09 0.15γ0.16

3 B 79.6 0.0005 0.88 0.00047 0.085 0.09γ0.1

4 B 100 0.0005 0.88 0.00047 0.063 0.114γ0.18

5 C 76 0.00053 0.88 0.0005 0.095 0.24γ0.25

6 C 87 0.00053 0.88 0.0005 0.11 0.29γ0.26

* f = 0 when the shear strain is below the volumetric strain threshold. ** γ is the maximum single amplitude shear
strain reached in the test, and s is constant after exceeding a shear stress value equal to τmax.

The same limitation to the third Masing criterion in the RO model described in the
previous section applies to the HD model, and a different equation is necessary when
exceeding the previously reached maximum shear strain, as shown in Figure 13b. The
curve cannot follow the backbone curve (path A) due to stiffening behavior and higher
stress levels at the same strain amplitude; instead, it should follow path B.

Figure 13b shows a cyclic strain-controlled test. After exceeding the maximum previ-
ously reached strain amplitude, the curve (ab) can follow the same two-way HD equation
(Equation (4)) by introducing a factor ( ω) that reduces Gmax while considering the turning
point (τi, γi) to be the point where the previous maximum shear strain is exceeded (point
a). Therefore, the curve in path B follows Equation (17).

τ =
ωG0(γ − γi)

1 +
∣∣∣ γ−γi

2γr

∣∣∣m − τi (17)

where ω can be calculated for any strain amplitude from the backbone curve as follows:

ω =
(τm − τi) ∗

(
1 +

∣∣∣ γm−γi
2γr

∣∣∣m)
G0(γ m − γi)

(18)

where (τm,γm) is the last measured point on the backbone curve before leveling off (point
(τmax,γm) in Figure 4a), which is the point that the curve will aim to reach when the turning
point is still on the backbone curve. This parameter can be found from the previously
calibrated curve-fitting constants, and no extra curve-fitting or calibrations are needed.

The same method proposed for the RO model can be exploited to find the curvature
parameter γr in the HD equation based on an equivalent number of half-cycles that depends
on the maximum stress amplitude after any previously applied cyclic loading.

After obtaining γr1 and f for each strain level in a specimen, we can find the peak
stress amplitude for each loop from 1 to 100 (τ1 to τ200 in Figure 13a). By considering the
stress amplitude on the backbone curve as the peak stress of the first half-cycle (τ 1), we can
find a parameter δτ that represents the ratio of peak stress amplitude of the n-th half-cycle
(τn) to the peak stress amplitude of the first half-cycle (τ1) at the same strain level:

δτ =
τn

τ1
= ns (19)

The parameter (s) is the slope of the log(δτ)-log(n) plot that represents the change in
the peak stress amplitude with the number of half-cycles. s increases with the increasing
strain level, as shown in Table 5. Note that s keeps a constant maximum value when the
stress level exceeds τmax.
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After any sequence of cyclic loading, and when the previously maximum shear strain
is exceeded, the shear stresses will be calculated from Equation (17) (curve ab in Figure 13b)
before the start of the next unloading phase. From the calculated stress at the turning point
(b), an equivalent number of load reversals at that strain level can be calculated from the
following equation:

neq = 10
log(δτ )

s (20)

The curvature parameter γr corresponding to the calculated equivalent number of
load reversals at that strain level is as follows:

γr = γr1 ∗ neq
f (21)

7. Conclusions

In this research, the RC-TOSS device is used to test three types of dry sand and
examine the stiffening behavior of the samples when subjected to cyclic and irregular
loading patterns. The substantial effect of the stiffening behavior on the dynamic properties
is presented in two equations, (5) and (6), that can be used to estimate the dynamic shear
modulus ( GN) of dry Danube sand after N number of cycles at any shear stress (τ).

The limitations of the soil models coupled with the Masing criteria commonly used in
practice are discussed. Such limitations are a result of neglecting the impact of the cyclic
loading on the stiffness of the soil, which is reflected in the shear stress–strain curves. A
new method is presented as modifications to the RO and HD models to provide the ability
of such models to predict the stiffening behavior.

The RO model is modified by considering different curve-fitting constants (C and R)
for the unloading–reloading curves. C and R are lower than the constants of the backbone
curve (Cb and Rb). For a better fit with the tested data, R increases with the increasing shear
stress level and decreases with the increasing number of cycles to simulate the stiffening
behavior. A stiffening parameter (b) is introduced to the model, which represents the slope
of the log(δR)-log(n) plot, where δR is the ratio between the parameter R at the n-th loop
(Rn) and the first loop (R1). A method has been introduced to surpass the limitation of the
third Masing criteria by continuing the shear stress–strain curve based on the point where
the previous maximum shear stress was exceeded. A parameter (k) was introduced to the
model to find the change in the parameter (R) due to any previous cyclic loading based on
an equivalent number of cycles.

Even though we cannot precisely predict the behavior of soils under irregular (earth-
quake) loading patterns, we can approximate the loading history as a series of cyclic
loadings that gradually increase in intensity until they reach a maximum stress level and
then decrease in intensity until they reach zero. This would be similar to the TOSS tests
performed in this research. By approximating the stiffening behavior in this way, we can
apply the proposed model and modify the Masing criteria to account for stiffening effects
when the soil is subjected to intense irregular loading patterns.
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