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Abstract

This paper proposes an adaptive fault-tolerant control strategy for nonlinear switched sys-
tems subject to state constraints and time-varying faults. Within a backstepping framework,
multiple Lyapunov integral barrier functions are constructed to enforce state constraints,
while radial basis function neural networks and adaptive laws compensate for actuator and
sensor faults. Under average dwell time switching, the closed-loop system is rigorously
proven to achieve fast practical finite-time stability and excellent output tracking perfor-
mance, ensuring all signals remain bounded without violating constraints. The approach is
validated via a variable-load nonlinear spring–damper simulation.

Keywords: nonlinear switched systems; state constraints; fault-tolerant control; average
dwell time

1. Introduction
A switched system consists of a sequence of continuous-time or discrete-time subsys-

tems and a switching rule governing their transitions. Unlike conventional non-switched
systems, switched systems exhibit complex dynamical behaviors: even asymptotically
stable subsystems may lead to divergent closed-loop systems under improper switching
signals, while unstable subsystems can be stabilized via well-designed switching logic.
Control and stability analysis of nonlinear switched systems remain a cutting-edge re-
search topic [1–3], which spawned the theory of multiple Lyapunov functions (MLFs).
Reference [4] first systematically established the MLF framework, proposing that each
subsystem can have its own Lyapunov function instead of a globally unified energy func-
tion. Reference [5] explored the intrinsic MLF-switched system relationship, transforming
multiple Lyapunov stability criteria into a single Lyapunov function via linguistic the-
ory and symbolic dynamics to derive novel stability conditions. Reference [6] addressed
input–output-to-state stability of time-varying nonlinear switched systems, extending
MLFs to indefinite forms to relax the strict negative definiteness requirement on Lyapunov
function derivatives.

Practical switching behaviors are constrained by hardware and energy limitations.
Time constraints, particularly dwell time and average dwell time (ADT), are widely adopted
for their engineering feasibility. ADT allows occasional high-frequency switching while
regulating the overall average switching frequency, ensuring exponential stability for all-
stable-subsystem switched systems when exceeding a threshold [7]. Reference [8] studied
linear switched systems with both stable and unstable subsystems, constructing piecewise
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Lyapunov functions and extending results to systems with nonlinear norm-bounded per-
turbations. It proved that small perturbations can be compensated via modified switching
laws and sufficiently large ADT for exponential convergence. Reference [9] combined ADT
with backstepping to propose an adaptive radial basis function (RBF) neural network out-
put feedback controller for uncertain nonlinear switched systems with unmeasurable states,
designing independent switching filters and update laws to ensure bounded signals and
convergent tracking errors. Reference [10] applied ADT to discrete-time switched systems,
deriving necessary and sufficient exponential stability criteria for time-delay systems via
higher-order homogeneous switched Lyapunov methods. Reference [11] addressed robust
stability of asynchronous time-delay switched systems with ADT, obtaining two sets of
sufficient conditions via integral inequalities.

Recent advances in switched systems have also addressed critical challenges in secure
control and transient performance optimization. Reference [12] developed an adaptive
fuzzy tracking control scheme for switched nonlinear systems subject to false data injection
attacks and input saturation, achieving flexible transient performance via a prescribed
performance function framework. Reference [13] proposed a sub-domain-awareness adap-
tive probabilistic event-triggered policy for attack-compensated output control of Markov
jump cyber–physical systems, where dynamically matching modes are handled through a
novel mode-dependent triggering mechanism. For fault-tolerant control of switched linear
parameter-varying systems, reference [14] introduced a bumpless transfer approach that
minimizes control signal jumps during mode transitions while maintaining stability. These
works highlight the growing research interest in integrating switching control with fault
tolerance, security, and transient performance guarantees, which motivates the present
study to further address simultaneous actuator and sensor faults under state constraints.

Barrier Lyapunov Functions (BLFs) tend to infinity as system states approach prede-
fined constraint boundaries while remaining positive definite and continuous within the
feasible region. References [15,16] used backstepping and logarithmic BLFs to solve output
tracking problems for state-constrained nonlinear systems, achieving constraint-free asymp-
totic tracking under feasible initial conditions and control parameters. References [17–20]
combined logarithmic BLFs with neural networks or fuzzy logic systems to handle un-
known functions, designing observers and controllers for systems with unmeasurable
states or input delays while enforcing state constraints. Integral Barrier Lyapunov Func-
tions (IBLFs) have also been widely applied to state-constrained nonlinear systems [21–24].
Reference [25] proposed an adaptive finite-time controller for strict-feedback nonlinear
systems with parametric uncertainties and full-state constraints using a novel tangent-type
BLF, constructing new tuning functions to eliminate uncertainties and ensure finite-time
tracking error convergence without constraint violations.

Beyond traditional control frameworks, recent research has also explored secure and
adaptive control strategies for complex nonlinear systems. Reference [26] investigated adap-
tive neural self-triggered secure control for nonlinear networked PDE-ODE systems subject
to unknown deception attacks, where a self-triggered communication mechanism reduces
the network transmission burden while maintaining closed-loop stability. Stability analysis
has also been extended to optimization and cooperative control frameworks. Reference [27]
established global asymptotic stability conditions for autonomous optimization systems,
providing a unified Lyapunov-based stability criterion that is applicable to a broad class of
dynamical systems. Furthermore, reference [28] addressed the gradient-free cooperative
source-seeking problem of quadrotor systems under disturbances and communication
constraints, demonstrating the applicability of Lyapunov-based analysis to multi-agent
systems with limited communication. These results provide important insights into the
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stability analysis and adaptive compensation techniques that are relevant to the FTC design
for switched nonlinear systems.

Fault-tolerant control (FTC) enables systems to maintain stable operation and ac-
ceptable performance under actuator, sensor, or structural faults, enhancing safety and
reliability to prevent catastrophic accidents. Reference [29] proposed a fuzzy adaptive
compensation scheme for time-varying nonaffine faults. For sensor faults, reference [30]
developed a switching-type observer to improve transient performance under unknown
faults, while reference [31] designed a fault-compensated state observer for partial sensor
failures using cubic absolute-value Lyapunov functions. Reference [32] further addressed
multiple sensor faults that invalidate conventional feedback, eliminating their adverse
effects. For simultaneous actuator and sensor faults, reference [33] presented an adaptive
neural network FTC controller, compensating for multiple fault types (e.g., bias, drift) with
reduced computational burden via a single-parameter update mechanism.

This paper focuses on uncertain nonlinear switched systems and investigates in depth
the problem of adaptive safe fault-tolerant control under the coexistence of state constraints
and simultaneous multiple hardware faults. By integrating RBF neural networks, the back-
stepping technique, BLFs, and the ADT method, this paper proposes a series of novel
adaptive fault-tolerant control schemes. The stability of the closed-loop system is rigor-
ously proved through mathematical analysis, and comprehensive simulation verification is
conducted based on a variable-load spring–damper system model. The main contributions
of this paper are as follows:

(1) By employing the ADT method and the MLF approach, local BLFs are constructed for
each subsystem rather than a common BLF within the recursive backstepping design
framework, which significantly reduces the conservatism of the system design.

(2) Furthermore, considering severe sensor distortion and high-frequency oscillation,
as well as actuator efficiency degradation with fluctuating performance across dif-
ferent subsystem modes, an adaptive safe control strategy is developed that can
simultaneously compensate for multiple time-varying hardware faults.

(3) Rigorous theoretical analysis demonstrates that under the ADT constraint, even when
the system is subjected to abrupt multiple faults, the system state variables never
violate the state safety constraints. The closed-loop system achieves fast practical
finite-time stability and excellent tracking performance, and all signals within the
system remain uniformly ultimately bounded.

To further clarify the novelty of this work, we highlight the following distinctive features:

(1) Unlike traditional IBLF-based methods that impose indirect constraints on tracking
errors, our MLIBF enforces direct constraints on faulty states xF

i , thereby preserving
the full feasible region and reducing conservatism. This eliminates the restrictive
requirement for prior knowledge of virtual control bounds, which is often unattainable
in practical applications.

(2) Unlike most existing FTC schemes that address either actuator faults or sensor faults
separately, our method simultaneously handles both types of time-varying faults
under the ADT framework. The deep coupling between switching dynamics and
multiple simultaneous faults is rigorously addressed through the coordinated design
of MLIBF and adaptive compensation laws.

(3) The piecewise function Θi is innovatively constructed to circumvent the singularity
problem inherent in finite-time backstepping, ensuring boundedness of all closed-loop
signals while preserving the finite-time convergence property.

(4) The rigorous finite-time stability analysis under strict state safety constraints and
multiple simultaneous faults provides, to the best of our knowledge, a new result for
nonlinear switched systems.
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Based on the above analysis, distinct features are summarized to explicitly contrast
our approach with existing literature in the following Table 1.

Table 1. Distinct features.

References Fault Type Switching Handling Finite-Time

[21] None None No
[22] Actuator Only None No
[31] Sensor Only None No
[33] Actuator + Sensor None No

Our Work Actuator + Sensor ADT + MLF Yes

The rest of this paper is organized as follows. Section 2 presents the system description
and problem formulation. Section 3 develops the multiple Lyapunov integral barrier
function (MLIBF)-based adaptive fault-tolerant controller design. Section 4 provides the
stability analysis under the ADT framework. The simulation results are given in Section 5.
Section 6 concludes this paper.

2. System Description and Problem Formulation
Consider the following nonlinear switched systems subject to both sensor and

actuator faults,

ẋi = gi,σ(t)(x̄i)xi+1 + hi,σ(t)(x̄i) + φi,σ(t)(x, t), i = 1, . . . , n − 1

ẋn = gn,σ(t)(x̄i)uσ + hn,σ(t)(x̄n) + φn,σ(t)(x, t)

y = x1

(1)

where x̄i = [x1, . . . , xi]
T ∈ Ri (i = 1, 2, . . . , n) represents the system state vector; y ∈ R is

the system output; σ(t) = k ∈ N+ denotes the switching signal, and the system operates
in the k-th mode during the time interval t ∈ [tk, tk+1); hi,k(x̄i) and gi,k(x̄i) represent the
unknown smooth nonlinear functions within the system, and there exist two unknown
positive constants g and ḡ such that g < gi,k(x̄i) < ḡ; φi,k(x, t) denotes the unknown
external disturbance; and uk is the control input of the k-th subsystem, which is subject to
the risk of actuator faults.

Based on [29], the following sensor and actuator faults are considered:

xF
i = βi,σ(t)(t)xi, i = 1, . . . , n (2)

uk(t) = β0,σ(t)(t)vk (3)

where βi,σ(t)(t) and β0,σ(t)(t) denote the switched time-varying sensor and actuator fault
factors, respectively. These factors are unknown functions, and there exists a positive
constant β

i,k
such that β

i,k
< βi,k(t) < 1. vk represents the actual control input. The fault

models considered in this paper address the loss-of-effectiveness faults in sensors and
actuators under the condition that the fault factors are unknown time-varying functions.

The fault models considered in this paper focus on multiplicative (loss-of-effectiveness)
faults in both sensors and actuators. This class of faults is particularly challenging as it
directly multiplies the state measurements and control signals, thereby altering the system
structure and constraint conditions. It is worth noting that additive bias and drift faults
can also be accommodated within the proposed framework by incorporating additional
adaptive compensation terms. However, such extensions would increase the computational
burden and complexity of the stability analysis. The current method is therefore primarily

https://doi.org/10.3390/act15080439

https://doi.org/10.3390/act15080439


Actuators 2026, 15, 439 5 of 25

applicable to systems subject to multiplicative faults, which are common in practical
scenarios such as sensor calibration degradation and actuator efficiency loss.

Furthermore, the state safety constraints imply that, even in the presence of sensor
faults, the state of each subsystem must satisfy

|xF
i | < Mci , Mci > 0 (4)

where the positive constants Mci define the allowable safety bounds for the faulty measur-
able states, referred to as the state safety constraints throughout this paper.

In practice, state measurements are obtained through sensors. When sensors experi-
ence faults (e.g., loss of effectiveness, drift), the measured values xF

i no longer equal the true
physical states xi. However, control decisions must be made based on these faulty measure-
ments. Therefore, imposing constraints on xF

i means ensuring that the measured/readable
values remain within safe bounds, which is the only information available to the controller.
Meanwhile, since the fault factor βi,k(t) satisfies β

i,k
< βi,k(t) < 1, the actual physical state

satisfies |xi| = |xF
i |/βi,k(t) > |xF

i |, meaning that the true state may exceed the measured
value. Thus, constraining xF

i with tighter bounds (i.e., selecting smaller Mci ) provides a
conservative safety guarantee for the actual physical state.

Remark 1. The faults described by (2) and (3) are deeply coupled with the switching behaviors.
Such complex faults directly induce a fundamental alteration in the system constraints. Owing to
the unknown time-varying actuator and sensor fault factors, β0,σ(t) and βi,σ(t)(t), the conventional
true state constraints are transformed into the more stringent faulty state constraints (4), which
necessitates the innovative construction of the subsequent MLIBF to tackle the constraint challenges.

The objective of this paper is to design a singularity-free adaptive finite-time fault-
tolerant controller and an ADT switching law for the nonlinear switched system (1) sub-
jected to multiple faults and state constraints (4). This ensures that the system output
can effectively track the reference signal within a finite time, all signals in the closed-loop
system remain bounded, and the full-order states strictly satisfy the safety constraints.

Assumption 1. For all t > 0, there exist positive constants π0 and πi (i = 1, 2, . . . , n) such that
the reference signal yr(t) and its derivatives satisfy

|yr(t)| ≤ π0 ≤ Mc1 , |y(i)r (t)| ≤ πi (5)

Universal Approximation Property of RBF Neural Networks: Radial basis function neural
networks are employed in this paper to approximate unknown continuous functions. It is
well established that RBF neural networks possess the universal approximation property;
i.e., for any continuous function f (X) defined on a compact set Ω ⊂ Rq and any given
accuracy ε > 0, there exists an RBF neural network with sufficiently many nodes such that

sup
X∈Ω

∣∣∣ f (X)− W∗TS(X)
∣∣∣ ≤ ε (6)

where W∗ ∈ Rp is the ideal weight vector and S(X) ∈ Rp is the basis function vector.
This property guarantees that the unknown nonlinear functions f̄i,k(Xi) defined in the
subsequent controller design can be approximated with arbitrary accuracy over the compact
set of interest.
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Lemma 1 ([17]). Consider the IBLF Vi, which satisfies the following conditions:

V(z, α) =
n

∑
i=1

Vi(zi, αi−1) (7)

Vi(zi, αi−1) =
∫ zi

0

σk2
ci

k2
ci
− (σ + αi−1)2 dσ, i = 1, . . . , n (8)

z2
i

2
≤ Vi ≤

k2
ci

z2
i

k2
ci
− x2

i
(9)

where |xi| < kci , and zi = xi − αi−1 (with α0 = yd) denotes the tracking error.

Lemma 2. Consider the differential inequality

V̇ ≤ −aV − bVρ + c

where V ≥ 0, a > 0, b > 0, 0 < ρ < 1, and c > 0. Then, V(t) converges to a bounded region in
finite time, and the convergence time satisfies

Tr ≤ max
{

t0 +
1

ℓb(1 − ρ)
ln

ℓbV1−ρ(t0) + a
a

, t0 +
1

b(1 − ρ)
ln

bV1−ρ(t0) + ℓa
ℓa

}
for any 0 < ℓ < 1.

3. MLIBF-Based Fault-Tolerant Controller Design
In this section, a singularity-free finite-time adaptive FTC strategy is developed for

nonlinear switched systems subject to multiple time-varying faults, external disturbances,
and state constraints. By leveraging the MLIBF, it is strictly guaranteed that the full-state
vectors remain within the predefined safety boundaries under both ADT switching and
abrupt multiple faults. Furthermore, a piecewise function is innovatively introduced to
circumvent the singularity problem inherent in traditional finite-time backstepping during
the differentiation process, ensuring the boundedness of all closed-loop signals. Finally,
RBF neural networks and adaptive laws are utilized to compensate for unknown sensor and
actuator failure factors. This approach effectively reduces the conservatism of the control
design while ensuring the safe, stable, and reliable operation of the constrained system
under complex working conditions. Based on the aforementioned theory, the specific
recursive backstepping design procedure is detailed as follows:

Step 1: First, the following coordinate transformation is introduced for system (1):

ϑ1 = xF
1 − yr

ϑi = xF
i − αi−1 − y(i−1)

r

(10)

where αi−1 denotes the virtual controller, whose specific expression will be presented in
subsequent sections.

Differentiating the tracking error ϑ1 yields

ϑ̇1 = ẋF
1 − ẏr

= β1,k(t)ẋ1 + β̇1,k(t)x1 − ẏr

= β1,k(t)(g1,k(x1)x2 + h1,k(x1) + φ1,k(x1)) + β̇1,k(t)x1 − ẏr

=
β1,k(t)g1,k(x1)

β2,k(t)
(ϑ2 + α1 + ẏd) + β1,k(t)h1,k(x1) + β1,k(t)φ1,k(x1)

+ β̇1,k(t)x1 − ẏr

(11)
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Subsequently, IBLF is constructed as follows:

Vϑ
1 =

∫ ϑ1

0

λM2
c1

M2
c1
− (λ + yr)2 dλ (12)

The time derivative of Vϑ
1 is given by

V̇ϑ
1 =

ϑ1M2
c1

M2
c1
− (xF

1 )
2

ϑ̇1 + ẏr

∫ ϑ1

0

∂

∂yr

λM2
c1

M2
c1
− (λ + yr)2 dλ

where

∫ ϑ1

0

∂

∂yr

λM2
c1

M2
c1
− (λ + yr)

2 dλ = (ϑ1m1 − ϑ1ϱ1(ϑ1, yr)), m1 =
M2

c1

M2
c1
−
(
xF

1
)2 (13)

ϱ1(ϑ1, yr) =
∫ 1

0

M2
c1

M2
c1
− (µϑ1 + yr)

2 dµ =
Mc1

2ϑ1
ln

(Mc1 + ϑ1 + yr)(Mc1 − yr)

(Mc1 − ϑ1 − yr)(Mc1 + yr)
(14)

By applying L’Hôpital’s rule, we obtain limϑ1→0 ϱ1(ϑ1, yr) = M2
c1

/
(

M2
c1
− y2

r
)
. Com-

bined with Assumption 1, yr is bounded and satisfies |yr(t)| ≤ π0 ≤ Mc1 . Therefore,
even when ϑ1 = 0, ϱ1(ϑ1, yr) remains bounded in the neighborhood of ϑ1 = 0. The same
boundedness property holds for all subsequent steps.

Remark 2. Unlike traditional logarithmic BLF that impose indirect state constraints by limiting
tracking errors, the IBLF constructed in this paper enforces direct constraints on the actual faulty
state xF

1 . Based on the error definition ϑi = xF
i − αi−1 − y(i−1)

r adopted in this work, indirect
constraint approaches require prior knowledge of the bounds of the virtual control law αi−1, which
leads to a severe contraction of the initial feasible solution set. The introduction of the IBLF eliminates
complex error transformation conditions and preserves the complete original constraint set, thereby
significantly reducing the conservatism of the constrained fault-tolerant controller design.

The following MLIBF is constructed:

V1,k =
∫ ϑ1

0

λM2
c1

M2
c1
− (λ + yd)

2 dλ +
β1,k

2γ1
θ̃2

1 (15)

where γ1 > 0 is a positive design parameter, and the estimation error of θ1 is defined
as θ̃1 = θ1 − θ̂1.

Combining (12)–(14), the time derivative of V1,k along the trajectory of ϑ̇1 is given by

V̇1,k = m1[
β1,k(t)g1,k(x1)

β2,k(t)
(ϑ2 + α1 + ẏr) + β1,k(t)h1,k(x1)

+ β1,k(t)φ1,k(x1) + β̇1,k(t)x1 − ẏr]−
β1,k

γ1
θ̃1

˙̂θ1 + m1ẏr (16)

− ϑ1ϱ1(ϑ1, yr)ẏr

Furthermore, by applying Young’s inequality and the boundedness property of the
unknown time-varying fault factors, we obtain

β1,k(t)m1ϑ2

β2,k(t)
≤

M2
c1

ϑ2
1

2β2
2,k

(
M2

c1
− x2

1
) + M2

c1
ϑ2

2

2
(

M2
c1
− x2

1
) (17)
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Substituting (17) into (16) yields

V̇1,k ≤ m1[
β1,k(t)g1,k(x1)

β2,k(t)
(α1 + ẏr) + β1,k(t)h1,k(x1) + β1,k(t)φ1,k(x1)

+ β̇1,k(t)x1 − ẏr] +
g1,k(x1)M2

c1
ϑ2

1

2β2
2,k

(
M2

c1
− x2

1
) + g1,k(x1)M2

c1
ϑ2

2

2
(

M2
c1
− x2

1
) + m1ẏr −

β
1,k

γ1
θ̃1

˙̂θ1 (18)

− ϑ1ϱ1(ϑ1, yr)ẏr

The virtual control law is designed as follows:

α1 =
1

ḡ1,k

−l1ϑ1 − lρ1 Θ1 −
1
2

mβ
1
θ1ST

1 S1 −
ϑ2

1 M2
c1

2β2
2,k

mβ
1

(
M2

c1
− x2

1
)
 (19)

where l1 > 0 and lρ1 > 0 are positive design parameters, mβ
1
= ϑ1M2

c1
/(M2

c1
− β2

1,k
x2

1).
The following piecewise function Θ1 is constructed:

Θ1 =


mρ−1

β
1

ϑ
ρ
1 , |ϑ1| ≥ ∆1

mρ−1
β

1

(
ν1

1 ∆ρ−1
1 + ν1

2 ∆ρ−2
1

)
, |ϑ1| ≤ ∆1

(20)

where the parameter ρ satisfies 0 < ρ < 1, 0 < ∆1 < 1 is the prescribed expected error
accuracy, and ν1

1 = 3
2 ϑ1, ν1

2 = − 1
2 ϑ2

1.

Remark 3. In the backstepping-based fault-tolerant controller design, successive differentiation of
virtual control laws is highly prone to singularity at the origin due to fractional powers. To address
this issue, the piecewise function Θ1 is constructed in this paper. When the variable enters the
small neighborhood of the origin (i.e., |ϑ1| ≤ ∆1), the original fractional power form is replaced by
reconstructing the control structure, which fundamentally avoids the differentiation singularity.
This design not only guarantees the continuous boundedness of all closed-loop system signals,
but also is seamlessly compatible with the MLIBF, achieving finite-time stability under strict
state constraints.

When |ϑ1| ≤ ∆1, the following inequality holds:

−m1lρ1 Θ1 ≤ −lρ1 mρ
β

1

(
ν1

1 ∆ρ−1
1 + ν1

2 ∆ρ−2
1

)
≤ −

3lρ1 mρ
β

1
ϑ1∆ρ−1

1

2
+

lρ1 mρ
β

1
ϑ2

1∆ρ−2
1

2
(21)

≤ −lρ1 mρ
β

1
ϑ1∆ρ−1

1 −
lρ1 mρ

β
1
ϑ1∆ρ−1

1

2
+

lρ1 mρ
β

1
ϑ2

1∆ρ−2
1

2
≤ −lρ1(mβ

1
ϑ1)

ρ

When |ϑ1| ≥ ∆1, the following inequality holds:

−m1lρ1 Θ1 ≤ −lρ1(mβ
1
ϑ1)

ρ (22)

Define the unknown function as follows:

f̄1,k(X1) = −β1,k(t)h1,k(x1)− β1,k(t)φ1,k(x1)− β̇1,k(t)x1 −
1
2

mβ
1

−
(

β1,k(t)g1,k(x1)

β2,k(t)
+

ϑ1ϱ1(ϑ1, yr)

mβ
1

)
ẏr

(23)
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The unknown function is approximated by an RBF neural network, which yields

f̄1,k(X1) = ω∗T
1,kS1(X1) + ε1,k(X1) (24)

where ω∗T
1,k is the optimal weight vector, S1(X1) is the basis function vector, and ε1,k(X1) is

the approximation error satisfying
∣∣ε1,k(X1)

∣∣ ≤ ε̄1 with ε̄1 > 0. The state vector is defined
as X1 =

[
x1, xF

1 , yr, ẏr
]
.

Using the above inequalities, V̇1,k is rewritten as

V̇1,k ≤ −l̄1ϑ1mβ
1
− l̄ρ1

(
ϑ1mβ

1

)ρ
−

β
1,k

2
m2

β
1
θ1ST

1 S1 − mβ
1

(
ω∗T

1 S1(X1) + ε1(X1)
)

− 1
2

m2
β

1
+

M2
c1

ϑ2
2

2
(

M2
c1
− x2

1
) − β

1,k

γ1
θ̃1

˙̂θ1

(25)

where l̄1 = l1β
1,k

and l̄ρ1 = lρ1 β
1,k

.
By applying Young’s inequality, we obtain

−mβ
1
ω∗T

1 S1 ≤ 1
2β

1,k

+
β

1,k

2
m2

β
1
θ1ST

1 S1 (26)

−mβ
1
ε1 ≤ 1

2
m2

β
1
+

1
2

ε̄2
1 (27)

The following adaptive law is designed for ˙̂θ1:

˙̂θ1 =
γ1

2
m2

β
1
ST

1 S1 −
γ1

η1
θ̂1 (28)

where η1 > 0 is a positive design parameter.
Substituting (26) and (27) and the adaptive law (28) into (25) yields

V̇1,k ≤ −l̄1ϑ1mβ
1
− l̄ρ

(
ϑ1mβ

1

)ρ
+

M2
c1

ϑ2
2

2
(

M2
c1
− x2

1
) + β

1,k

η1
θ̃1

˙̂θ1 +
1
2

ε̄2
1 (29)

Step i (2 ≤ i ≤ n−1): Differentiating the tracking error ϑi yields

ϑ̇i = ẋF
i − α̇i−1 − y(i)r

= βi,k(t)ẋi + β̇i,k(t)xi − α̇i−1 − y(i)r

= βi,k(t)(gi,k(x̄i)xi+1 + hi,k(x̄i) + φi,k(x̄i)) + β̇i,k(t)xi − α̇i−1 − y(i)r (30)

=
βi,k(t)gi,k(x̄i)

βi+1,k(t)

(
ϑi+1 + αi + y(i)r

)
+ βi,k(t)hi,k(x̄i) + βi,k(t)φi,k(x̄i)

+ β̇i,k(t)xi − α̇i−1 − y(i)r

where the time derivative of the virtual controller α̇i−1 is given by

α̇i−1 =
i−1

∑
j=1

∂αi−1

∂xj
xj+1 +

i−1

∑
j=1

∂αi−1

∂xj
hj,k(x̄j) +

i−1

∑
j=1

∂αi−1

∂xj
φj,k

+
i−1

∑
j=1

∂αi−1

∂θ̂j

˙̂θj +
i−1

∑
j=0

∂αi−1

∂y(j)
r

y(j+1)
r

(31)
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Subsequently, an IBLF is introduced as follows:

Vϑ
i =

∫ ϑi

0

λM2
ci

M2
ci
−
(

λ + αi−1 + y(i−1)
r

)2 dλ (32)

The time derivative of Vϑ
i is given by

V̇ϑ
i =

∂Vϑ
i

∂ϑi
ϑ̇i +

∂Vϑ
i

∂αi−1
α̇i−1 +

∂Vϑ
i

∂y(i−1)
r

ẏ(i−1)
r

= miϑ̇i +
(

mi − ϑiϱi

(
ϑi, αi−1, y(i−1)

r

))(
α̇i−1 + ẏ(i−1)

r

) (33)

where

ϱi

(
ϑi, αi−1, y(i−1)

r

)
=
∫ 1

0

M2
ci

M2
ci
−
(

µϑi + αi−1 + y(i−1)
r

)2 dµ

=
Mci

2ϑi
ln

(
Mci + xF

i
)(

Mci − αi−1 − y(i−1)
r

)
(

Mci − xF
i
)(

Mci + αi−1 + y(i−1)
r

)
(34)

The following MLIBF is constructed:

Vi,k = Vi−1,k +
∫ ϑi

0

λM2
ci

M2
ci
−
(

λ + αi−1 + y(i−1)
r

)2 dλ +
β

i,k

2γi
θ̃2

i (35)

where γi > 0 is a positive design parameter, and the estimation error of θi is defined
as θ̃i = θi − θ̂i.

Combining (32)–(34), the time derivative of Vi,k along the trajectory of ϑ̇i is given by

V̇i,k = V̇i−1,k + mi[
βi,k(t)gi,k(x̄i)

βi+1,k(t)

(
ϑi+1 + αi + ẏ(i)r

)
+ βi,k(t)hi,k(x̄i)

+ βi,k(t)φi,k(x̄i) + β̇i,k(t)xi − α̇i−1 − ẏ(i)r ]−
β

i,k

γi
θ̃i

˙̂θi + miα̇i−1

+ mi ẏ
(i−1)
r − ϑiϱi

(
ϑi, αi−1, y(i−1)

r

)(
α̇i−1 + ẏ(i−1)

r

)
(36)

Furthermore, by applying Young’s inequality and the boundedness property of the
unknown time-varying fault factors, we obtain

βi,k(t)miϑi+1

βi+1,k(t)
≤

M2
ci

ϑ2
i

2β2
i+1,k

(
M2

ci
− x2

i

) +
M2

ci
ϑ2

i+1

2
(

M2
ci
− x2

i

) (37)

Substituting (37) into (36) yields

V̇i,k ≤ V̇i−1,k + mi[
βi,k(t)gi,k(x̄i)

βi+1,k(t)

(
αi + ẏ(i)r

)
+ βi,k(t)hi,k(x̄i) + βi,k(t)φi,k(x̄i)

+ β̇i,k(t)xi − α̇i−1 − ẏ(i)r ] +
gi,k(x̄i)M2

ci
ϑ2

i

2β2
i+1,k

(
M2

ci
− x2

i

) +
gi,k(x̄i)M2

ci
ϑ2

i+1

2
(

M2
ci
− x2

i

) −
β

i,k

γi
θ̃i

˙̂θi

+ mi

(
α̇i−1 + ẏ(i−1)

r

)
− ϑiϱi

(
ϑi, αi−1, y(i−1)

r

)(
α̇i−1 + ẏ(i−1)

r

)
(38)
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The virtual control law is designed as follows:

αi =
1

ḡi,k

−liϑi − lρi Θi −
1
2

mβ
i
θiST

i Si −
ϑ2

i M2
ci

2β2
i+1,k

mβ
i

(
M2

ci
− x2

i

)
 (39)

where li > 0 and lρi > 0 are positive design parameters, mβ
i
= ϑi M2

ci
/(M2

ci
− β2

i,k
x2

i ).
The following piecewise function Θi is constructed:

Θi =


mρ−1

β
i

ϑ
ρ
i , |ϑi| ≥ ∆i

mρ−1
β

i

(
νi

1∆ρ−1
i + νi

2∆ρ−2
i

)
, |ϑi| ≤ ∆i

(40)

where the parameter ρ satisfies 0 < ρ < 1, 0 < ∆i < 1 is the prescribed expected error
accuracy, and νi

1 = 3
2 ϑi, νi

2 = − 1
2 ϑ2

i .
When |ϑi| ≤ ∆i, the following inequality holds:

−milρi Θi ≤ −lρi m
ρ
β

i

(
νi

1∆ρ−1
i + νi

2∆ρ−2
i

)
≤ −

3lρi m
ρ
β

i
ϑi∆

ρ−1
i

2
+

lρi m
ρ
β

i
ϑ2

i ∆ρ−2
i

2
(41)

≤ −lρi m
ρ
β

i
ϑi∆

ρ−1
i −

lρi m
ρ
β

i
ϑi∆

ρ−1
i

2
+

lρi m
ρ
β

i
ϑ2

i ∆ρ−2
i

2
≤ −lρi (mβ

i
ϑi)

ρ

When |ϑi| ≥ ∆i, the following inequality holds:

−milρi Θi ≤ −lρi (mβ
i
ϑi)

ρ (42)

Define the unknown function as follows:

f̄i,k(Xi) = −βi,k(t)hi,k(x̄i)− βi,k(t)φi,k(x̄i)− β̇i,k(t)xi −
1
2

mβ
i

−
(

βi,k(t)gi,k(x̄i)

βi+1,k(t)
− 1
)

y(i)r − ϑi
mβ

i

ϱi

(
ϑi, αi−1, y(i−1)

r

)(
α̇i−1 + ẏ(i−1)

r

) (43)

The unknown function is approximated by an RBF neural network, which yields

f̄i,k(Xi) = ω∗T
i,k Si(Xi) + εi,k(Xi) (44)

where ω∗T
i,k is the optimal weight vector, Si(Xi) is the basis function vector, and εi,k(Xi) is

the approximation error satisfying
∣∣εi,k(Xi)

∣∣ ≤ ε̄i with ε̄i > 0. The state vector is defined as

Xi =
[

xi, xF
i , y(i−1)

r , y(i)r

]
.

Using the above inequalities, V̇i,k is rewritten as

V̇i,k ≤ V̇i−1,k − l̄iϑimβ
i
− l̄ρi

(
ϑimβ

i

)ρ
−

β
i,k

2
m2

β
i
θiST

i Si − mβ
i

(
ω∗T

i Si(Xi) + εi(Xi)
)

− 1
2

m2
β

i
+

M2
ci

ϑ2
i+1

2
(

M2
ci
− x2

i

) −
β

i,k

γi
θ̃i

˙̂θi

(45)

where l̄i = liβi,k
and l̄ρi = lρi βi,k

.
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By applying Young’s inequality, we obtain

−mβ
i
ω∗T

i Si ≤
1

2β
i,k

+
β

i,k

2
m2

β
i
θiST

i Si (46)

−mβ
i
εi ≤

1
2

m2
β

i
+

1
2

ε̄2
i (47)

The following adaptive law is designed for ˙̂θi:

˙̂θi =
γi
2

m2
β

i
ST

i Si −
γi
ηi

θ̂i (48)

where ηi > 0 is a positive design parameter.
Substituting (46) and (47) and the adaptive law (48) into (45) yields

V̇i,k ≤ −
i

∑
j=1

l̄jϑjmβ
j
−

i

∑
j=1

l̄ρj

(
ϑjmβ

j

)ρ

+
M2

ci
ϑ2

i+1

2
(

M2
ci
− x2

i

) +
i

∑
j=1

β
j,k

ηj
θ̃j

˙̂θj +
i

∑
j=1

1
2

ε̄2
j (49)

Step n: Differentiating the tracking error ϑn in Equation (9) yields

ϑ̇n = ẋF
n − α̇n−1 − y(n)r

= βn,k(t)ẋn + β̇n,k(t)xn − α̇n−1 − y(n)r

= βn,k(t)(gn,k(x̄n)uk + hn,k(x̄n) + φn,k(x̄n)) + β̇n,k(t)xn − α̇n−1 − y(n)r (50)

= βn,k(t)gn,k(x̄n)β0,k(t)vk + βn,k(t)hn,k(x̄n) + βn,k(t)φn,k(x̄n)

+ β̇n,k(t)xn − α̇n−1 − y(n)r

where the time derivative of the virtual controller α̇n−1 is given by

α̇n−1 =
n−1

∑
j=1

∂αn−1

∂xj
xj+1 +

n−1

∑
j=1

∂αn−1

∂xj
hj,k(x̄j) +

n−1

∑
j=1

∂αn−1

∂xj
φj,k

+
n−1

∑
j=1

∂αn−1

∂θ̂j

˙̂θj +
n−1

∑
j=0

∂αn−1

∂y(j)
r

y(j+1)
r

(51)

Subsequently, an IBLF is introduced as follows:

Vϑ
n =

∫ ϑn

0

λM2
cn

M2
cn −

(
λ + αn−1 + y(n−1)

r

)2 dλ (52)

The time derivative of Vϑ
n is given by

V̇ϑ
n =

∂Vϑ
n

∂ϑn
ϑ̇n +

∂Vϑ
n

∂αn−1
α̇n−1 +

∂Vϑ
n

∂y(n−1)
r

ẏ(n−1)
r

= mnϑ̇n +
(

mn − ϑnϱn

(
ϑn, αn−1, y(n−1)

r

))(
α̇n−1 + ẏ(n−1)

r

) (53)
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where

ϱn

(
ϑn, αn−1, y(n−1)

r

)
=
∫ 1

0

M2
cn

M2
cn −

(
µϑn + αn−1 + y(n−1)

r

)2 dµ

=
Mcn

2ϑn
ln

(
Mcn + xF

n
)(

Mcn − αn−1 − y(n−1)
r

)
(Mcn − xF

n)
(

Mcn + αn−1 + y(n−1)
r

)
(54)

The following MLIBF is constructed:

Vn,k = Vn−1,k +
∫ ϑn

0

λM2
cn

M2
cn −

(
λ + αn−1 + y(n−1)

r

)2 dλ +
β

n,k
β0,k

2γn
θ̃2

n (55)

where γn > 0 is a positive design parameter, and the estimation error of θn is defined
as θ̃n = θn − θ̂n.

Combining (53)–(55), the time derivative of Vn,k along the trajectory of ϑ̇n is given by

V̇n,k = V̇n−1,k + mn[βn,k(t)gn,k(x̄n)β0,k(t)vk + βn,k(t)hn,k(x̄n) + β̇n,k(t)xn

+ βn,k(t)φn,k(x̄n)− α̇n−1 − ẏ(n)r ]−
β

n,k

γn
θ̃n

˙̂θn + mn

(
α̇n−1 + ẏ(n−1)

r

)
− ϑnϱn

(
ϑn, αn−1, y(n−1)

r

)(
α̇n−1 + ẏ(n−1)

r

) (56)

The following actual controller is designed:

vk =
1

ḡn,k

(
−lnϑn − lρn Θn −

1
2

mβ
n
θnST

n Sn

)
(57)

where ln > 0 and lρn > 0 are positive design parameters.
The following piecewise function Θn is constructed:

Θn =


mρ−1

β
n

ϑ
ρ
n, |ϑn| ≥ ∆n

mρ−1
β

n

(
νn

1 ∆ρ−1
i + νn

2 ∆ρ−2
n

)
, |ϑn| ≤ ∆n

(58)

where the parameter ρ satisfies 0 < ρ < 1, 0 < ∆n < 1 is the prescribed expected error
accuracy, and νn

1 = 3
2 ϑn, νn

2 = − 1
2 ϑ2

n.
When |ϑn| ≤ ∆n, the following inequality holds:

−mnlρn Θn ≤ −lρn mρ
β

n

(
νn

1 ∆ρ−1
n + νn

2 ∆ρ−2
n

)
≤ −

3lρn mρ
β

n
ϑn∆ρ−1

n

2
+

lρn mρ
β

n
ϑ2

n∆ρ−2
n

2
(59)

≤ −lρn mρ
β

n
ϑn∆ρ−1

n −
lρn mρ

β
n
ϑn∆ρ−1

n

2
+

lρn mρ
β

n
ϑ2

n∆ρ−2
n

2
≤ −lρn (mβ

n
ϑn)

ρ

When |ϑn| ≥ ∆n, the following inequality holds:

−mnlρn Θn ≤ −lρn(mβ
n
ϑn)

ρ (60)
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Define the unknown function as follows:

f̄n,k(Xn) = −βn,k(t)hn,k(x̄n)− βn,k(t)φn,k(x̄n)− β̇n,k(t)xn − y(n)r − 1
2

mβ
n

− ϑn

mβ
n

ϱn

(
ϑn, αn−1, y(n−1)

r

)(
α̇n−1 + ẏ(n−1)

r

)
−

ϑn

(
M2

cn − β2
n,k

x2
n

)
M2

cn − x2
n

(61)

The unknown function is approximated by an RBF neural network, which yields

f̄n,k(Xn) = ω∗T
n,kSn(Xn) + εn,k(Xn) (62)

where ω∗T
n,k is the optimal weight vector, Sn(Xn) is the basis function vector, and εn,k(Xn) is

the approximation error satisfying
∣∣εn,k(Xn)

∣∣ ≤ ε̄n with ε̄n > 0. The state vector is defined

as Xn =
[

xn, xF
n , y(n−1)

r , y(n)r

]
.

Using the above inequalities, V̇n,k is rewritten as

V̇n,k ≤ V̇n−1,k − l̄nϑnmβ
n
− l̄ρn

(
ϑnmβ

n

)ρ
−

β
n,k

β0,k

2
m2

β
n
θnST

n Sn − mβ
n

(
ω∗T

n Sn(Xn) + εn(Xn)
)

− 1
2

m2
β

n
−

β
n,k

β0,k

γn
θ̃n

˙̂θn

(63)

where l̄n = lnβ
n,k

and l̄ρn = lρn β
n,k

.
By applying Young’s inequality, we obtain

−mβ
n
ω∗T

n Sn ≤ 1
2β

n,k
β0,k

+
β

n,k

2
m2

β
n
θnST

n Sn (64)

−mβ
n
εn ≤ 1

2
m2

β
n
+

1
2

ε̄2
n (65)

The following adaptive law is designed for ˙̂θn:

˙̂θn =
γn

2
m2

β
n
ST

n Sn −
γn

ηn
θ̂n (66)

where ηn > 0 is a positive design parameter.
Substituting (64) and (65) and the adaptive law (66) into (63) yields

V̇n,k ≤ −
n

∑
j=1

l̄jϑjmβ
j
−

n

∑
j=1

l̄ρj

(
ϑjmβ

j

)ρ

+
n−1

∑
j=1

β
j,k

ηj
θ̃j

˙̂θj +
β

n,k
β0,k

ηn
θ̃n

˙̂θn +
n

∑
j=1

1
2

ε̄2
j +

1
2β

n,k
β0,k

(67)

4. Stability Analysis
Before presenting the detailed proof, we list the assumptions invoked throughout

the analysis: Assumption 1 (boundedness of the reference signal yr(t) and its derivatives);
boundedness of the fault factors, i.e., β

i,k
< βi,k(t) < 1 and β

0,k
< β0,k(t) < 1; the

universal approximation property of RBF neural networks (stated in Section 2); Young’s
inequality for product terms; Lemma 1 (properties of the IBLF); and Lemma 2 (finite-time
convergence inequality). The proof proceeds in the following logical steps: (i) derivation
of the Lyapunov function derivative inequality (71); (ii) application of the ADT analysis
to establish uniform ultimate boundedness of all signals; (iii) a contradiction argument to
prove constraint satisfaction; and (iv) characterization of the finite-time convergence region
and settling time.
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Theorem 1. Consider the uncertain nonlinear switched system (1) subject to state constraints and
multiple faults. Under Assumption 1, with the designed virtual controllers (19) and (39), actual
fault-tolerant controller (57), and adaptive laws (28), (48) and (66), if the design parameters are
appropriately chosen and the ADT of the switching signal satisfies τc >

log ς
c1

, then the following
properties are guaranteed:

(1) The closed-loop system is fast practical finite-time stable, and all signals in the system
are bounded;

(2) The state constraints are never violated;
(3) The tracking error converges to the region

|ϑi| ≤ min


√

2n0

(1 − ℓ)c1
,

√
2
(

n0

(1 − ℓ)c2

)1/ρ


and the settling time satisfies

Tr ≤ max
{

t0 +
1

ℓc2(1 − ρ)
ln

ℓc2V1−ρ(t0) + c1

c1
, t0 +

1
c2(1 − ρ)

ln
c2V1−ρ(t0) + ℓc1

ℓc1

}

Proof. Using the following inequality for the term
β

n,k
β0,k

ηn
θ̃n θ̂n:

β
n,k

β0,k

ηn
θ̃n θ̂n ≤

β
n,k

β0,k

2ηn

(
θ2

n − θ̃2
n

)
=

β
n,k

β0,k

2ηn

(
θ2

n − θ̃2
n − θ̃

2ρ
n + θ̃

2ρ
n

)
≤

β
n,k

β0,k

2ηn

(
θ2

n − θ̃2
n − θ̃

2ρ
n + ρθ̃2

n + (1 − ρ)
)

(68)

≤
β

n,k
β0,k

2ηn

(
θ2

n − (1 − ρ)θ̃2
n − θ̃

2ρ
n + (1 − ρ)

)
Similarly,

β
j,k

ηj
θ̃j

˙̂θj ≤
β

j,k

2ηj

(
θ2

j − (1 − ρ)θ̃2
j − θ̃

2ρ
j + (1 − ρ)

)
(69)

Combining (68) and (69), we obtain

V̇n,k ≤ −
n

∑
j=1

(
l̄jϑjmβ

j

)
−

n

∑
j=1

l̄ρj

(
ϑjmβ

j

)ρ

+
n−1

∑
j=1

β
j,k

2ηj

(
θ2

j − (1 − ρ)θ̃2
j − θ̃

2ρ
j + (1 − ρ)

)
+

1
2β

n,k
β0,k

+
β

n,k
β0,k

2ηn

(
θ2

n − (1 − ρ)θ̃2
n − θ̃

2ρ
n + (1 − ρ)

)
+

n

∑
j=1

1
2

ε̄2
j

(70)

Define

c1 = min
{

l̄1, l̄2, . . . , l̄n,
γ1(1 − ρ)

η1
, . . . ,

γn(1 − ρ)

ηn

}
, c2 = min

{
l̄ρ1 , l̄ρ2 , . . . , l̄ρn ,

γ1

η1
, . . . ,

γn

ηn

}
Then, by applying Lemma 2, (70) can be rewritten as

V̇n,k ≤ −c1Vn,k − c2Vρ
n,k + n0 (71)

where

n0 =
n

∑
j=1

1
2

ε̄2
j +

n−1

∑
j=1

β
j,k

2ηj

(
θ2

j + (1 − ρ)
)
+

β
n,k

β0,k

2ηn

(
θ2

n + (1 − ρ)
)
+

1
2β

n,k
β0,k
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Let Vn,k = Vk(χ(t)). From (71), the Lyapunov function Vk(χ(t)) satisfies

Vk(χ(t)) ≤ ςVq(χ(t)) (72)

µ(∥χ(t)∥) ≤ Vk(χ(t)) ≤ µ̄(∥χ(t)∥) (73)

where µ(·) and µ̄(·) are K∞ class functions.
Along the solutions of system (1), construct the following piecewise differentiable function:

U(t) = ec1tVσ(t)(χ(t)) (74)

For any time interval [ti, ti+1), taking the time derivative of U(t) yields

U̇(t) = c1ec1tVσ(t)(χ(t)) + ec1tV̇σ(t)(χ(t)) (75)

Combining with (72), we further obtain

U(ti+1) = ec1ti+1 Vσ(ti+1)
(χ(ti+1))

≤ ςec1ti+1 Vσ(ti)
(χ(ti+1))

= ςU
(

t−i+1

)
≤ ς

[
U(ti) +

∫ ti+1

ti

n0ec1tdt
] (76)

Iterating from i = 0 to i = Nσ(T, 0)− 1 (where T > 0) yields

U(T−) ≤ U
(

tNσ(T,0)

)
+
∫ T

tNσ (T,0)

n0ec1tdt

≤ ς

[
U
(

tNσ(T,0)−1

)
+
∫ tNσ (T,0)

tNσ (T,0)−1

n0ec1tdt + ς−1
∫ T

tNσ (T,0)

n0ec1tdt

]
≤ . . .

≤ ςNσ(T,0)

[
U(0) +

Nσ(T,0)−1

∑
i=0

ς−i
∫ ti+1

ti

n0ec1tdt + ς−Nσ(T,0)
∫ T

tNσ (T,0)

n0ec1tdt

]
(77)

For any δ ∈
(

0, c1 − log ς
c1

)
, according to (77), we have

Nσ(T, t) ≤ N0 +
(c1 − δ)(T − t)

log ς
, ∀T ≥ t ≥ 0 (78)

Moreover, from Nσ(T, 0)− i ≤ 1 + Nσ(T, ti+1) for 0 < i < Nσ(T, 0), we obtain

ςNσ(T,0)−i ≤ ς1+N0 e(c1−δ)(T−ti+1) (79)

Since δ < c1, we have∫ ti+1

ti

n0ec1tdt ≤ e(c1−δ)ti+1

∫ ti+1

ti

n0eδtdt (80)

Combining (80) and (77), we get

U(T−) ≤ ςNσ(T,0)U(0) + ς1+N0 e(c1−δ)T
∫ T

0
n0eδtdt (81)
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Furthermore, we obtain

µ(∥χ(t)∥) ≤ Vσ(T−)
(
χ(T−)

)
≤ eN0 log ςe

(
log ς

τc −c1

)
T

µ(∥χ(0)∥) + ς1+N0
n0

δ

(
1 − e−δT

) (82)

Further, we have

µ(∥χ(t)∥) ≤ Vσ(T−)
(
χ(T−)

)
≤ eN0 log ςe

(
log ς

τc −c1

)
T

µ(∥χ(0)∥) + ς1+N0
n0

δ

(
1 − e−δt′

)
(83)

≤ eN0 log ςe
(

log ς
τc −c1

)
T

µ(∥χ(0)∥) + ς1+N0
n0

δ
, ∀T > 0

Under the condition of bounded initial conditions, based on the constructed Lyapunov
function, as long as the ADT τc of the switching signal satisfies the given condition τc >

log ς
c1

,
all signals in the system (including e, the tracking error signal ϑi, and the parameter
estimation error θ̃i) are bounded.

Consider the initial condition xF(0) ∈ M :=
{

xF
i ∈ Rn : |xF

i | < Mci

}
. By the continuity

of system trajectories and the fact that the initial condition satisfies the constraint, if a
violation were to occur, there must exist a first time t = T at which the boundary is reached,
i.e., |xF

i (T)| = Mci . Suppose, for contradiction, that such a first time T exists. Then,

n

∑
i=1

Vϑ
i (T) =

n

∑
i=1

∫ ϑi(T)

0

λM2
ci

M2
ci
−
(

λ + αi−1(T) + y(i−1)
r (T)

)2 dλ

≤ Vn,k(0) (84)

By performing integration by parts on Vϑ
i (T), we obtain

Vϑ
i (T) = Mci

[
λ tanh−1

(
λ + αi−1 + y(i−1)

r
Mci

)]ϑi

0

− Mci

∫ ϑi

0
tanh−1

(
λ + αi−1 + y(i−1)

r
Mci

)
dλ

=
1
2

Mci

(
αi−1(T) + y(i−1)

r (T)
)

ln

(
Mci + αi−1(T) + y(i−1)

r (T)
)(

Mci − xF
i (T)

)(
Mci − αi−1(T)− y(i−1)

r (T)
)(

Mci + xF
i (T)

) (85)

+
M2

ci

2
ln

M2
ci
−
(

αi−1(T) + y(i−1)
r (T)

)2

M2
ci
−
(

xF
i (T)

)2

≤ Vn,k(0)

If the previous assumption holds, it is clear that Vϑ
i (T) becomes unbounded, which

contradicts ∑n
i=1 Vϑ

i (T) ≤ Vn,k(0). Thus, |xF
i (t)| ̸= Mci , ∀t > 0. Therefore, we conclude that

when xF
i (0) ∈ M, xF

i (t) ∈ M, ∀t > 0. That is, the fault states never leave the safe region.
Since the error signals and reference signals are bounded, the virtual controllers αi and the
actual controller vk are also bounded.

By Lemma 2, when 0 < ℓ < 1, Vn,k converges to the compact set{
Vn,k

∣∣∣∣Vn,k ≤ min

{
n0

(1 − ℓ)c1
,
(

n0

(1 − ℓ)c2

) 1
ρ

}}
(86)
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By the definition of Vn,k, we have

ϑ2
i

2
≤ Vn,k ≤ min

{
n0

(1 − ℓ)c1
,
(

n0

(1 − ℓ)c2

) 1
ρ

}
(87)

Further, we obtain

|ϑi| ≤ min


√

2n0

(1 − ℓ)c1
,

√√√√2
(

n0

(1 − ℓ)c2

) 1
ρ

 (88)

and the settling time satisfies

Tr ≤ max
{

t0 +
1

ℓc2(1 − ρ)
ln

ℓc2V1−ρ(t0) + c1

c1
, t0 +

1
c2(1 − ρ)

ln
c2V1−ρ(t0) + ℓc1

ℓc1

}
(89)

This concludes the proof.

Remark 4. By combining finite-time theory with the ADT method for nonlinear switched systems,
the proposed scheme inherits the advantages of finite-time control (fast convergence rate and strong
robustness) while using the ADT approach to flexibly overcome the risks of energy jumps and
the Zeno phenomenon caused by frequent switching. This provides a reliable control scheme for
nonlinear switched systems that balances fast transient response and global stability.

Remark on Approximation Error Effect: The approximation error bound ε̄i appears explicitly in
the constant term

n0 =
n

∑
j=1

1
2

ε̄2
j +

n−1

∑
j=1

β
j,k

2ηj

(
θ2

j + (1 − ρ)
)
+

β
n,k

β0,k

2ηn

(
θ2

n + (1 − ρ)
)
+

1
2β

n,k
β0,k

Consequently, the ultimate tracking error convergence region satisfies

|ϑi| ≤ min


√

2n0

(1 − ℓ)c1
,

√
2
(

n0

(1 − ℓ)c2

)1/ρ


which clearly indicates that a larger ε̄i leads to a larger residual set. This explicitly characterizes
the quantitative relationship between the neural network approximation accuracy and the final
tracking performance.

5. Simulation Example of a Nonlinear Spring–Damper System with
Variable Load

To verify the effectiveness of the proposed adaptive finite-time fault-tolerant tracking
controller, we consider the following nonlinear spring–damper system with variable load
as shown in Figure 1:ẋ1 = x2

ẋ2 = 1
mσ(t)

(
uF

σ(t) − cσ(t)x2 − kσ(t)x1 + φσ(t)

) (90)

where u is the control input signal; m is the load mass; c is the damping coefficient; k is
the spring stiffness; x1 is the actual position of the system; x2 is the actual velocity of the
system; and the switching signal is σ(t) = {1, 2}, with parameters m1 = 2, m2 = 5, c1 = 2,
c2 = 4, k1 = 2, k2 = 3, and external disturbances φ1 = 0.1 sin(x1), φ2 = −0.2x2|x2|.
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Figure 1. Nonlinear spring–damper system with variable load.

Parameter Selection Guidelines: The design parameters in the proposed control
scheme are selected according to the following principles: the state constraint bounds
Mci are determined by the physical limitations of the system; the controller gains li > 0
and lρi > 0 balance convergence rate and control effort; the adaptive parameters γi > 0
and ηi > 0 govern the adaptation speed; the finite-time exponent ρ ∈ (0, 1) deter-
mines the convergence rate; the accuracy thresholds ∆i > 0 determine the switch-
ing point of the piecewise function Θi; and the ADT threshold τc is determined by
τc > log ς/c1, where ς is the jump ratio of the multiple Lyapunov functions and
c1 = min{l̄1, . . . , l̄n, γ1(1 − ρ)/η1, . . . , γn(1 − ρ)/ηn}. The parameter values used in this
simulation are chosen according to the above principles and are specified below.

The time-varying fault factors for sensor faults considered in this paper are as fol-
lows: the position sensor fails after the 6th second, and the velocity sensor fails after the
12th second.

When the system is under light load (mode 1):

xF
1 =

x1, t < 6 s(
0.05e5−t + 0.95

)
x1, t ≥ 6 s

, xF
2 =

x2, t < 12 s(
0.05e5−t + 0.95

)
x2, t ≥ 12 s

When the system is under heavy load (mode 2):

xF
1 =

x1, t < 6 s

(0.05 sin(1.2t) + 0.90)x1, t ≥ 6 s
, xF

2 =

x2, t < 12 s

(0.05 sin(1.2t) + 0.90)x2, t ≥ 12 s

After the specified time, the sensor exhibits stable slight degradation when the system
switches to mode 1, and severe degradation with high-frequency oscillations when the sys-
tem switches to mode 2. Therefore, faults affect the transient response at switching instants,
and the proposed adaptive fault-tolerant controller is designed to stabilize the system.

The actuator fault manifests as a performance degradation of the actuator motor
starting at the 17th second, with the degradation degree switching between 15% and
40% efficiency loss depending on the light/heavy load mode:

uF
1 =

u, t < 17 s

0.85u, t ≥ 17 s
, uF

2 =

u, t < 17 s

0.60u, t ≥ 17 s

Naturally, the state safety constraints of the system impose bounds on position and
velocity. The position constraint under faults is limited to |xF

1 | ≤ 0.5 to prevent mechan-
ical collisions or structural fractures. The velocity constraint under faults is limited to
|xF

2 | ≤ 0.8 to avoid excessive kinetic energy inertia that could destroy the controller.
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The tracking signal is chosen as yr = 0.3 sin(t), and the velocity must track its
derivative, ẏr = 0.3 cos(t). The parameters of the actual controller, virtual controllers,
and adaptive laws are selected as: l1 = 5, lρ1 = 2, l2 = 5, lρ2 = 2, γ1 = 1, γ2 = 2,
η1 = η2 = 20, ρ = 0.5, ∆1 = ∆2 = 0.01, Mc1 = 0.5, and Mc2 = 0.8. The center
vectors and widths of the Gaussian functions in the RBF neural network are given as:
µ = 1.5 × [−2 − 1 0 1 2] and σ = 2.0. The ADT threshold is determined as follows.
With the chosen controller gains l1 = l2 = 5, γ1 = 1, γ2 = 2, η1 = η2 = 20, and ρ = 0.5, we
have c1 = min{l̄1, l̄2, γ1(1 − ρ)/η1, γ2(1 − ρ)/η2} ≈ 0.5 and ς ≈ 2.5. Therefore, the ADT
condition requires τc > log ς/c1 = log 2.5/0.5 ≈ 1.83. Thus, τc = 5 is conservatively
selected to ensure stability under the ADT framework.

To demonstrate the superiority of the proposed control scheme, a comparative study
is conducted with the conventional BLF-based method that does not consider sensor
fault compensation. Both methods are tested under identical fault scenarios and initial
conditions. Figure 2 presents the control input signals uF

σ of both the proposed method and
the traditional BLF method. It can be observed that the proposed method generates smooth
control signals with smaller amplitudes, whereas the traditional BLF method exhibits
aggressive control efforts, particularly during fault occurrences at t = 6 s, 12 s, and 17 s.
This indicates that the proposed adaptive compensation mechanism effectively reduces the
control burden while maintaining system stability.

Figures 3 and 4 illustrate the system position xF
1 and the corresponding tracking error

ϑ1 = xF
1 − yr, respectively. It is evident from Figure 3 that both methods can track the

reference signal yr under normal conditions before t = 6 s. However, when the position
sensor fault occurs at t = 6 s and the velocity sensor fault occurs at t = 12 s, the traditional
BLF method exhibits significant oscillations and constraint violations, while the proposed
method maintains stable tracking performance. More importantly, as shown in Figure 3,
the position state xF

1 of the proposed method strictly remains within the predefined safety
bound |xF

1 | ≤ 0.5 throughout the entire operation. In contrast, the traditional BLF method
violates the constraint after fault occurrence, exceeding the safety limit Mc1 = 0.5. Figure 4
further demonstrates that the proposed method achieves a much smaller steady-state
tracking error compared with the traditional BLF method.

Figures 5 and 6 show the system velocity xF
2 and the velocity tracking error xF

2 − ẏr,
respectively. Similar to the position tracking performance, the proposed method ensures
that the velocity state xF

2 strictly satisfies the safety constraint |xF
2 | ≤ 0.8 even under severe

sensor degradation and actuator faults. The traditional BLF method, however, exhibits
pronounced oscillations and constraint violations when faults occur. As shown in Figure 6,
the velocity tracking error of the proposed method converges to a small neighborhood of
zero rapidly after each fault event, whereas the traditional BLF method suffers from large
transient errors and slower convergence. Figure 7 shows the switching signal σ(t) under
the ADT condition, where the system switches between mode 1 (light load) and mode
2 (heavy load) with average dwell time satisfying τc = 5.

To quantitatively evaluate the performance improvement, the key performance metrics
are summarized in Table 2. The steady-state tracking error of the proposed method for
position is approximately 0.012, which is about 85.9% smaller than that of the traditional
BLF method (0.085). The convergence time of the proposed method is 2.3 s, significantly
faster than the 6.8 s required by the traditional BLF method. Notably, the traditional BLF
method violates the position safety constraint by reaching |xF

1 | = 0.612 > Mc1 = 0.5 during
fault transients, while the proposed method strictly enforces the constraint with a maximum
value of 0.498. In terms of control effort, the proposed method achieves a smaller RMS
value of 3.24 compared with 4.87 for the traditional BLF method.
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Table 2. Quantitative performance comparisons.

Metric Proposed Method Traditional BLF in [31] Neural FTC in [33]

|ϑ1|, mean 0.012 0.085 0.048
Convergence time (s) 2.3 6.8 4.1

max |xF
1 | 0.498 (satisfied) 0.612 (violated) 0.573 (violated)

max |xF
2 | 0.791 (satisfied) 0.884 (violated) 0.862 (violated)

Transient overshoot (%) 3.2% 18.7% 12.4%
RMS tracking error 0.014 0.092 0.051

Control effort (RMS) 3.24 4.87 5.12

These results quantitatively confirm that the slight increase in computational cost
compared to traditional BLF in [31] is justified by dramatically improved safety and tracking
performance, while our method achieves significantly better control performance than
neural FTC in [33] with comparable computational overhead.

In summary, the simulation results clearly demonstrate the effectiveness and superior-
ity of the proposed state-constrained adaptive fault-tolerant control scheme based on ADT.
The proposed method not only ensures that all system states strictly satisfy the predefined
safety constraints under multiple time-varying sensor and actuator faults, but also achieves
faster convergence, smaller tracking errors, and reduced control effort compared with
the conventional BLF-based method. The qualitative comparison also confirms that the
proposed MLIBF enforces direct constraints on faulty states rather than indirect constraints
on tracking errors, thereby eliminating the requirement for prior knowledge of virtual
control bounds and preserving the full feasible region. These results validate the theoreti-
cal findings and highlight the practical applicability of the proposed control strategy for
nonlinear switched systems with state constraints and multiple faults.

Time	(s)
0 10 20 30 40

u
F <

-50

0

50

100

150

200
Proposed	method
Traditional	BLF

Figure 2. Control input signal uF
σ : proposed method vs. traditional BLF.

Time	(s)
0 10 20 30 40

x
F 1
;

y r
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0.5
x1
F	(Proposed	method)
yr	(Proposed	method)
x1
F	(Traditional	BLF)

yr	(Traditional	BLF)
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1-Mc
1

Figure 3. System position xF
1 with fault and reference signal yr.
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Figure 4. Position tracking error trajectory ϑ1 = xF
1 − yr.
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Figure 5. System velocity xF
2 with fault and reference signal ẏr.
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Figure 6. Velocity tracking error xF
2 − ẏr: proposed method vs. traditional BLF.
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Figure 7. Switching signal σ(t) under ADT condition τc = 5.

Computational Complexity and Implementation Considerations. Here we provide
a brief discussion on computational complexity and implementation aspects on practical
deployment, which are as follows.
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• Online computation load: The dominant computational cost arises from RBF neu-
ral network evaluation. For a network with p neurons, the online complexity per
step is consistent with standard neural adaptive control and suitable for real-time
implementation on modern embedded processors.

• Adaptive parameter dimension: Unlike methods requiring separate adaptive laws
for each neural network weight in [33], our approach employs a scalar adaptive
parameter θ̂i to estimate the lumped uncertainty norm, greatly reducing memory
usage and tuning effort.

• Implementation feasibility: The piecewise function Θi introduces negligible over-
head while effectively avoiding singularities. We further discuss sampling rate re-
quirements and robustness to discretization effects, confirming suitability for digital
control platforms.

6. Conclusions
In this paper, we investigate the adaptive fault-tolerant control problem for nonlinear

switched systems subject to strict state constraints and simultaneous time-varying actuator
and sensor faults, using the ADT approach. We introduce the MLIBF and integrate it with
the ADT technique to construct a novel switched control framework within the backstep-
ping recursive design procedure. Adaptive compensation laws are specifically designed
to address the complex scenario where abrupt fault variations and switching behaviors
are deeply coupled. By seamlessly incorporating state-constrained control techniques, we
theoretically establish that the system states will never violate the predefined state safety
constraints even under extreme multiple fault conditions. Finally, the performance of
the proposed method is validated through numerical simulations on a nonlinear spring–
damper system with variable load. Simulation results demonstrate that, in the presence
of time-varying sensor degradation and alternating actuator efficiency loss, the designed
adaptive controller enables the system to rapidly recover stability while strictly enforcing
the safety constraints on states such as position and velocity. These findings confirm the
effectiveness and practical applicability of the proposed control strategy.

Future research directions include: (1) extension to accommodate a broader class
of sensor and actuator faults, including additive bias and drift faults; (2) integration
of event-triggered mechanisms to reduce communication and computational burdens;
(3) extension to asynchronous switching scenarios where the controller switching lags
behind the system switching; and (4) experimental verification on physical platforms such
as robotic manipulators or active suspension systems.
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