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Abstract

To improve the dynamic performance of position tracking in permanent magnet syn-
chronous linear motors, a model predictive position control method based on disturbance
observer is proposed. Firstly, a novel neural network enhanced model reference adaptive
observer is designed to estimate the lumped disturbance of the system. Taking the esti-
mated disturbance as a new state variable, it is explicitly embedded in the framework of
model prediction, which realizes the online estimation and compensation of disturbance,
and effectively solves the deterioration of control performance caused by inaccurate system
parameters and unknown disturbance in model prediction method. The increment of the
control input is used as the input of the prediction equation, which makes the control input
smoother and avoids drastic changes. The adaptive gain of the observer is designed by
Lyapunov theory and the stability of the system is analyzed. A large number of experiments
and analysis are carried out on the tubular permanent magnet linear synchronous motor
platform, which proves the effectiveness of the proposed method.

Keywords: permanent magnet linear synchronous motor; trajectory tracking; neural
networks; adaptive disturbance observer; model predictive position control

1. Introduction
Permanent magnet linear synchronous motor has been widely used in machine tools,

semiconductor manufacturing equipment and other occasions requiring high-precision
trajectory tracking because of its high efficiency, high power density and fast dynamic
response [1–5]. The operation environment of industrial equipment is complex, and distur-
bance and uncertainty are inevitable [6–11]. How to realize robust precise position tracking
is still the focus of current research.

The three closed-loop cascade structure combined with PID controller is the most
commonly used position control method with low model dependence, limited calculation
and easy engineering implementation [12]. However, when parameters change drasti-
cally or external disturbances are severe, there will be obvious problems with insufficient
robustness and response lag. To address the aforementioned issues and improve the posi-
tion tracking accuracy and parameter robustness of linear motor systems, some advanced
control methods have been employed for motor position control [13–22]. In [13], a new
composite position control strategy is proposed. The position controller is designed using
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the continuous torsion algorithm (CTA) and the disturbance observer is constructed using
the improved super torsion algorithm (STA) to compensate for the total disturbance, which
effectively improves the dynamic performance of the system. In [17], a control method
based on integral sliding mode observer (ISMO) was proposed, which effectively improved
the anti-disturbance capability and tracking performance of the linear motor (LM) sys-
tem. In order to improve the transient performance of the system, ref. [19] combined
the traditional robust control and PID control methods and designed a new model-based
robust control scheme. Reference [22] proposed a segmented iterative learning control
algorithm that includes an initial error correction function, which can effectively suppress
periodic interference and achieve high-precision trajectory tracking. In addition, with the
continuous improvement of digital processor performance, model predictive control (MPC)
has been widely used in the field of motor control [23–26]. Based on the system model to
predict future dynamics, the current optimal control output can be solved by online rolling
optimization, which can achieve higher dynamic response and position tracking accuracy.

Although MPC has obvious advantages in tracking accuracy, dynamic response and
constraint processing, the final control performance is strongly dependent on the accuracy
of the model. In practical applications, system parameter variations and external distur-
bances are inevitable, necessitating compensation for these unknown factors to prevent
degraded control performance or even system instability. At present, the parameter robust-
ness of MPC is mainly improved by online identification of model parameters and updating
the prediction matrix [27,28], or by treating all uncertainties as centralized disturbances
and compensating the disturbance values through observer estimation [29,30]. In [31],
a long-term memory recursive least squares (LTM-RLS) current estimator for finite set
model predictive control (FCS-MPC) was proposed, effectively improving the transient
and steady-state control performance of FCS-MPC. The data-driven RLS online model
identification method introduced in [32] achieves better control performance for FCS-MPC
compared to offline lookup table (LUT) approaches. A robust continuous-time model
predictive control (CTMPC) was proposed in [29], where an enhanced internal model
disturbance observer estimates and compensates for centralized disturbances, enhancing
system dynamic response and parameter robustness. Ref. [33] introduced a composite
MPC method incorporating friction and disturbance information, fitting an approximate
friction model and designing an extended state observer (ESO) to estimate centralized
disturbances, enabling high-precision speed tracking control. However, online parameter
identification requires a lot of computation, and disturbance extended MPC is more suitable
for embedded systems with limited computing resources.

Therefore, this article proposes a disturbance extended model predictive position
control method, which regards the disturbance as an extended state and introduces a dis-
turbance observer to improve the dynamic tracking performance and disturbance rejection
ability of the system. The input increment MPC (∆u-MPC) is used to suppress the drastic
change of control input. A novel neural network enhanced model reference adaptive
observer (NNMRAO) is designed to realize the online estimation of high-frequency and
nonlinear disturbances. The parameter robustness of the system is significantly improved
by substituting the estimated unknown disturbance into the disturbance extended MPC.
The proposed method is tested on the tubular permanent magnet linear synchronous motor
(TPMLSM) experimental platform, and the effectiveness of the proposed method is verified
by comparative experiments.

The remaining chapters of this article are arranged as follows. Section 2 presents the
dynamic equation of TPMLSM. Section 3 presents the mathematical derivation of the input
incremental disturbance extended model prediction. Section 4 designs a neural network-
enhanced model reference adaptive observer, derives the adaptive law using Lyapunov
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theory, and analyzes the stability of the system. Section 5 presents the experimental
verification process.

2. Dynamic Modeling of Tubular Permanent Magnet Synchronous
Linear Motors

The mover of permanent magnet linear synchronous motor moves in a straight line
along the guide rail. The motion equation is as follows

dx
dt

= v,

dv
dt

= − B
M

v − Fc

M
sgn(v) +

u
M

− Fl
M

− d
M

(1)

where v and x are velocity and displacement, respectively. M is the total mass of the mover
and load, B is the viscous friction coefficient, and Fc is the Coulomb friction amplitude.
u denotes the control input, defined as u = K f ∗ iq, in which K f represents the thrust
coefficient and iq denotes the q-axis current. Fl refers to load thrust fluctuation, and d refers
to unmodeled dynamics such as end effect. Select the state variable X = [x, v]T , and the
system state equation is as follows:

Ẋ = AX + Bu + Bcsgn(CvX) + Bd(Fl + d)

Y = CX,
(2)

where the system matrix A, control input matrix B, nonlinear friction matrix Bc, disturbance
input matrix Bd, speed extraction matrix Cv and output rectangle C are as follows:

A =

[
0 1
0 − B

M

]
, B =

[
0
1
M

]
, Bc =

[
0

− Fc
M

]
, Bd =

[
0

− 1
M

]
, Cv =

[
0 1

]
, C =

[
1 0
0 1

]
. (3)

If Equation (2) is directly taken as the predictive model of model predictive control
(MPC), due to the nonlinear term sgn(v), the optimization problem is a non convex nonlin-
ear programming (NLP) problem, and the real-time calculation cost is high, which is not
suitable for the implementation of embedded real-time controller. Therefore, this paper
separates the Coulomb friction term from the prediction model through a feedforward
compensation strategy, so that the internal optimization problem of MPC degenerates into
a standard convex quadratic programming (QP) [34], thereby achieving efficient real-time
solution while ensuring control accuracy.

3. Controller Design
To improve the position tracking accuracy of PMLSM under unknown disturbances

and model parameter mismatches, a NNMRAO was designed to observe unknown distur-
bances, and the disturbance is explicitly embedded into the MPC controller to enhance the
parameter robustness of the system. Figure 1 illustrates the position control architecture of
the proposed method, in which a Model Predictive Controller (MPC) is employed to replace
both the position loop and the velocity loop of the conventional cascade control structure.
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Position loop Current loop Disturbance
Xref MPC Umpc

Eq.(27)
FOC Irverter TPMLSM

Ufc Friction feed forward Encoder
Eq.(6) Plant

X,V
Disturbance estimation

RBF output RBF weight update E
Eq.(41) Eq.(52)

d. MRAO update Observer Umpe
Eq.(51) Eq.(46)

NNMRAO

Figure 1. TPMLSM position control structure based on the proposed method.

3.1. Friction Feedforward Compensation

The total control input u is decomposed into the sum of MPC output component umpc

and feedforward component u f c:

u = umpc + u f c (4)

Substituting the above equation into Equation (1) yields:

dv
dt

= − B
M

v − Fc

M
sgn(v) +

umpc + u f c

M
− Fl

M
− d

M
(5)

Letting the feedforward component in the above equation cancel out the Coulomb
force, we can obtain the feedforward compensation law as follows:

u f c = Fcsgn(v) (6)

In practical systems, the value of Fc changes due to system identification errors and
changes in the operating environment, making it impossible to completely and accurately
offset Coulomb friction through feedforward. When the actual Coulomb friction coefficient
is Fct, while the nominal value used for feedforward compensation is Fc, a residual error
∆Fc = Fct − Fc will exist. Substituting Equation (6) into Equation (5), the equivalent motion
equation is obtained as follows:

dx
dt

= v,

dv
dt

= − B
M

v +
1
M

u − 1
M

de

(7)

where de is the equivalent lumped disturbance, de = Fl + d + ∆Fcsgn(v).
The above equation can be rewritten in the following state-space form:

Ẋ = AX + Bu + Bdde

Y = CX,
(8)

Applying the forward Euler method [35] to discretize the above equation with sam-
pling period Ts, the discrete-time state-space equation of the system is obtained as follows:

Xk+1 = ĀXk + B̄uk + B̄ddk
e ,

Yk = C̄Xk.
(9)
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where Ā, B̄, B̄d and C̄ represent the discretized system matrices:

Ā =

[
1 Ts

0 1 − TsB
M

]
, B̄ =

[
0
Ts
M

]
, B̄d =

[
0

− Ts
M

]
, C̄ =

[
1 0
0 1

]
. (10)

3.2. Disturbance Extended MPC

In order to compensate for the unknown disturbance de, the lumped disturbance
term is modeled as a slowly varying signal and extended to the system state variable.
Then, the disturbance is estimated by the disturbance observer and incorporated into the
MPC predictive model to improve the tracking accuracy and eliminate the steady-state
bias [36]. Following the standard disturbance modeling method in MPC, assuming that the
disturbance remains unchanged within the prediction range, there are:

dk+1
e = dk

e . (11)

Construct an extended state containing the disturbance:

Xk
e =

[
Xk

dk
e

]
=

xk

vk

dk
e

 (12)

where dk
e is estimated by the observer, the system disturbance extended state equation is

as follows:
Xk+1

e = AeXk
e + Beuk,

Yk
e = CeXk

e .
(13)

where

Ae =

[
Ā B̄d

0 1

]
, Be =

[
B̄
0

]
, Ce =

[
C̄ 0

]
. (14)

3.3. Input Incremental MPC

In the high-precision position servo system such as tubular permanent magnet syn-
chronous linear motor, the traditional MPC can easily cause serious current harmonics and
violent thrust pulsation, and even cause structural resonance of the system due to the direct
optimization of the absolute control quantity and the control of high-frequency jump of
the input. In order to fundamentally suppress the above problems, the input incremental
model predictive control (IMPC) architecture is introduced, and the control increment ∆uk

is used as the input of the predictive model and the penalty term of the objective function.
It can effectively smooth the control signal and realize the flexible operation of the system.

Define the input increment ∆uk as:

∆uk ≜ uk − uk−1. (15)

The input at time k can then be expressed as:

uk = uk−1 + ∆uk. (16)

Substituting the above equation into Equation (13) yields:

Xk+1
e = AeXk + Beuk−1 + Be∆uk,

Yk
e = CeXk

e .
(17)
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Taking uk−1 as a new state variable, the augmented state vector can be obtained:

zk ≜


xk

vk

dk

uk−1

 (18)

The augmented state equation can be obtained as follows:

zk+1 = Azk + B∆uk,

yk = Czk.
(19)

The matrix coefficients are:

A =

Ā B̄d B̄
0 1 0
0 0 1

,B =

B̄
0
1

, C =
[
C̄ 0 0

]
(20)

3.4. MPC Solution

Define the prediction horizon as Np and the control horizon as Nc. Through iterative
computation, the prediction equation of the IMPC can be derived as follows:

Y = Fzk + Φ∆U (21)

where Y and ∆U represent the matrix form of output vector and control input, respectively:

Y =


yk+1

yk+2

yk+3

...
yk+Np

 (22)

∆U =


∆uk

∆uk+1

∆uk+2

...
∆uk+Nc−1

 (23)

The coefficient matrix in the prediction Equation (21) is as follows:

F =


CA
CA2

CA3

...
CANp

, (24)

Φ =


CB 0 · · · 0
CAB CB · · · 0
CA2B CAB · · · 0

...
...

. . .
...

CANp−1B CANp−2B · · · CANp−NcB

. (25)
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The desired effect is that the system output closely tracks the reference trajectory while
keeping the control increments as small as possible. By incorporating the tracking error
and the control input increment as penalty terms, the following cost function is defined:

J = (Y − Yre f )
TQ̄(Y − Yre f ) + ∆UT R̄∆U (26)

where Q̄ is the output error weight matrix, R̄ is the control increment weight matrix,
and both Q̄ and R̄ are block diagonal matrices. Yre f is the reference trajectory vector.

We need to find a ∆U that minimizes J while satisfying the system constraints. This is
a typical quadratic programming problem:

min
∆U

1
2

∆UTH∆U + f T∆U

s.t. Acons∆U ≤ bcons

(27)

Substituting the prediction Equation (21) into Equation (26) yields:

J = (Fzk + Φ∆U − Yre f )
TQ̄(Fzk + Φ∆U − Yre f ) + ∆UT R̄∆U. (28)

Further simplification and merging of the parts containing ∆U yields:

J = ∆UT(ΦTQ̄Φ + R̄)∆U + 2∆UTΦTQ̄(Fzk − Yre f ) +
(
Fzk − Yre f

)T
Q̄
(
Fzk − Yre f

)
(29)

where (Fzk − Yre f )
TQ̄
(
Fzk − Yre f

)
depends only on the current state and has no effect on

the solution of ∆U, it can be regarded as a constant term. Comparing with the standard
quadratic programming problem Equation (26), we can obtain the coefficients:

H = 2(ΦTQ̄Φ + R̄) (30)

f = 2ΦTQ̄(Fzk − Yre f ) (31)

Apply the following constraints to the incremental control:

∆umin ≤ ∆uk+i ≤ ∆umax (32)

where ∆umin and ∆umax represent the upper and lower bounds of the control increment,
which impose constraints on the entire control sequence and are written in matrix form:[

I
−I

]
∆U ≤

[
∆Umax

−∆Umin

]
(33)

where ∆Umin and ∆Umax are vectors composed of ∆umin and ∆umax.
Apply constraints to the final control input:

umin ≤ uk+i ≤ umax (34)

where umin and umax are the upper and lower bounds of the control input amplitude,
uk+i = uk−1 + ∑Nc−1

i=0 ∆ui, Write in matrix form:[
LN

−LN

]
∆U ≤

[
Umax − Upre

−Umin + Upre

]
(35)

where Umin, Umax and Uprev are vectors composed of umin, umax and uk−1, respectively,
and LN is a lower triangular matrix with all elements being 1.
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Apply constraints to the system output:

ymin ≤ yk+i ≤ ymax (36)

where ymin and ymax represent the upper and lower bounds of the system output, and Y
can be represented by ∆U according to the prediction Equation (21), written in matrix form:[

Φ

−Φ

]
∆U ≤

[
Ymax −Fzk

−Ymin +Fzk

]
(37)

where Ymin and Ymax are vectors composed of ymin and ymax.
Combining Equation (33), Equation (35), and Equation (37), the constraint matrix in

Equation (26) is obtained as follows:

Acons =



I
−I
LN

−LN

Φ

−Φ


(38)

bcons =



∆Umax

−∆Umin

Umax − Upre

−Umin + Upre

Ymax −Fzk

−Ymin +Fzk


(39)

The optimal control sequence ∆U can be obtained by solving the standard quadratic
form Equation (27). The first element ∆uk is selected as the current control increment,
and the current control input uk can be obtained according to Equation (16).

4. Neural Network Model Reference Adaptive Observer
4.1. NNMRAO Structure

In order to estimate the above unknown lumped disturbance, this paper decomposes
the lumped disturbance according to the following strategy:

de = d0 + dn, (40)

where d0 represents the DC or slowly varying component of the disturbance, including
load bias and steady-state modeling error. dn represents the state-dependent and time-
varying nonlinear component of the disturbance, including thrust fluctuation, end effect,
nonlinear friction.

In this paper, the radial basis function (RBF) neural network is used to approach dn

online. RBF is a three-layer feedforward neural network with simple structure, strong
approximation ability and fast convergence speed [37,38]. The structure is shown in
Figure 2.
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Assumption 1. The nonlinear disturbance dn can be approximated online by a RBF neural network.
That is, there exist an ideal weight matrix W∗ ∈ RN , where N denotes the number of network nodes,
and a basis function vector Φ(X)=[ϕ1(X), . . . , ϕN(X)]T , such that:

dn = W∗TΦ(X) + ε(X) (41)

where ε(X) denotes the bounded approximation error satisfying:

∥ε(x)∥ ≤ ε̄. (42)

φ1(X)

X? φ2(X)

φ3(X) y

X?
Output layer

Input layer
(

Hidden layer
Figure 2. RBF neural network architecture.

Choose the Gaussian function as the basis function:

ϕi(X) = exp

(
−∥X − ci∥2

σ2
i

)
(43)

where cj is the center vector of the i-th node, and σj > 0 is the width parameter. As ana-
lyzed above, the main nonlinear disturbance components that the neural network aims to
approximate all depend on position and velocity. Therefore, the neural network input is
selected as follows:

X =

[
x
v

]
. (44)

Substituting Equation (40) and Equation (41) into the original system Equation (8),
the following reference model with disturbance can be obtained:

Ẋ = AX + Bu + Bdd0 + BdW∗TΦ(X) + Bdε(X) (45)

The NNMRAO structure is designed as follows:

˙̂X = AX̂ + Bu + Bdd̂0 + BdŴTΦ(X) + L(X − X̂) (46)

where A, B and C are the system matrix, X is the system state, X̂ is the estimated value
of the system state, d̂0 is the low-frequency disturbance estimated by MRAO, Ŵ is the
estimated value of the neural network weight matrix, and L is the observer gain.

Assumption 2. The observer gain L is chosen such that the matrix (A − L) is a Hurwitz sta-
ble matrix.
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4.2. NNMRAO Adaptive Law

Define the state estimation error E, the disturbance estimation error d̃0, and the neural
network weight estimation error W̃ as follows:

E = X − X̂, (47)

d̃0 = d0 − d̂0, (48)

W̃ = W∗ − Ŵ. (49)

Subtracting the observed model Equation (46) from the reference model Equation (45)
yields the error dynamic equation:

Ė = (A − L)E + Bdd̃0 + BdW̃TΦ(X) + Bdε(X) (50)

To estimate the unknown disturbance d0 and the neural network weight matrix W∗,
the following adaptive update laws are designed:

˙̂d0 = ΓdBT
d PE − σdd̂0 (51)

˙̂W = ΓWΦ(X)ET PBd − σWŴ (52)

where Γd = ΓT
d > 0 and ΓW = ΓT

W > 0 denote the learning rates of the model reference
adaptive disturbance observer and the neural network, respectively. σ > 0 is the σ-
modification coefficient introduced to prevent weight drift. P = PT > 0 is a positive
definite symmetric matrix.

4.3. NNMRAO Stability Analysis

The following Lyapunov function is constructed:

V =
1
2

ET PE +
1
2

d̃T
0 Γ−1

d d̃0 +
1
2

tr
(

W̃TΓ−1
W W̃

)
(53)

Denote V = V1 + V2 + V3, where V1 = 1
2 ET PE, V2 = 1

2 d̃T
0 Γ−1

d d̃0, V3 = 1
2 tr(W̃TΓ−1

W W̃).
Taking the time derivative of V1 yields:

V̇1 =
1
2

ĖT PE +
1
2

ET PĖ (54)

Substituting the error Equation (50) into the above expression and simplifying,
one obtains:

V̇1 =
1
2

ET
[
(A − L)T P + P(A − L)

]
E + ET PBdd̃0 + ET PBdW̃TΦ(X) + ET PBdε(X) (55)

Based on Assumption 2 and the Lyapunov matrix equation theory [39], for any given
positive definite symmetric matrix Q = QT > 0, there exists a unique positive definite
symmetric matrix P = PT > 0 satisfying:

(A − L)T P + P(A − L) = −Q (56)

Substituting the above equation into Equation (55), one obtains:

V̇1 = −1
2

ETQE + ET PBdd̃0 + ET PBdW̃TΦ(X) + ET PBdε(X) (57)
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Since d0 varies slowly and the control period is sufficiently small, it can be approxi-
mated that ḋ0 ≈ 0. Based on Equation (48), one obtains:

˙̃d0 = − ˙̂d0 (58)

Based on the above equation and the adaptive law Equation (51), the time derivative
of V2 is obtained as follows:

V̇2 = d̃T
0 Γ−1

d (−ΓdBT
d PE + σdd̂0) = −d̃T

0 BT
d PE + σdd̃T

0 Γ−1
d d̂0 (59)

Since W∗ is a constant matrix, it follows that Ẇ∗ = 0. Based on Equation (49),
one obtains:

˙̃W = − ˙̂W (60)

Based on the above equation and the adaptive law Equation (52), the time derivative
of V3 is obtained as follows:

V̇3 = tr
(

W̃TΓ−1
W

(
−ΓWΦET PBd + σŴ

))
= −tr

(
W̃TΦ(X)ET PBd

)
+ σtr

(
W̃TΓ−1

W Ŵ
)

(61)

Adding Equations (57), (59), and (61) together, we get:

V̇ = −1
2

ETQE + ET PBdd̃0 + ET PBdW̃TΦ(X) + ET PBdε(X)− d̃T
0 BT

d PE + σdd̃T
0 Γ−1

d d̂0

− tr
(

W̃TΦ(X)ET PBd

)
+ σtr

(
W̃TΓ−1

W Ŵ
) (62)

By combining and eliminating terms in the above equation , we can obtain:

V̇ = −1
2

ETQE + ET PBdε(X) + σdd̃T
0 Γ−1

d d̂0 + σ tr
(

W̃TΓ−1
W Ŵ

)
(63)

For the first term, according to the Rayleigh quotient principle [40], we can obtain:

−1
2

ETQE ≤ −λmin(Q)

2
∥E∥2 (64)

For the neural network error approximation term ETPBdε(X), combining Assumption 1
and according to the Cauchy–Schwarz inequality [41], we can obtain:∣∣∣ET PBdε(X)

∣∣∣ ≤ ∥∥∥PBd

∥∥∥ · ∥∥∥E
∥∥∥ε̄ (65)

Further, based on Young’s inequality, for all η > 0, it yields:

∣∣∣ET PBdε(X)
∣∣∣ ≤ η

2
∥E∥2 +

∥PBd∥2ε2

2η
(66)

For the σ-modification term σdd̃T
0 Γ−1

d d̂0 of the disturbance, since d̃0 = d0 − d̂0, it can
be obtained that:

σdd̃T
0 Γ−1

d d̂0 = σdd̃T
0 Γ−1

d d0 − σdd̃T
0 Γ−1

d d̃0. (67)

According to Young’s inequality, we can obtain:

σdd̃T
0 Γ−1

d d0 ≤ σd
2

d̃T
0 Γ−1

d d̃0 +
σd
2

dT
0 Γ−1

d d0. (68)

Substituting the above equation into (67) yields:

σdd̃T
0 Γ−1

d d̂0 ≤ −σd
2

d̃T
0 Γ−1

d d̃0 +
σd
2

dT
0 Γ−1

d d0. (69)
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For the σ-modification term σ tr(W̃TΓ−1
W Ŵ) of the weights, since W̃ = W∗ − Ŵ, we

can obtain:
σ tr
(

W̃TΓ−1
W Ŵ

)
= σ tr

(
W̃TΓ−1

W W∗
)
− σ tr

(
W̃TΓ−1

W W̃
)

(70)

According to the matrix trace inequality, we can obtain:

tr
(

W̃TΓ−1
W W∗

)
≤ 1

2
tr
(

W̃TΓ−1
W W̃

)
+

1
2

tr
(

W∗TΓ−1
W W∗

)
(71)

Substituting the above equation into Equation (70) yields:

σ tr
(

W̃TΓ−1
W Ŵ

)
≤ −σ

2
tr
(

W̃TΓ−1
W W̃

)
+

σ

2
tr
(

W∗TΓ−1
W W∗

)
(72)

Substituting Equations (64), (66), and (72) into Equation (63) yields:

V̇ ≤ −1
2

λmin(Q)∥E∥2 +
η

2
∥E∥2 − σd

2
d̃T

0 Γ−1
d d̃0 −

σ

2
tr
(

W̃TΓ−1
W W̃

)
+

∥PBd∥2 ε̄2

2η
+

σd
2

dT
0 Γ−1

d d0

+
σ

2
tr
(

W∗TΓ−1
W W∗

) (73)

Further arrangement:

V̇ ≤ −
(

λmin(Q)

2
− η

2

)
∥E∥2 − σd

2
d̃T

0 Γ−1
d d̃0 −

σW
2

tr
(

W̃TΓ−1
W W̃

)
+ C (74)

where take 0 < η < λmin(Q), then we have α1 = λmin(Q)−η
2 > 0, α2 = σd

2 > 0,

α3 = σW
2 > 0, and the constant C= ∥PBd∥2 ε̄2

2η + σd
2 dT

0 Γ−1
d d0 +

σ
2 tr
(

W∗TΓ−1
W W∗

)
> 0.

Define the comprehensive error:

Ω = ∥E∥2 + d̃T
0 Γ−1

d d̃0 + tr
(

W̃TΓ−1
W W̃

)
(75)

Let α = min(α1, α2, α3). Then the above equation can be simplified as:

V̇ ≤ −αΩ + C (76)

There is an equivalent relationship between the Lyapunov function Equation (53) and
the composite error metric Ω; that is, there is a normal number λ1, λ2 > 0 such that:

λ1Ω ≤ V ≤ λ2Ω (77)

Substituting the above equation into Equation (76) yields:

V̇ ≤ − α

λ2
V + C. (78)

According to the comparison lemma [42], we can obtain:

V(t) ≤ e−
α

λ2
tV(0) +

λ2C
α

(
1 − e−

α
λ2

t
)

(79)

Then we can obtain:
lim sup

t→∞
V(t) ≤ λ2C

α
(80)

According to Equation (76), we can further obtain:

lim
t→∞

sup Ω(t) ≤ λ2

λ1

C
α

(81)
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The above results indicate that when the neural network approximation error is
bounded, the adaptive law correction term exists, and the slowly varying component d0 of
the lumped disturbance satisfies ḋ0 ≈ 0, the composite error vector (E, d̃0, W̃) is uniformly
ultimately bounded (UUB) and eventually enters the compact set D:

D =

{
(E, d̃0, W̃)|Ω ≤ λ2

λ1

C
α

}
. (82)

The conclusion that the composite error vector is uniformly ultimately bounded (UUB)
rather than asymptotically convergent to zero is consistent with expectations. In real-
world systems, disturbances cannot be estimated and canceled out completely accurately.
By controlling the error within a small, acceptable range, the closed-loop system can achieve
the desired control objective.

5. Experimental Validation
5.1. Experimental Setup

This paper constructs an experimental platform for a tubular permanent magnet linear
synchronous motor, as shown in Figure 3, to physically verify the proposed NNMRAO-
MPC control scheme. Mover A is used to verify the position control performance of
each control algorithm. Mover B and mover A have identical parameters and are rigidly
connected by a mechanical linkage. In the experiment, mover B operates in a closed-loop
current mode, outputting a programmable thrust that directly acts on mover A to simulate
disturbances, such as sudden load changes and friction fluctuations in real-world operating
conditions. The experimental system uses a magnetic grating system for position feedback.
The reading head is model MA221030A (Yena Precision Technology Co., Ltd., Shenzhen,
China) with a resolution of 1 µm, and the magnetic grating scale is model LM20 (Yena
Precision Technology Co., Ltd., Shenzhen, China) with a pitch of 2 mm.

Upper computer

TPMLSM mover A Magnetic readhead TPMLSM mover B Magnetic scale

STM32H7 drive platformDC power supply

Figure 3. Experimental test platform of TPMLSM.

The actual parameters of the system were obtained through offline identification,
and the results are shown in Figure 4. The blue area in the figure represents the identification
result after adding 0.2 kg of mass to the existing moving part. It can be seen that the
identified mass M also increased by approximately 0.2 kg, so the identification result is
reliable. The configuration parameters of the experimental platform are shown in Table 1.
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Table 1. Experimental platform parameters.

Parameters Value Unit

Effective travel distance 450 mm
Motor pole pitch (N-N) 30 mm

Encoder resolution 1 um
Maximum motor thrust 75 N

Rated current 1.2 Arms
Motor thrust constant 22.0 N/Arms
Mass of moving parts 1.1 kg

0 10 20 30 40 50 60

1

1.5

2

M

M
0
+0.2kg

M
0

Reference(M)

0 10 20 30 40 50 60

4

6

8

10

B

M
0
+0.2kg

M
0

Reference(B)

0 10 20 30 40 50 60

Time (s)

0

1

2

F
c

M
0
+0.2kg

M
0

Reference(F
c
)

Figure 4. Parameter identification results.

In the experiment, all four controllers were implemented on the same hardware
platform. The parameters of each controller underwent extensive experimental testing
and iterative adjustments to ensure optimal performance and maintain the fairness of the
comparative experiment. The parameters of each control method are as follows:

NNMRAO-MPC: The prediction horizon is set to Np = 10 and the control hori-
zon to Nc = 5. The state weighting matrix and control weighting matrix are config-
ured as Q = diag(500,000, 0.01) and R = 0.01, respectively. Control input upper bound
umax = 60 N, lower bound umin = −60 N, control increment upper bound ∆umax = 1
N, control increment lower bound ∆umin = −1 N. The observer gains are set to
L = diag(120, 65), and the disturbance adaptive update rate is Γd = 1,400,000, σd = 0.01.
The neural network adopts a three-layer architecture with the number of hidden layer
nodes set to N = 7, the basis function width set to σ = 1, and the learning rate set to
ΓW = 1,200,000, σW = 0.05.

MPC: The prediction horizon and weighting matrices are kept identical to those
of the NNMRAO-MPC, with the adaptive disturbance observation and compensation
module excluded.
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SMC: The sliding surface coefficient is set to c = 600, the integral coefficient is set to
csum = 2, the switching gain coefficients are set to k1 = 500 and k2 = 1500.

PID: The proportional gain of the position loop is set to Kp = 450. For the velocity
loop, the proportional gain is set to Kp = 13, the integral coefficient is set to Ki = 0.1,
and the feedforward coefficient is set to K f = 0.83.

To fully test and verify the effectiveness of the proposed method, this paper sets
up tracking experiments with different trajectories based on actual operating scenarios,
and also simulates the disturbance problems encountered in actual operation. External dis-
turbances are realized by mover B in current control mode. A preset step force or sinusoidal
force is applied to mover A through mechanical coupling between the two movers, thereby
realizing quantitative and repeatable simulation of external load disturbances. During the
experiment, a step disturbance ib

q = 0.05A and a sinusoidal disturbance ib
q = 0.05sin4πtA

were applied. According to F = K f ∗ ib
q, the amplitude of the applied disturbance is

approximately 1.1N. Without loss of generality, a sinusoidal trajectory Pre f = 0.05sinπt
(unit: m) and a point-to-point (P2P) trajectory are chosen as the desired trajectory input.
The performance of different control strategies is evaluated using the following perfor-
mance indicators.

RMS (root mean square):

L[ f ]2 =

√√√√ 1
N

N

∑
k=1

( f (k))2 (83)

MAX (maximum value):

L[ f ]∞ = max
k∈[1,N]

(| f (k)|) (84)

5.2. Experimental Results Analysis

The verification of all control algorithms in this paper was carried out on a self-
developed low-voltage servo driver. The main control chip was an STM32H723 (STMi-
croelectronics, Geneva, Switzerland) with a main frequency of 550 MHz, equipped with a
double-precision FPU and supporting a matrix library. The three-phase full-bridge inverter
used an N-channel MOSFET IPG20N06S4L-26 (Infineon Technologies, Neubiberg, Ger-
many). The current was sampled through the lower bridge sampling resistor, amplified by
the operational amplifier TL072, and then sampled by the MCU’s built-in high-speed ADC.
The MPC optimization problem solved using qpOASES [43]. The execution time of each
module is summarized in Table 2. The current loop runs at 10 kHz within a hardware timer
interrupt, with a single execution time of approximately 5 µs. The outer position/velocity
control loop operates at 1 kHz, and within each 1 ms control cycle, the NNMRAO update
takes approximately 42 µs, the MPC optimization problem solution takes approximately
100 µs, and other tasks including velocity/position computation and trajectory planning
are also completed sequentially, with a combined execution time of approximately 171 µs,
thereby satisfying the real-time control requirements. Experimental results demonstrate
that the proposed algorithm is fully real-time implementable on the existing embedded
hardware platform.
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Table 2. Computational real-time performance parameters of each control modules.

Module Execution
Period

Execution
Time

Time Ratio
(%)

Current Loop 100 µs 5.1 µs 5.1%
NNMRAO Observer Update 1000 µs 42.4 µs 4.24%

MPC Online Solver 1000 µs 100.2 µs 10.02%
Position Loop (Total) 1000 µs 171.2 µs 17.12%

First, a static disturbance experiment was conducted, with the target position set to
0 m. After the system stabilizes, a step disturbance of 0.05 A and a sinusoidal disturbance of
0.05 A with a frequency of 4 Hz are applied at t = 10 s, respectively, and the disturbance lasts
for 10 s. The introduction of sinusoidal disturbances does not conflict with the assumption
of slow change of d0 in the previous derivation of the disturbance observer. According to
the time separation principle [44], the frequency of position control is much greater than
the frequency of sinusoidal disturbances, so the amplitude of disturbance change is small
within adjacent discrete control cycles. Furthermore, according to Equation (40), the time-
varying nonlinear part of the lumped disturbance will be incorporated into dn and estimated
online by RBF. Figures 5–10 show the position response, control output, and NNMRAO
disturbance estimation curves of the four control methods under different disturbances.

The experimental results for step disturbances are shown in Figures 5–7. At the
moment the disturbance is applied, both the PID and SMC generate large transient peak de-
viations. Subsequently, they gradually converge to the target value by relying on feedback
adjustment. The convergence speed is slow and accompanied by obvious damped oscilla-
tions. The standard MPC has a small transient peak deviation, but there will be a persistent
steady-state error during the application of disturbances. NNMRAO-MPC exhibits the
smallest transient deviation and converges rapidly to the reference position in a very short
time, with steady-state error approaching zero, demonstrating the best step disturbance
rejection performance. Figure 7 shows the disturbance estimate from NNMRAO, showing
that the observer can closely estimate the amplitude and variation of the disturbance. Due
to the presence of unmodeled disturbances, the observed disturbance cannot perfectly
coincide with the applied ideal disturbance. The above results show that NNMRAO can
achieve rapid identification of step disturbances. Substituting the disturbance into MPC
effectively suppresses transient biases and eliminates steady-state errors caused by model
mismatch in standard MPC.

The experimental results for sinusoidal disturbances are shown in Figures 8–10. It can
be seen that the oscillation amplitude of the PID is the largest during the disturbance appli-
cation phase, and it is consistent with the frequency of the external sinusoidal disturbance.
It relies entirely on feedback correction and has weak suppression capability for unknown
disturbances. The SMC controller shows a slight improvement in oscillation amplitude
compared to the PID controller. The oscillation amplitude of standard MPC is similar to
that of SMC, but since the prediction model does not contain disturbances, the residual
error persists with the disturbances. The position curve of NNMRAO-MPC always closely
follows the reference value, and the steady-state oscillation amplitude is minimal. After the
disturbance is removed, both the PID controller and the SMC controller can quickly return
to the reference value. The standard MPC controller exhibits significant noise and steady-
state errors, while the NNMRAO-MPC controller’s observer output rapidly converges
to a smaller value after the disturbance is removed, and its position smoothly returns to
the reference value. These experimental results demonstrate the fast tracking and stable
characteristics of the proposed control method under disturbance changing scenarios.
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Figure 5. Steady-state step disturbance position.

Figure 6. Steady-state step disturbance control input.
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Figure 7. Estimated value of steady-state step disturbance.
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Figure 8. Steady-state sinusoidal disturbance position.

Figure 9. Steady-state sinusoidal disturbance control input.
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Figure 10. Disturbance estimate of steady-state sinusoidal disturbance.
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Figures 11–18 show the position tracking experimental results of different control
methods under two kinds of reference trajectories. In the trajectory tracking experiment,
the data acquisition range was 0–60 s. To better display the details, the plotting range for
position tracking and disturbance estimation was 0–12 s, while the plotting range for the
other states was 0–60 s. The details of test track tracking of different control methods are
shown in Figures 11 and 15. Compared with the traditional PID control method, SMC,
MPC and NNMRAO-MPC show better tracking performance. Figures 12 and 16 show the
waveforms of the tracking error. The PID error has the largest amplitude and exhibits
obvious periodic fluctuations, while the SMC and MPC errors are lower in amplitude
compared to the PID. The proposed NNMRAO-MPC error peak is significantly reduced and
remains within a small range. The control output is shown in Figures 13 and 17. It can be
seen that the amplitude and fluctuation of PID control input signal are large, and the control
input using IMPC is relatively smooth. The disturbance estimation results of MRAO are
shown in Figures 14 and 18. It can be seen that the the disturbance obtained by the observer
is approximately consistent with the amplitude and period of the applied disturbance,
with minor discrepancies due to unmodeled dynamics. The results demonstrate that
the proposed method successfully estimates and compensates for unknown disturbances,
achieving enhanced precision in trajectory tracking.

Based on the calculation results within the steady-state range of 10 s ≤ t ≤ 50 s, Table 3
presents the quantitative performance indicators of the four control methods under two
types of reference trajectories. It can be seen that the NNMRAO-MPC method achieves
smaller overall tracking error and peak error under both Sine and P2P trajectories. Com-
pared with the conventional MPC, the proposed NNMRAO-MPC achieves reductions in
RMS of 76.09% and 78.85% under the two evaluated trajectories in the presence of un-
known disturbances, with corresponding maximum tracking errors reduced by 56.38% and
64.11%, respectively. Compared to traditional MPC, the online disturbance compensation
method proposed in this article does not introduce additional control peaks, indicating
that the improved position tracking performance does not come at the cost of amplified
control input. In summary, the NNMRAO proposed in this article achieves approximate
compensation for parameter uncertainties and unknown disturbances, thereby improving
the control accuracy of MPC. IMPC makes the control input smooth, without significant
control signal amplification or high-frequency oscillation problems. Experimental results
show that, compared with the baseline controller without explicit disturbance estimation,
the proposed method significantly reduces the tracking error caused by disturbances and
achieves high-precision trajectory tracking.

Table 3. Performance Indicators in Experiment.

Traj Index L[e]2 L[e]∞ L[u]2 L[u]∞
Units µm µm N N

Sine

NNMRAO-MPC 5.457 25.52 1.368 4.064
MPC 22.82 58.51 1.377 3.992
SMC 13.48 40.42 1.396 4.728
PID 37.46 76.17 1.612 4.358

P2P

NNMRAO-MPC 4.565 22.68 1.247 4.198
MPC 21.58 63.20 1.862 3.513
SMC 11.51 35.15 1.190 3.966
PID 24.09 60.48 1.403 4.175
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Figure 11. Sinusoidal trajectory tracking position.
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Figure 13. Sinusoidal trajectory control input.
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Figure 14. Estimated disturbance of sinusoidal trajectory.
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Figure 16. Point to point trajectory tracking error.
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Figure 17. Point to point trajectory control input.
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Figure 18. Estimated disturbance of point-to-point trajectory.

6. Conclusions
In this article, a new disturbance extended model predictive position control method

based on NNMRAO is proposed for the position tracking control of TPMLSM. The neural
network is embedded in MRAO to enhance the estimation ability of the observer for non-
linear high-frequency disturbances. The estimated disturbance is explicitly introduced into
MPC as an extended state to realize the online estimation and compensation of disturbance.
Compared with conventional MPC, the proposed method effectively suppresses unknown
disturbances and improves trajectory tracking accuracy on the TPMLSM experimental
platform used in this study. Extensive comparative experiments under different reference
trajectories and disturbance scenarios confirm the effectiveness of the proposed method for
this class of motor. However, the calculation of neural network and model prediction is
time-consuming. How to improve the computational efficiency and make it suitable for
more embedded scenarios is one of the main directions of future research.
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