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Abstract

Actuator placement optimization based on a reduced-order model is essential for control-
ling a high-dimensional system in real time. This paper discusses actuator placement in
an unstable high-dimensional system based on a reduced-order model obtained by BPOD
with input-output projection. Actuator locations in a linearized Ginzburg-Landau model
are optimized with three objective functions based on a Riccati equation, a controllability
Gramian, and an impulse response matrix. Further, the computation time for actuator
selection and the resulting LOR performance are evaluated. The LOR performance is
basically high when actuators are placed based on the Riccati equation or the impulse
response matrix. The computation time of the method based on the impulse response
matrix is much smaller than that of the other two methods. Thus, the method based on the
impulse response matrix seems to have more advantages than the other two methods in
terms of optimizing the actuator locations of the analyzed model. Moreover, it seems to be
beneficial to place actuators with a low-dimensional model using this method.

Keywords: actuator selection; balanced proper orthogonal decomposition; input-output
projection; linear-quadratic regulator; reduced-order model

1. Introduction

Fluid control is one of the vital topics in the fields of science and engineering, for
example, from the perspective of improving the performance of fluid machinery [1-3].
However, the energy of input that can be applied to fluid is generally small compared to
that of the fluid phenomena itself, as can be seen in control devices such as plasma actuators
and flapping jets [4,5]. Thus, it is necessary to optimize the locations of input, in other
words, actuator locations, to control fluid phenomena efficiently. In particular, it is effective
to select actuator locations in real time depending on the state of the flow. However, fluid
phenomena are often modeled as a high-dimensional system, since their degree of freedom
is countless. Such systems are not favorable for selecting actuators in real time in terms of
computation time. Hence, their order needs to be reduced before their actuator placement
is optimized.

Proper orthogonal decomposition (POD) is a well-known method for reduced-order
modeling [6,7]. It decomposes the complex behavior of high-dimensional systems in or-
thogonal bases as POD modes, and the order of the system can be reduced by projecting
the original system onto dominant modes. Although POD is a powerful and useful tool in
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understanding the complicated behavior of high-dimensional systems, the transient motion
of these systems may not be captured accurately, and the stability of the reduced-order
model may be different from that of the full-order model, especially for systems with weak
orthogonality, including fluid phenomena. On the other hand, frequency-based meth-
ods [8-10] and dynamical methods such as dynamic mode decomposition (DMD) [11-13],
the POD-Galerkin method [14-16], the discrete empirical interpolation method
(DEIM) [17-19], sparse identification of nonlinear dynamics (SINDy) [20-22], and echo
state network reduced-order modeling [23,24] have been developed. In particular, ref. [25]
introduced the idea of balanced truncation by focusing on the observability and controlla-
bility of an input—-output system. The basic approach of this method is to transform the
coordinates so that the most controllable states correspond to the most observable ones,
and then truncate the least observable and controllable ones. This makes the reduced-order
model reproduce the output accurately for an input, since only the states that have limited
affect on the relation between input and output are omitted. However, it is not feasible to
apply this method to a high-dimensional system in terms of computational cost, since the
coordinates for the entire state needs to be transformed. Thus, balanced proper orthogonal
decomposition (BPOD) was developed based on the idea of balanced truncation [26-28].
Although the core concept of these two methods is same in that they balance the observ-
ability and controllability Gramians, the computational cost of BPOD is smaller than that
of balanced truncation, since the Gramians in BPOD are approximated with snapshots of
impulse response, while those in balanced truncation are obtained by solving Lyapunov
equations. However, BPOD requires p and g times of simulations with the original and
adjoint system, respectively, where p and q are the number of input and output. This
indicates that BPOD cannot be applied directly to a system with a large number of inputs
or outputs. In such cases, the input and output are projected onto an appropriate subspace
before BPOD is applied [27,29-32]. This procedure reduces the number of simulations to
the amount of subspace used for projection. Hence, BPOD with input-output projection is
a useful idea in controlling high-dimensional systems such as fluid phenomena. Neverthe-
less, BPOD has not been investigated enough with output and, especially, input projection.
Therefore, it is important to explore the properties of reduced-order models obtained by
BPOD with input-output projection.

Next, let us briefly review previous studies on sensor and actuator placement opti-
mization. We refer to sensors as well as actuators, since sensor and actuator placement
problems have a duality. For sensor placement, ref. [33,34] developed a global optimization
technique called the branch-and-bound method. This method has the advantage that the
exact solution of combinatorial problems can be obtained. However, it is not feasible to
use to solve problems in a high-dimensional system, since its computational cost is high.
Thus, ref. [35] relaxed the constraints of the problem and proposed an approximate convex
relaxation method. This method could be applied to a relatively high-dimensional system
with the recent modification [36]. Further, semidefinite programming (SDP) [37,38] and
the alternating direction method of multipliers (ADMM) [39-41] were introduced, and
the universality of the convex relaxation methods was enlarged. These methods offer the
exact solution of the relaxed problems, but it is not ensured that the obtained solution
performs well in the original problem. In contrast, the performance of the solution ob-
tained by a greedy algorithm is guaranteed if the objective function is submodular and
monotone [42-49] and is practically favorable even if not [50,51]. Moreover, its computa-
tional cost is less than the approximate convex relaxation methods.

As to studies on actuator placement, some focused on H; [40,52-54] and He
norm [55-57] and developed an actuator placement method for optimal control. These
methods are useful for practical control such as that with linear quadratic regulator (LQR),
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but their computational costs are basically high. On the other hand, ref. [58,59] solved actua-
tor placement problems from the viewpoint of maximizing the sensitivity of unstable modes
to an input. In addition, ref. [60] proposed a method based on the idea of maximizing the
sensitivity of the terminal output to an impulse input for various modes by using singular
value decomposition. This method could be applied to high-dimensional systems, since the
suboptimal solution of combinatorial problems is obtained by a determinant-based greedy
algorithm. Controllability Gramian has also been focused on for actuator placement opti-
mization [47,56,61-63]. In particular, ref. [56] investigated sensor and actuator placement
problems in a balanced reduced model in the context of controlling active flexible structures.
In addition, ref. [47] developed an algorithm to optimize sensor and actuator placement in
a reduced-order model obtained by balanced truncation using greedy matrix QR pivoting.
Further, ref. [64] discussed optimal actuator placement based on an extended balanced
realization technique [65]. Although actuator placement methods have been proposed from
various aspects, actuator placement problems in a reduced-order model for an unstable
system have not been studied enough. In particular, further analysis regarding the effect of
the dimension of the reduced-order model on actuator placement and control efficiency is
required from the viewpoint of model construction.

In this paper, the order of a linearized Ginzburg—Landau model, which is known
as a simple model for fluid phenomena, is reduced based on BPOD with input-output
projection, and actuator locations are optimized with three objective functions based on the
reduced-order model so that the system can be controlled efficiently with an LQR. Then, the
computation time for actuator selection and the resulting LQR performance are evaluated.
The three objective functions are based on a Riccati equation, a controllability Gramian, and
an impulse response matrix. The main contribution of this paper is summarized as follows:

*  Reduced-order models of an unstable system with different dimension are obtained by
BPOD with input—output projection, and their dynamical properties are investigated
from the perspective of impulse and frequency response.

¢ Actuator placement optimization for an unstable high-dimensional system based on
a reduced order model is discussed from the perspective of computation time for
actuator selection and the resulting LOR performance.

*  An actuator selection method based on a Riccati equation is introduced, and two
other methods based on a controllability Gramian and an impulse response matrix
are modified.

*  The three methods are compared, and their characteristics are clarified.

e Itisanalyzed how the dimension of the reduced-order model affects actuator locations,
computation time for actuator selection, and LQR performance.

2. Problem Settings

First, let us describe the problem settings. Consider the following continuous-time
linear time-invariant system:

=
—~

~~
~—

Ax(t) + Bu(t), o

where t € R, x(t) € C", u(t) € CF, y(t) € C1, A € C"", Be C"*?, C € CT7*", and ¢
indicates the differentiation by ¢. Assume that A has a few eigenvalues on the right-half
plane and that the system is unstable. In addition, suppose thatn > 1,p > 1,4 > 1, which
indicates that the size of the system is large. The input is given by
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ui(t) =

{ ui(t) (i=iy,iz -, im) ()

0 <i#ilri2/"'/im) ’

where u;(t) denotes the ith entry in u(t). Equation (2) shows that actuators are placed at m
points out of p points.

Let us briefly introduce the input for an LOR under the assumption that the sys-
tem in Equation (1) can be controlled with an LQR by m actuators. Equation (1) can be
transformed into

=.
—~

~~
~—

I

Ax(t) + Bsubusub(t)'

by recalling that u;(t) = 0 (i # i1,ip,- - - ,im). Here, By, and ugyy (t) are defined as

Bsub = [bi, biy -+ bj, ],
s (£) = [z, () uiy (£) -+ i, ()], 3)

where b; indicates the ith column vector of B. The feedback gain of LQR control is deter-
mined so that cost function

T= [ G (0Qx(0) + iy, (1) Rt (1))

is minimized. Matrices Q € R"*" and R € R™*™ correspond to the weight for the state
and input, respectively. The input is given by

Ugup(t) = —R1BZ Px(t),

sub

where P € C"*" indicates the solution of a Riccati equation

A*P + PA — PBo,R™'B},P+Q =0, (4)
and o* denotes an adjoint matrix. In this paper, we reduce the order of the system in
Equation (1), and select i, ip, - - - , iy from S = {1,2,- - -, p}, in other words, we optimize
actuator locations so that the system can be controlled efficiently with an LOR.

3. Reduced-Order Modeling by BPOD with Input-Output Projection

The order of the system in Equation (1) is reduced by BPOD. However, BPOD cannot
be applied directly to an unstable system. Thus, the system is projected onto stable subspace,
and BPOD is applied to the projected system [66]. Then, the reduced-order model of the
projected system is integrated with the unstable part to obtain the reduced-order model
of the original system. As is explained in Section 1, the naive application of BPOD to a
system with a large number of inputs and outputs requires high computational cost. Thus,
a so-called input—output projection technique is employed, and the number of simulations
required for BPOD is reduced. Let us briefly introduce the procedures of the reduced-order
modeling by following [16].

3.1. Projection onto Stable Subspace

The system in Equation (1) is projected onto the subspace of stable eigenvectors. Let
®, and Y, be matrices composed of unstable right and left eigenvectors, respectively. Note
that they are normalized so that ¥} ®, = I, where I is an identity matrix. Then, the matrix
which projects the original system to the stable subspace is given by
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Ps=1-d,Y;
and the projected stable system is obtained as
x(t) = Asx(t) + Bsu(t), )
y(t) = Csx(t),

where
As = PsAP;, B = PsB, Cs = CP.

3.2. Approximation of Gramian by Input-Output Projection

Next, the order of the stable system in Equation (5) is reduced by BPOD. The input
and output are projected onto the subspace of POD modes to reduce the computational
cost. Consider the following system:

%(t) = Asx(t) + BsPu(t),

y(t) = Pocsx(t). (6)

Here, P, € CP*F and P, € C7*1 are orthogonal projection matrices for the subspace of POD
modes, which are given by

P, = ©;0;,
Po = ®o®:/

where ®; € CP*"i is a matrix composed of the first ; POD modes of the adjoint model of
the system in Equation (5), and ®, € C7*"° is a matrix composed of the first r, POD modes
of the system in Equation (5).

The controllability Gramian W, and the observability Gramian W, of the system in
Equation (6) are obtained as

(o)
W, = / A5 B, ©,07 Breitdl,
0

00 )
W, = / eAICE @07 Cse’stdt,
0
respectively. Let us introduce the following two systems:
xX(t) = Asx(t) + BsOyil(t), ®)
2(t) = Agz(t) + C000(t), ©)

where ii(t) € C' and 3(t) € C'. The solution of Equation (8) with initial condition
x(0) = 0and an input #(t) = [0 0 --- §(t) --- 0] (an impulse in the kth component) are
written as

xi(t) = e,

where bf denotes the kth column vector of Bs®;. Similarly, the solution of Equation (9) with
initial condition z(0) = 0 and an input &(t) =[0 0 --- §(t) --- 0]" (an impulse in the kth
component) are obtained as

zi(t) = e,

where cf denotes the kth column vector of C} ®,. Thus, the Gramian in Equation (7) can be
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transformed into
We= [~ (a0 (0 +xa(0m(0) + -+ x, (0, (1),
Wo = [T (020" +2a(0)za(t) + -+ 2, (020, (07
Further, they can be approximated as
W, ~ XX,
Wy =~ YY",
where
X = () Vo xi(t)Ver - xi(ba)Vou -
ACOVOEACYVOREEEACHIVEYE w0

Y = [21()VEr 21(t2) V0 - za(tn) Vo -
Zr ()01 21, (t2) /62 - Zro(tM)\/m]

Here, 1,0, - - -, 0p are quadrature coefficients. As is shown in Equation (10), the number
of times to compute impulse responses is decreased to 7; and 7, from p (>1) and g (>1)
to obtain the controllability Gramian and the observability Gramian, respectively, which
indicates that the computational cost is reduced by using the input-output projection.

3.3. Order Reduction by Balanced Proper Orthogonal Decomposition

It is not feasible to balance the controllability Gramain W, and the observability
Gramian W, by directly computing them, since their size is n x n, which is large. Thus, an
economy singular value decomposition is applied to Y* X as follows:

Y*X = UZVF,

where U, X, V are matrices associated with left singular vectors, singular values, and right
singular vectors. Further, ® and ¥ are defined as

O = XVE 3,
¥ = YUS 3.

The column vectors of @ and ¥ are bi-orthogonal and called direct and adjoint modes,
respectively. Let us approximate x(t) in Equation (1) as

x(t) = Puay(t) + Dsas(t),

where ®; denotes a matrix composed of the first 7 direct modes of the stable system.
Recall that @, indicates the matrix composed of unstable right eigenvectors of A. Further,
ay(t) € C",a4(t) € C's, where ny is the number of unstable eigenvalues. Then, the
reduced-order model of the system in Equation (1) is obtained as

(11)
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Y, FAD, 0
0 ¥ Ad,

¥,*B
¥.*B

7 r —

/AV:

,crz[C®uc¢4.

Here, ¥ is a matrix composed of the first s adjoint modes of the stable system. Hence, the
original system with an n-dimensional state in Equation (1) is transformed into a system
with an r-dimensional state in Equation (11) by using BPOD with input-output projection,
where r = ny + 7s.

4. Actuator Selection

In this section we describe three methods to optimize actuator placement in the
reduced-order model shown in Equation (11). Let us transform Equation (11) into

(12)

where 14, () is shown in Equation (3) and
Bfub _ [b;} b;z . b;m:| )

Here, b£ denotes the ith column vector of B,. The three methods are introduced by consid-
ering the system in Equation (12).

4.1. Selection Based on a Riccati Equation

An actuator selection method based on a Riccati equation is presented. Consider con-
trolling the system in Equation (12) with an LQR. The input for LQR control is determined
so that cost function

= " (0" ()Qra(t) + 1y (1) Rty (1))t

is minimized, where the minimum value is

N

Jr = a(0)*Pa(0). (13)

Here, P, represents the solution of the Riccati equation for the system in Equation (12) and
Qy is defined as
Qr = [Py Ds]" Q [Py D).

Equation (13) implies that the cost function J; for LOR control may become small, in other
words, the performance of the LOR may become high, when detP; is small. Thus, the
basic idea of selecting actuator locations is to minimize detP,. This approach is mathemati-
cally equivalent to minimizing the determinant of an error covariance matrix in a sensor
placement problem [48,51,67].

In this study, actuator locations are selected based on a greedy algorithm to obtain the
suboptimal solution as follows:

iy = arg min detP,
i€S\Sk_1

where S;_1 = {i1,ip,- -+ ,ix_1} (2 <k < p), So = &, and P, € C"*" denotes the solution
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of the Riccati equation when k actuators are selected, which is given by
AP+ PeA, — PBERCVBE P+ Qr = 0.

Here, Ry € Rk is the submatrix of R formed by the entries corresponding to the selected
actuators, and BY is defined as

Bk b; (k - 1)
r = |:b::] biz - b;kfl b;} (k >2) .

4.2. Selection Based on a Controllability Gramian

An actuator selection method based on a controllability Gramian is shown by follow-
ing [61], where the Gramian is defined in a frequency domain instead of a time domain
in this study to analyze an unstable system. The basic idea of this method is to maximize
the determinant of the controllability Gramian of the system in Equation (12) so that the
controllability of the system is enlarged.

Actuator locations are selected based on the greedy method as follows:

ix = arg max detGF,
i€S\Sp_1

where Gé‘, the controllability Gramian when k actuators are selected, is theoretically de-
fined as

ck— !

<= 2n / (jwl = Ap) "' BEBY (—jewl — A7) deo. (14)

—0o0
In the numerical computation, G¥ is approximated as

L

1 *
Gk~ oy Y Xi(we) Xy (wy)* 8,
=

where §; is a quadrature coefficient and
— (7 —1pk
Xy (w) = (jwl — A;) "By,

Note that if Gé‘ is not full rank, in other words, if det Gé‘ = (, for all candidates, the index
which maximizes the rank of G is selected to increase the possibility of the Gramian to
become full rank in the following steps. If such indices exist more than one, then the one
that maximizes the product of the singular values of G¥ is chosen.

4.3. Selection Based on an Impulse Response Matrix

An actuator selection method based on an impulse response matrix is introduced by
following [47,61]. The basic idea of this method is to maximize the H, norm of the system
so that the energy of output for an impulse input is enlarged. The square of the H, norm
for the system in Equation (12) is given by

I612% = 5 [ w(Gljw) Gljw))deo, (15)

27
where the transfer function of the system is denoted as

G(s) = C(sI — A,) 1B,
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Equation (15) can be rewritten as
1Gll2* = tr(BE" GoBE® ) = tr(GoBF P BI™), (16)

where the observability Gramian is defined in the frequency domain as

Go = /m (—jwl — A)ICIC(jwl — Ay)~ dw.
27T -0
Here, the equivalence of the last two expressions in Equation (16) follows from the cyclic
property of the trace. Equation (16) indicates that the energy of output for an impulse input
is enlarged if the magnitude of Bsub" G, BSUb or G, BSUPBsub™ jg large. Here, the magnitude
of the matrices is quantified by the determinant rather than the trace, from the viewpoint
of the volume spanned by the actuated subspace. The resulting optimization problem is
to maximize either det BE‘*}:’*G0 Bs'P) or det( G,Bs™P BE“b* . Two objective functions are
considered, and the use of the determinant of a rank-deficient matrix is avoided. This
formulation yields more robust actuator placement. The approach of maximizing the trace
tends to favor the excitation of only the most amplified mode, similar to the previous
study [60].
Hence, actuator locations are selected based on the greedy algorithm as

ir = arg max det (B’;*GOB];>
i€S\Sk_1

in the case of m < r. On the other hand, they are optimized as

arg max det(B’,‘*GoB’;) (k=1,2,---,7)
i€S\Sk_1

argmaxdet(B’;Blr<*> (k=r+1,r+2,---,m)
i€S\Sk_1

in the case of m > r, since det(B’,‘*GOB],‘) =0fork > r, and

arg max det GOB]fBl,‘*) = arg max det(Go)det(B],‘B’f*>
iGS\Sk,l iGS\Sk,l

= arg max det(BlfB’,‘*).
i€S\Sk_1

Here, the duality between sensor and actuator placement problems associated with the
determinant-based greedy algorithm is utilized [44]. Note that the observability Gramian
G, is approximated in the numerical computation as

1 L
771, ; OJ[ 5[/
where §; is a quadrature coefficient and
X(w) = C(jwl — Ay) L.

The method introduced in this paper is modified, and it is different from the one in [47]
in that (1) the reduced-order model is obtained by BPOD with input-output projection
instead of balanced truncation, and computational cost is reduced; (2) the observability
Gramian of an unstable system is introduced by defining it in the frequency domain in the
present study, while direct and adjoint modes themselves were adopted in [47] owing to
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the use of a stabilized system; and (3) the rigorous greedy algorithm is adopted and the
method could be applied to a system with any number of actuators in the present study,
while QR decomposition for the m = r actuator system was used in [47].

5. Application to a Linearized Ginzburg-Landau Model
5.1. Linearized Ginzburg—-Landau Model

Let us apply the methods for reduced-order modeling and actuator selection shown
in Sections 3 and 4 to a linearized Ginzburg-Landau model, which is known as a simple
model of fluid phenomena [68,69]. Consider a linearized Ginzburg-Landau model with m
actuators [70], given by

%z, 2. .9 y
12t) _ (vaz +vaz2+ﬂ(z)>q(z,t) + L@, 17

wheret € R, z € R, q(z,t) € C, u(t) € C,and
2

Z
Hz) = (o — i) + 27,

2
be(z) = \/21_[7 exp (—(ZZUZ;"))

Here, cy, o, 2, 0 are real numbers, and v,y are complex numbers. Actuator locations

zq, (k =1,2,--- ,m) are optimized based on the methods in Sections 3 and 4 so that the
system can be controlled efficiently with an LQR.

The partial differentiation equation in Equation (17) is rewritten as an ordinary differ-
entiation equation

(18)

by discretizing z to z1,zp, - - - , 2z, and replacing q(z, t) with x(t) € C", where
A= —vDy+9Dy + M.

Matrices D; € R"*" and D, € R™*" correspond to the first- and second-order differentia-
tion matrices, respectively. Matrix M € R"*" is a diagonal matrix which corresponds to
#(z), and B € R"™" is a matrix with (i, j) entries

b 1 ) _(Zi—zj)Z
v 27'[02ep 202 '

Input u(t) € C" satisfies Equation (2), and C is chosen so that

ly(D)ll2 ~ llaC D)L,

where y(t) € C". In this study, z is discretized by an algorithm introduced in [71], which is
based on a spectral Hermite collocation method. The dimension is set to n = 220, which
produces a computational domain around z € [—85,85]. Other parameters are set to
v=2+42i,y=1—-1,¢, =1, yo =038, yo = —0.01, 0% = 0.08. The matrix A has two
unstable eigenvalues under this condition, and thus the system in Equation (18) is unstable.
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5.2. Reduced-Order Model

The dimension of the reduced-order model is set to r € {5, 7,10, 15, 20, 30,50, 100, 150, 200}
in this study. Let us compare the impulse and frequency response of the reduced-order
models with that of the full-order model to evaluate how accurately they approximate the
original model. Figure 1 shows the error of the impulse response in the reduced-order
models for one random initial condition, where the error is defined as

_ llyrom(t) — yrom(#)ll2
E() = llyrom (t)]]2 )

Here, yrom (t) and yrom (t) represent the output of the reduced-order and full-order model,
respectively. The state at ¢ = 1, when a random impulse input is applied to the full-
order model at t = 0, is adopted as the initial condition. The POD modes for input-
output projection are obtained by computing random impulse response N times, where
the number of responses, time window, and time step are set to N = 100,t € [0,5], and
At = 0.05, respectively. The random impulse input for the initial condition and POD
modes is applied to each spatial point, and its magnitude is determined according to
standard normal distribution. The POD modes depend on the random impulse response
under this condition. This indicates that the obtained POD modes are not necessarily
accurate. However, these settings are adopted and the robustness of the three actuator
placement methods to the POD modes are compared. The number of POD modes used for
input-output projection is r; = r, = 30. The initial time, terminal time, and time step to
balance the observability and controllability Gramians are set to t; = 0, £ = 5, At = 0.05,
respectively. This indicates that the number of computations of impulse response to balance
the Gramians is decreased to 260 (=2N + r; + 7,) times from 440 (=2n) times by using
input-output projection.

As is shown in Figure 1, reduced-order models cannot accurately reproduce the
response of the full-order model just after the impulse input. However, error E(t) decreases
with time ¢, and the response of the reduced-order models finally becomes similar to that of
the full-order model. This is because direct modes with high decay rates have low energy
and are truncated in the reduced-order models. Thus, models with higher dimensions can
reproduce the response of the full-order model better than those with lower dimensions.
Similar results are observed for other random impulse input or in other models obtained
by different POD modes.

Figure 2 illustrates the bode plot of reduced-order and full-order models, where the
location of input and output is set to z = 0.31, a node close to the origin. Lines with
right and left arrows denote the bode plot for the positive and negative angular frequency,
respectively. It is observed that the reduced-order models follow the full-order model
relatively accurately in low-frequency regions in the perspective of magnitude, while they
do not so much in high-frequency regions. This is because direct modes which represent
high-frequency motion have low energy and are omitted in reduced-order models. Thus,
the frequency response of reduced-order models with higher dimensions is more similar to
that of the full-order model than those with lower dimensions, as is also the case for impulse
response. Further, we can see that the behavior of reduced-order models differs from that of
the full-order model even in the low-frequency region in the perspective of phase, when the
dimension is low. We analyzed the frequency response for other input-output locations or
other models obtained by different POD modes, and found a basic trend that the frequency
response of the reduced-order models becomes similar to that of the full-order model when
the dimension of the model is enlarged. However, some exceptions are observed. Further
analysis and discussions are left as future works.
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Figure 1. Error of impulse response in reduced-order models.

M 20
o]
30
3
&)
o 20
L —_ROM(r = 5)
B ROM(r = 10)
El ~40r__ROM(r = 50)
S —FOM
= —60 : :
102 10! 10° 10 102
Angular frequency w
180
&
< 120} A
2 0} n
&)
~ 0 L
A
£ 60" N
~
7120 N L L ,
1072 107! 10° 10! 10°

Angular frequency w

Figure 2. Bode plot for reduced-order and full-order models.

5.3. Actuator Location

Figures 3-5 depict actuator locations optimized by the three methods explained in
Sections 4.1-4.3 based on a Riccati equation, a controllability Gramian, and an impulse re-
sponse matrix, respectively. The horizontal and vertical axes are space z and the dimension
r of the reduced-order model. Red circles and blue cross marks indicate actuator locations
when input-output projection is used and not used in reducing the order of the system,
respectively. The number of actuators is m = 3. The weight matrices for the method based
on a Riccati equation are set to

Q=CC,
R=1

(19)

so that the weight for input and output becomes the same in the cost function. The
observability and controllability Gramians in the other two methods are numerically
integrated under the configuration of w; = 0.2, w; = 20, L = 100. Note that actuator
locations obtained based on the controllability Gramian and the impulse response matrix
do not depend on Q and R.
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Let us take a look at the results based on the Riccati equation shown in Figure 3. It
is observed that actuators are placed around the origin regardless of the dimension r of
the reduced-order model. In particular, their positions are exactly the same except for
r = 5. The results obtained by input-output projection are the same as those without
using it, and the placement does not seem to depend on POD modes. It is likely that
the actuator placement is not sensitive to the weight matrices Q and R, since the results
hardly change when either of them are multiplied by a low factor. For instance, the
results for Q = 5C*C, R = I are exactly the same as those in Figure 3, and the results for
Q = C*C, R = 5] are slightly different only in models with dimension r € {5,7}. However,
the placement may vary if the weight for each spatial point for state x(¢) and input u(t) is
altered in the cost function.

Figure 4 shows that actuators appear around the origin in models with small » but
gradually spread out as r increases, when they are optimized based on the controllability
Gramian. This can be explained by focusing on the rank of G in Equation (14), which
corresponds to the controllability Gramian when k actuators are selected. Table 1 shows
whether GF is full rank or not for each model and selection. For r = 5, the Gramian
is full rank for all three actuators. This indicates that the model is controllable in all
three cases, and thus, the determinant of the Gramian is (suboptimally) maximized at
each step to enlarge the volume of the reachable set. This can be understood from a
dynamical perspective that reduced-order models with low dimension can be controlled
with a limited number of actuators, since they only reproduce a few dominant modes in
the original full-order model. In contrast, the Gramian is rank deficient for the first several
steps for r € {7,10,15,20,30}. Moreover, it cannot reach full rank within three steps for
r € {50,100,150,200}. If the Gramian is rank deficient, its rank or the product of its singular
values is maximized instead of its determinant, as is explained in Section 4.2. This denotes
that actuators are placed to increase the number of controllable modes. In other words, their
positions are optimized to control not only the dominant modes but also the non-dominant
modes, since the reduced-order models with large dimensions reproduce many modes of
the original full-order model. For these reasons, actuators tend to be distributed widely
for large r when they are optimized based on the controllability Gramian. Further, it is
found that actuator locations tend to depend on POD modes when the dimensions of
the reduced-order model are relatively large. However, the above discussion does not
seem to be unique to the obtained POD modes, since the trends of the results obtained
with and without using input-output projection are mostly similar. Note that the results
for r = 20 are an exception, where two actuators are placed outside the plot area when
input-output projection is not used. Further analysis and discussions on this result are left
as future works.

Table 1. Rank of G, the controllability Gramian when k actuators are selected. Symbols “full” and
“deficient” indicate that G¥ is full rank and rank deficient, respectively.

k=1 k=2 k=3

r=>5 full full full
r= deficient full full
r=10 deficient full full
r=15 deficient full full
r=20 deficient deficient full
r=230 deficient deficient full
r=>50 deficient deficient deficient
r =100 deficient deficient deficient
r =150 deficient deficient deficient
r =200 deficient deficient deficient
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Figure 5 illustrates that actuators are basically placed around the origin regardless of
the dimension r of the reduced-order model when their locations are optimized based on
the impulse response matrix. As is the case with the method based on the impulse response
matrix, it was found that the results depend on the POD modes. However, it is probable
that the above findings are not unique to the obtained POD modes, since the trend of the
actuator placement obtained by input-output projection is similar to that without using it.
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Figure 3. Actuator location optimized based on a Riccati equation.
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Figure 4. Actuator location optimized based on a controllability Gramian.
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Figure 5. Actuator location optimized based on an impulse response matrix.
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5.4. Computation Time for Actuator Selection and Performance of LQR

In this subsection we evaluate the computation time for actuator selection and the
resulting LOR performance. The performance of the LQR is measured by averaged cost
function 7 under A random initial conditions, given by

1N i
J = N;xi(o) Px;(0),

where P denotes the solution of the Riccati equation, shown in Equation (4), for the full-
order model and x;(0) indicates the initial condition. Thus, the feedback gain is determined
based on the full-order model instead of each reduced-order model, and the input is directly
applied to the full-order model, though the feedback gain does not need to be computed
in the actual computation to obtain the averaged cost function. Note that the lower J is,
the higher the LQR performance. The weight matrices for the LQR control are set as in
Equation (19).

As is mentioned in Section 5.3, some actuator locations depend on the POD modes used
for input-output projection. This implies that the performance of the LQR may also depend
on the POD modes. Therefore, POD modes are computed 30 times in this subsection. Then,
we reduce the order of the model, select actuators, and compute the averaged cost function
for each set of POD modes. Finally, the mean value of the computation time 7 for actuator
selection and the averaged cost function J is computed. Figure 6 illustrates the mean
value of 7 and J for each reduced-order model. The number besides each plot denotes
the dimension r of the model. The state at t = 1, when a random impulse input is applied
to the full-order model at t = 0, is adopted as the initial condition x;(0). Here, the random
impulse input is applied to each spatial point, and its magnitude is determined according
to standard normal distribution. The number of the initial conditions is A/ = 10, 000. The
error bars indicate the 95% confidence interval of J associated with the 30 sets of POD
modes, where those that exceed the lower limit of the horizontal axis are omitted.

Before taking a closer look at the results of each method, let us consider whether
the LOR performance of the optimized actuators is higher than that of uniform and ran-
dom configurations. The averaged cost function is J = 2.78 x 10* when three actuators
are placed almost uniformly at z € {—56.4,0.31,56.4}. Here, the discretized domain
z € [—85,85] is divided into three equal sections and each actuator is placed almost in the
middle of each section. Further, the mean value of 7 for 1000 random placements of three
actuators is 4.82 x 1013, where the Riccati equation does not have a solution in 284 cases
and such cases are excluded. The initial condition for the LQR control is the same as that
for the optimized placement. Thus, Figure 6 indicates that the optimized actuators offer
superior LQR performance to those placed uniformly or randomly.

Next, we focus on the results of the method based on the Riccati equation. It may not
be theoretically guaranteed that the LQR performance of the full-order model is always
improved by this method based on a reduced-order model. However, it is observed that
the LOR performance is outstanding regardless of the dimension r of the model. This
result may be obtained because all unstable modes are contained in the reduced-order
model and the cost function J, for such a model is directly reduced by (suboptimally)
minimizing det Pr. Note that only the stable modes are truncated when BPOD is applied to
the system. We can also see that the performance hardly depends on the POD modes used
for input—output projection. It is possible that the control performance of actuators placed
based on the Riccati equation is robust to model uncertainty and measurement noise in
practical control applications. On the other hand, the computation time is much longer than
that of the other two methods. This is because it takes time to solve the Riccati equations
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multiple times. As is the case with the other two methods, the time grows as the dimension
of the reduced-order model increases.

In contrast, when actuator locations are optimized based on the controllability
Gramian, the LQR performance is high for r € {5,7,10}, but suddenly decreases from
r = 15 as r increases, and becomes low for r € {20, 30,50, 100,150,200}. This is because
the reduced-order models with low dimensions tend to be controllable, while those with
larger dimensions tend not to be, as we have discussed in Section 5.3. In addition, we
can see that the LQR performance strongly depends on the POD modes, especially when
the dimension of the model is large. Therefore, it is necessary to place actuators using a
low-dimensional model when this method is used. Further, its computation time is shorter
than that of the method based on the Riccati equation. However, it is much longer than
that of the method based on the impulse response matrix, since the controllability Gramian
needs to be computed multiple times in this method.

The performance of the LQR is basically high regardless of the dimension r of the
reduced-order models when actuators are placed based on the impulse response matrix.
This result may be obtained because the energy of output for an impulse input is enlarged
in this method. In particular, it is observed that the LOR performance is outstanding for
r € {5,7}. This is because the reduced-order models with low dimensions reproduce only
a few dominant modes of the original full-order model, and actuators are placed to control
them efficiently. Although the performance of the LQR tends to depend on the POD modes
when the dimensions of the model are large, the computation time of this method is much
shorter than that of the other two methods, since the observability Gramian is computed
only once in this method. For these reasons, the method based on the impulse response
matrix seems to have more advantages than the other two methods in terms of optimizing
the actuator locations of the system in Equation (18). Moreover, it seems to be beneficial to
place actuators using a low-dimensional model by this method.

As we have seen in the above, the LOR performance of some actuators depends on
the POD modes for input-output projection. Let us consider whether the above findings
are unique or not to the obtained POD modes. Figure 7 depicts the computation time
for actuator selection and the resulting LOR performance when input-output projection
is not adopted in reducing the order of the system. The conditions are the same as in
Figure 6 except that the cost function is not averaged, since actuator placement is unique for
each model. The basic trends of the time for actuator selection and the LQR performance
observed in Figure 6 are the same as those in Figure 7. Thus, it is likely that the above
findings are not unique to the obtained POD modes.
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Figure 6. Computation time for actuator selection and the resulting LQR performance when the order
of the system is reduced using input-output projection.
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Finally, we discuss the general applicability of the findings. The result that the com-
putation time increases in the order of the method based on the impulse response matrix,
the controllability Gramian, and the Riccati equation is highly likely to be a general fact,
since the time basically increases in the order of obtaining the observability Gramian once,
obtaining the controllability Gramian multiple times, and solving the Riccati equation
multiple times. On the other hand, the results associated with the LQR performance may
differ if we consider a system in which impulse or frequency response is different from that
of the system in Equation (18). Thus, it is possible that the method based on the impulsive
response matrix does not show advantages in other systems. The main point is that the
LOR performance may differ depending on the actuator placement method. Therefore, it
is necessary to choose an appropriate method for each system. Further investigation into
other systems or controllers is left as future work.
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Figure 7. Computation time for actuator selection and the resulting LQR performance when the order
of the system is reduced without using input-output projection.

6. Conclusions

This paper discusses actuator placement optimization for an unstable high-dimensional
system based on a reduced-order model using BPOD with input-output projection. Ac-
tuator locations in the reduced-order model of a linearized Ginzburg-Landau model are
optimized with three objective functions so that the system can be controlled efficiently
with an LQR. Here, an actuator placement method based on a Riccati equation is introduced
by focusing on the duality between sensor and actuator placement problems, and two
other methods based on a controllability Gramian and an impulsive response matrix are
modified for an unstable high-dimensional system by adopting BPOD with input-output
projection and defining Gramians in the frequency domain. Then, the computation time
for actuator selection and the resulting LQR performance are evaluated for each model. We
have obtained the following results:

*  Reduced-order models based on BPOD with input-output projection cannot accurately
reproduce the response of the full-order model just after the impulse input, but their
response becomes similar after a while. As for the frequency response, reduced-order
models follow the full-order model relatively accurately in low-frequency regions,
especially from the perspective of magnitude.

¢  The computation time for actuator selection grows in all three methods as the dimen-
sions of the reduced-order model increase. On the other hand, the LQR performance
varies differently in each method when the dimensions of the model are changed.

¢  The LOR performance is outstanding regardless of the dimensions of the model when
actuators are placed based on the Riccati equation. In addition, it hardly depends
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on the POD modes used for input—output projection. However, the time for actuator
selection is much longer than that of the other two methods.

The LOR performance is high for low-dimensional models but is low for large-
dimensional ones when actuators are placed based on the controllability Gramian. The
computation time is much longer than that of the method based on the impulse response
matrix, though it is shorter than that of the method based on the Riccati equation.

The LQR performance is basically high regardless of the dimensions of the model
when actuators are placed based on the impulse response matrix. In addition, the time
for actuator selection is much shorter than that of the other two methods. Thus, the
method based on the impulse response matrix seems to have more advantages than
the other two methods in optimizing the actuator locations of the analyzed model.
Moreover, it seems to be beneficial to place actuators with a low-dimensional model
using this method.
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