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Abstract

Underactuated system control is a central topic in nonlinear system control. For the
three-link vertical underactuated manipulator with only the first joint actuated (APP ma-
nipulator), the control objective of swing-up and balancing is challenging. The advantages
of this paper are as follows: (i) The proposed method avoids balancing region division in
common partitioned control, preventing failure to stabilize at the target position due to
improper partitioning. (ii) The time-based switching condition optimized via parameter
tuning is easier to satisfy than the state-based condition. (iii) The proposed controller effec-
tively suppresses state fluctuations caused by switching, yielding a smoother transition.
(iv) The proposed controller avoids the singularity problem. The main procedures are as
follows. First, the dynamic model of the APP manipulator is established. Then, a trajectory
is designed to guide the active link from the initial position to the vicinity of the target
position. On this basis, to ensure that all links can simultaneously reach the vicinity of the
target position, the trajectory parameters are optimized according to the coupling relation-
ship between the links. Next, an NFTSM-based tracking controller is developed to steer the
links along the optimized trajectory. After that, an LQR-based stabilization controller is
further employed to lock the system at the target position. Finally, the effectiveness of the
proposed method is verified through simulations.

Keywords: nonlinear system; underactuated manipulator; trajectory optimization;
controller design

1. Introduction

Underactuated systems are a class of nonlinear systems in which the number of inputs
is less than the number of degrees of freedom [1]. Many existing systems fall into this
category, such as ship-mounted cranes [2,3], surface ships [4,5], and robots that have
been widely and increasingly applied across various fields in recent years [6,7]. Due to
their advantages of flexible control and energy efficiency, underactuated systems possess
significant theoretical and engineering value in nonlinear control.
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A robotic manipulator is a typical underactuated system. The passive links of the
manipulator cannot be directly controlled due to the absence of corresponding actuators.
Furthermore, the dynamic equations of the passive links are non-integrable, which makes
the system subject to second-order nonholonomic constraints [8,9]. Additionally, the strong
coupling relationship between links tends to induce singularities during motion [10], which
makes controlling underactuated manipulators particularly challenging. This paper focuses
on a three-link vertical manipulator with only the first joint actuated (APP manipulator)
Compared with systems such as the Pendubot [11,12] and the Acrobot [13], the vertical
APP manipulator exhibits more complex nonlinearities and coupling relationships, and is
more prone to singularities during the swing-up process, making control of such system
even more difficult.

For vertical manipulators, the control objective is to swing them up from the vertically
downward initial position (DIP), finally stabilize them at the vertically upward target posi-
tion (UTP) [14,15]. At present, the partitioned control approach is widely adopted to achieve
this control objective [16]. The core of this approach is to divide the motion space into a
swing-up region and a balancing region, and design controllers separately to accomplish
swing-up and stabilization control. Methods for designing the swing-up region controller
include energy-based approaches [17], fuzzy control-based approaches [18], etc. For the
balancing region, the linear quadratic regulator (LQR) [19] or pole placement method [20] is
commonly used to design the stabilization controller. The control objective is then achieved
by switching controllers between the swing-up region and the balancing region.

Although the aforementioned partitioned control approach is efficient in many cases,
there is still no unified criterion for the division of the balancing region, which makes the
state-based switching condition difficult to satisfy. If this region is set excessively large, it
can easily lead to abrupt torque variation and even failure of stabilization. If this region is set
excessively small, the switching condition will be difficult to satisfy. Moreover, the system
cannot be guaranteed to enter the balancing region reliably, which may result in excessive
control time. In addition, the strong coupling relationship and inherent nonlinearity of the
system tend to introduce singular behaviors during the swing-up phase.

Trajectory planning is also a common approach in switched control [21,22]. Compared
with traditional methods, such as energy-based control, this approach avoids complex
motion decoupling and simplifies the controller design [23]. Trajectory planning mainly
consists of two key stages: Trajectory optimization and tracking. (1) For trajectory op-
timization, an effective strategy is to employ intelligent optimization algorithms to find
trajectory parameters that satisfy the control constraints. Typical examples include the
genetic algorithm [24] and the particle swarm optimization algorithm [25]. Such intelligent
optimization methods provide valuable insights for the design proposed in this paper.
(2) For trajectory tracking, traditional nonlinear sliding mode (SM) control is widely
adopted [26], but it cannot achieve finite-time convergence and exhibits a slow conver-
gence rate.To address this limitation, researchers have successively proposed terminal
sliding mode (TSM) control [27,28], non-singular terminal sliding mode (NTSM) con-
trol [29,30], and non-singular fast terminal sliding mode (NFTSM) control [31,32]. Among
these methods, NFTSM can not only effectively eliminate singularities, but also accelerate
the convergence of tracking errors. By introducing a continuous boundary layer into the
NFTSM control law, the chattering phenomenon can be significantly suppressed, thereby
effectively eliminating fluctuations during controller switching.

For vertical APP manipulators, this paper proposes an asymptotic stabilization control
strategy based on partitioned control and trajectory optimization. The control structure
is shown in Figure 1. First, a single trajectory is designed for the active link to swing di-
rectly from the DIP to the vicinity of the UTP. Subsequently, by incorporating the coupling
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relationship between the active and passive links, an improved differential evolution (IDE)
algorithm is adopted to perform offline optimization of the trajectory parameters, thereby
guaranteeing that all links reach the vicinity of the UTP simultaneously. An NFTSM-based
tracking controller is applied to swing up the links along the optimized trajectory. As the sys-
tem approaches the UTP, the controller is switched to an LQR-based stabilization controller,
which compensates for gravitational disturbances and maintains steady-state balance.
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Figure 1. Control Structure of Asymptotic Stabilization Control for APP Based on Trajectory Opti-
mization.

The main advantages of this paper are summarized as follows:

Compared with the traditional partitioned method, the proposed trajectory can directly
swing the system up to the vicinity of the UTP, thus avoiding the difficulty of balancing
region division via trajectory optimization.

Compared with energy-based control methods, the proposed time-based switching
condition is easier to satisfy than the state-based switching condition, always ensuring
the system enters the balancing region and achieves stable control within a relatively
short time.

Compared with SM-based controllers, the NFTSM-based controller can effectively
suppress state fluctuations during controller switching, thus achieving a smoother
switching process.

The proposed method effectively avoids the singularity problem.

2. System Dynamic Model

The structure of the APP manipulator is shown in Figure 2. Let the mass, length,
and moment of inertia about the center of mass of the i-th (i = 1,2,3) link be m;, L; and J;,
respectively. In addition, L.; denotes the distance from the i-th joint to the center of mass of
this link, and g is the gravitational acceleration.

The dynamic model of this system can be established via the Lagrange equation.
Selecting the generalized coordinates as the joint angles g = [q1, 92, q3]T, the dynamic
equation of the system can be expressed in the following form:

M(q)§+C(9,4)4+G(q) =T 1)
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where M(q) € R3*3 is a positive definite and symmetric inertia matrix, C(q,4)§ € R>*!
represents the Coriolis and centrifugal force vector, and G(q) € R3*! is the gravitational
force vector. Their structures are given as follows:

Mir M Mg Hq
M(q) = |Mxy Mxn My|, C(q,4)4+G(q) = |Hx )
Mz Mz Ms; Hj
y A
(e >
Tl\ L @ Active joint X
QO Passive joint

@ Endpoint

Figure 2. Structure of the APP manipulator.
These expressions can be found in [33]. The joint torque is given by T = [1y,0, O]T,
where only the first joint torque is non-zero, reflecting the underactuated characteristic of

the APP manipulator. Substituting Equation (2) into Equation (1) gives:

Mgy + Mizga + Mizgs + Hi =1 (3a)
M1 + Mo + Masiz + Hy = 0 (3b)
M3y + Mspip + Maszgs + Hz =0 (30)

Equations (3b) and (3c) reveal the coupling relationship between active and passive
links, which is crucial for controller design and analysis. To facilitate subsequent control
analysis and simulation implementation, define the state vector as x = [x1, x2, X3, X4, X5, X¢] T
then the system can be expressed in the standard state-space form:

xl = X4,
Xp = X5, (4a)
x3 = X6,

ta = F(x) + B(x)T. (4b)

where the nonlinear function F(x) and the input matrix B(x) satisfy:

{F(x) = —M"Y(q)H(q,4) &)
B(x) =M '(q)pr, p1=1[100]"
3. Trajectory Optimization

In this section, a single trajectory is first designed for the active link to ensure it transi-
tions from the initial state to the target state. Based on the dynamic coupling relationship
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between the active and passive links, the states of the passive links can be indirectly de-
rived from the active link’s trajectory. Subsequently, a trajectory evaluation function is
developed, incorporating comprehensive states of both active and passive links. Finally,
an IDE algorithm is introduced to optimize the trajectory parameters, ensuring that all
links converge to the vicinity of the UTP simultaneously.

3.1. Trajectory Design

Define [71, §1] as the state of the active link. According to the system control objective,
the initial state and target state of the active link are [g15,0] and [q15, 0] respectively. Based
on this, a continuous trajectory is designed for the active link as follows:

_(t=tp)? (t—t)? e—kt kt+1 1 -
- - 1 1
f1=qs+A1fe 2T 4+ Ae 2 4 [l _)kt s — ) (6)
e M +1
where Aq, Ay, 11, t2,51, 52, k are undetermined trajectory parameters.
By differentiating g, (¢), the velocity trajectory of the active link 4 (¢) is obtained:
y g4q y traj y q
—kt _(=p)? _(t=1)?
= — e + kt s s;
§1(t) = —K*t(g10 — qif)e L (G +2t [Ale 21 4 Age }
(t—t7)? (t-ty)? 7)
_ tz[Al(t - fl)e* A Ao(t — fz)e* 22 }
s2 52
1 2

Further differentiating §; (¢), the acceleration trajectory of the active link 4 (¢) is:

(1—kt)  kt-2 e *(1—kt) —2e7 (1 — kt)}

5(F) = k2 _ —kt _ —
q1(t) (910 qlf)e L_ktJrl ekt 11 (e—kt+1)3

(ory)? (1) (=2 (-2
- - Al(t—t) —53-  Ax(t—t) 5
+2[Are F 4 A ]‘%Me 2% +¥e 2] ®
Sl 52
(t—t )2 (t—t )2
Ao AT TR e A B
S% S% S% s%

This can be easily verified:

71(0) = g15, §1(0) =0 initial position, ©)
71(c0) = q1f, §1(c0) =0 target position.

From the above trajectory, §; and §; are uniformly continuous. This trajectory allows
the active link to start moving from the initial state [g15, 0] and ultimately converge to the
target state [q17,0].

Passive links cannot be directly actuated with torque, making direct trajectory planning
infeasible. However, by leveraging their dynamic coupling relationship with the active
link, the states of the passive links can be derived from Equation (3b):

_ H3Mys — HyMss + (Ma3sMa1 — M1 Ms3) g

72 My Mzz — Moz Mz (10)
Gy = — H3 My, — HyMszp + (Moo Ms1 — Ma1Msp) s
Moy M3z — M3 M3y

The state variables of the passive links 7y, §3 and {3, 3 can be obtained by solving the
corresponding differential equations numerically.
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To ensure that the active and passive links asymptotically converge within a uniform
prescribed time range, a complete objective function with state constraints of both links is
formulated as follows:

f =0 = 2mam| + |G2| + |73 — 2m37t| + |Ga| + |g1 — 2mi7t| + [Ga]  (m,m2,m3 € Z7)

(11)
Passive Link Constraint Active Link Constraint
a1 = 171(1‘5), ’?1 = ﬁl(tS)
q2 = 2(ts), qLZ = ‘72(t5) (12)

33 = 33(ts), 43 = ga(ts)
From Equations (11) and (12), once f < v (where v is an extremely small value), the sys-

tem is considered to have entered the balancing region. The states of all links converge
within the prescribed time range, so the controller switching time ¢, is directly determined.

Remark 1. The balancing region is defined as follows:

|qi - Qid‘ <éq,
lgi| < €2,

where q; and ; denote the joint angle and angular velocity of the i-th link, respectively, q;s is
the target joint angle, and €1 and e are user-defined parameters, which are usually set to small
values. The system enters the balancing region when both conditions are satisfied simultaneously.
However, satisfying such conditions simultaneously is difficult for the swing-up controller. By
contrast, the proposed optimization algorithm ensures that both conditions are satisfied when f < v,
avoiding region division and making the switching condition easier to satisfy.

3.2. Parameter Optimization

To efficiently obtain the trajectory parameters and controller switching time ¢, that
satisfy the control objective, the IDE algorithm is employed to ensure the convergence
criterion f < v is fulfilled, as detailed in Algorithm 1. The effectiveness of the parameter
optimization is shown in Figure 3.

(b)

N
Ei
§© vicinity of the UTP
IDE Algorithm I f<y
©

Figure 3. IDE (Improved Differential Evolution) Algorithm Optimization Effect on Trajectory.
(a) Without an IDE, the system is unable to swing from DIP to the vicinity of UTP. (b) After optimizing
trajectory parameters via IDE, f < v is achieved; links reach the vicinity of UTP simultaneously.

Based on the DE algorithm, the IDE algorithm incorporates an elite retention strategy
that selects the top 10% of individuals in the population to directly advance to the next
generation without undergoing mutation operations. Additionally, a dynamic adaptive
adjustment mechanism for the mutation factor Fy and crossover factor CR is implemented:

https:/ /doi.org/10.3390/act15040221
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12F, 17, <03
F; = {09F, 03<1,<07 (13)
0.7F, 1g > 0.7

CRg = min{0.95, crg + 0.05 - rand (0, 1) } (14)

where 77, denotes the iteration progress of the algorithm, Fy and cr are the initial values of

the factors, and rand (0, 1) represents a random number generated in the range of 0 to 1.

Algorithm 1: IDE Algorithm for Trajectory Parameter Optimization

1

2

3
4
5

°o e g o

10

11
12
13
14
15
16
17
18

19

20

21

22

23
24

Input: Initial and target states of each link, range of ¢;

Output: t; and trajectory parameters: A}, A3, t], t5, 5], 85, k*

Initialize population X = [x1, X2, ..., pr]T, where
xi = [ts,i, Avis Azjistristois 152, kil

Calculate f; for each x;: substitute x; into Equations (6), (7) and (10), then compute
fi via Equation (11);

for g =1 to Gy do

Update F; and CRq by Equations (13) and (14);
Generate mutant vectors V, and trial vectors U, with the elite retention
strategy;
if mod(g,100) == 0 then
‘ Randomly reset partial non-elite individuals in U, within variable bounds;
end
fori =1to Ny do
Calculate f(U,,;) by substituting trial vector U, ; into Equations (6), (7), (10)
and (11);
if f(LIg,i) < f(Xg,i) then
| Xgp1i = Uy
end
else
‘ Xo+1,i = Xg i
end
end
Xg = argmingex,,, f(x);
fe = flxg);
if f; < 0.001 then
‘ break;
end
end
return t;, A}, A3, t], t5,s7, 55, k*;

4. Tracking Controller Design

When 0 < t < t,, to achieve tracking of the planned trajectory for the APP manipulator,

this section designs a tracking controller based on the NFTSM. The core of this controller is

the design of a non-singular sliding mode surface with fast convergence properties, com-

bined with the continuous boundary layer method is incorporated to effectively suppress

the state fluctuations caused by controller switching.

The position tracking error Equation (15a) and the velocity tracking error Equation (15b)

of the active link are defined as follows:
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é=dq1—q (15b)

By differentiating the expression in Equation (15b) and then substituting Equation (4b),

{e =q1—q, (15a)

we obtain:
=g —q=F+Bt—1, (16)

The NFTSM surface is defined as follows:
s =e+ale|" -sign(e) + Bl¢|™ - sign(é) (17)

wherea >0, B>0,1<r <2, 1 > .
The result after differentiation is:

§=é+ar|e]" e sign(e) + Bralé|? ! - sign(é)(F + BT — §i) (18)

Define reaching law is:
$ = —ks — ¢ - sign(s) (19)

Integrated Equations (18) and (19), the controller is obtained as follows:

Ltanfen ! 'Sign(e)> (20)

1 .
= — — F —q . si
T B < g1+ ks + ¢ - sign(s) Brolél 2 - sign(é)

The description of each parameter is presented in Table 1. The sliding mode designed
in this paper has the following two characteristics:

(1) Non-singularity: The condition 1 < r, < r; < 2 guarantees that the denominator of
Equation (20) is non-zero, thereby effectively avoiding the singularity problem.

(2) Fast Convergence: Far from equilibrium, the |¢|"2 term dominates, providing stronger
convergence acceleration than linear terms and rapidly driving the state toward the
sliding surface. Near equilibrium, the || term dominates, enabling fast adjustment
along s =~ 0.

Table 1. Parameters of the NFTSMC.

Symbol Description
% Linear term gain
B Nonlinear term gain
71 Position error exponent
7 Velocity error exponent
k Sliding gain
€ Reaching gain
) Boundary layer thickness

To weaken state fluctuations, a boundary layer is designed using a saturation function
sat(s), which replaces the sign function sign(s) in the controller. The expression of sat(s) is
given as follows:

1 §>06
sat(s) = ¢ s/ [s| <¢ (21)
-1 s< -9
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where 0.001 < § < 0.05. After replacing, the NFTSM controller (NFTSMC) is obtained
as follows:

. ri—1, 5\ | p|2—72
e ;(F—zﬂ—l—ks—i—asat(s) (1 +ar -sat(e)le] sat(é)|é| ) 22)

pr2

In contrast to the traditional sliding mode controller (SMC) described in [23], the con-
trol law is given by:

1 . . .
TMC = g (F— i1+ €16 + €25, + €3 - sign(sr)) (23)

The NFTSMC not only maintains the properties of fast convergence and non-
singularity, but also effectively suppresses state fluctuations at the moment of controller
switching. The effectiveness of fluctuations suppression will be verified in Section 6.

Define a Lyapunov function as follows:

V= %52 (24)

Differentiating Equation (24) and substituting Equation (19) into it yields:
V=s5=—ks®>—¢e-|s| <0 (25)

According to LaSalle’s Invariance Principle, when V = 0,s =0, q; —4; — 0 and

41 — g1 — 0. Under this condition, the active link converges asymptotically to the target
state along the optimized trajectory.

5. Stabilizing Controller Design

When t > t;, the APP manipulator has reached the vicinity of the UTP and there-
fore requires immediate stabilization at the UTP. Due to the continuous effect of gravity,
a standalone NFTSMC cannot stabilize the manipulator at the UTP. However, the system
dynamics in the vicinity of the target position can be approximated by a linear model. Thus,
we adopt the LQR method to design a stabilizing controller, achieving stable regulation of
the manipulator at the target position.

The design of the stabilizing controller is based on the linearized system model at
the UTP:

X = Ax+ Bt (26)

where A is the system matrix, and B is the input matrix corresponding to the control
input of the active link. Define the LQR performance index to balance state deviation and
control effort:

¥ = /0 ” [xTRx + Qrz} dt (27)

where the positive-definite matrix R restricts the state deviation from the target position,
and the positive-semidefinite matrix Q penalizes the magnitude of the control input 7.
According to optimal control theory, the stabilizing controller that minimizes ¥ takes the

state-feedback form:
T=—Kx (28)

where the gain vector K is derived from the symmetric positive-definite solution W of the
algebraic Riccati equation:

ATW+ WA -WBQ 'BTW+R =0 (29)

https:/ /doi.org/10.3390/act15040221
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specifically, K = Q !BTW.

Given Q and R , K can be obtained by solving the Riccati equation. Substituting
Equation (28) into the linear system yields stable closed-loop dynamics, thus maintaining
the stability of the manipulator at the target position.

6. Simulation Results

In this section, simulation experiments are conducted by setting s within three inter-
vals: [2.0,2.5],]2.5,3.0], and [3.0,3.5]. Experiments are performed to verify the effectiveness
of the proposed control strategy. Additionally, the fluctuation suppression performance
of NFTSMC and SMC is compared during controller switching, so as to further verify the
effectiveness of the proposed controller.

6.1. Case 1

The structure parameters of the APP manipulator are taken from [33] and given in
Table 2.

Table 2. Structure parameters.

Link i m; (kg) L; (m) I; (m) Ji (kg~m2)
1 1.258 0.340 0.170 0.0121
2 5.686 0.290 0.145 0.0398
3 2.162 0.520 0.260 0.0487

The initial state is set to [—7,0,0,0,0,0], and the target state set to [0, —27,27,0,0, 0].
The parameter settings of the IDE algorithm used in this paper are as follows:

Np = 50, Gmax = 500,
Fy=10.5,crg =0.75

(30)

By setting t; € [2.0,2.5], combined with Table 2, the trajectory parameters obtained
after optimization using the IDE algorithm are as follows:

ts = 2.2465,k = 4.9401, A; = —2.4844, A, = 1.7705,
t; = 0.3206, t, = 0.9612,5; = 0.0673,s, = 0.1735,

(31)

The simulation results in Figure 4 demonstrate that when t < 2.2465 s, the links
gradually swing up from the DIP to the vicinity of the UTP under the tracking controller
Equation (22). During this process, the maximum value of torque is approximately 186 N-m,
which lies within a reasonable range. At t = 2.2465 s, the controller smoothly switches
from the tracking controller Equation (22) to the stabilizing controller Equation (28). This
switching causes no state mutations and does not disrupt the system’s convergence trend.
After entering the phase of t > 2.246 s, the joint angles of all links remain stable at
[0, =271, 277], the angular velocities and torques converge steadily to [0, 0, 0], the end-effector
is stabilized at the UTP by the stabilizing controller Equation (28).

https:/ /doi.org/10.3390/act15040221
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T =2.2465s

0 1 2 T(S) 3 4
(a) The angle
QpF———— T

q (rad’s)

1 1 o
0 1 2 s 3 4

(b) The ang;,llar velocity

T T T

u (N-m)

B T T S S S S S I S S |
0 1 ZT(S) 3 4

(c) The torque

Figure 4. Simulation results of ¢; € [2.0,2.5] s.

6.2. Case 2

To further verify the effectiveness of the proposed method, the initial state is set
to [—7,0,0,0,0,0] and the target state set to [0,0,0,0,0,0]. The parameters of the IDE
algorithm are kept consistent with Equation (30).

With t; € [2.5,3.0] set as a constraint, in combination with Table 2, the trajectory
parameters obtained by the optimization of the IDE algorithm are as follows:

ts = 2.8600, k = 4.5037, A; = —6.8000, A, = 7.5151,

t; = 0.0703, t; = 0.6026,51 = 0.2320, s, = 0.4164, 2
As shown in Figure 5, with the tracking controller Equation (22), all links are swung
up from the DIP to approach the vicinity of the UTP when ¢t < 2.86 s. However, during
t < 0.95s, the control torque applied to the joints remains relatively large, as shown in
Figure 5c. Abrupt angular velocity variation results in large angular accelerations, thus
requiring a larger torque. When the switching time of t = 2.86 s is reached, the con-
troller is switched from the tracking controller Equation (22) to the stabilizing controller
Equation (28). Since the f < 0.001 at this moment, the states of all links have been close to
the final steady state. Thus, this switching does not disrupt the convergent behavior of the
joint angles, angular velocities, or torques. When t > 2.86 s, the system approaches a steady
state, all joint angles remain at [0, 0, 0], the torque applied to the first joint, and the angular
velocities of all joints converge to zero. The system is ultimately stabilized at the UTP.
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Figure 5. Simulation results of t; € [2.5,3.0] s.

6.3. Case 3

In this case, the target state of the system is set as [0, —107, 677], while the initial state
and parameters of the IDE algorithm remain unchanged. For t; € [3.0,3.5], the trajectory
parameters obtained after optimization are listed below:

ts = 3.1428,k = 4.2905, A1 = —5.6340, A, = 7.5830,

t; = 0.0052, t; = 0.4340,s; = 0.3161, s, = 0.4480, 3
As shown in Figure 6, when t; < 3.1428 s, links are swung up under the tracking
controller Equation (22). When t; = 3.1428 s, the controller switching is completed. It
can be observed from Figure 6¢ that no abrupt torque variation occurs at the controller
switching instant, thus achieving a smoother transition. After t; > 3.1428 s, the system
reaches the target states, where the steady-state values of the joint angles are [0, —107t, 677]
rad, and the steady-state values of angular velocities and torques are sufficiently close to
zero. The proposed method effectively avoids the difficulty of balancing region division as
well as the singularity problem; the system can be directly swung up to the vicinity of the
UTP within a prescribed time.
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Figure 6. Simulation results of f; € [3.0,3.5] s.

6.4. Controller Performance Verification
6.4.1. Fluctuation Suppression Performance

To clearly demonstrate the state fluctuation suppression performance of the NFTSMC
at the controller switching moment, we obtain a set of trajectory parameters satisfying
f < 0.06 within the range of s € [2.5,3.0]. The optimized trajectory parameters are given
as follows:

ts = 2.8728,k = 4.4983, A1 = —6.7954, A = 7.5191,

(34)
t1 = 0.0705, t = 0.6025,s1 = 0.2321,5, = 0.4162

In this case, since f is relatively large, a deviation exists when the links move to the
vicinity of the UTP at t;, leading to fluctuations in the joint angles.

For the NFTSMC in Equation (22), the parameters are as follows:

k=18,e=10,a =12, =8,

(35)
r=16,rn=11,6 =0.01
For the SMC in Equation (23), the parameters from [23] are used as follows:
e1=12,6p =1.0,e5 =0.1, (36)

As shown in Figure 7, at the controller switching instants, the sign function in SMC
causes obvious angular fluctuation. In contrast, NFTSMC yields smaller angular fluctua-
tions under the same structural parameters and simulation conditions.
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Figure 7. Angle Fluctuations for SMC and NFTSMC at ¢;.

The data of angular fluctuations in Figure 7 are collected and summarized in Table 3.
Based on the statistical results in Table 3, the absolute angular fluctuation amplitude of the
SMC can be calculated. The specific calculation formula is given as follows:

1) — 0
g = JSMC — ONFTSMC | 1000, _ 56 89, (37)
dsmc

Table 3. Comparison of angular fluctuation amplitude.

Maximum Peak Minimum Trough Amplitude Difference

Omax (rad) Omin (rad) 0 = Omax — Omin (rad)
0.1767 —0.1854 0.3621
0.4066 —0.4315 0.8381

According to the absolute angular fluctuation amplitude, the NFTSMC can suppress
fluctuations at the controller switching moment. Specifically, the NFTSMC’s angular
fluctuation suppression effect is improved by more than 50% compared to that of the SMC.

6.4.2. Robust Performance

To verify the robustness of the NFTSMC, a step disturbance d(t) with an amplitude of
0.5 is applied for t € [1.0, 2.0] s. The results are shown in Figure 8.

(a) 0.3 Tracking Error (b) N Sliding Surface

(rad)

Sliding Surface s

NFTSM
- = =SMC
- - - - Boundary Layer

L L L L L L L L L L L L |
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Time (s) Time (s)

Figure 8. Tracking Error and Sliding Surface Variation for NFTSM and SMC under Disturbance.
(a) Tracking error comparison; (b) Sliding surface variation.

Figure 8a shows that the NFTSMC achieves a lower peak error and a shorter recovery
time compared with the SMC. Figure 8b further demonstrates that under the disturbance,
the sliding surface of the SMC exhibits a large deviation, but the sliding surface of the
NFTSMC maintains a smaller deviation. These results verify that the NFTSMC achieves
superior tracking accuracy and robustness compared to the SMC.
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7. Conclusions

This paper proposed an asymptotic stabilization control method based on trajectory
optimization for APP manipulators, achieving the swing-up and stabilization control of
the system. First, the dynamic model of the APP manipulator was established, and a
trajectory from the DIP to the UTP was planned for the active link. Then, based on the
trajectory and the coupling relationship between links, the IDE algorithm was employed
to optimize the trajectory parameters within a prescribed time range, such that all links
could reach the vicinity of the UTP simultaneously. On this basis, a controller switching
scheme was introduced to achieve the control objective. In the swing-up phase, a tracking
controller based on NFISM was designed to swing the active link along the optimized
trajectory. After the system approached the vicinity of the UTP, an LQR-based stabilization
controller was further applied to stabilize the system at the UTP. Finally, the controller
switching time was set within [2.0,3.5] s in the simulations, verifying the effectiveness of
the proposed method.

Results demonstrated that the proposed method achieved faster swing-up and stabi-
lization compared to the energy-based control, avoiding region division and simplifying
switching conditions. Comparative simulations between NFTSMC and SMC showed that
the controller effectively suppressed state fluctuations during switching and provided
smoother stabilization.

In fact, the trajectory design proposed in this paper is independent of the system’s
structural parameters, relying solely on the initial and target states of links. Therefore,
changes in the system’s structural parameters do not affect the trajectory design, demon-
strating the universality of the proposed method. Additionally, the proposed method
avoids the difficulty of balancing region division, and the designed time-switching con-
dition is more easily satisfied than the state-switching condition. The designed controller
effectively suppresses state fluctuations and avoids singularity. In practical scenarios,
the system may be affected by many factors, such as chaos, modeling uncertainties, and ex-
ternal disturbances [34]. Therefore, the overall robustness of the method still needs to be
further improved. In future work, we will set up experimental platforms to further verify
the effectiveness of the proposed method and improve the control strategy.
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