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Abstract

In this paper, an adaptive-weight model predictive control (AW-MPC) strategy is proposed
to address the trajectory tracking problem of a lower-limb rehabilitation exoskeleton robot.
First, based on human motion analysis, the dynamics of the lower-limb rehabilitation
exoskeleton are established, and the nonlinear dynamic model is transformed into a linear
model. Second, a MPC objective function is formulated to minimize the tracking error,
yielding the optimal control input. Then, on the basis of conventional MPC, a weight-tuning
scheme is developed: a weighting function is constructed according to the evolution of
the tracking error to adaptively adjust the MPC weighting coefficients, and the closed-
loop stability of the control system is proven via a Lyapunov-based analysis. Finally, the
proposed method is validated on a lower-limb rehabilitation exoskeleton experimental
platform, with a PID controller designed as a baseline for comparison. The experimental
results demonstrate that, compared with the PID controller, the proposed AW-MPC achieves
faster convergence of the tracking error, higher tracking accuracy, and enhanced robustness.

Keywords: lower-limb rehabilitation exoskeleton; model predictive control; trajectory
tracking; weighting function

1. Introduction
Population aging and the rising incidence of neurological injuries have increased the

number of individuals with motor impairments, thereby intensifying the demand for effec-
tive and scalable rehabilitation training [1]. Conventional therapist-assisted rehabilitation
is typically delivered through repetitive and physically intensive interventions, which
are labor-demanding and may exhibit limited consistency across sessions and therapists.
Moreover, it is often difficult to achieve long-term, fine-grained recording and quantitative
evaluation of training outcomes [2]. Lower-limb rehabilitation exoskeleton robots have
therefore attracted considerable attention as an enabling technology in intelligent rehabilita-
tion engineering, owing to their capability to provide repeatable, precise, and quantifiable
gait assistance by actively actuating major joints such as the hip and knee. These systems
have demonstrated potential to enhance motor coordination, shorten rehabilitation cycles,
and alleviate the workload of clinical personnel [3–5]. In addition, recent progress in wear-
able robotics has also been reflected in the design of flexible actuators and the enhancement
of human–robot interaction capability. Lu et al. [6] reported a fully flexible wearable pouch
pneumatic artificial muscle for soft wearable devices. Cho et al. [7] developed a bidirec-
tional self-sensing pneumatic artificial muscle for wearable robotic applications. These
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studies further indicate that rehabilitation and wearable robotic systems are evolving not
only in control strategies but also in interaction-oriented hardware design.

From the perspective of control, rehabilitation exoskeletons pose distinctive chal-
lenges [8]. The system dynamics are inherently nonlinear and time-varying due to varia-
tions across patients as well as the interaction between the human and the robot. Conse-
quently, the tracking performance is susceptible to degradation in the presence of external
disturbances and modeling uncertainties [9]. Moreover, the operation of the exoskeleton is
subject to strict physical constraints, including actuator torque saturation, joint range-of-
motion limits, and velocity bounds [10]. These constraints are essential for ensuring patient
safety and comfort. Accordingly, the controller must simultaneously achieve high tracking
accuracy, smooth actuation, and strict compliance with physical constraints.

Under these considerations, trajectory tracking has become one of the central issues in
exoskeleton control research. Considerable efforts have been devoted to addressing this
problem. Ahmed et al. [11] designed a model-free PID controller to achieve motion control
of a seven-degree-of-freedom exoskeleton robot. Zhu et al. [12] developed a non-singular
fast terminal sliding mode control strategy to achieve high tracking accuracy. Li et al. [13]
improved the tracking performance of a lower-limb exoskeleton by integrating an optimiza-
tion algorithm with a fuzzy PID control scheme. Abdallah et al. [14] proposed a terminal
sliding mode controller with fixed time convergence, which achieves accurate trajectory
tracking while ensuring robustness against uncertainties. However, the aforementioned
works do not explicitly address the handling of control constraints, which are essential in
practical exoskeleton systems.

Model predictive control (MPC) has attracted increasing attention owing to its capa-
bility to explicitly incorporate system constraints into the control design, particularly for
constrained trajectory tracking problems. By solving a finite-horizon optimization problem
in a receding-horizon framework, MPC generates control actions that satisfy input and
state constraints while optimizing a cost function that balances tracking performance and
control effort [15].

In the field of exoskeleton control, Jammeli et al. [16] proposed an explicit MPC
framework that integrates input-state feedback linearization with a nonlinear disturbance
observer, enabling high tracking accuracy of a knee rehabilitation exoskeleton during both
assistive and resistive training. This study further substantiated the effectiveness and
real-time capability of MPC in rehabilitation robotics. In the context of robotic manipulator
tracking, Dai et al. [17] introduced a Tube–MPC structure, where constraint tightening
and terminal cost design were employed to guarantee input-to-state stability (ISS) and to
enhance robustness against disturbances and modeling errors. Moreover, Wang et al. [18]
developed an incremental MPC (IMPC) approach for robot manipulators by exploiting
time-delay estimation to construct an incremental prediction model, thereby facilitating con-
strained control of nonlinear robotic systems. This further demonstrates the effectiveness of
MPC-based frameworks in handling complex dynamics and constraints in robotic control.

However, conventional MPC schemes typically employ constant weighting matrices
to balance state-tracking performance and control effort. Under abrupt operating condition
changes or disturbance fluctuations, fixed weights often fail to simultaneously ensure fast
transient response and smooth control actions, leading to an inherent trade-off: excessively
large weights may result in aggressive control inputs and degraded comfort, whereas overly
small weights can compromise tracking accuracy and safety. To address this limitation,
increasing attention has been paid to adaptive and learning-assisted tuning strategies for
MPC in robotic systems. In this context, Li et al. [19] proposed a reinforcement-learning-
assisted MPC framework for constrained robot manipulator visual servoing, showing
that adaptive tuning of MPC design parameters can improve the control performance of
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robotic systems under changing operating conditions. Although this study was conducted
on robot manipulators rather than rehabilitation exoskeletons, it still provides useful
methodological support for adaptive weighting and parameter adjustment in MPC-based
robotic control. Such adaptive tuning mechanisms provide useful insights for MPC-based
trajectory tracking of lower-limb exoskeleton robots with time-varying dynamics and
multi-objective performance requirements.

In this work, an AW–MPC strategy is proposed for trajectory tracking of a lower-limb
rehabilitation exoskeleton. The main contributions of this paper are summarized as follows:
(1) The nonlinear dynamics derived from the Lagrange formulation are linearized and
discretized to construct a prediction model for MPC. (2) A dynamic weight adjustment
mechanism is designed, in which the stage weighting coefficients are updated online ac-
cording to the evolution of the tracking error. This mechanism enables a flexible balance
between rapid error reduction and smooth control action during different motion phases.
(3) The closed-loop stability of the proposed control scheme is analyzed using Lyapunov
theory within an ISS framework, ensuring ultimate boundedness of the tracking error in
the presence of disturbances and modeling uncertainties. (4) Experimental validation on a
lower-limb rehabilitation exoskeleton platform demonstrates that the proposed approach
achieves faster error convergence, higher tracking accuracy, and stronger robustness com-
pared with both a conventional model predictive control scheme with constant weights
and a baseline PID controller.

The remainder of this paper is organized as follows: Section 2 presents the dynamic
model of the lower-limb rehabilitation exoskeleton robot. Section 3 develops an MPC
controller with dynamically adjustable tracking-error weights. In Section 4, experimental
results are provided to validate the effectiveness of the proposed control strategy on a lower-
limb rehabilitation exoskeleton platform, along with a comparative evaluation against a
PID-based controller. Finally, conclusions are drawn in Section 5.

Notation: ∥x∥2 denotes the Euclidean norm. P ≻ 0 indicates that P is symmetric
positive definite, λmin(P) and λmax(P) denote the minimum and maximum eigenvalues
of P, respectively. diag(·) and blkdiag(·) denote the diagonal and block-diagonal matrix
operators, respectively. I denotes the identity matrix of appropriate dimension.

2. Modeling and Preparation
To provide a basis for subsequent controller design, this section first establishes the

nonlinear dynamic model of the lower-limb rehabilitation exoskeleton and then performs
linearization and discretization of the model.

2.1. Dynamic Model of the Exoskeleton

The dynamic modeling of lower-limb rehabilitation exoskeleton robots is inherently
challenging due to the strong coupling among system variables and the pronounced non-
linearities in the system dynamics. Various analytical approaches have been proposed for
deriving the dynamic equations, among which the Newton–Euler and Lagrange formula-
tions are the most widely used. In this paper, the Lagrange formulation [20] is employed
to establish the dynamic model of the lower-limb rehabilitation exoskeleton. Specifically,
the Lagrangian of the system is defined as

LE = Ek − Ep, (1)

where LE, Ek, and Ep denote the Lagrangian, the total kinetic energy, and the total potential
energy of the system, respectively.
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With the above definitions, the Lagrange equation of motion can be formulated as

d
dt

(
∂LE
∂q̇

)
− ∂LE

∂q
= τ, (2)

where t denotes the sampling time, τ denotes the driving torque of the lower-limb ex-
oskeleton, and q, q̇ represent the joint angle vector and the joint angular-velocity vector,
respectively.

This paper considers the motion of human lower limbs and models it as planar
movement in three-dimensional space constrained to the sagittal plane. Owing to the
inherent sagittal-plane symmetry of lower-limb movements, a single-leg model can be
employed to represent the overall exoskeleton robot for analysis [21]. The resulting two-
degree-of-freedom (2-DOF) lower-limb rehabilitation exoskeleton can be modeled as a
planar two-link mechanism, as shown in Figure 1.

Figure 1. Two-link lower-limb exoskeleton model in the sagittal plane.

As illustrated in Figure 1, the hip joint pivot is taken as the origin of the XOY coordi-
nate frame. Here, m1 and m2 denote the masses of the thigh and shank links, respectively;
s1 and s2 are the corresponding link lengths; sc1 and sc2 represent the distances from the
hip and knee joints to the centers of mass of the thigh and shank, respectively. Moreover, q1

is defined as the hip joint angle measured from the x-axis, and q2 is the knee joint angle
measured relative to the thigh (i.e., relative to the hip joint). For consistency, clockwise
rotation is defined as the positive direction, while counterclockwise rotation is defined as
the negative direction.

Therefore, we define the center-of-mass coordinates of the thigh link and the shank
link are assumed to be (α1, β1) and (α2, β2), respectively, which can be expressed as

α1 = sc1 sin q1,

β1 = sc1 cos q1,

α2 = s1 sin q1 + sc2 sin(q1 + q2),

β2 = s1 cos q1 + sc2 cos(q1 + q2).

(3)
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Then, the total kinetic energy and the total potential energy of the lower-limb exoskele-
ton system can be expressed as

Ek =
1
2

I1q̇ 2
1 +

1
2

m1

(
α̇ 2

1 + β̇ 2
1

)
+

1
2

I2(q̇1 + q̇2)
2 +

1
2

m2

(
α̇ 2

2 + β̇ 2
2

)
, (4)

Ep = m1gsc1 cos q1 + m2g[s1 cos q1 + sc2 cos(q1 + q2)], (5)

where I1 and I2 denote the moments of inertia of the thigh and shank links, respectively.
By substituting Ek and Ep into the Lagrangian LE, the Lagrange equations of motion

for the hip and knee joints can be derived as

τ1 =
d
dt

(
∂LE
∂q̇1

)
− ∂LE

∂q1

=
(

I1 + I2 + m1s2
c1 + m2s2

1 + m2s2
c2 + 2m2s1sc2 cos q2

)
q̈1

+
(

I2 + m2s2
c2 + m2s1sc2 cos q2

)
q̈2 − m2s1sc2

(
2q̇1q̇2 + q̇ 2

2

)
sin q2

−
(
m1gsc1 + m2gs1

)
sin q1 − m2gsc2 sin(q1 + q2),

(6)

τ2 =
d
dt

(
∂LE
∂q̇2

)
− ∂LE

∂q2

=
(

I2 + m2s2
c2 + m2s1sc2 cos q2

)
q̈1 +

(
I2 + m2s2

c2

)
q̈2 + m2s1sc2 sin q2 q̇ 2

1

− m2gsc2 sin(q1 + q2),

(7)

where q̈1 and q̈2 are the angular accelerations of the hip and knee joints, respectively.
Combine with (6) and (7), the dynamics of the lower-limb exoskeleton system can be

written in the standard manipulator form as

M(q)q̈ + C(q, q̇)q̇ + G(q) + D = τ, (8)

where D represents the combined effect of model uncertainties and external disturbances.
The matrices M(q) ∈ R2×2, C(q, q̇) ∈ R2×2, and G(q) ∈ R2×1 denote the inertia matrix,
the Coriolis and centrifugal matrix, and the gravity vector, whose explicit forms are given by

M =

[
M11 M12

M21 M22

]
, C =

[
C11 C12

C21 C22

]
, G =

[
G1

G2

]
. (9)

The elements of M(q), C(q, q̇), and G(q) are given by

M11 = I1 + I2 + m1s2
c1 + m2s2

1 + m2s2
c2,

M12 = I2 + m2s2
c2 + m2s1sc2 cos q2,

M21 = I2 + m2s2
c2 + m2s1sc2 cos q2,

M22 = I2 + m2s2
c2,

(10)

C11 = −2m2s1sc2 sin q2 · q̇2,

C12 = −m2s1sc2 sin q2 · q̇2,

C21 = m2s1sc2 sin q2 · q̇1,

C22 = 0,

(11)

G1 = −m1gsc1 sin q1 − m2gs1 sin q1 − m2gsc2 sin(q1 + q2),

G2 = −m2gsc2 sin(q1 + q2).
(12)
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Assumption: According to the dynamic characteristics of the lower-limb exoskeleton,
the lumped uncertainty and external disturbance term D is assumed to be bounded as

∥D∥ ≤ D, (13)

where D denotes the upper bound of the uncertainty and external disturbance set.

2.2. Model Linearization and Discretization

The derived dynamics of the lower-limb exoskeleton (8) in the last section is a totally
nonlinear and strongly coupled system, which brings an unacceptable computational
burden for the online optimization in real-time control. In order to reduce the burden and
make sure the tracking performance under the MPC framework, the above nonlinear model
is linearized around a nominal equilibrium point and subsequently discretized to obtain a
discrete-time prediction model in this section.

Based on the dynamic model (8), the joint angular acceleration can be defined as

q̈ = M(q)−1
(

τ − C(q, q̇)q̇ − G(q)− D
)

. (14)

Then, the state vector is defined as x = [q q̇]T = [q1 q2 q̇1 q̇2]
T ∈ R4. By performing a

first-order Taylor expansion around an equilibrium point and assuming a static operating
condition [22], the nominal equilibrium point is defined as x∗ = [q∗1 q∗2 q̇∗1 q̇∗2 ]

T. Accordingly,
the nonlinear system is approximated by the following linear state-space model in the
neighborhood of x∗:

ẋ = Ax + Bτ + w, (15)

where w denotes the equivalent disturbance after linearization, which aggregates the
effects of unmodeled dynamics, linearization-induced approximation errors, and external
disturbances. Therefore, the linearized model is mainly used as a local prediction model
for MPC synthesis, rather than as a globally exact description of the nonlinear dynamics
over the whole gait cycle.

The state matrix A and the input matrix B are given by

A =
∂ẋ
∂x

=


0 0 1 0
0 0 0 1

A31 A32 A33 A34

A41 A42 A43 A44

, (16)

B =
∂ẋ
∂τ

=


0 0
0 0

M−1
11 M−1

12
M−1

21 M−1
22

, (17)

where M−1
ij denotes the (i, j)-th element of M(q)−1, and Cij and Gij (i = 1, 2; j = 1, 2)

represent the corresponding elements associated with C(q, q̇) and G(q).
To obtain a discrete-time prediction model compatible with the receding-horizon

optimization, the linearized continuous-time model in (15) is discretized via the zero-order
hold (ZOH) method [23,24], yielding

X(k + 1) = AdX(k) + Bdτ(k) + W(k), (18)
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where X(k) is the disc ete-time state and τ(k) is the control input at time step k. The discrete-
time matrices are computed as

Ad = eATs , (19)

Bd =
∫ Ts

0
eAσ dσ B, (20)

where Ts denotes the sampling period.

3. Design of Model Predictive Controller
This section presents the design of the proposed model predictive controller. First,

a tracking-oriented MPC problem is formulated. Then, an adaptive-weight adjustment
mechanism based on the tracking error is developed. Finally, the stability of the closed-loop
system is analyzed.

3.1. MPC for Tracking

In accordance with the discrete dynamic model of the lower-limb rehabilitation ex-
oskeleton robot proposed in the former section, we propose a naive MPC scheme to achieve
precise trajectory tracking while ensuring constraint satisfaction. At sampling instant k,
the current system state is measured as x(k). An N-step finite-horizon optimal control
problem is then solved using x(k) as the initial condition. The predicted state at future step
k + i computed at time k is denoted by x(k + i|k), for i = 1, . . . , N. Accordingly, the decision
variables are the control sequence {τ(k|k), τ(k + 1|k), . . . , τ(k + N − 1|k)}, which generates
the predicted state trajectory {x(k + 1|k), . . . , x(k + N|k)} through the system dynamics.
Following the receding-horizon strategy, only the first control action τ(k|k) is applied to the
plant, and the above optimization is repeated at time k + 1 with updated state information.

The output of the system is defined as y(k) = x(k), while the reference state is defined
as xr(k). The tracking error is defined as

Xe(k) = y(k)− xr(k) = x(k)− xr(k). (21)

The reference trajectory is specified by

xr(k) =
[
qr1(k) qr2(k) q̇r1(k) q̇r2(k)

]T, (22)

where qr1(k) and qr2(k) denote the reference hip and knee joint angles, respectively. The cor-
responding reference angular velocities are q̇r1(k) and q̇r2(k).

The finite-horizon performance index with a terminal penalty is chosen as

min
τ

J =
N−1

∑
i=0

[(
x(k + i|k)− xr(k + i)

)TQ
(
x(k + i|k)− xr(k + i)

)
+ τ(k + i|k)TR τ(k + i|k)

]
+

(
x(k + N|k)− xr(k + N)

)TPf
(

x(k + N|k)− xr(k + N)
)
.

(23)

where Q ∈ R4×4 is a diagonal weighting matrix for the tracking error, and R ∈ R2×2 is a
diagonal weighting matrix for the control effort. The matrix Pf ∈ R4×4 denotes the terminal
weighting matrix. In particular, Q and R are parameterized as

Q =


η1 0 0 0
0 η2 0 0
0 0 η3 0
0 0 0 η4

, R =

[
ε1 0
0 ε2

]
. (24)
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In this paper, the weights of Q are selected larger than those of R to prioritize tracking
accuracy and rapid response. To enhance closed-loop robustness, the terminal matrix Pf is
chosen as the stabilizing solution of the discrete-time algebraic Riccati equation (DARE)
arising from the LQR formulation with Ad, Bd, Q, and R [25,26]:

Pf = AT
d Pf Ad − AT

d Pf Bd
(

R + BT
d Pf Bd

)−1BT
d Pf Ad + Q, (25)

and the corresponding LQR feedback gain is

K =
(

R + BT
d Pf Bd

)−1BT
d Pf Ad. (26)

For compact representation, define the stacked predicted-state sequence, reference-
state sequence, and control-input sequence over the horizon as

X(k) =


x(k + 1|k)
x(k + 2|k)

...
x(k + N|k)

 ∈ R4N×1,

Xr(k) =


xr(k + 1)
xr(k + 2)

...
xr(k + N)

 ∈ R4N×1,

T(k) =


τ(k|k)

τ(k + 1|k)
...

τ(k + N − 1|k)

 ∈ R2N×1.

(27)

To incorporate the terminal penalty consistently in the stacked form, define the horizon
state-weighting matrix as

Q̄ = blkdiag

Q, . . . , Q︸ ︷︷ ︸
N−1 times

, Pf

 ∈ R4N×4N . (28)

With the stacked vectors in (27) and the horizon weighting matrix Q̄ in (28), the finite-
horizon cost (23) admits the compact form

min
τ

J =
(
X(k)− Xr(k)

)TQ̄
(
X(k)− Xr(k)

)
+ T(k)TRT(k). (29)

Given the discrete-time prediction model x(k + 1) = Adx(k) + Bdτ(k), the stacked
predicted states satisfy

X(k) = Mx(k) + CT(k), (30)

where the state-transition and input-transition matrices are given by

M =


Ad

A2
d

...
AN

d

 ∈ R4N×4, C =


Bd 0 · · · 0

AdBd Bd · · · 0
...

...
. . .

...
AN−1

d Bd AN−2
d Bd · · · Bd

 ∈ R4N×2N . (31)
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Let E ≜ Mx(k)−Xr(k). Substituting (30) into (29) yields an explicit quadratic objective
with respect to the decision variable T(k):

min
T(k)

J = ETQ̄E +
1
2

T(k)T2
(
CTQ̄C + R

)︸ ︷︷ ︸
≜Q

T(k) +
(
2CTQ̄E

)T︸ ︷︷ ︸
≜HT

T(k), (32)

where constant terms independent of T(k) do not affect the optimizer. Therefore, the Hes-
sian and gradient passed to a standard QP solver (e.g., quadprog in MATLAB R2022a) are
Q = 2

(
CTQ̄C + R

)
and H = 2CTQ̄E, respectively. Following the receding-horizon princi-

ple, only the first control action of the optimal sequence is applied at each sampling instant,
and the optimization is repeated at the next step based on updated state measurements.

3.2. Design of Adaptive Weight Coefficients

To accommodate time-varying motion phases and improve transient tracking perfor-
mance, the stage-penalty coefficients are updated online according to the instantaneous
tracking error. Let

e(k) = x(k)− xr(k) =
[
e1(k) e2(k) e3(k) e4(k)

]T, (33)

where e1(k) and e2(k) denote the hip joint and knee joint angle tracking errors, respectively.
The corresponding angular-velocity tracking errors are e3(k) and e4(k). The adaptive stage
weights are computed through a continuously differentiable saturation mapping, given by

Qi(k) = Q0,i + ai tanh
(
γei(k)

)
, i ∈ {1, 2, 3, 4}, (34)

where Q0,i > 0 denotes the nominal penalty, ai > 0 denotes the adaptation magnitude,
and γ > 0 controls the sensitivity. Here, i = 1, 2, 3, 4 correspond to hip angle, knee angle,
hip angular velocity, and knee angular velocity, respectively. When the tracking error
remains close to zero, the corresponding weight varies smoothly in a small neighborhood
of the nominal value, which helps reduce abrupt switching and alleviates excessive high-
frequency fluctuations. When the tracking error becomes large, the adaptive weight
gradually approaches its upper bound Q0,i + ai, so that the error penalty is strengthened
without causing unbounded weight growth.

Since tanh(·) ∈ (−1, 1), each adaptive coefficient is uniformly bounded as

Q0,i − ai < Qi(k) < Q0,i + ai, i ∈ {1, 2, 3, 4}. (35)

Moreover, by selecting Q0,i > ai, one has Qi(k) > 0 for all k, which guarantees Qs(k) ≻ 0.
Accordingly, the stage weighting matrix is chosen as

Qs(k) = diag
(
Q1(k), Q2(k), Q3(k), Q4(k)

)
∈ R4×4. (36)

The horizon weighting matrix is then constructed in block-diagonal form:

Q(k) = blkdiag
(
Qs(k), Qs(k), . . . , Qs(k)︸ ︷︷ ︸

N times

)
∈ R4N×4N . (37)

3.3. Stability Analysis

Since the reference trajectory xr(k) is time-varying and modeling mismatch is in-
evitable in practice, the closed-loop tracking performance is analyzed within an ISS frame-
work, leading to an ultimate boundedness characterization of the tracking error [27,28].
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Accordingly, consider the following discrete-time plant with an equivalent distur-
bance term:

x(k + 1) = Adx(k) + Bdτ(k) + w(k), (38)

where w(k) denotes the equivalent disturbance after linearization, which aggregates un-
modeled dynamics, linearization errors, and external perturbations. Define the tracking
error e(k) ≜ x(k)− xr(k). Then, the error dynamics can be written as

e(k + 1) = Ade(k) + Bd
(
τ(k)− τr(k)

)
+ δr(k) + w(k), (39)

where τr(k) is the reference input, and the reference inconsistency term is defined by

δr(k) ≜ Adxr(k) + Bdτr(k)− xr(k + 1). (40)

For convenience, define the aggregated disturbance input as

ζ(k) ≜ δr(k) + w(k). (41)

Let Pf ≻ 0 be the stabilizing DARE solution given in (25). Consider the following
quadratic function:

V(k) = e(k)TPf e(k). (42)

Since Pf ≻ 0, there exist constants λ = λmin(Pf ) > 0 and λ̄ = λmax(Pf ) > 0 such that

λ ∥e(k)∥2
2 ≤ V(k) ≤ λ̄ ∥e(k)∥2

2. (43)

Let the auxiliary closed-loop matrix be defined as

Ac = Ad − BdK, (44)

and denote
W = Q + KT RK. (45)

From the DARE associated with Pf , it follows that

AT
c Pf Ac − Pf = −W. (46)

Using (39), the Lyapunov difference can be written as

V(k + 1)− V(k) = −e(k)TWe(k) + 2e(k)T AT
c Pf ζ(k) + ζ(k)T Pf ζ(k). (47)

The cross term can be bounded using Young’s inequality as

2e(k)T AT
c Pf ζ(k) ≤ ε∥e(k)∥2

2 +
∥AT

c Pf ∥2

ε
∥ζ(k)∥2

2, ε ∈ (0, λmin(W)). (48)

Therefore, the Lyapunov difference satisfies

V(k + 1)− V(k) ≤ −c1∥e(k)∥2
2 + c2∥ζ(k)∥2

2, (49)

where

c1 = λmin(W)− ε, c2 = λmax(Pf ) +
∥AT

c Pf ∥2

ε
. (50)
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Consequently, if ∥ζ(k)∥2 ≤ ζ̄ for all k, the tracking error is ultimately bounded, and its
asymptotic bound satisfies

lim sup
k→∞

∥e(k)∥2 ≤
√

c2

c1
ζ̄. (51)

In particular, when ζ(k) ≡ 0 (i.e., w(k) ≡ 0 and δr(k) ≡ 0), (49) reduces to a strict Lyapunov
decrease condition, implying asymptotic convergence of the tracking error.

4. Experiment
This section provides the experimental validation of the proposed control method.

First, the experimental platform and reference trajectory settings are introduced. Then,
the controller parameters are given. Finally, the tracking performance of the proposed
method is evaluated and compared with conventional MPC and PID controllers.

4.1. Experimental Apparatus and Setup

The developed experimental platform for the lower-limb rehabilitation exoskeleton is
shown in Figure 2. The platform mainly consists of a wearable lower-limb exoskeleton joint
mechanical structure, joint driving motors (RoboCT JA-110, Hangzhou RoboCT Technology
Development Co., Ltd., Hangzhou, China), a DC power supply (NSP-1600-36, MEAN
WELL Enterprises Co., Ltd., New Taipei City, Taiwan), a Raspberry Pi 4B (Raspberry Pi
Foundation, Cambridge, UK) development board, and a host computer running MATLAB
R2022a (MathWorks, Natick, MA, USA). The control algorithms are implemented in MAT-
LAB/Simulink, while the actuator units are connected to the host computer through the
Raspberry Pi 4B development board. The transmission of control commands and encoder
feedback signals is realized through UDP and CAN communication protocols. The dynamic
model parameters of the proposed device are listed in Table 1. In the current experimental
study, one healthy male subject participated in the validation tests, with a height of 185 cm,
a body weight of 87 kg, and an age of 26 years.

Figure 2. Experimental platform of lower-limb rehabilitation exoskeleton robot.
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Table 1. Dynamic model parameters of the lower-limb exoskeleton.

Parameter Value

Thigh mass m1 6.099 kg
Shank mass m2 4.257 kg
Thigh length s1 0.46 m
Shank length s2 0.48 m
Thigh inertia I1 0.0837 kg · m2

Shank inertia I2 0.5690 kg · m2

Distance from thigh CM to hip joint sc1 0.2046 m
Distance from shank CM to knee joint sc2 0.2276 m

Gravitational acceleration g 9.79 m/s2

Sampling period Ts 1 ms

4.2. Reference Trajectory Settings

In order to evaluate the tracking performance of the proposed controller under periodic
gait motions, the reference trajectories of the hip and knee joints are fitted using Fourier
series [29]. Specifically, the hip joint reference trajectory is given by the following expression:

qr1(k) = 8.006 − 18.74 cos(3.884 kTs) + 8.906 sin(3.884 kTs)

− 4.453 cos
(
2 · 3.884 kTs

)
− 0.4712 sin

(
2 · 3.884 kTs

)
− 0.4602 cos

(
3 · 3.884 kTs

)
− 1.373 sin

(
3 · 3.884 kTs

)
,

(52)

and the knee joint reference is defined as

qr2(k) = 15.89 + 5.186 cos(3.863 kTs) + 22.96 sin(3.863 kTs)

− 12.68 cos
(
2 · 3.863 kTs

)
+ 9.482 sin

(
2 · 3.863 kTs

)
− 1.214 cos

(
3 · 3.863 kTs

)
− 3.612 sin

(
3 · 3.863 kTs

)
.

(53)

It should be noted that the hip and knee joint trajectories adopted in this paper
are fitted periodic reference trajectories designed for controller performance evaluation
on the experimental platform. Their primary purpose is to serve as a unified reference
benchmark that enables fair comparison of different control methods under identical
periodic motion conditions.

4.3. Controller Parameter Settings

To ensure a fair comparison, all controllers are implemented with the same sampling
period Ts = 1 ms and evaluated under identical experimental conditions. For the MPC-
based controllers, the prediction horizon is set to N = 8, and the actuator constraints are
kept identical in all tests.

For MPC, the diagonal elements of the state-weighting matrix are selected as η1 = 6000,
η2 = 4000, η3 = 5, and η4 = 3. The input weighting matrix is also chosen as diagonal with
ε1 = ε2 = 0.0001.

For AW-MPC, the nominal weights are initialized as Q0,1 = 6000, Q0,2 = 4000,
Q0,3 = 5, and Q0,4 = 3. The corresponding adaptation amplitudes are set to a1 = 3000,
a2 = 2000, a3 = 2, and a4 = 1, which determine the allowable variation range of the
time-varying weights during online adjustment.The sensitivity parameter in the adaptive
weighting function is set to γ = 20 to balance adaptation sensitivity and control smoothness
in the periodic gait-tracking task.
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As a baseline for comparison, a discrete-time incremental PID controller is imple-
mented to generate the motor current command.The incremental control law is given by

∆τ(k) = Kp
(
e(k)− e(k − 1)

)
+ Kie(k) + Kd

(
e(k)− 2e(k − 1) + e(k − 2)

)
, (54)

and the corresponding control input is updated as

τ(k) = τ(k − 1) + ∆τ(k). (55)

where Kp, Ki, and Kd are the proportional, integral, and derivative gains, respectively.
In the experiments, the PID gains are selected as Kp = 500, Ki = 1, and Kd = 10.

4.4. Experimental Results

Figure 3 shows the angle trajectories under periodic gait references. The solid black
line represents the reference trajectory, the solid blue line corresponds to the conventional
MPC, the red dashed line denotes the proposed AW-MPC, and the green dash-dotted line
indicates the PID controller. Compared with MPC and PID, the proposed AW-MPC yields a
closer match to the reference trajectory for both joints, especially around phase transitions,
indicating improved transient tracking capability.

(a) Hip joint angle trajectory

(b) Knee joint angle trajectory

Figure 3. Angle trajectories under periodic gait references.
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Figure 4 shows the tracking errors of different controllers under periodic gait references.
Overall, both MPC and AW-MPC exhibit faster error convergence and smaller tracking
errors for the hip and knee joints compared with the PID controller, indicating improved
transient performance and steady-state accuracy. Moreover, AW-MPC consistently achieves
lower error magnitudes than the conventional MPC, which suggests that the proposed
adaptive weight-tuning mechanism can enhance error suppression during phase transitions
by adjusting the stage penalties online.

In particular, the improvement is more pronounced for the hip joint. The hip tracking
error of AW-MPC is essentially bounded within ±0.03 rad, whereas the peak error of
MPC is around 0.04 rad and that of PID can reach approximately 0.08 rad. By contrast,
the knee joint tracking errors are less affected by disturbances in this experiment, leading
to a relatively smaller performance gap among the three controllers.

(a) Hip joint tracking error

(b) Knee joint tracking error

Figure 4. Tracking errors under periodic gait references.

Figure 5 shows the motor input currents of the lower-limb exoskeleton joints, which
serve as the control inputs generated by different controllers. It can be observed that
both MPC and AW-MPC yield smoother input-current profiles than the PID controller,
with fewer abrupt variations. This is mainly because the PID strategy does not explicitly
optimize the control input, and is therefore more sensitive to measurement noise and
unmodeled dynamics, which may lead to higher-frequency fluctuations in the control
signal. Nevertheless, the input currents produced by all three controllers remain within a
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reasonable range throughout the experiment, suggesting that the actuator commands are
feasible and unlikely to cause excessive wear on the drive system.

(a) Hip joint control input

(b) Knee joint control input

Figure 5. Control inputs under periodic gait references.

Figure 6 presents the root mean square error (RMSE) values of hip and knee joint
tracking under different controllers. It can be observed that the proposed AW-MPC achieves
the lowest RMSE values for both joints. For the hip joint, the RMSE is reduced by 33.6%
compared with the conventional MPC and by 56.0% compared with the PID controller.
Similarly, for the knee joint, the RMSE is decreased by 22.6% and 46.2% relative to MPC and
PID, respectively. These results indicate that the adaptive-weight adjustment mechanism
significantly enhances overall tracking accuracy over the entire gait cycle, with a more
pronounced improvement observed for the hip joint.

From the perspective of control mechanism, the superior performance of AW-MPC
mainly arises from its adaptive weighting mechanism, which updates the stage cost online
according to the instantaneous tracking error. This enables the controller to better coordinate
rapid error suppression and control smoothness during different gait phases, especially near
phase transitions. Consequently, compared with conventional MPC and PID, the proposed
method achieves better trajectory matching and lower RMSE values. Although the above
results indicate that the proposed method provides superior tracking performance from an
engineering control perspective, improvements in control performance do not necessarily
translate directly into clinical effectiveness. Its clinical significance still requires further
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evaluation in future studies using rehabilitation-related criteria, such as patient comfort,
gait symmetry, joint loading, and therapeutic outcomes.

Figure 6. Root mean square error (RMSE) of hip and knee joint tracking under different controllers.

5. Conclusions
This paper proposes an AW-MPC strategy, which improves the trajectory tracking

performance of the lower-limb rehabilitation exoskeleton by adjusting the weighting co-
efficients online according to the tracking error. A Lagrange-based nonlinear dynamic
model was established and further linearized and discretized for predictive control design.
Lyapunov-based analysis showed the ultimate boundedness of the closed-loop tracking
error under aggregated disturbances. Experimental results demonstrated that, compared
with conventional MPC and PID, the proposed method achieved higher tracking accuracy,
faster error convergence, and smoother control inputs. It should also be noted that the
present experimental validation was conducted on a single healthy participant. Therefore,
the experimental results should be interpreted as a preliminary verification of controller
effectiveness, and broader validation with repeated trials and more participants will be
carried out in future work.
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