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Abstract

This article considers a weak disturbance decoupling control problem for strict-feedback
systems with unmodeled dynamics and disturbances. Utilizing a series of inequalities, the
unmodeled dynamic is approximated. Using an adaptive backstepping control method, a
weak disturbance decoupling controller is constructed to stabilize the closed-loop system.
The primary objective of this paper is to design an adaptive controller that effectively
attenuates the impact of disturbances in scenarios where such disturbances are present,
while ensuring the bounded stability of system states in the absence of disturbances.
Simulation and experiment results are presented to verify the effectiveness of the proposed
weak disturbance decoupling strategy.

Keywords: adaptive control; backstepping; weak disturbance decoupling; unmodeled
dynamics; manipulators

1. Introduction

Recently, the adaptive backstepping technique has become one of the many meaningful
approaches to address nonlinear control problems. Utilizing the adaptive backstepping
control technique, [1] solved the control problem for electrohydraulic actuator systems
with uncertainties. In [2], using a fuzzy funnel control strategy, Liu et al. presented an
adaptive backstepping finite-time scheme for non-affine nonlinear systems. With the
Nussbaum gain technique, the virtual control coefficients issue was addressed for nonlinear
systems [3,4]. In [5], the authors proposed a prescribed-time tracking control scheme for
strict-feedback-like nonlinear systems. For stochastic nonlinear systems, the adaptive
backstepping fuzzy tracking control scheme was studied in [6]. Furthermore, to overcome
the overparameterization problem, the tuning function method is introduced to estimate
unknown parameters by only one update law. To handle the issue of overparameterization,
the adaptive fault-tolerant controller was designed by using the tuning functions for
nonlinear systems in [7].

Since disturbances widely exist in many industrial control systems, there are some
nonlinear control approaches to weaken the effect of disturbances, such as disturbance
decoupling, almost disturbance decoupling (ADD) and weak disturbance decoupling
(WDD). Since the conditions of disturbance decoupling control method are restrictive,
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the ADD control methods were first structured for a linear system in [8] and a nonlin-
ear system in [9], respectively. The ADD method can be solved by milder conditions,
such as linear, affine and power growth conditions. For nonlinear systems, an ADD
controller is typically developed by selecting a Lyapunov function V, proving a dis-
sipation inequality V < —y”y +9?¢7q and integrating it to obtain the gain inequality
fOTH y(t)||dt < v fOTHq(t) ||dt from the disturbance g to the output y. With uncertainties,
the estimate often becomes V < —yTy + 42q7q + &9, which is acceptable only over finite
horizons but leads to divergence as T — oo [10]. To address this issue, ¢ is replaced
with a time-varying term a(t) satisfying [ a(t)dt < oo, and shows that such an «(t)
exists for strict-feedback-like nonlinear systems, yielding V < —yTy + 9?q7q + a(t). This
motivates the concept of WDD, which guarantees [~ yT (t)y(t)dt < v [5° q7 (t)q(t)dt +¢
for some finite ¢ > 0, and WDD is achieved via adaptive backstepping for the considered
system class [11]. In addition, in strict-feedback-like systems with unknown coefficients
and internal dynamics, one must simultaneously cope with the coupling between the
disturbance channel and the uncertainty-dependent input gain, which further complicates
the controller design.

Meanwhile, there are some research and applications about ADD and WDD control
strategies. Refs. [12,13] solved ADD problems for linear systems. The backstepping ADD
controller was designed for SISO and MIMO strict-feedback nonlinear systems in [14,15],
respectively. By utilizing fuzzy control stategy, the ADD issue was settled for strict-feedback
nonlinear systems in [10]. Many other ADD problems were investigated for strict-feedback
nonlinear systems in [16-24]. For strict-feedback-like systems, the ADD and output tracking
ADD issues were developed in [25,26], respectively. Ref. [27] solved the finite-time ADD
issues. Ref. [28] addressed the fuzzy approximate disturbance decoupling problems. Some
ADD practical applications were also solved, such as the ball and beam system [29], the
web tension control [30], the satellite attitude control [31] and the electrohydraulic load
simulator system [32]. In [11], with a series of inequalities, the adaptive backstepping
control method and high-order fully actuated control approach, the WDD control scheme
was constructed in [11].

Most practical industry systems are affected by modeling errors, dynamic uncertainties
and dynamic disturbances. Thus, the unmodeled dynamics often appear in real systems
and the design of feedback controllers must make the closed-loop systems have expected
control performance under the influence of these factors. Meanwhile, when accurate analyti-
cal modeling is challenging for complex nonlinear systems, nonparametric and data-driven
identification/experimental characterization techniques attract increasing attention for ex-
tracting nonlinear dynamics from measured data and validating assumed models [33,34].
In recent years, there have been many studies conducted on the dynamic uncertainties
nonlinear control problem. In [35], Jiang and Praly proposed robust adaptive control for
nonlinear systems with dynamic uncertainties, which was considered for the first time by
using dynamic signals. With fuzzy logic systems, nonlinear damping terms and a dynamic
signal, the adaptive controllers were designed for unmodeled dynamics nonlinear systems
in [36]. Aiming at nonlinear time-delay dynamic uncertainties systems, the adaptive neural
intelligent method was addressed in [37]. An adaptive fuzzy decentralized approach was
studied to handle the unmodeled dynamics for strong interconnected nonlinear systems
in [38]. By applying a property of the hyperbolic tangent function, the adaptive neural
tracking schemes have been developed for nonlinear systems in [39]. In [40], the neural
network and the switching threshold event-triggered mechanisms were used for nonlinear
systems. The adaptive finite-time controller and fuzzy finite-time tracking controller were
constructed in [41,42], respectively. In [43], the fixed-time controller was investigated.
In [44], with a small-gain approach, the inverse optimal adaptive control problem was
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solved and a new criterion became a problem for a dynamic uncertainties nonlinear sys-
tem. In view of mixed data and being event-driven, the controller was investigated for
unmodeled dynamics nonlinear systems [45]. However, there are no results of the WDD
tracking control problem of nonlinear systems with dynamic uncertainties and external
disturbances, which inspires our research.

This article presents a weak disturbance decoupling control strategy for uncertain
strict-feedback-like nonlinear systems with unmodeled dynamics, dynamic uncertainties
and disturbances. A series of inequalities are used to approximate the unmodeled dynamics,
Young's inequality is employed to handle the disturbance terms, and backstepping, together
with an adaptive technique, is utilized to design controllers. By analyzing the system
stability, the tracking performance of the system output is ensured for the case with no
external disturbances and the disturbances are attenuated to a certain degree for the case of
disturbances belonging to £, norm.

To make the novelty more explicit, Table 1 compares this work with representa-
tive studies on unmodeled dynamics and on WDD design. Jiang and Praly in [35] and
Tong et al. in [36] mainly established boundedness/ultimate boundedness properties
for systems with unmodeled dynamics by using dynamic signals, but they did not ad-
dress a WDD disturbance attenuation. Wang et al. in [11] studied WDD for HOFA non-
linear systems. Different from these works, uncertain strict-feedback-like systems with
unmodeled dynamics are considered and an inequality-based approximation, together
with adaptive backstepping, is developed to achieve WDD tracking under disturbances
in ,Cz.

Table 1. Comparison with representative related works.

Treatment of

Work System Describtion Unmodeled Dynamics Guarantee
. Nonlinear systems L Global
Jiang & Praly with dvnamic Dynamic signal + boundedness/output
(1998) [35] uncer tZin ties nonlinear damping converges to a small
neighborhood
Strict-feedback
systems with nonlinear Global
Tong et al. (2009) [36] uncertainties, . Dynamic 51gr}al + boundedness/output
unmodeled dynamics, fuzzy approximation  converges to a small
and dynamic neighborhood

disturbances

Wang et al. (2024) [11]

High-order fully
actuated (HOFA)
nonlinear systems

Not related to
unmodeled dynamics

WDD design: stability
with an
output—disturbance
gain inequality

This work

Uncertain
strict-feedback-like
systems with
unmodeled dynamics
and disturbances

Stable unmodeled
dynamics

WDD tracking:
boundedness for zero
disturbance and
attenuation for g € £,

The specific contributions are summarized as follows.

(1) Compared with the existing unmodeled dynamic methods for nonlinear

systems [35,38,41,42], this paper employs a series of inequalities and approximates the
unmodeled dynamics.

(2) By utilizing an adaptive backstepping control strategy and a series of inequalities,
a WDD controller is designed. In [35,38,41,42], the system states are bounded. In this paper,
the boundedness of system states are guaranteed for the case of zero disturbance. The
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influence of the disturbances on the system output is weakened to a certain degree for the
case of disturbances belonging to £, norm.

(3) Taking the displacement error of the trolley in a tower crane system as unmod-
eled dynamics, the adaptive backstepping PT controllers are tested on a 2 degree-of-
freedom (DOF) manipulator, which is a simpified mechanical system of a tower crane
experiment platform.

The remainder of this article is organized as follows. Section 2 focused on the problem
formulation and preliminaries. Section 3 is devoted to the WDD controller design process.
Simulation results are given in Section 4. Finally, the conclusion and future plan are
provided in Section 5.

2. Problem Formulation and Preliminaries

Consider the following strict-feedback nonlinear system described by

o(t) = ple)

%i(t) = gi(%i)xi1 + 0T (1) i (%i) + Ai(Xn, 0,t) + 57 (%i)q
X () = gn(En)u 4 0T (£)pn (%) + An(Xn, 0, 1) + 55 (Xn)q,
y(t) = x1 ()

in which %; = [x1(¢),...%(t)]"(i=1,...,n) € R is composed of the measured states, ¢ is
the unmeasured unmodeled dynamics states, g;(%;) is the known smooth function with
gi(%;) # 0,6 € R! is the unknown constant vector, ¢;(%;) € R! denotes the known smooth
function with ¢;(0) = 0, A;(-) depicts dynamic disturbance, s} (¥;) € R1*" represents a
known smooth function with sT(0) = 0, r is a positive integer, ¢ € R” is an unknown
disturbance input, and u € R and y(t) € R are the system input and output, respectively.
A;(+) and B(-) are continuous Lipschitz functions.

Assumption 1. The dynamic disturbance function A;(-) satisfies

|8i(Zn, 0, 1) < T (1%:]) + Fptpia(fe]) 2

where 8}, and 9%, are unknown positive constants, and ;1 (-) and p;(-) are known nonnegative
smooth functions satisfying that (;>(0) = 0.

Assumption 2. There exists a continuous differentiable function V(o) for 6 = B(0),

21(lo]) < Vie) < az(]el) )
12(0) < —cV (o)
where a1 and wy are class Keo-functions, ¢ > 0 is a constant.
The second inequality of (3) implies that
V(e(t)) < —cV(e()) @)
which is equivalent to
V(e(t)) < D(to, ) (5)

with D(tg, t) = e~ <(t=0)V (o(tp)).

Assumption 3. g(f) € £5[0,00], t € (0,00).
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Lemma 1 ([46]). The following inequality is true
2
x.
lxill < sz\l +0i(t) (6)
%1 + o (£)

with o;(t) being arbitrary positive functions.

Definition 1. The definition of weak disturbance decoupling tracking control is to construct a
controller u(x,) with u(0) = 0 such that the following two features can be satisfied with T > 0
being an arbitrary finite operation horizon (task duration).

(1) When q(t) = 0, y(t) and x;(t),i = 2,3,...,n are bounded for any t € [0, T].

(2) The following inequality holds

[ ly(0) = va(@) e < 4 [ la(ollar +e )

under zero initial conditions, when q(t) € L,, where 4 > 0and 0 < & < oo are constants.

3. Controller Design and Main Results

Using an adaptive backstepping technique, the design of a WDD controller for non-
linear systems for unmodeled dynamics and disturbances includes n steps. The key state
transformation is introduced as follows

z1 = xl_yd

Z]‘ = x]‘—txj',l (8)

where y; is the reference signal, a; 1 is the virtual controller, 0 is the estimation of 8 with
0=0—10,0" =max{07,9},,...,0%,0,,}, and ¥ is the estimation of 8* with § = ¢* — 9.

7Yl ¥n2

Step 1: Based on z; = x1 — y; and (1), it can be obtained that

Z1 = X1— Y4
= @0+ 0TP1+ A1 +519— V4
= izt g1+ 071+ A +519— Ya )

Consider the following Lyapunov function candidate

1o Loz, 1 5
Vi= ozl + 0T 0+ b (10)

where I' and A are positive constants.
By utilizing Assumption 1, V; yields

Vl = Zz1Z1 — 5TF’1(§ - %l?’(&

§d (11)

. U |
= (glzz + g101 + 9T¢1 —yd) +z1M +2151Tq —0Tr19 — n

In view of Assumption 2, 41 is a Keo-function and a; lisan increasing function. Define
P12 {zx{l(D(to, t))} =1{ypo (vcfl (D(to, t))) Combining (3) with (5), it can be deduced that

pua(lel) < yiz|ay ' (D(to, 1)) (12)
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Based on Assumption 1, z1Aq in (11) is estimated by

z101 O111z1 11 (Jx1]) + O1alz112(]el)

<
< Ozl (|x]) + 0 |z1[912(]e]) (13)

According to (12), (13) can be further deduced as

2141

IN

#larl (4 al) + | (47 (Do) ])
= 19*|Zl|1,z71 (14)

where i1 = g1 (|x1]) + g1z [ (D(to, 1))
With Lemma 1 and (14), z1 A is estimated by

7101 < 19*211[31 + 0oy (t) (15)

where ; = JlTL with 7 () chosen as an arbitrary positive function that satisfies (6).
51 1

With Young’s inequality, it has

zislg < sl + 5-qTy (16)

where a7 > 0 is a constant.
By substituting (15) and (16) into (11) yields

: 4 o
i < =z (8122 +gua1 + 67y + izls{ﬂ + "¢ — ]/d> + 00 + ﬁqTq

4T 19— — 58

==

" a A .
= 219122 + §141 + 9T¢1 + izls{sl +0¢P — Y+ Yo + ﬁqTq

- A 1 A A
LT (nglzl - 9) + A19</\1,b121 - 19) (17)
Introduce the first virtual control a; as
01 = 4 (—kyzy — Oy — By — MzysTs + 1 (18)
1= 121 — 01 — 0y 2y F15151 Yd

with k; > 0 being a design parameter.
Invoking (18) into (17), V; is presented as

. ~ 1
Vi < *k1z% + 218122 + oTr—1 (Ffplzl — 9) Aﬂ()\lplzl ) + %o + 2’)/ q 49

~ A 1
= —k12% +z18120 + oTr—1 (Tl — 9) @01 — ) + quq + Dy (19)
1

where 77 = 1"47121, w1 = )\1/3121, D, = 19*(71(t).
Stepj (j=2,---,n—1): The derivative of &; 1 can be expressed as

ou; R i on;
j—1 9%5-1 j—1 9%j-1 j—1 j—1 9%j—1 T
— T D e D S e D S
. 80('_ . aﬂé‘_ 80(-_ . 8“4_ .
j—1 981 (i+1) j—1 =14 i—13 2
Zi:O ayg) Ya ot + 90 0+ 98 4 (20)
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According to the coordinate transformation (8) and (20), z; can be presented as
Zj = X
= 8zt &+0 g+ A+ qg—ij 4

8 1)

= g]z]+1+g]rx]+9 @i + A +5; q+P—% —

o0 o0
where
Q= 2] 1agx 0"
o]
i, A
Eo= Z] 130c] L ZJ 1an 1 z+1) 303;1

Select the jth Lyapunov function candidate

1,
V V —
1+2

and V; is given by
. i1 e A 1~ A
V]' < - 25:1 kl'ZZ2 +6Tr! (Tj—l — 9) + /\19(6’0]‘_1 — 19) + D]‘_1 +zi8j-12Zj-1
on; azx A
Zz 2 % l" : (T] 1= 9> Zz 2 % —5 : (‘D] 1= ﬂ)

- aﬂé‘,l A
+Zj (ngj+1 + 8itj + GTCI)j + A]‘ + S]Tq + F]‘) —zj L

ou; -1

j—13 YT

—z; d+Y —q'q (22)
J 819 i=1 zai

By utilizing Assumption 1, it can be obtained that

28]

IN

27118 + 21| i
=i (# (15) o + X

a
! 19zawzz<|e|>)

1] _
i (%))

IA

Xi

_|_

i=1

ax

With Assumption 2 and (12), it can be deduced that

|24

IN

=6 (9 (D) + 92 [0 (O, )] + T3 S5 a1

ag‘;il i [all(D(to,t»D

= 0z9 (23)

j—1

+ i=1

where
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- _ _ 1
G = wn(l5]) +p e (Do, )] + ) |5 |wa (1)
duj_
1
+ X0 Pl (D <to,t>>] 4)
|2jAj| < & zjh; + 07 0y(t) (25)
P2
where 1/3]‘ = % with 0;(t) selected as an arbitrary positive function that satisfies (6).
i

Utilizing Young’s inequality, we have
sTq < 7zsts + 'quq (26)
261]'

where a; > 0is a constant.
By subtituting (23) and (26), V] is reformulated as

. A 1~ A J v
vV, < Z kiz? + 07T~ (17_1—9>+A19<@j—1—19>+Dj_1+;2aiqTq
1=
o ou A X
+Y05 lAl(T] 19) Y 31(@]‘119)“90]‘“]'8]‘2]‘“
a&t',lk aOC] 1 A

T * 1 ]
+Zj<gjlzjl +g]‘06]'+9 CDj+l9 l/J]‘-i-F]'—Z]' 2 0 — zZj ¥

i - A 1~ A 8 _ A
= Y k24T (r]- - 9) + Aﬂ(w]-_l — 19> +Dj+Y ), zi—"gé ! (rj - 9>
ox; A *
+Zl —pZi ZA ! <(Dj — l9> + 9 oj + Zi8jZj+1 +Zj (gj—lzj—l +gj0‘j)

+Zj<( Z] 180‘1 1 >CI) +(19 )‘Z 9‘1 1 )1’0] STS'

du;_ o
s it D s YT
h- 2 %8 “’f) i; 20,7 4 @7

19—1——2 5T5>

where 7; = 7,1 + [Djz;, @; = @ 1+A1p]]

The virtual control law «; are defined by

1 jlatxll ]180411
o = (e (FoTER e e - (- DS Tt )

ow; on;
4 oTe T -1 =1 .
—Ezjsj Si—F+—5 T+t =3 w]) (28)

Substituting (28) into (27) leads to
. i o X 1~ ~
Vi < =Y kizi4zigiziq +6T7 (T]- - 9) +Dj+ Aﬂ(wj - 19)
j alxi,l 9 19 / YT
2% s \ T +Ezz 5@ -0+
a0 1

where D; = D;_1 + 8*0j(t).
Step n: z; can be expressed as
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Zn

where

o

Sn

Ey

Xp — Qp—1

gnl + 9T¢n + Ay + Sz;q — 01

- ou Ju

= g+ 070+ A, +Sig+F - Lo 8’19119

n—1 0w -1
= A=) a'; Ai

1 80( 1

= ‘PW*Z‘: 1 — ¢l

1 aoc _
= S”_Z?:l ar;c 1si
_ n— 1306;1 1 n-100,1 (i+1) Ofy_1
= — )i g, N~ Y A0 Ya — 5

Ya

Define a Lyapunov function candidate V;, as

1
Vi=V,_1+ Ezﬁ

and V,, can be deduced that

Vi < _2;:11
H (- 0) + )

_ ) 0
+zn<gnu+9T<I>n+An+SZq 03’919— Tl )+22 q'q
Similar to the step j, zn5n| becomes
X n—1 alxn 1
|znBn| < |Zn‘|An|+|Zn|Z |A]
n—1 alxn 1| g%
< zal { Opapm (1%a]) + Onoa(lel) + ) ) S (|%])
—1| 00y —1 %
+Y a;, l9i24’z‘2(@|)>
1
* = 1 alX
<t (15D + a7 010, 1)] + 1 12522 )
- Pt g o (00 0)])
= zyPy < Oz + 00 (t)
where
- _ 1 atx
Py, = lpn1(|xn|)+lpn2[‘x1 tO/ }"‘Zn -l 1P11(|x1|)
1 80(
+ 100 [Tyt wa e (DG, 0)]
~ zntl;n . .
Py = Y ox e with 0y, (t) satisfying Lemma 1.

(29)

(30)

~ A 1< A
kl'Zl2 + oTr—1! (Tnl - 6) + )Ll9<(Dnl - 19) +Dy_1+zugn—1Zn-1

8 A
D‘zl(con1 19)

(31)

(32)
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Utilizing Young’s inequality, we have
z,SIq < a—”ZZSTSn + L'quq (33)
=y 2a,
where 4; > 0 is a constant.
Substituting (32) and (33) into (31), V, is presented as
. A 1~ A
Vi < — Z k Z + 67T (Tnl — 9) + Aﬁ(@nl — l9> +Dy_1 + zZu8n—1Zn—-1
8 9
+Z i 1<Tn - )+Zn 1 o 1(@71 - 19)_'_19*(7”
Yz (u 0Ty + O G + 202, ST, 4 By — D1 O @)
2y 00 o104
+ Z 1 2a; q 1
— o o A
= _Zle kiz? 4 0'T 1(Tn_6) + Al‘}(wn—ﬂ) +D,_ 1+21 'z 8191 (Tn —9)
" noo_on_q A
4+ 0, + 21‘:2 ZiW (con - 19> +zu(gn_12n—1 + u+
n—1 aﬂcl 1, n—1 aﬂéz 1, T
2 O, + (- AZ i e+ an Sn
alxn—l a"‘n—l > YT
+F - ——Oy————Tn | + ) — 34
n Y n 30 n l; Zaiq q (34)

where 7, = 1,1 + I'®, 2y, ©, = @,,_1 + )\lﬁnzn.

Define the control law u, and the adaptive laws fand & as

1 804,1 E)uc,l
u = —|—9,- 1241 —knzn —Fn 4+ ——1, + ——®
gn<gnlnl nZn n Y, n Y n

« —100;_ a
_ <9T Ty alélzi>q>n - ﬁzns,{sn
~(0-2 s 5t ) 5)

Tn (36)
@y (37)

< D
([

From (35)-(37), V, gives
n
Ve, < — Z?:l k,'z,2 + D, 1+ 0, + Z %qTq
i=1 <4
=Y kizi + D+ kirqg (38)

n
where Dy = D1 + 8"0u(t), 7 = & L 5=

Theorem 1. Consider system (1) under Assumptions 1-3. Let T > 0 be an arbitrary finite
operation horizon (task duration). If the control law u (35) and the adaptive laws (36), and (37) are
applied, then the following properties hold for all t € (0, T|:

(1) y(t) and x;(t), i = 2,3,...,n, are bounded when q(t) = 0.

(2) If q(t) € Ly, under zero initial conditions, then the following inequality.
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holds for 0 < & < oo,

/ ly(=

~ya(Ollar < [ la(o) v +e 39)

Remark 1. It is worth noting that the constant T in Theorem 1 specifies the range of time, during
which the properties in Theorem 1 are true and this T is different from that for fixed-time control

in [47,48].

Proof. It can be easily verified that (38) can be rewritten as

Integrating (40) gives

where ¢ = l] fot Dy(t)dT.

which means that (39) holds.

Vu(t) < V4(0) —

Vi < —ki73 + Da(t) + k179" (40)
't t
Va(z(t)) = V(2(0)) < —kl/o Z%(T)dT+k1€+k1’7/0 q" (T)g(t)dT (41)
The inequality (41) can be further simplified as
t t
0 < Vu(z(t)) < —kl/0 Z%(T)dT—l—kﬁ—l—kl’?/O g7 (7)q(7)dt (42)
When g(t) = 0, integrating (38) gives
n t t t
Z/ kizl«z(r)dr—l-/ Dy (7)dt < V,(0) —i—/ Dy(7)dt < 00 (43)
= /0 0 0

Based on (43), we have

i/ot kiz? (T)dT < =Vi(t) + Vi (0) + /Ot Dy (t)dT < Vi (0) +/Ot Du(T)dT < o0 (44)

From (30), (43) and (44), the uniform boundedness of z;, # and & can be guaranteed.
With the aid of (18), the following inequality can be obtained

X

IN

A A A a )
—kiz1 — 01 — 0Py — izlsfsl + Y4

2
A 21 ay .
197% — —z15Ts1 + 14

T 2
VAag +of 7

A A a
kilzi| + |0]1¢1] + [9||11 (|21 ])] + §|Z1|51T51

—kyz1 — é4’1 -

+ |81z [ (D(to, 1) | + 13l (45)

From Assumptions 1-2, 11, $12 o a7 ' (D(to, t)) and s1 are continuous functions, to-

gether with the boundedness of z; and y,, it can be verified that &; is bounded. With

|x2| < |z2| + |1], the boundedness of x; can be obtained. From z; = x, + 6T¢; + A1 +sTg,

it can be proved that z; is bounded. Similarly, the uniform continuity of x; is ensured by
the boundedness of «; (28).
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Thus, the WDD issue of a nonlinear system (1) can be handled by the actual controller
u (35), adaptive laws (36) and (37). Simultaneously, the tracking performance of y is
achieved. [

Algorithm 1 outlines the proposed adaptive backstepping WDD controller design
procedure, which is as follows.

Algorithm 1. Algorithmic outline of the proposed adaptive backstepping WDD
controller design procedure

Given: design parameters k; > 0,4; >0,I' >0,A >0,y >0,0; >0 (i=1,...,n).
Measure: states xq, ..., x;; generate: y; and derivatives yy, . . ., yfin).
Initialize: 6(0), 8(0); set Ty = 0, @y = 0.

Step 1:

Compute z1 = x1 — y,.

Compute ¢ and P according to the definitions used in (14) and (15).
Estimate inequality term slT g in (16).

Compute the first virtual control #; (18), and set zo = xp — ;.
Update 71 = ['¢p1z1 and @1 = A z;.

Stepj=2ton—1:

Compute 1,Ej and gifj according to (24) and (25).

Estimate inequality term szq in (26).

Compute a; (28) and set zj ;1 = Xj 11 — &;.

Update 7, = 7,1 + T'®;z; and @; = @; 1 + Alﬁjzj.

Step n:

Compute the actual control input u (35).

Estimate inequality term s! g in (33).

Update adaptive laws: 0=m, (36) and 8=, (37).

4. Simulation Results

Consider a nonlinear system with unmodeled dynamics and disturbances as follows

0=-2¢

X1 =X+ GTx% + ox1sinx; +¢q
Xo=u+0Txxp + 0xX1X2 +¢q
y=x1

(46)

where 6 is the unknown parameter with the true value —0.15. To verify the effectiveness of
the proposed WDD method, the disturbance g = 0.2 sin(t)e~%! is added at 20s. The control
goal is to develop an adaptive backstepping controller, so that y can track the reference
trajectory y; = 0.05sin(t) well.

To satisfy Assumption 2 for system (46), we choose V(g) = 0. Then, it can be verified
that V(o) < —40%.

Based on Assumption 1, it can be verified that 11 (x1) = §x2sin?(x1), ¢21(x1, x2) =
1x2x3, 912(0) = ¢2(0) = 0% Then, we choose a1 (0) = 0.50%, a2(0) = 20>

In the simulation, choose k1 = kp = 10, a; = a, = 0.1, T = 100, and A = 100. In order
to observe the effect of the controller on disturbance decoupling, -y is selected to 1, 0.5 and
0.05, respectively. Initialize the controlled plant as [x1(0), x2(0), 8, 9] T= [0.1,0.1,0,0].

Remark 2. The gains (e.g., A) are tuning parameters of the controller/adaptation dynamics. Larger
values typically yield faster transients and stronger attenuation, but overly large gains may increase
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control effort and noise sensitivity, and may trigger actuator saturation or excite unmodeled
dynamics. Hence, these gains should be selected by balancing performance and practical constraints
(actuator bounds, sampling rate, and noise level).

Figures 1-5 demonstrate the simulation results. Figure 1 shows the system output
x1 and the reference signal y;. It can be verified that the system output x; tracks the
reference signal y; well even though the disturbance g is added at t = 20s. Figure 2
shows the tracking error of x;. It can be seen that the tracking error converge to zero
when g = 0. Figure 3 shows the trajectory of state x,. The control input u is displayed in
Figure 4. When the parameter y decreases, the disturbance decoupling effect of the output
x1 becomes better, the initial value of the control input u goes to larger and the amplitude
of u tends to smaller. From Figures 5 and 6, it can be observed that the curve § and ¢ are
bounded. It is verified that the WDD controller succeeds in attenuating the influence of the
disturbance on the output for the nonlinear with unmodeled dynamics. Simultaneously,
the WDD controller guarantees that the tracking performance of system output under
zero disturbance.

0.12 T T T T
0.055

z1(y=1)
z1(y=0.5) ||
z1(y=0.05)
s U

0.05

0.045
198 20 202 204 20.6 208

-0.02

-0.04

_0.06 . . . .
0 10 20 30 40 50

Time(sec)

Figure 1. Output signals x and reference signal y;.

i0E:
z1(v=1)
6 ——— z1(y=0.5)
0.1 —— z1(y=0.05) | A
4
0.08 b
2
0.06 0 J
20 20.2 20.4 206 208
0.04 4
0.02 b
0 L 4W/\’_\_
-0.02 ; : . :
0 10 20 30 40 50

Time(Sec)

Figure 2. Tracking errors z;.
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Figure 3. State variables x;.
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Figure 4. Control inputs u.
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Figure 6. Adaptive parameters p.

5. Experiments Results on Manipulator System

In this subsection, the proposed method is applied to the 2-DOF manipulator (Nanjing
Qiaodong Technology Co., Ltd., Nanjing, China), which is actually an overhead crane
with payload swing angles and their derivatives being set to zero and rope length being
considered as a constant, as shown in Figure 7. In this setup, the actuator torque is taken
as the control input 1, whereas the trolley dynamics driven by F; is treated as unmodeled
internal dynamics g.

Servo motor

Trolley Jib

Figure 7. Experiment platform.

The trolley displacement and the jib slew angle are measured by incremental encoders.
Specifically, the trolley position is measured using an encoder with a resolution of 550 pulses
per revolution (PPR), while the jib slew angle is measured using a 1024 PPR encoder
(K14-abz-1024ppr, Taiwan Karamay Technology Co., Ltd., 402 Shiji Road, Xitun District,
Taichung, Taiwan, China). The power interface unit amplifies the command signal from the
PC to the DC motor and converts the encoder pulse outputs into 16-bit digital data readable
by the PC. The PC communicates with the power interface unit via an RT-DAC/PCI
multifunction digital I/O board. The Xilinx device on the RT-DAC/PCI board (Nanjing
Qiaodong Technology Co., Ltd., Nanjing, China) is programmed to implement encoder
signal acquisition and to generate pulse-width modulation (PWM) waveforms for driving
the DC motor. The control algorithm is executed in MATLAB/Simulink R2020b Real-Time
Windows Target with a sampling period of T; = 10 ms (100 Hz).
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To this end, the following dynamic model for the 2 DOF manipulator can be easily
obtained from the model of a 4 DOF overhead crane in [49] by setting payload swing angles
(61 and 6,) and their derivatives (61, 6>, 6; and 6,) to zero.

M (if = 1¢?) + i

(J+ M)+ @My +d)§ = Tp+q (48)

F, (47)

where ¢ is the jib slew angle, 7 is the trolley translation displacement, g is the disturbance
of the jib slew angle, M = 1.852 kg is the trolley mass, ] = 1.532kg m? is the moment of
inertia, and d; = 0.1 and dp = 0.1 are the friction coefficients of the trolley and jib.

The dynamics for the trolley with the nonlinear backstepping controller
F, = —M((l +E&)or + (&1 + E2)or + 1P — iy — ydq) is considered as the unmodeled
dynamics ¢ = [01,02]" in (1), where B = Ag, 01 = 7 — Ya, 02 = 1 —Ya,, 61 = 2 and
0 1
—1-881 —(81+62)
straightforward to verify that V < —¢; 07 — &2(02 + £101)* < —cV with ¢ = 2min{¢, &},
which implies that Assumption 2 is true.

It can be seen from (48) that ¢ = T &”2 T — 2?/-1;71\’74;?2
1

J+My?
the trolley. Therefore, in order to make the control coefficient independent of o1, (48) is

& =10 with A = . By defining V = 102 + 1 (02 + ¢101)%, itiis

¢+ i +1b1’72 g, from which one

can tell that the control coefficient depends on the displacement 77 = ¢1 + v, of

linearized at the pointy =77, = —0.485m, 77 = 0and 7j = O as

1 4 1
=T T T T

(49)

Set x1 = ¢ —y4, and X, = ¢ — Yd,- It can be easily checked that x = [x1, x2]"
satisfies (1) with g1 =1, $» = m, 1 =0,¢ = —H_lTﬂgJCz, 0=d), A1 =M, =0,51=0,

and sy = which implies that Assumption 1 is satisfied.

_1
J+Myz’
The reference trajectories y,, and y,, are selected as

ya, = Aysin(27fy(t—+t)) +no (50)
Ya, = A(psil‘l(ZTL’f(p(t—fl)) (51)

with Ay, = —0.2, Ap = 25, f;, = 35, fp = 75, and 179 = —0.47.
The controller parameters for the proposed controller are chosen as ky = ky = 1. The
adaptive parameter I' = 0.1. In addition, a, = 1, 7 = 0.2. The disturbance

(-05(t-10)) 10 < t < 15
/- { e 52)

-1, 25 <t <27

is added to the control input. To demonstrate the effectiveness of the proposed UD-WDD
method, it is compared with UD and PD controllers.

UD controllers for (47) and (48) by using the design method in [50] are designed
as follows:
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o dr,
B = —M<(§1 +82)e2+ (1+ &id2)or + 177 — S0 — yd,7>
ap = —kiz1+ya
p— 1 AT
Ty = 5(—g121—k222—1:2_9 (I)2>
é = F(D222
where F, = —g%xz — g% 14 — g%yff) and ®; = ¢».

PD controllers for (47) and (48) by using the design method in [51] are developed
as follows:

Ey M (KPW 01+ Kyy Qz) , (53)

(7 + M32) (Kppr + Kagpr) (54)

Tp

where Ky = —(1+&182), Kd171 = —(&1+ &), Kpp =1+ k1k; and Kd‘P = k1 + k.

The output signals ¢ and the tracking errors ¢ — y,, are shown in Figures 8 and 9.
It can be seen that the tracking error with the proposed UD-WDD method subject to
unmodeled dynamics is smaller than other methods. In addition, the proposed control
method shows superior disturbance attenuation ability compared to that of the UD control
method and the PD control method. Figure 10 shows the control signals 7 of the three
methods, all of which are within a reasonable range.

40 T T T

30 - 1\ 30 g3

¢ (deg)

Time (sec)

Figure 8. The state ¢.

To objectively evaluate the tracking performance of different controllers, we compute
three standard performance indices for the tracking error e(t) = ¢(t) — y, , (), including
the integral of absolute error (IAE), the integral of squared error (ISE), and the maximum
absolute tracking error emax. The calculated indices based on the experimental data are
summarized in Table 2, which provides an objective comparison among the proposed UD-
WDD controller, the UD controller, and the PD controller. To quantify this phenomenon,
we further report the variance of the tracking error, Var(e) (see Table 2).
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UD-WDD

Time (sec)
Figure 9. The tracking error ¢ — yg,.
The results in Table 2 show that the proposed UD-WDD controller achieves the
smallest ISE, IAE, and maximum absolute tracking error, which objectively demonstrates

its superiority in tracking and disturbance attenuation compared to UD and PD controllers.
The performance indices are defined as

T T
IAE = [ Je(t)|dt,1SE = [ ¢3(t) dt,emax = max Je(t)] (55)
0 0 te[0,T]

For sampled experimental data with sampling period T;, the integrals are approximated by

N N 1 N
IAE~ T, Y_ |e[K]| ISE ~ T; }_ *[k], Var(e) = N1 Y (elk] —e)? (56)
k=1 k=1 T k=1

where ¢ denotes the sample means.
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Figure 10. The controller Tp.
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Table 2. Quantitative evaluation of tracking performance and noise sensitivity in the manipulator

experiment.
Controller ~ IAE (degs) ISE (deg?-s) emax (deg) Var(ey) (deg?)
UD-WDD 38.3181 6.9259 0.8155 0.0858
UD 97.8486 280.1124 8.8416 3.3943
PD 92.9997 361.5718 13.5740 4.4392

6. Conclusions

An adaptive backstepping WDD control problem was studied for uncertain strict-
feedback systems with unmodeled dynamics. By constructing Lyapunov functions, a WDD
controller has been designed and the WDD control tracking performance can be guaranteed.
The influence of the disturbances on the system output can be attenuated to a certain degree
when disturbance belong to L, norm. Furthermore, the tracking performance of system
output can be ensured in the case of zero disturbance. The stability analysis, simulation and
experiment example show the effectiveness of the proposed WDD controller. Future work
will extend the proposed WDD tracking framework to finite-time and fixed-time designs.
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