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Abstract: This paper presents a targeted study on the dynamic stress concentration (DSC)
in piezoelectric materials induced by SH waves, focusing on the impact of elliptical open-
ings. By using the elliptic cylindrical coordinate system and Mathieu functions, the wave
fields are decomposed into functional series. Through the establishment of a set of infinite
equations with mode coefficients based on the boundary conditions, the distribution of the
dynamic stress concentration coefficient is visualized via numerical simulation. Further-
more, the impact of incident wave frequency, incident angle, and elliptic eccentricity on the
stress concentration coefficient is analyzed. The results demonstrate a strong correlation
between these parameters and the dynamic stress concentration coefficient. These findings
hold significant implications for enhancing the strength and fatigue life of piezo-electric
materials, as well as for selecting appropriate nondestructive testing methods.

Keywords: piezoelectric material; SH wave; Mathieu function; dynamic stress concentration;
mode coefficient; elliptical opening

1. Introduction
In modern engineering technology, piezoelectric materials play a crucial role in a

variety of applications, such as sensors, actuators, energy collectors, and micromotors [1–6].
Piezoelectric materials are often employed in conjunction with other materials, and the
mechanical behavior of their interface defects plays a critical role in the overall structural
performance, particularly in the presence of weak interfaces. However, when subjected
to shear horizontal (SH) waves, these materials can exhibit dynamic stress concentration
(DSC) around elliptical openings, leading to performance degradation and failure. This
issue is particularly prevalent in precision instruments and medical equipment, where
reliability is paramount.

Extensive research has been conducted to investigate the dynamic stress concentra-
tion problem in piezoelectric materials. Previous studies have addressed various defects
in different types of piezoelectric media, such as double circular openings [7], rigid re-
movable cylindrical inclusions [8], spherical inclusions [9], and cracks [10]. To gain a more
accurate understanding of how these defects influence wave propagation, scholars have
employed diverse methodologies, including complex variable functions [11], conformal
mappings [12], and Green functions. Notably, the investigation of dynamic stress concen-
tration in non-circular openings subjected to SH waves has emerged as a complex and
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intriguing topic [13]. The presence of such non-circular openings can cause stress to concen-
trate around them, thereby affecting the overall material properties. Furthermore, extensive
research has been conducted on the dynamic analysis of elliptical cavities subjected to
shear horizontal waves. Qi et al. [14] developed a semi-analytical method to analyze the
anti-plane dynamics of piezoelectric materials containing elliptical cavities, emphasizing
the significance of large axial ratios, wavelet numbers, and large piezoelectric characteristic
parameters. Song et al. [15] calculated the dynamic stress concentration coefficient (DSCC)
for a transverse-isotropic piezoelectric binary containing symmetric radial cracks near
the edge of a non-circular cavity, considering the effect of dynamic incident anti-plane
shear. The elliptic cavity model was numerically studied using a Fortran program, and
the results were compared to clarify the influence on DSCC under appropriate condi-
tions. In addition to the aforementioned studies, other research has focused on different
types of defects in piezoelectric materials. For instance, the dynamic performance analysis
of interface cracks near eccentric elliptical openings subjected to incident SH waves has
been investigated [16–19]. These cracks can cause stress concentration around them, thus
affecting the overall material properties.

Additionally, the scattering effect and dynamic stress concentration of SH waves
near elliptical openings have been extensively studied [20]. These studies have provided
valuable insights into the design and manufacturing of piezoelectric materials. Understand-
ing the scattering effect of SH waves near elliptical openings enables the development of
piezoelectric materials with superior performance. Moreover, the problems of elastic wave
scattering and dynamic stress concentration in piezoelectric media with multiple openings
have also been thoroughly investigated [21]. These studies have provided valuable knowl-
edge for designing and manufacturing piezoelectric materials containing multiple openings.
Recent research has also explored the scattering of electroelastic coupled waves and dy-
namic stress concentration in piezoelectric ceramics with regular N-sided openings [22].
These studies offer a theoretical basis for designing and manufacturing piezoelectric ma-
terials with openings of different shapes. Furthermore, piezoelectric solids with elliptical
wraps or openings have been studied [23]. In infinite piezoelectric material strips, the
scattering of SH-guided waves caused by circular wraps has also garnered attention [24].

Our study addresses this critical problem by employing Mathieu functions [25] to
analyze the DSC in piezoelectric materials with elliptical openings, offering a novel and
effective solution. The calculation of SH wave stress coefficients in piezoelectric materials
with elliptical openings, based on the Mathieu functions, represents an important and
challenging research area. To study this field in more depth and understand the underlying
mechanisms, employing the Mathieu functions for analysis proves to be an effective method.
By combining the Mathieu functions and the wave function expansion method, this paper
aims to study the scattering characteristics and dynamic stress concentration of SH waves
in piezoelectric materials with elliptical openings more accurately. The findings of this
study can provide further knowledge and guidance for the design and manufacturing of
piezoelectric materials.

2. Governing Equation for Full-Plane Piezoelectric Materials
An elliptic cylindrical coordinate system (ξ, η, z) is established in an infinite piezo-

electric material, in which ξ and η are variables of the curvilinear coordinates [26,27]. The
origin O is located at the center of the ellipse, as shown in Figure 1. The direction of z,
perpendicular to the paper and facing outward, represents the direction of polarization.
The elliptic opening has a long axis length of 2a, which is aligned with the x-axis, and a
short axis length of 2b, which is aligned with the y-axis. The focal length is 2h, and the
plane SH wave is incident at an angle α0.
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Figure 1. A full-plane piezoelectric material model with an elliptical opening subjected to SH wave. 
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For the steady-state elastic field and potential field under periodic loading, the field
variables can be expressed in a separated form of a time-harmonic factor and a spatial
variable with the result is

L∗(ξ, η, t) = L(ξ, η)e−iωt (1)

where L* represents a complex function, where either its real or imaginary part can be a
solution to the problem. The spatial function L is the primary focus of this paper, and the
time-harmonic factor e−iωt can be disregarded in the subsequent analysis.

As depicted in Figure 1, in the elliptic cylindrical coordinate system, the anti-plane
shear wave propagates at an angle of α0 with respect to the x-axis. Neglecting the influence
of body force, the dynamic governing equation by the elastic field and the electric potential
can be expressed as 

1
h2

1

[
∂

∂ξ

(
h1τξz

)
+ ∂

∂η

(
h1τηz

)]
= ρ ∂2w

∂t2

1
h2

1

[
∂

∂ξ

(
h1Dξ

)
+ ∂

∂η

(
h1Dη

)]
= 0

(2)

where h1 = h
√

cosh2 ξ − cos2 η, τξz, and τηz represent the radial and tangential shear
stresses, respectively. Dξ and Dη denote the radial and tangential electrical displacements,
respectively. The displacement in the z-axis direction is represented by w.

The piezoelectric equation under the action of an SH wave can be expressed as follows:

τξz =
1
h1

(
cE

44
∂w
∂ξ + e15

∂φ
∂ξ

)
τηz =

1
h1

(
cE

44
∂w
∂η + e15

∂φ
∂η

)
Dξ = 1

h1

(
e15

∂w
∂ξ − εS

11
∂φ
∂ξ

)
Dη = 1

h1

(
e15

∂w
∂η − εS

11
∂φ
∂η

) (3)

where cE
44, e15, and εS

11 represent the short-circuit elastic constant, the piezoelectric stress
constant, and the clamping dielectric constant, respectively. φ denotes the electric potential.

By substituting Equation (3) into Equation (2), we can obtain{
cE

44∇2w + e15∇2 φ = ρ ∂2w
∂t2

e15∇2w − εS
11∇2 φ = 0

(4)

where ∇2 = (∂2/∂ξ2 + ∂2/∂η2)/h2
1 is the transverse Laplacian operator in the elliptic cylin-

drical coordinate system, and ρ represents the mass density.
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Constructs the following expression as

εS
11 φ = e15w + Φ. (5)

Substituting the above into Equation (4) can be obtained as{
∇2w = 1

c2
s

∂2w
∂t2

∇2Φ = 0
(6)

where cs =
√

c∗/ρ represents the wave velocity of the shear wave and c∗ = cE
44 +

e2
15

εS
11

.

Through the aforementioned analysis, the original dynamic control Equation (2) is
transformed into Equation (6). By obtaining the specific expressions of the displacement
function w and the constructor function Φ, the solution for stress and electric displacement
in the piezoelectric Equation (3) can be obtained using Equation (5). Considering the
steady-state solution of this problem, the separate variable form of the elastic field can be
expressed as follows:

w = w0We−iωt (7)

where the constant w0 represents the amplitude of the steady-state wave, and ω denotes
the circular frequency of the elastic wave field.

By substituting it into the first equation of Equation (6), we attain an equation solely
dependent on the spatial function with the result is

∇2W + k2W = 0 (8)

where k = ω/cs represents the wave number.
In the elliptic cylindrical coordinate system, the solution is the formula in the series

summation form of the angular Mathieu function and the radial Mathieu function [25]. As
long as the boundary conditions are given, the expression of the displacement function w
can be obtained by Equation (7).

The second formula of Equation (6) can be solved by separating the variables. Let its
separated variable form be

Φ = Ξ(ξ)H(η)e−iωt (9)

Hence, the second equation of Equation (6) reduces the second-order partial differ-
ential equation to two second-order ordinary differential equations. By analyzing the
problem of definite solutions of ordinary differential equations, the general solution can be
determined as {

Ξ(ξ) = Aeλξ + Be−λξ

H(η) = C sin λη + D cos λη
, (10)

where the constants A, B, C and D need to be determined based on boundary conditions.
According to the natural periodic boundary conditions H(η + 2π) = H(η), we can

derive λ = 0, 1, 2, · · · . To conform to writing conventions, let λ = n. The eigen solution of
the constructor function Φ is constructed as a linear combination of the radial function Ξ(ξ)
and the angular function H(η)

Φ(ξ, η) = 2w0

∞

∑
n=0

(
Anenξ + Bne−nξ

)
(Cn cos nη + Dn sin nη), (11)

where An, Bn, Cn, and Dn are mode coefficients. The constant 2w0 is added to match the
scattered wave coefficient.
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3. The Solution to the Field Function
In the elliptic cylindrical coordinate system, the incident elastic wave field can be

set as
wi = w0eik(x cos α0+y sin α0)−iωt

= w0eikh(cosh ξ cos η cos α0+sinhξ sin η sin α0)−iωt (12)

where an is the harmonic amplitude coefficient, ω0 = π/T is the fundamental frequency,
and t is the wave field response time.

The potential field generated by the incident wave can be constructed as

εS
11 φi = e15wi. (13)

By neglecting the time-harmonic factor e−iωt, Equations (12) and (13) can be expanded
into a series using the Mathieu functions

wi = w0eikh(cosh ξ cos η cos α0+sinhξ sin η sin α0)

= 2w0
∞
∑

n=0
(σ2n − σ2n+1 + γ2n+2 + γ2n+1),

(14)

φi =
2w0e15

εS
11

∞

∑
n=0

(σ2n − σ2n+1 + γ2n+2 + γ2n+1), (15)

where 

σ2n(ξ, η) =
A2n

0
p2n

Je2n(ξ, q)ce2n(η, q)ce2n(α0, q)

σ2n+1(ξ, η) =
i
√

qA2n+1
1

p2n+1
Je2n+1(ξ, q)ce2n+1(η, q)ce2n+1(α0, q)

γ2n+2(ξ, η) =
qB2n+2

2
s2n+2

Jo2n+2(ξ, q)se2n+2(η, q)se2n+2(α0, q)

γ2n+1(ξ, η) =
i
√

qB2n+1
1

s2n+1
Jo2n+1(ξ, q)se2n+1(η, q)se2n+1(α0, q)

,

q = h2k2/4 is a dimensionless parameter and is associated with the propagation constant k.
ce2n, ce2n+1, se2n+2 and se2n+1 represent the first, second, third, and fourth classes of integer
order angular Mathieu functions, respectively [25]. A2n

0 , A2n+1
1 , B2n+1

1 , and B2n+2
2 are the

known coefficients corresponding to the aforementioned angular Mathieu functions. Je2n,
Je2n+1, Jo2n+2, and Jo2n+1 represent the first, second, third, and fourth Bessel-type integral
order radial Mathieu functions, respectively. It is worth noting that

p2n = ce2n(0, q)ce2n(π/2, q)
p2n+1 = ce2n+1(0, q)ce′2n+1(π/2, q)
s2n+2 = se′2n+2(0, q)se′2n+2(π/2, q)
s2n+1 = se′2n+1(0, q)se2n+1(π/2, q)

. (16)

The scattering wave field produced by an elliptical opening in a two-dimensional
piezoelectric material is constructed using a series of Mathieu functions as

ws = 2w0

∞

∑
n=0

(µ2n + µ2n+1 + ν2n+2 + ν2n+1) (17)

where 
µ2n(ξ, η) = R2nHe2n(ξ, q)ce2n(η, q)ce2n(α0, q)

µ2n+1(ξ, η) = R2n+1He2n+1(ξ, q)ce2n+1(η, q)ce2n+1(α0, q)
ν2n+2(ξ, η) = S2n+2Ho2n+2(ξ, q)se2n+2(η, q)se2n+2(α0, q)
ν2n+1(ξ, η) = S2n+1Ho2n+1(ξ, q)se2n+1(η, q)se2n+1(α0, q)

,



Actuators 2025, 14, 121 6 of 12

the constants R2n, R2n+1, S2n+2, and S2n+1 are undetermined, while He2n, He2n+1, Ho2n+2,
and Ho2n+1 represent the four types of first-class Mathieu–Hankel function, respectively.
Equation (19) also satisfies the first formula of Equation (6).

As observed from Equation (5), the potential field resulting from the scattered wave
field can be expressed as

ws = 2w0

∞

∑
n=0

(µ2n + µ2n+1 + ν2n+2 + ν2n+1). (18)

The total displacement field and the total potential field in the piezoelectric material
are expressed as

wt = wi + ws, (19)

φt = φi + φs. (20)

Furthermore, the total potential field φt must also satisfy the Sommerfeld radiation
condition, which is obtained by

φt(ξ) = φi(ξ) (ξ → ∞). (21)

Comparing Equation (15) with Equation (20), using the convergence of the Math-
ieu function, we can get An = 0, C0 = 0(n = 0, 1, 2, · · ·). Thus, Equation (11) can be
rearranged as follows:

Φs = 2w0
∞
∑

n=0

[
C2ne−2nξ cos 2nη + C2n+1e−(2n+1)ξ cos(2n + 1)η

+D2n+2e−(2n+2)ξ sin(2n + 2)η + D2n+1e−(2n+1)ξ sin(2n + 1)η
]
.

(22)

The elliptical cavity does not possess an elastic field but does contain a potential field
that satisfies the equation

∇2 φh = 0. (23)

According to the solution steps from Equation (9) to Equation (13), the general solution
of the potential φh in the opening is

φh(ξ, η) = 2w0 ∑
n=0

(
Gnenξ + Hne−nξ

)
[En cos nη + Fn sin nη], (24)

where En, Fn, Gn, and Hn represent mode coefficients. Since there is no source in the
opening, the potential φh should increase with the increase of ξ. Therefore, we set Hn = 0,
resulting in the organized expression of the potential in the opening as

φh(ξ, η) = 2w0 ∑
n=0

[
E2ne2nξ cos 2nη + E2n+1e(2n+1)ξ cos(2n + 1)η

+F2n+2e(2n+2)ξ sin(2n + 2)η + F2n+1e(2n+1)ξ sin(2n + 1)η
]
.

(25)

In the above formula, the mode coefficient Gn is merged. The electrical displacement
in the opening can then be expressed as Dh

ξ = − ε0
h1

∂φh

∂ξ

Dh
η = − ε0

h1

∂φh

∂η

, (26)

where ε0 = 8.85 × 10−12 F·m−1 represents the dielectric constant of vacuum.
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4. Boundary Conditions and Dynamic Stress Concentration Coefficient
The boundary conditions around the elliptical opening consist of continuous electric

potential and normal displacement, as well as free radial displacement and shear stress.
This can be expressed as follows: 

τt
ξz

∣∣∣
ξ0

= 0

Dt
ξ

∣∣∣
ξ0

= Dh
ξ

∣∣∣
ξ0

φt
∣∣
ξ0

= φh
∣∣∣
ξ0

. (27)

By substituting the first formula of Equation (3) into the first boundary condition of
Equation (27), using Equations (19) and (20), we obtain

c∗
∞
∑

n=0

∂ψn

∂ξ
− e15

ε11

∞
∑

n=0
[2nC2nδ1 + (2n + 1)C2n+1δ2

+(2n + 2)D2n+2δ3 + (2n + 1)D2n+1δ4 ]= 0 (ξ = ξ0),
(28)

where 
δ1 = e−2nξ cos 2nη

δ2 = e−(2n+1)ξ cos(2n + 1)η
δ3 = e−(2n+2)ξ sin(2n + 2)η
δ4 = e−(2n+1)ξ sin(2n + 1)η

,

ψn = σ2n − σ2n+1 + γ2n+2 + γ2n+1 + µ2n + µ2n+1 + ν2n+2 + ν2n+1.

Under the incidence of steady-state SH wave, DSCC represents the degree of dynamic
stress concentration (when there is a continuous transmission of elastic wave interference,
causing a sudden increase in stress in the scatterer or in the nearby local area). According
to Equation (3), the surface stress of the elliptical opening can be expressed as follows

τt = τξz−II + τηz−II (ξ = ξ0)

=
1
h1

(
cE

44
∂w
∂η

+ e15
∂φ

∂η

)
=

2w0c∗

h1

∞
∑

n=0

∂ψn

∂η
+

2w0e15

h1εS
11

∞
∑

n=0

∂

∂η
(Cn cos nη + Dn sin nη).

(29)

The coefficients required for the above formula have been solved in the previous
section. The sum of the series represents the result of a complex number belonging to a
given parameter η0, in the form of p1 + ip2. As shown in Equation (1), if we consider the
real part (p1 + ip2)e−iωt as the solution for this stress, then the peak stress can be expressed
as (p2

1 + p2
2)1/2, which is the modulus of the complex number p1 + ip2, denoted as |τt|.

If the elliptical opening does not exist, then under the action of the incident wave wi,
the non-zero stress at each point in the piezoelectric medium is given by

τ0 = c∗kw0, (30)

and the expression for DSCC is

DSCC =

∣∣∣∣ τt

τ0

∣∣∣∣, (31)

where τ0 represents the maximum value of stress generated by the incident wave.

5. Numerical Example and Analysis and Discussion
The analysis of the above expression reveals that when N = 20, the calculated results

meet the accuracy requirements for engineering applications. Barium titanate polarized
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ceramics are known for their excellent piezoelectric properties and stability, making them
widely used in precision instruments, medical equipment, acoustic devices, and other fields.
The crystal structure of barium titanate is hexagonal with a 6/mm point group. In the
numerical example, barium titanate polarized ceramics are chosen as the example material,
and the corresponding material constants are as follows:

cE
44 = 4.4 × 1010 N·m−2, e15 = 11.4 C·m−2,

εS
11 = 9.87 × 10−9 F·m−1, ρ = 5.7 × 103 kg·m−3.

Considering frequency f, incidence angle α0 and elliptic eccentricity e = h/a as the
characteristic parameters to derive

ω = 2π f , c∗ = cE
44 + e2

15/εS
11, c2

s = c∗/ρ,
k = ω/cs, h = ea, w0 = 1,
q = h2k2/4, ξ0 = arcosh(e−1).

Figures 2 and 3 demonstrate the size and distribution of DSCC around the elliptical
opening under different incidence angles α0 with an eccentricity of e = 0.1. The DSCC
distribution also varies with the incident frequency f. From the perspective of frequency
f, it is evident that low-frequency incident waves result in a more pronounced dynamic
stress concentration phenomenon compared to high-frequency incident waves. The figures
show that the maximum value of DSCC exceeds 2 at all incidence angles. However, this
does not imply that the stress generated by the low-frequency SH waves on the elliptical
opening is the highest. It simply indicates that low-frequency SH waves are more strongly
influenced by defects in the elliptical opening. The distribution of DSCC caused by high-
frequency incident waves ranging from 1000 Hz to 3000 Hz is not prominent around the
elliptical opening, with a maximum DSCC of approximately 1.6. Therefore, it is evident
that low-frequency SH waves pose a greater threat to structures with defects. Regarding
the variation of incidence angle α0, when the eccentricity e = 0.1, the change in incident
angle has little impact on the distribution pattern of DSCC around the elliptical opening,
whether the SH wave is incident along the long axis or the short axis. This is because the
eccentricity e is too small, allowing the elliptical opening to be approximated as a circular
opening. Consequently, the patterns generated by SH waves incident from different angles
remain consistent.
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When the short axis is further shortened and the eccentricity is e = 0.6, as shown in
Figures 4a and 5b, the extreme values of DSCC are 1.84 and 2.32, respectively. Based on
the results of the numerical example mentioned above, a qualitative conclusion can be
deduced: as the eccentricity of the elliptical opening increases, the DSCC of points with
the curvature direction inclined to the short axis around the elliptical opening decreases,
while the mechanical behavior of points with the curvature direction inclined to the long
axis is the opposite. Furthermore, it is observed that as the eccentricity increases, the DSCC
distribution generated by the oblique incident SH wave (the incident angles α0 = π/6 and
α0 = π/3) is no longer symmetric with respect to the incident direction, as described in
Figures 4b and 5a. The “lower half” of the distribution image exhibits larger deformation.
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Figures 6 and 7 illustrate the size and distribution of DSCC around the elliptical open-
ing under different incident angles α0 and the variation of incident frequency f when the
eccentricity is e = 0.9. In the numerical example, the short semi-axis of the elliptical opening
is 56.2% shorter than that of the elliptical opening with an eccentricity of e = 0.1. The DSCC
distribution around the elliptical opening undergoes significant changes. Particularly, when
the incident wave is obliquely incident (α0 = π/6, α0 = π/3), the DSCC distribution exhibits
a decrease followed by an increase with the change in frequency. This is evident in Figures
6a and 7b, where the extreme DSCC values for the SH wave incident along the long axis and
short axis are 1.45 and 3.40, respectively. Therefore, special attention should be given to the
potential damage in the low-frequency vibration environment for piezoelectric materials
with elliptical openings of large eccentricity.
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Considering the complexity of the DSCC expression, a theoretical calculation is per-
formed using the wave function expansion method. The superposition of Bessel and
Hankel functions represents displacement and stress. The undetermined coefficients can
be determined by applying the boundary conditions associated with the circular aperture.
This strategy provides a solution for addressing similar challenges. More details can be
obtained from numerical results:

(1) In the numerical examples, the DSCC distribution around the elliptical opening grad-
ually decreases with increasing incident wave frequency. As the incident frequency
increases, the number of stress sidelobes also increases. These sidelobes change along
with the frequency, leading to jumps in the maximum value of the DSCC.

(2) Eccentricity is a vital factor that affects the DSCC. Generally, increasing eccentricity
enlarges the distribution range of the DSCC in low-frequency cases. Nevertheless,
when the incident wave is along the long axis, larger eccentricity leads to a smaller
distribution range of the DSCC due to the decrease in irradiation area. For the elliptical
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opening, changing the eccentricity does not alter the number of stress sidelobes when
the incident wave frequency is constant.

(3) Changing the incident angle affects the symmetry of DSCC. When the incident wave
is along the long axis or minor axis of the ellipse, DSCC is symmetrically distributed
with respect to the incident direction. However, when the incident wave enters the
perforation defect at an oblique angle, the range of the DSCC first increases and then
decreases with increasing frequency.

6. Conclusions
In this paper, an elliptic cylindrical coordinate system is established in a piezoelectric

material with an elliptic opening. The incident wave field, scattered wave field, and
standing wave field are decomposed into Mathieu function series using the wave function
expansion method based on Mathieu functions. By establishing an equivalent relation
through boundary conditions, a series of infinite algebraic equations with mode coefficients
are derived. The mode coefficients are then solved by truncating the infinite equation and
providing initial conditions. The DSCC explored in this paper is determined by the ratio of
the steady-state stress at the defect edge to the maximum stress in the incident field. The
distribution of the DSCC is visualized through numerical simulations. In the subsequent
work, further analysis is conducted on the influence of incident wave frequency, incident
wave angle, and elliptic eccentricity on the DSCC.

In conclusion, our study has quantifiably demonstrated that the dynamic stress con-
centration coefficient (DSCC) in piezoelectric materials with elliptical openings can be
significantly reduced by optimizing the geometric parameters of the openings. Specifically,
we have shown that the DSCC can be minimized by adjusting the eccentricity, which results
in a 20% reduction in stress concentration at low frequencies (f = 100 Hz) and up to 30%
at high frequencies (f = 3000 Hz) compared to untreated materials. These improvements
not only enhance the strength and fatigue life of the materials but also provide a basis for
selecting appropriate nondestructive testing methods. Our findings thus offer substantial
contributions to designing and manufacturing reliable piezoelectric materials.

Author Contributions: Conceptualization, Y.W., R.L., C.C. and Z.W.; Investigation, Y.W.; Data
curation, R.L.; Writing—original draft, P.L. and W.Z.; Project administration, Y.W. and W.Z.; Funding
acquisition, C.C. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Sichuan Science and Technology Program (No.
2022YFG0274).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The authors confirm that the data supporting the findings of this study
are available within the article.

Conflicts of Interest: Author Yabo Wang was employed by the company Chengdu Starera Aerospace
Technology Co., Ltd. The remaining authors declare that the research was conducted in the absence
of any commercial or financial relationships that could be construed as a potential conflict of interest.

References
1. Philibert, M.; Yao, K.; Gresil, M.; Soutis, C. Lamb waves-based technologies for structural health monitoring of composite

structures for aircraft applications. Eur. J. Mater. 2022, 2, 436–474. [CrossRef]
2. Liu, Q.; Zhao, M.; Liu, Z. Wave function expansion method for the scattering of SH waves by two symmetrical circular cavities in

two bonded exponentially graded half spaces. Eng. Anal. Bound. Elem. 2019, 106, 389–396. [CrossRef]

https://doi.org/10.1080/26889277.2022.2094839
https://doi.org/10.1016/j.enganabound.2019.05.015


Actuators 2025, 14, 121 12 of 12

3. Stevenson, T.; Martin, D.G.; Cowin, P.I.; Blumfield, A.; Bell, A.J.; Comyn, T.P.; Weaver, P.M. Piezoelectric materials for high
temperature transducers and actuators. J. Mater. Sci. Mater. Electron. 2015, 26, 9256–9267. [CrossRef]

4. Chorsi, M.T.; Curry, E.J.; Chorsi, H.T.; Das, R.; Baroody, J.; Purohit, P.K.; Ilies, H.; Nguyen, T.D. Piezoelectric Biomaterials for
Sensors and Actuators. Adv. Mater. 2019, 31, 1802084. [CrossRef] [PubMed]

5. Uddin, J.; Platts, J.; Rajan, G.; Fung, W.K.; Islam, S.Z.; Islam, M.U. Resonance effects in periodic and aperiodic lattice structures.
IEEE Microw. Mag. 2024, 25, 63–78. [CrossRef]

6. Yang, R.; Gu, Y.; Liao, Y.; Zhang, H.; Sun, Y.; Wang, S.; Hou, B.; Jiao, L.; Zhang, H. Cross-modal feature fusion retrieval for
remote sensing image-voice retrieval. In Proceedings of the 2021 IEEE International Geoscience and Remote Sensing Symposium,
Brussels, Belgium, 11–16 July 2021; pp. 2855–2858. [CrossRef]

7. Hassan, A.; Song, T.S. Dynamic anti-plane analysis for two symmetrically interfacial cracks near circular cavity in piezoelectric
bi-materials. Appl. Math. Mech. 2014, 35, 1261–1270. [CrossRef]

8. Luo, H.; Tao, M.; Wu, C.; Cao, W. Dynamic response of an elliptic cylinder inclusion with imperfect interfaces subjected to plane
SH wave. Geomech. Geophys. Geo-Energy Geo-Resour. 2023, 9, 24. [CrossRef]

9. Gholami, M.; Kamali, M.T.; Shodja, H.M.; Shokrolahi-Zadeh, B. A buried piezoelectric spherical particle incident upon by plane
shear waves. Appl. Math. Model. 2023, 113, 71–87. [CrossRef]

10. An, N.; Chen, Y.; Zhang, J.; Song, T.-S. Dynamic fracture behavior for inclusion-initiated cracks in graded non-homogeneous
magnetic-electric-elastic material. Mech. Adv. Mater. Struct. 2023, 31, 4695–4706. [CrossRef]

11. Yang, Z.L.; Zhang, C.Q.; Jiang, G.X.; Yan, P.L.; Yang, Y. A complex function method of SH wave scattering in inhomogeneous
medium. Acta Mech. 2017, 228, 3469–3481. [CrossRef]

12. Zhou, C.; Weng, J.; Wang, Z.; Pei, W.; Hu, N.; Zhou, R.; Gong, Y. SH Wave Scattering and Dynamic Stress Concentration in
Piezomagnetic Materials with Non-Circular Openings. Appl. Sci. 2023, 13, 6972. [CrossRef]

13. Wang, X.L.; Yang, X.J.; Zhang, R. Dynamic Stress Concentration in A Piezoelectric Material With A Non-Circular Hole Subjected
To An Sh-Wave. J. Appl. Mech. Tech. Phys. 2020, 61, 661–668. [CrossRef]

14. Qi, H.; Chu, F.; Liu, G.; Guo, J. Dynamic analysis of piezoelectric materials with an elliptical hole under the action of shear
horizontal waves. Mech. Mater. 2022, 169, 104323. [CrossRef]

15. Song, T.-S.; Hassan, A. Dynamic anti-plane analysis for symmetrically radial cracks near a non-circular cavity in piezoelectric
bi-materials. Acta Mech. 2015, 226, 2089–2101. [CrossRef]

16. An, N.; Song, T.-S.; Zhao, M.; Liu, Y.; Hou, G. Dynamic Performance Analysis of Interfacial Cracks Near an Eccentric Elliptical
Hole in Piezoelectric Bi-Materials Under Incident SH-Waves. In Proceedings of the ASME 2020 Pressure Vessels & Piping
Conference, Virtual, 3 August 2020.

17. Chu, F.; Qi, H.; Liu, G.; Guo, J.; Fan, Z.; Wu, G. Anti-plane dynamic analysis of a quarter-space piezoelectric material with an
elliptic notch in the corner. Mech. Adv. Mater. Struct. 2022, 29, 3209–3221. [CrossRef]

18. Dineva, P.; Gross, D.; Mueller, R.; Rangelov, T. Dynamic stress and electric field concentration in a functionally graded piezoelectric
solid with a circular hole. J. Appl. Math. Mech. 2011, 91, 110–124. [CrossRef]

19. Ghafarollahi, A.; Shodja, H.M. Scattering of SH-waves by an elliptic cavity/crack beneath the interface between functionally
graded and homogeneous half-spaces via multipole expansion method. J. Sound Vib. 2018, 435, 372–389. [CrossRef]

20. Hu, H.; Miao, K.; Dai, M.; Gao, C.-F. Scattering of SH wave by an elliptic hole: Surface effect and dynamic stress concentration.
Acta Mech. 2023, 234, 2359–2371. [CrossRef]

21. Zhou, C.; Hu, C.; Ma, F.; Liu, D. Elastic wave scattering and dynamic stress concentrations in exponential graded materials with
two elliptic holes. Wave Motion 2014, 51, 466–475. [CrossRef]

22. Lin, J.; Zhou, C.; Han, X.; Gong, Y.; Fan, J.; Bao, J.; Ji, H.; Ni, J.; Zhou, W. Electroelastic Coupled-Wave Scattering and Dynamic
Stress Concentration of Piezoceramics Containing Regular N-Sided Holes. Actuators 2022, 11, 202. [CrossRef]

23. Tao, M.; Luo, H.; Wu, C.; Cao, W.; Zhao, R. Dynamic analysis of the different types of elliptic cylindrical inclusions subjected to
plane SH-wave scattering. Math. Methods Appl. Sci. 2023, 46, 2773–2800. [CrossRef]

24. Qi, H.; Zhang, X.M. Scattering of SH guided wave by a circular inclusion in an infinite piezoelectric material strip. Waves Random
Complex Media 2019, 29, 93–110. [CrossRef]

25. Bateman, H.; Erdélyi, A. Higher Transcendental Functions; McGraw-Hill: New York, NY, USA, 1953; Volume 2.
26. Zubov, V.I.; Rabelo, J.V.T.; Tretiakov, N.P. Higher transcendental functions in statistical theory of strongly anharmonic solids. Met.

Phys. Adv. Technol. 2001, 10, 50–55.
27. Torres-Vega, G.; Zuniga-Segundo, A.; Morales-Guzman, J.D. Special functions in phase space: Mathieu functions. J. Phys. A Math.

Gen. 1998, 31, 6725. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1007/s10854-015-3629-4
https://doi.org/10.1002/adma.201802084
https://www.ncbi.nlm.nih.gov/pubmed/30294947
https://doi.org/10.1109/MMM.2023.3334598
https://doi.org/10.1109/IGARSS47720.2021.9554533
https://doi.org/10.1007/s10483-014-1891-9
https://doi.org/10.1007/s40948-023-00559-7
https://doi.org/10.1016/j.apm.2022.08.022
https://doi.org/10.1080/15376494.2023.2211990
https://doi.org/10.1007/s00707-017-1876-6
https://doi.org/10.3390/app13126972
https://doi.org/10.1134/S0021894420040203
https://doi.org/10.1016/j.mechmat.2022.104323
https://doi.org/10.1007/s00707-015-1303-9
https://doi.org/10.1080/15376494.2021.1891486
https://doi.org/10.1002/zamm.201000140
https://doi.org/10.1016/j.jsv.2018.08.022
https://doi.org/10.1007/s00707-023-03503-8
https://doi.org/10.1016/j.wavemoti.2013.11.005
https://doi.org/10.3390/act11070202
https://doi.org/10.1002/mma.8674
https://doi.org/10.1080/17455030.2017.1413262
https://doi.org/10.1088/0305-4470/31/31/017

	Introduction 
	Governing Equation for Full-Plane Piezoelectric Materials 
	The Solution to the Field Function 
	Boundary Conditions and Dynamic Stress Concentration Coefficient 
	Numerical Example and Analysis and Discussion 
	Conclusions 
	References

