actuators

Article

Energy-Coupling-Based Control for Unmanned Quadrotor
Transportation Systems: Exploiting Beneficial
State-Coupling Effects

Lincong Han !, Zengcheng Zhou 207, Ming Li 307, Haokun Geng *, Gang Li 5

check for
updates

Academic Editor: Keigo Watanabe

Received: 15 December 2024
Revised: 1 February 2025
Accepted: 11 February 2025
Published: 13 February 2025

Citation: Han, L.; Zhou, Z,; Li, M,;
Geng, H.; Li, G.; Zhang, M.
Energy-Coupling-Based Control for
Unmanned Quadrotor Transportation
Systems: Exploiting Beneficial
State-Coupling Effects. Actuators 2025,
14,91. https:/ /doi.org/10.3390/
act14020091

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

and Menghua Zhang '*

1 School of Electrical Engineering, University of Jinan, Jinan 250022, China; 202221100402@stu.ujn.edu.cn
Department of Mechanical Engineering, The Hong Kong Polytechnic University, Hong Kong, China;
zengcheng.zhou@connect.polyu.hk

Shandong Inspur Database Technology Co., Ltd., Jinan 250022, China; liming2017@inspur.com

School of Information Science and Engineering, University of Jinan, Jinan 250022, China;
ise_genghk@ujn.edu.cn

College of Electrical and Power Engineering, Taiyuan University of Technology, Taiyuan 030024, China;
ligang03@tyut.edu.cn

*  Correspondence: zhangmenghua@mail.sdu.edu.cn

Abstract: Cable suspension transport is a crucial method for quadrotors to transport goods
and materials. During transportation, the quadrotor transport system (QTS) faces external
disturbances and system uncertainties. Particularly, the underactuated nature of the system
poses significant challenges to its stable operation. To solve these problems, this paper
proposes a hierarchical control scheme that enhances coupling and leverages advantageous
state-coupling to achieve precise positioning and eliminate payload swings for QTS. By
leveraging the cascading characteristics of QTS, the design process is greatly simplified
through the separate design of the torque input for the inner loop and the force input
for the outer loop. Simulation results demonstrate the effective control performance of
this method.

Keywords: under-actuated system; quadrotor hierarchical control; coupling effect;
energy-based analysis

1. Introduction

In recent years, the quadrotor has gained significant attention, as it can achieve vertical
take-off, landing, and hovering at the desired height, and high agility [1]. Various control
schemes [2] and motion planning methods [3] for quadrotors have been investigated. Since
the quadrotor must control translational and vertical motion as well as its attitude, it has
six degrees of freedom but only four control inputs (three torques and one thrust). Thus, the
system is underactuated. In addition to underactuated characteristics, strong nonlinearity,
system uncertainty, external interference, and singularity are problems to be addressed
when developing quadrotor controllers. To solve the issues above, adaptive nonlinear
control [4], robust control [5], LOR control [6] and sliding mode control [7] were proposed
for the quadrotor system. Quadrotor transportation systems, comprising quadrotors,
cables, and payloads, play a crucial role in military operations and emergency response [8].
Only four control inputs are equipped in the quadrotor transportation systems to control
eight DOFs, including three translational DOFs, two payload swing DOFs, and three
attitude DOFs. Therefore, quadrotor transportation systems have double underactuated
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characteristics [9]. The underactuated characteristics, external interference, and system
uncertainty bring great challenges to the control task execution of the QTS.

To track the quadrotor attitude and payload position, QTSs are always considered
differential flat hybrid systems [10]. The running trajectory was planned with the geo-
metric controller in the flat space where the payload was treated as interference when
modeling [11]. Enforcing the quadrotor to the desired position may cause the payload
to swing severely [12]. Open-loop [13-17] and closed-loop [18,19] control methods were
proposed to suppress the swing problem. Closed-loop control methods demonstrate better
robustness than open-loop methods by using real-time feedback signals to counter external
disturbances. The nested saturation method introduced in [18] not only suppresses pay-
load swing but also drives the quadrotor to the desired position. However, this method
considers the quadrotor’s attitude as the control input and overlooks that the attitude of
the quadrotor is a controlled variable, regulated by torque. A layered control method is
proposed for the three-dimensional control of eight degrees of freedom to ensure body
positioning, attitude control, and payload swing elimination [20]. However, due to insuffi-
cient payload information, the transient characteristics of the system cannot be guaranteed.
In addition, the coupling terms in the layered control method will affect the transient
characteristics of QTS, such as quadrotor position, quadrotor attitude, and payload angle.

Recently, energy-shaping methods [21-23] have been widely researched and used to
control various mechanical systems, such as overhead cranes [24-26], mobile inverted
pendulums [22], etc. The introduction of kinetic energy in the total energy-shaping
method [27-30] enhances internal coupling and significantly improves transient char-
acteristics compared to the potential energy shaping method [31]. However, the energy
shaping method shows minimal improvement in the anti-swing effect. Introducing pay-
load displacement information and enhancing coupling reduces the load swing angle [32].
However, the coupling term between internal attitude changes and the outer loop position
continues to impact the system’s transient performance.

This paper presents a QTS control scheme based on energy shaping and beneficial
coupling technology. The research utilizes a comprehensive three-dimensional model with
eight degrees of freedom (DOFs) for quadrotor transportation systems using the Lagrange
equation. Based on cascade system theory, the inner and outer loop controllers can be
designed separately, ensuring system stability as long as the growth constraints of the
coupling terms are satisfied. The inner loop uses an attitude-tracking controller [33], while
the outer loop employs a new energy-coupling-based controller to manage the quadrotor’s
displacement and eliminate payload swing, leveraging the beneficial coupling between
the loops. Specifically, by mathematically relating body position to payload swing angle
information, the swing angle is transformed into generalized displacement information.
This transforms the targets of body positioning and payload swing elimination into system-
wide positioning objectives. An energy storage function, incorporating both kinetic and
potential energy of QTS, is established. On the basis of this function, a controller is
designed to achieve precise body positioning and payload elimination. In addition, to
make full use of the state coupling between the inner and outer loop subsystems, the state
coupling effect is introduced. Simulation results indicate that the proposed control method
outperforms the energy-coupling control method in positioning and eliminating the swing
of the outer loop and enhances the attitude adjustment of the inner loop. Additionally,
the results demonstrate the strong robustness of the proposed control method. Simulation
results further confirm the feasibility and effectiveness of the proposed control scheme. In
summary, this paper’s contributions are as follows.
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(1) The newly constructed passivity property includes the quadrotor’s position infor-
mation and payload swing signals, significantly enhancing state coupling compared to the
energy-coupling hierarchical control method [32].

(2) In contrast to the traditional method, which directly cancels coupling terms, the
proposed controller in this paper preserves beneficial coupling [34], significantly enhancing
the system’s transient characteristics.

(3) When beneficial coupling exists between the inner and outer loops, the Lyapunov
candidate function is discussed separately, and the theoretical proof of the asymptotic
stability of the closed-loop system’s equilibrium point is provided.

2. Dynamics of the Quadrotor Transportation System

According to the QTS shown in Figure 1, the dynamic model using Euler-Lagrange
equations is developed as follows:

Mc(q)q+Ve(q,9)q+ G(q) =u+Fr 1)
R = Rsk(w) ()
Jw + sk(w)Jw =T 3)

where (1) represents the outer loop dynamics model, which includes quadrotor displace-
ment and payload swing; (2) and (3) represent the dynamics model of the inner loop,
showing the attitude characteristics. sk(-) : R® — s0(3) transform a vector into a skew-
symmetric matrix. g(t) € R® represents the state vector containing the body displacement
and the payload swing Angle, and Mc(q), V.(q,q) € R>* represents the inertia matrix,
the centripetal-Coriolis matrix, G(q) € R® is the gravity vector, and u(q) € R represents
control input, and F, represents the air resistance vector, respectively. The above symbols
are expressed in detail as follows:

T
q=1[Z",61,6] @
M+m 0 0 mlC1Cy  —mlS1 S,
0 M+m 0 0 miCy
M, = 0 0 M+m mlSiCa mlCiS; 6)
mlCyCy 0  ml$1Cy ml*C3 0
—mlS$1Sy;  mlCy  mlCy Sy 0 mi?
0 0 0 —mlBySxCy—mif,CxSy —mlB:CyS, — mifyS:Cy
000 0 —mlb,S,
Ve=10 0 0 mif,CiCy—mlBySxSy  —mlB:SxSy + mif,CxCy 6)
000 —ml?0,CySy —ml?0,CySy
000 ml?6xCyS, 0
G = [0,0,0,mglS,Cy, mglCyS,]" )
T
u = [(fRe3 — (M +m)ges)',0,0] ®)
e3 =1[0,0,1]" ©
F, = [frx/ fry/ frZ/ erx/ ery]T (10)
frx = —dxk — dpx — dpl01C1Ca + dp16251S) (11)

fry = —dyyy — dpiy — dyl02C, (12)
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frz = —dzz — dypz — dpl61S1Ca — dpl6,C1 S, (13)

fr@x = —dpl(J.CC1 + 281 + 191C2)C2 (14)

fro, = —dpl(=x81S3 + ¥Ca +2C1 S5 + 16,) (15)

where &(t) = [x(t),y(t),z(t)]" € R3 represents the position of the quadrotor’s center of
mass in the inertial coordinate system; 61(t) € R and 6,(f) € R are the motion of the
projection signal; f(t) is the system control input; R(t) € SO(3) is the rotation matrix of
the quadrotor from the coordinate frame to the inertial coordinate frame; w(t) € R3 repre-
sents the quadrotor’s angular velocity when its attitude changes in the body coordinate
system; M € R represents the quadrotor mass; m € R represents the payload mass; [ € Ris
the rope length between the quadrotor and the payload; ¢ € R is the gravitational ac-
celeration; ] € R3*3 is the inertia moment of the quadrotor in the body coordinate sys-
tem; C;, Cp, S1 and S; are abbreviations of cos(6;), cos(62), sin(6;), and sin(6,), respectively.

Figure 1. Quadrotor transportation system.

As mentioned above, there are two main control objectives of the quadrotor lifting system,
which are to ensure the quadrotor approaches the target position &; = [x4, ¥4, zd]T € R3

accurately and to suppress the payload swing ¢ — &5, © — 0351 with ©® = [91,92]T.
Considering the desired position q; = [{:fg, 0, O]T, the targets can also be expressed in
the following:

lim (g —q,4) =0 (16)

To facilitate subsequent controller analysis and design, the outer loop tracking er-
ror e,(t), e, (t) € R is defined as follows:

T

eg(t) = q(t) — 45 = leg()", 6:(1), 6 (1)) (17)
, g 1T .r.rT
bg=[e;,0] =[¢,0] (18)
Then, the outer loop dynamics (1) can be obtained:
e =e¢; (19)
¢ =M. (u—Vee, ~ G) (20)

Considering the input u of the subsystem, the coupling term of the system through
the rotation matrix R(t) is a cascade form. Therefore, fRe3 can be decomposed as follows:

fRe3 = ﬁ[(%R;Res)R% — Rye3]

21)
) (
T egRZ,-Re3 Rde3
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A € R3 contains the thrust and rotation matrix information, serving as the coupling
term between the inner and outer loops. The control vector f; = [fu1, fi2, fa3) T e R3, tobe
designed later, is defined as follows:

f TpT
= ———((es R;Re3)Res — Rye 22
egTRZRee,[( 3 R;Re3)Re3 — Ryes) (22)
fi= om0 J; Rge3 (23)
e3R; Res

Furthermore, the outer loop subsystem input u#(t) can be decomposed into the follow-
ing three parts:
u=u;—my+ A7y (24)

where u; € R comes from the virtual control input f,, my € R> represents the vector form
of the combined gravity of the quadrotor and the payload, A; € R® is the coupling term
of the inner and outer loop, meanwhile, A; is the vector expansion form of A, which is
expressed as follows:

ug = [f2,0,0]" (25)
mg = [0,0, (M +m)g,0,0]" (26)
Ay = [AT,0,0] (27)

According to (1), the second-order time derivative of the equation (17) can be
arranged into:
éq =M. (g — upm — Veeg — G) + M; 1A, (28)

. T .
A new outer loop error vector e(t) € R is defined as e(t) = [eg(t), e;(t)] ,and its
derivative with respect to time can be obtained:

e=w(efy,8a)+1 (29)
where the auxiliary vector a(t) € R!° and coupling term 5(t) € R!? are given as follows:
a = Mypeq + MM, (ug — tty — Veeg — G) (30)

n=MyuM. A, (31)

where the matrices Iy, ITy; € R19%? are defined as:

I 0
My = | 7|, My = | 7° (32)
0555 I5x5
with I5 .5 representing the identity matrix and 055 representing the zero matrix.
The attitude error eg € R? and angular velocity error e, € R? in the inner loop
subsystem are defined as follows:

1
er = Evex(RZ;R —R™Ry) (33)

ew = w — RTRwy (34)
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where vex(-) :so(3) — R? is the inverse operation of sk(-), R; € R3*3 is the desired
attitude, w, € R3 is the quadrotor’s angular velocity in the body coordinate system. The
time derivatives of eg and e, are as follows:

er = %Vex(RgRsk(ew) + sk(ew)RTRy)) (35)

Jew = T — sk(w)Jw + J(sk(w)RTRywy — RTRyw,) (36)

Then, a nonlinear control scheme is designed for the QTS of (17), (18), (33), and (34) to
achieve the control objective.

Remark 1. The four control inputs composed of f € R and T € R3 and the controlled variables
composed of displacement and attitude make the system an underactuated system and make QTS
have ‘double” underactuated characteristics after the introduction of the payload. Unlike fully
actuated systems, in this case, the outer loop control input u(t) influences both thrust f(t) and
torque T(t), which in turn affects the inner loop attitude R(t). There is a coupling between attitude
adjustment in the inner loop and control inputs in the outer loop.

For the convenience of subsequent analysis, (1) is expanded and transformed as follows:
- " . .2 .2 o
(M + m)x + ml(91C1C2 - 925152 - 9151C2 - 9251C2 - 29192(:152) = fR13 (37)

i} . -2
(M +m)y +ml(62C2 — 6,52) = fRo3 (38)
. . ) ) L.
(M + m)z + ml(9151C2 + 92C152 + 91C1C2 + 92C1C2 — 291925152) = fR33 — (M + m)g (39)

xC1Cy + (Z + g)51C2 + l91C% — 219192(:252 =0 (40)
- .2
X515, — yCZ — (Z + g)C152 — 160, —10,CS5, =0 (41)

3. Energy Storage Function Construction

In this section, the characteristics of position signals are analyzed in detail and a new
energy storage function is proposed.

For the outer loop subsystem, the energy equation is derived using the system’s kinetic
and potential energy as follows:

1. .
E= E‘ITMM +mgl(1—C1Cp) (42)

Since M_ is a positive-definite symmetric matrix, E is locally positive definite with
respect to g(t), 61(t), and 6,(f). Taking the time derivative of (42), and considering
that M, — 2V, is a skew-symmetric matrix, one obtains that

E =§ (Mcj+ Mcq) +mgl(8,51Ca +6,C155)

T (43)
=& [fRes — (M +m)ges]

The above formula shows that fRez — (M + m)ges is the system input and § is the
system output. Since the payload information ©(t), ©(t) is underactuated, it is not
included in E. Therefore, E(t) is only related to the displacement () of the quadrotor.
Then, payload information is introduced to reshape the energy equation. The payload
position is expressed as follows:

& =E+1[51Cy, So, —C1Co)" (44)
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The following generalized displacement signal is introduced:

Xp = ¢+ h(®) (45)

where h = [hy, hy, h3] T is the undetermined coefficient related to the payload swing. Then
a new energy storage function Ej(t) is defined utilizing the generalized displacement
signal xp, and its derivative can be written as:

Ex(t) =k, [fRes — (M + m)ges]

oo (46)
= (§+h) [fRes — (M+m)ges]

Direct control of load-induced generalized displacement enhances the coupling be-
tween displacement and payload movement in the quadrotor.
To determine the specific expression of Ei(t), we know from (42), (43), and (46)

Ex=E+E; (47)
where E;(t) is obtained by
By = [fRes — (M -+ m)ges 49)
Substituting (37)—(39) into (48), we have
Eq=Eg +Eg + Eg; (49)
The specific form of de, Edy, and E 4z are as follows:

Bgp= (20, + 2 92)[(M + m)¥ 4+ ml(6;C1C,

) . (50)
—62515; — 9151C2 —6,51Cy —2616,C1S))]
Egy = CTERLY. 5202) [(M + m)yj + ml(6,C, -
—60,5,)]
E,. = (ahml + g 62)[(M + m)% + ml(6,5,Cy 52

.2 ..
+92C152 + 91C1C2 —0,C1Cy — 291925152)]

Observing the structures of E dxr E dy, and E 4z, and considering the following mathe-
matical results, one can obtain:

(01C1Co — 925152)(91C1C2 025152 — 0;51C2

.2 . (53)
—0,51Cp — 2016,C1S;) = 2 % [(91C1C2 — 928152) ]
. . .2 1d - 2
02C2(62C2 = 0,52) = 52 [(62C2) | (54)
(91 51C + 92C152) (9151C2 + 0,C15, + 91C1C2 (55)
.2 ..
+6,C1Co — 201025157) = 2 o [(9151C2 + 92C152) ]
The following conditions for / are satisfied:
- oh oh . .
I = 2101 + 210, = A(0:1C1C2 — 625152) (56)

20, 1 36,
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. ohy ohy , -
hy = 879191 + %92 = A6,Cy (57)
- ohs ohs . :
hy = 2201 + =26y = A(6;51Cy + 62C1 S2) (58)
20, a0,
where A € Ris a constant parameter. Then, (50) can be rewritten as follows:
Egy = AM+m)[(XC1Cp)6; — (5&52152)92] (59)
+5ml[(0:1C1C2 — 625152)]
Substituting (40) and (41) into (59) leads to
Egy = —MM+m)[02Cs + (0151Ca + 0,C15)z]
.2 .2
—A(M +m) &[316,C3 + 116, + g(1 — C1Cy)] (60)
A . 2
+5ml§[(0:1C1C2 — 025152) ]
Then Ej;, can be intuitively obtained as:
Egx = —AM+m) [ 02iiCodt
MM +m) [y (0151Ca + 02C1S5)zdT
1.2, 1.2 (61)
—A(M+ m)[ilﬂlcz + E192 +g(1—C1Gy)]
A . . 2
+§ml(91C1C2 - 925152)
Similarly, E;, and E4, can be derived as:
b A 2
Egy = A(M +m) /O B2i/Cadr + Sml(8:C2) 62)
Ep = A(M+m) [y (6:151Ca +6,C1Sy)zdT .
A - 2
+§ml(6151C2 + 6,C1S7)
Then E; can be obtained from (61)—(63)
E; =E;+E;+E
d dx dy dz (64)

.2 .2
= —IAMI(6,C3 + 0,) — A(M +m)g(1 — C1Cp)

According to (64), A < 0 is selected to ensure that E; is positive, and the control
gain ky = —A > 0 is introduced for convenience of expression. Thus, the new energy
storage function Ei(t) can be obtained from Equations (42) and (64)

_ 1.7 . 1 2 2
Ex = 34 Mcq+ ;kyMI(6,C5 + 60,) +mgl(1 — C;Ca)

(65)
+kr (M +m)g(1—C1Cr)

which is locally positive definite.

4. Controller Design

This section provides a detailed design process for the controller. The structure of the
overall control scheme is shown in Figure 2.
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Thrust force | f
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controller n
The quadrotor
transportation
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determination

R, | The attitude
controller

Figure 2. Structure of the overall control system.

The control objectives of this paper are the quadrotor position tracking and the elimi-
nation of the payload swing given in (16). According to hin (56)—(58), h is generated by the

following equation:
h=—k[$1Co, 52, 1-CiC] (66)

Furthermore, based on (45), x(t) can be written as:
xp =&~ ki[S1Ca, S2, 1 - C1Cy)" (67)
According to (67), the control objective (16) is equivalent to
Xp = Gd (68)
Therefore, the payload positioning error v(t) € R? is defined as follows:
v=xp—Gi=ez+h (69)
Considering Equation (65), the total energy storage function can be defined as follows:
E = Ex + %UTKPU (70)

where E; is positive definite, K, = diag(kpx, kpy, kpz) S Riw denotes a diagonal positive-
definite gain matrix. The time derivative of E;(t) can be calculated using (46) and (69)

E: = 0" [fRes — (M + m)ges + K,v] (71)
Substituting (22) (23) into (71) yields
E; :i;T[fd+A— (M +m)ges3 + K,v] (72)

The inner and outer loop coupling terms A in (72) have both beneficial and detrimental
impacts on system performance. Therefore, to make full use of the beneficial coupling term,
the definition of indicator for coupling term effects is proposed as:

Q = sgn[oA] 73)
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The criteria for determining whether coupling terms are harmful or beneficial are
as follows:
Q <0, coupling term is beneficial

Q =0, coupling term is nil (74)

Q >0, coupling term is detrimental

Based on (72)—(74), the virtual control input f; is proposed as:

fd = —va —Kyv + (M+m)g33 —P

= —Ky(ey +h) — Ky(e, + h) + (M +m)ges — P 75

where K; = diag(kdx,kdy, ks.) € R3*3 denotes a positive definite diagonal matrix, P is

defined as follows:
<
p={%8Q=0 (76)
A Q>0

The thrust f(t) can be synthesized from the virtual force f; of the outer loop as follows:
f=f'Res = (—Kpv — Kq0 + (M + m)ge3)TReg (77)

To determine the desired attitude, the desired attitude axis vector must be calculated
using the following formula

—Kyv — Kjo+ (M+ m)ge3

Ja
bss = Rye3 = = . (78)
Fall - [[—Kpv — Ko + (M + m)ges
Therefore, the controller settings for the inner loop attitude are as follows:
7= —Kger — Kypey, + sk(w)]Jw 79)

—J(sk(w)RTRywy — RTR jwy)

where Kr € R is positive constants of attitude, K, € R is positive constants of angular
velocity, and the desired angular velocity w; can be calculated by

wy = vex (R?;REO (80)

As shown in [35], the moment input (79) guarantees that the zero equilibrium
of eg and e, is exponentially stable.

Lemma 1. Under the action of the virtual control input (75), the error (18) of the system
asymptotically converges to zero such that

. T T T
tlgg[eg/e@@T/@ ] = [ngllogxllogxlfogxl] (81)

Proof of Lemma 1. Substituting (75) into (72), we can obtain:

E; =0 [-Kyo+A— P (82)

where E; should be discussed separately depending on the value of Q.
Case 1: If Q > 0, it leads to
Er= —0' Ko (83)
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The positive definite function E;(t) defined in (70) is selected as the Lyapunov candi-
date function V() = E;(t), and the time derivative of it is as follows:

V=—0K;p<0 (84)

Therefore, the equilibrium point of the closed-loop system is stable in the sense of
Lyapunov, which can be expressed as follows by combining (69) and (75)

v, 17/ é/ Eg, 5(/ yr Z./ O/ 91/ 92 S Loo (85)
Combining (65) with (70) has
ez, & b, f, € Leo (86)

Next, the signal convergence of the closed-loop system is proved, and the invariant
set is defined as:

v(t) =0} (87)

P = { (eX/ €y, €z, éX/ éy/ éZl 01/ 92/ 91/ 92/ )

Let I be the largest invariant set in ®, which can be deduced from equation (84), in
the invariant set I _
v=e,+h=%,=03, =
vTRT AT AT (88)
v=e th=wy, v=e+h=),=030

where a, = [ayy, Xyy, avZ]T is the undetermined constant vector, and then, from (75), we

can obtain:
fi = —Kpay + (M +m)ges (89)

Then, we need to prove that &, = 03,1 in the maximal invariant set I'. Taking the
second-order time derivative on both sides of Equation (67), and substituting Equation (88),
we can obtain

. . D) .2 o
X — k/\(91C1C2 — 025159 —0151Cp — 0,5:Cy — 291925152) =0 (90)
B . 2
Y —kpr(02C2 —60,5:) =0 91)
3k (6151Ca — 6C152 — 6,C1Cr + 0,C1Ca — 261025,5,) = 0 92)

Substituting (89) into (37)-(39) becomes
i .. " .2 .2 .
(M +m)x +ml(6:C1Cy — 025152 — 0;51C2 — 0,51Co — 2016,C1S;) = —kpxzxgx (93)

(M + m)y + ml(GQCQ - 9252) = _kpylxgy (94)

(M +m)z +ml(0:51Cy + 02C152 + 6;C1Co + 0,C1Cp — 201025152) = —kpzttez  (95)

According to (90)—(95), the following can be obtained:

. k/\kpxlxvx
x__kA(Mer)erl 6)
. k/\kpyzxvy
y__kA(M+m)+ml 67
i _ k/\kpzucvz (98)

ky(M +m) +ml
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Taking oy as an example. If ay, # 0, it can be concluded that when t — oo, x — oo is
obviously inconsistent with the conclusion x € Lo, in (85). Therefore, this hypothesis is not
valid. Through similar analysis, we can see that in the set I

&y = 0351 = v = 03,1 (99)
fi=(M+m)ge; (100)
{=030=8 =0 (101)

where a,z € RR3 is the undetermined constant vector. Similarly, one can conclude that in the
setI'

G =031 = ez = 0351, ez = &y (102)

where a,z € RR3 is the undetermined constant vector. Therefore, h = 031 can be deduced
from (88) and (102). And the following conclusions can be obtained from (56)—(58)

0,C1Cy — 02515, = 0 (103)
0,Cr =0 (104)
0151C + 6,C15, = 0 (105)

Considering the payload’s swing angle — g <ty 0y < % in the actual situation, it can
be proved that
#01=060=0=6,=06,=0 (106)

On this basis, using (40)-(41), (66), (99)—(101) (106), and (88) the following can
be obtained:
0y =0, 6]/:0:>h:03><1:>e§:03><1/§:§d (107)

Combining (99)-(101), (106), and (107), the maximum invariant set contains only the
equilibrium point
T T oT g1 _ o of o of 17
lez, ez,0°,0 ] =1[03,1,03.1,02.1,05,1] (108)
The above conclusion is proved by the LaSalle invariance principle.
Case 2: If Q < 0, one can obtain

E =" [~Kz0 + A] (109)

When the coupling term A is ignored, the stability proof process is the same as that
of Case 1, so the stability of the whole system can be proved as long as the coupling term
meets the growth restriction condition. [

Lemma 2. There exists a normal number dp € R and a differentiable x — class function «y(-) at

the point [ek, eZ,]T = 041 such that the coupling term y satisfies the following growth constraints:

1BIl < v(er)lell, ifllell = da (110)

Proof of Lemma 2. To prove the lemma, the boundedness of the signal h, h should be first
analyzed, and the following conclusions are drawn from (66)
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1] =k ($1C)* + (82)% + (1 — 1y
< kW2 —-2C G, (111)
< 2k)

From (56)—(58),

H can be scaled as follows:

9151C2 + 92C152)
2 2 112
<k, \/(91C2) + (9252) + (GQCZ) (112)

2 .2
<kx\V0,+0,

=]

li| - J (6:C1Cr — 925152)2 (62C2)°

Let A, and A, represent the maximum eigenvalues of control gain K, and K;; respec-
tively. According to (111) and (112), it is not difficult to obtain

Il = | =Kpv — Kb+ (M + m)ges|
< max(Ap, Ag)([[o]| + [|[o]]) + (M +m)g
< max(Ap, Ag)([leg]| + 1] + |e¢“+H"H> (113)
+(M+m)g

< 2max()\p, Ag) -max(1,ky)|le|l
+(M +m)g 4 2kymax(Ap, Ag)

Defining the following parameters:

cr = 4max(Ay, Ay) - max(1,ky)
df _ (M+m)gf2kAmax(Ap,Ad) (114)
f= 2max(Ap,A4)-max(1ky)

There is a normal number df,c; € Ry such that the virtual control input vec-
tor f;(t) satisfies:

crllell, ifflel| = df
TAGIER AN (115)
d crdy, if|le]| < df

Combining (22) with (77) and (78), the following can be obtained:
8] = ]| (€} R Res)Res — Ryes| (116)

where || (elRIRes)Res — Ryes|| represents the sine value of the angle between the vec-
tor Re; and the vector Rjes, ||er|| represents the angle between the rotation matrix R and
the characteristic axis of R;. Therefore, considering (115), we have

<
181 < falllerll 1)
< ky lelllexll, ille]| > dy

Combining #, A, and (117), the following inequation can be obtained:

Il < ITToaM: |l A
= |[TToM: || 18] (118)
< cf[TToaM: | pller el ifllell > df
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where ||-|| represents the Frobenius norm of the matrix. Select

v(er) = cf|[TToaM: || g ller]

119
s, (119)

Therefore, lemmal and lemma 2 are proved. U
Theorem 1. The thrust input (75) and torque input (79) can enforce the quadrotor to track the
desired position, and ensure the elimination of payload swing angle, i.e.,

-T . T
i [Z7,,61,02,01,02, e} €]
— 00

_ [T T T T
- [gd'03x1'0’0’0'0'03><1'03><1

- (120)

Proof of Theorem 1. According to Lemma 1 and Lemma 2 and the stability of inner loop
tracking, it can be proved that the equilibrium point is asymptotically stable. [

5. Simulation Results and Analysis

This section includes four sets of simulation experiments designed to validate the
superiority of the proposed control scheme. The first set is compared with the energy-
coupling control method [32] to verify the better performance of the proposed method,
and the second group tests its robustness against external disturbance and parametric
uncertainty.

The body mass, payload mass, gravity acceleration, rope length, and moment of inertia
are set as follows:

M = 0.645kg, m = 0.075kg, ¢ = 9.8 kg-m/s?,
I = 0.535m, J = diag(0.010,0.010,0.012) kg - m?

The inner loop control gains of the two controllers are uniformly chosen:
Kr = diag(5.3, 5.3, 6.2)
K, = diag(0.5, 0.5, 1.0)
For the energy-coupling control method, the control gains are selected as:
Kp = diag(2.7, 1.8, 7.0)
K, = diag(4.6, 3.1, 10)
K, =138
The control gains for the proposed control design are tuned as follows:
K, = diag(5.1, 2.8, 10)
K,; = diag(5.1, 2.8, 10)
K, =35

Simulation Test 1: Control Performance

To adjust the quadrotor’s position along the x, y, and z axes, set the following parameters:

Z(0)=[1.0, 1.3, 1.5]" - &, =05, 0.3, 1.0]"
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Figure 3 shows that both control methods move the quadrotor from the initial position
to the desired position along similar trajectories. Figure 4 shows the torque and input
on each axis. However, the proposed control method suppresses the swing angle more
effectively. Table 1 shows that the maximum payload swing angles for the energy-coupling
method are 2.67° and 3.30°, while the proposed control method achieves 2.14° and 2.64°
for its maximum swing angles. In comparison, the proposed control method achieves
a 20% improvement in suppressing the swing angle. Furthermore, the mean and RMS
values in Table 1 further indicate that the proposed control method exhibits higher stability.
Furthermore, Figure 5 shows that the proposed control method leads to smaller attitude
angles and improved rotational characteristics.

— 1 . < ' ' ! ! |-'——-Energy-couplingcontmlmelhod
20.8f T Proposed control method
“ost e m——
0 1 2 3 4 5 6 7 8 9 10
13 T T T T T T T T T
=208 T 1
Toak \ . ‘ ‘ n
0 1 2 3 4 5 6 7 8 9 10
15 T T T T T T T T T
51.3\
0 1 2 3 4 5 6 7 8 9 10
. =< T T T
Sk . 1
50 1 . - o= — - - ---
0 1 2 3 4 5 6 7 8 9 10
__3F T < T T T T T T T
%pZ* 7 RS
Z P ~3
0 1 2 3 4 5 6 7 8 9 10

Time (sec)

Figure 3. And O(¢) for QTS.

10 —\;; - — - - Energy-coupling control method
= Proposed control method
< sh
| \ \ . L . \ \ \
0 1 2 3 4 5 6 7 8 9 10
) T T T T T ]
2 1
= 0 L 1 1 1 L 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
= of
Z -
&2 1
| \ \ . . | . \ \
0 1 2 3 4 5 6 7 8 9 10
x10°
T T T T
Z o
o
5 . ! .
0 1 2 3 4 5 6 7 8 9 10

Time (sec)

Figure 4. Control inputs f(t), T(f).

Table 1. Quantitative data for simulation test 1.

) ) Max Mean RMS
Simulation Test 1 0, 0, 0, 0, 0, 0,
Proposed controller 2.14° 2.64° 0.43° 0.86° 0.84° 1.29°
Energy-coupling controller 2.67° 3.30° 0.44° 0.88° 0.87° 1.38°




Actuators 2025, 14, 91

16 of 22

- — = = Energy-coupling control method
Proposed control method
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Figure 5. Quadrotor attitude.

Simulation Test 2: Robustness Verification Experiment

Next, two groups of disturbance-rejection simulation tests are presented. The first
group gives external disturbance in different directions to test the robustness of the system
under the condition of using the parameters of Simulation Test 1. The second group changes
the rope length and payload mass. New initial and desired positions are selected to test the
effects of internal disturbances on the system.

In the first robustness simulation tests, pulse signals are utilized to simulate external
disturbances affecting the system, applied in various directions to both the quadrotor
and the payload. The control performance is shown in Figures 6-8. In the process of
quadrotor transportation, even if the payload is affected by external disturbance at 1,
the proposed control method can still ensure the accurate arrival of the quadrotor to the
target position and the effective suppression of the payload swing. When the external
disturbance is applied at ¢, and t3 from different directions of the payload, the QTS can still
restore quickly to the equilibrium state. Furthermore, when the position of the quadrotor is
offset by the external disturbance at t4 and ts, the proposed algorithm can still ensure the
system stability.

0 5 10 15 20 25 30
Time (sec)

Figure 6. Group 1: Robustness test for £(¢) and ©(t).
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Figure 7. Group 1: Robustness test for control inputs f (), T(t).
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Figure 8. Group 1: Robustness test for attitude.

To assess the robustness of the proposed control scheme against internal distur-
bances such as uncertain rope length and payload mass, two scenarios are considered.
1)I=1m, m = 0.106 kg; (2) | = 0.535 m, m = 0.075 kg in the second simulation test.
The control performance is shown in Figures 9-11. As can be seen from these curves, the
quadrotor can still reach the desired position quickly and stably under the varying rope
length and payload mass. The payload swing angle can be kept within 3 degrees. At the
same time, the attitude of the quadrotor body also remained within the normal range.

T T T T T T ‘

1 === m=0.075 kg, I=0.535 m
£ 03\ —— m=0.106 kg, I=1 m
“osp o, TeS=e=aa

4

Time (sec)

Figure 9. Group 2: Robustness test for £(¢) and O ().
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Figure 11. Group 2: Robustness test for attitude.

Simulation Test 3: Robustness to wind gust effect.

Figures 12-14 show the simulation results of the wind gust effect. Despite the influence
of wind gusts, the system maintains accurate positioning at the desired location. Addition-
ally, the maximum payload swing angle remains within 3 degrees, and after reaching the
desired position, the payload swing angle stays within 1 degree. This demonstrates that

the system retains strong robustness against irregular wind gusts.

1 ' 1
S 05F ) B
0 10 15 20 25 30
13 T T . . 3
EosF b
303_ =
. . . .
0 10 15 20 25 30
5 T T . .
E13 ]
A Us 1 I )
0 10 15 20 25 30
T T T T
~ of ]
<y i
<o N A e U
0 10 15 20 25 30
_oF T T T T 3
(O] i
tﬂo L L L L
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Figure 12. Quadrotor position and payload swing angles for wind gust effect.
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Figure 13. Control inputs for wind gust effect.
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Figure 14. Quadrotor attitude for wind gust effect.

Simulation Test 4: Robustness to ground reflection effect

Figures 15-17 illustrate the state of the rotorcraft lifting system considering the ground
reflection effect. The system maintains accurate positioning throughout the movement,
and the maximum payload swing angle remains within 3 degrees. Additionally, after the
system reaches the desired position, the load swing angle demonstrates strong robustness.

T T T T

0 5 10 15 20 25 30
13 T T T T T =)
Eosf |
=03f 3
. . . . .

0 5 10 15 20 25 30
s T T T T T ]
E1.3H 4
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uvw/\
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T
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Figure 15. Quadrotor position and payload swing angles for ground reflection effect.
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Figure 16. Control inputs for ground reflection effect.
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Figure 17. Attitude for ground reflection effect.

6. Conclusions

Beneficial coupling terms between the inner and outer loops are assessed to enhance
the system’s transient performance. A new energy-coupling-based control method is
proposed to realize the quadrotor positioning and the payload swing elimination simulta-
neously. Firstly, a generalized payload is introduced, and then a new passive characteristic
of the QTS is proposed. Secondly, a judgment function is designed to determine whether
the coupling is harmful or beneficial, and the beneficial coupling is reserved to improve the
transient characteristics of the system. By constructing a new energy storage function, we
develop a novel control signal of the outer loop subsystem, which can guarantee the track-
ing performance of the quadrotor transport system with the inner-loop attitude tracking
controller. Various simulation results are performed in this paper to verify the feasibility
and effectiveness. The proposed method not only has better positioning tracking and swing
elimination ability but also significantly improves attitude control performance.
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