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Abstract

Serial-parallel hybrid manipulators featuring remote actuation via parallelogram mech-
anisms are highly valued for their low inertia and high stiffness. However, the complex
nonlinear errors introduced by their multi-stage transmission chains pose significant chal-
lenges for high-precision calibration. To address this, this paper proposes a hierarchical and
decoupled calibration framework specifically tailored for such parallelogram-driven hybrid
manipulators. The method first independently calibrates the pose error of the 3-DOF serial
main arm using a composite error model that integrates transmission chain constraints.
Subsequently, the 2-DOF parallel wrist is accurately calibrated employing a joint-space error
identification strategy based on inverse kinematics, thereby circumventing the intractability
of solving the parallel mechanism’s forward kinematics. Experimental validation was per-
formed on a self-developed 5-DOF robot prototype using an optical tracker and an attitude
sensor. Results from the validation dataset demonstrate that the proposed method reduces
the robot’s average positioning error from 2.199 mm to 0.658 mm (a 70.1% improvement)
and the average attitude error from 0.8976 deg to 0.1767 deg (an 80.3% improvement).
Furthermore, comparative experiments against the standard MDH model and polynomial
fitting models confirm that the proposed composite error model and multi-stage transmis-
sion error model are essential for achieving high accuracy. This research provides crucial
theoretical insights and practical solutions for the high-precision application of complex
remote-driven hybrid manipulators.

Keywords: serial-parallel manipulator; kinematic calibration; hybrid manipulators; error
modeling; parameter identification

1. Introduction
Serial manipulators are widely used in industrial applications such as automated

welding, assembly, surface painting, and polishing, owing to their large workspace, simple
structure, and mature motion control algorithms [1–4]. Parallel manipulators excel in
areas like load capacity, control accuracy, and motion speed, making them prevalent in
high-precision scenarios such as precision machining, chip manufacturing, and medical
surgery [5–10]. However, compared to serial manipulators, the limited workspace of
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parallel manipulators often limits their utility in broader applications. In this context,
the field of robotics has evolved from traditional serial and parallel robots to hybrid
manipulators. Current research on hybrid manipulators is primarily divided into two
categories: the first combines a low-degree-of-freedom serial mechanism and a parallel
mechanism (PM), known as PM + SM (Parallel Manipulator + Serial Manipulator) hybrid
manipulators [11–17]. The second consists of two parallel mechanisms, forming a PM + PM
hybrid manipulator [18–20]. The five-degree-of-freedom hybrid manipulator studied in this
paper, while belonging to the first PM + SM category, employs a multi-level four-bar linkage
structure for remote actuation. This makes its control accuracy more difficult to guarantee
compared to conventional manipulators. The primary reason lies in the coupling effect of
the heterogeneous transmission chain; errors from the serial part are transmitted to the
base of the parallel module, while the linkage errors of the serial structure interact with the
linkage errors of the parallel structure, ultimately affecting the end-effector output accuracy
of the entire system [21–26]. This complex interplay of error accumulation and remote
actuation makes it extremely challenging to achieve high absolute positioning accuracy.
Therefore, precise kinematic parameter calibration has become the key to ensuring end-
effector positioning accuracy and promoting its practical application.

Research indicates that approximately 90% of the absolute positioning error in robotic
arms originate from kinematic model errors [27]. Consequently, current research on robotic
arm calibration primarily focuses on kinematic model-based calibration methods. The
objective of this approach is to enhance the absolute positioning accuracy of the robotic
arm’s end-effector by identifying and correcting geometric parameter errors caused by
factors such as machining, assembly, and wear [28]. The conventional kinematic parameter
calibration process comprises four steps: error modeling, external measurement, parameter
identification, and error compensation [29,30]. Among these, error modeling is the critical
step in kinematic calibration, which uses mathematical tools to establish the error mapping
between the robot’s theoretical and actual physical models, thereby providing a foundation
for subsequent parameter identification and compensation [31].

However, when modeling robotic arms with non-standard designs, traditional error
modeling methods show their limits. The Denavit-Hartenberg (D-H) model is used in
traditional robotic arm kinematic modeling to setup geometric errors [32]. The DH model
while effective for serial robotic arms, but it causes problems when two joints are parallel
to each other. As a result, Hayati et al. suggested an updated DH (MDH) model that adds
another parameter to address this [33]. Later models, such as the CPC (Complete and
Parametrically Continuous Kinematic) model [34], the POE model [35], and Screw Theory-
based models [36,37], have advanced in terms of parameter continuity, completeness, and
flexibility. These conventional models predominantly focus on standard open-chain or
closed-loop mechanisms, limiting their applicability [38].

The 5-DOF hybrid robotic arm studied herein employs a unique remote-drive design:
its drive units are relocated to the base, driving each joint through a multi-stage paral-
lelogram mechanism. This design significantly reduces the arm’s motion inertia while
transforming the error model from a simple joint-end-effector mapping into a coupled
error system involving the drive-multi-stage transmission-execution chain. For palletizing
robots with similar structures, traditional calibration methods for palletizing robotic arms
often neglect the nonlinear effects of transmission mechanisms, treating them as simple
serial robotic arms [39]. It has been demonstrated that geometric errors introduced by the
parallelogram transmission chain constitute a critical error source affecting end-effector
precision and cannot be disregarded [40]. Therefore, a high-precision error model must com-
prehensively reflect the robot’s hybrid configuration by incorporating structural errors from
the transmission chain into the overall error system. However, this approach inevitably in-
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troduces numerous geometric error parameters, leading to an exceptionally complex model
and potentially causing numerical instability and parameter redundancy during parameter
identification [41]. Consequently, analyzing error parameters during the modeling stage
and eliminating redundant terms is a prerequisite for enhancing identification efficiency
and ensuring the reliability of calibration results [42].

This study addresses the aforementioned challenges, and proposes and validates an
innovative hierarchical decoupling calibration framework for this type of hybrid robotic
arm with parallelogram-based remote drive. The main contributions of this paper include:
(1) For the 3-DOF serial main arm, we integrate the serial MDH model with parallel
closed-loop constraint equations to establish a hybrid error architecture that coordinates
open-chain and closed-chain mechanisms; (2) For the 2-DOF parallel wrist, introducing a
joint-space error identification strategy based on inverse kinematics, which circumvents the
intractable problem of solving the complex parallel mechanism’s forward kinematics [43].
(3) To quantify the necessity and superiority of the proposed models, designing and
executing comprehensive baseline comparisons and ablation studies to quantitatively
evaluate the proposed method’s performance against standard MDH models, polynomial-
fitting models, and deterministic identification algorithms (LM); (4) To evaluate the model’s
robustness, collecting a “stress test” dataset near the mechanism’s singular configurations
and analyzing the stability of the identification algorithm (GA).

The remainder of this paper is organized as follows: Section 2 introduces the manipu-
lator architecture and establishes the hierarchical error model. Section 3 presents the error
sensitivity analysis. Section 4 details the hierarchical identification and calibration method,
defining the baseline models and ablation studies for comparison. Section 5 describes the
experimental validation setup, including the planning of calibration, validation, and stress
test points. Section 6 provides a detailed report of the calibration results, encompassing
performance comparisons against baseline models, robustness stress testing, and algorithm
stability analysis. Finally, Section 7 offers a conclusion and outlook.

2. Configuration Design and Hierarchical Error Modeling
2.1. Configuration Design

The virtual prototype and schematic diagram of the self-developed 5-DOF hybrid
robotic arm are shown in Figure 1. As depicted in Figure 1a, the robotic arm consists of a
3-DOF serial main arm and a 2-DOF parallel wrist, facilitating three-dimensional spatial
positioning and two-directional orientation adjustment at the end effector. A distinguishing
design feature is the employment of a multi-stage parallelogram mechanism for remote
actuation. All drive units are consolidated at the robot base to reduce motion inertia and
enhance rigidity.

The kinematic configuration of the serial main arm is shown in Figure 1b. It comprises
the base rotation joint (θ1), the main arm pitch joint (θ2), and the forearm pitch joint (θ3).
The actuation for the forearm joint (θ3) is transmitted via a set of parallelogram mechanisms
on the main arm (L-K-P-E in Figure 1b).

The topology of the parallel wrist is shown in Figure 1c. It comprises a moving
platform (with its origin at F1) and a stationary platform rigidly connected to the end of the
serial arm. These two platforms are connected by two identical, symmetrically arranged
RUS (Revolute-Universal-Spherical) kinematic chains. Here, R1 and R2 are active revolute
joints located on the stationary platform. Their rotation drives the moving platform to
achieve two-dimensional rotation around the x- and y-axes. The active joints R1 and R2 of
the wrist are also remotely driven by independent, multi-stage parallelogram transmission
chains originating from the base. Their multi-stage transmission path is shown in Figure 2b.
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(a) 

 

 

(b) (c) 

Figure 1. Error modeling for the remote drive transmission chain of the wrist mechanism: (a) Virtual
prototype; (b) Overall kinematic diagram; (c) Topology of the parallel wrist.

  
(a) (b) 

Figure 2. Error modeling for the remote drive transmission chain of the wrist mechanism: (a) Closed-
loop vector model of the first-stage parallelogram LEPK; (b) Schematic of the multi-stage transmission
chain for the wrist joint.

To clearly establish the kinematic and error models, Table 1 lists the nominal kinematic
parameters of the manipulator. These design dimensions form the basis for subsequent
error models and sensitivity analyses. Here, ls represents the nominal dimension of the
four-bar linkage of the serial main arm, and lp1∼lp4 represent the nominal dimensions of
each stage of the parallel wrist linkage from the base position to the parallel wrist.
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Table 1. Nominal Kinematic Parameters of the Manipulator.

Parameter Nominal
Value Parameter Nominal

Value Parameter Nominal
Value Parameter Nominal

Value Parameter Nominal
Value

a1 0 mm a2 500 mm a3 430 mm β3 0◦ s 40 mm
α1 90◦ α2 0◦ α3 90◦ r 42.5 mm ls 74 mm
d1 80 mm d2 0 d3 0 mm u 49 mm lp1 50 mm
lp2 100 mm lp3 74 mm lp4 24 mm

2.2. Hierarchical Error Modeling

This section establishes distinct error models for the 3-DOF serial main arm and the
2-DOF parallel wrist to underpin the DOF-based error decoupling calibration technique
suggested in this paper. Additionally, the impact of linkage parameter inaccuracies from
the individual parallelogram mechanisms on these models will be considered.

2.2.1. Error Modeling of Parallelogram Transmission

In the design of the 5-DOF hybrid manipulator, parallelogram mechanisms are integral
components of the transmission chains for both the 3-DOF serial main arm and the 2-DOF
parallel wrist. Their main purpose is to facilitate a remote drive design where actuators are
mounted at the base, and torque is delivered to the respective joints via one or more stages
of parallelogram linkages. This configuration serves to decrease the manipulator’s moving
mass and overall inertia. Nevertheless, this design also introduces complex and nonlinear
sources of error. In particular, kinematic errors arising from inaccuracies in link lengths
and misalignments in passive joints are directly propagated to the end-effector, thereby
degrading its final pose accuracy.

Figure 2 illustrates the multi-stage parallelogram transmission chain used for the
remote actuation of the 2-DOF parallel wrist. We begin by formulating an error model
for the initial parallelogram linkage of this chain, LEPK (as shown in Figure 2a). The
input terminal K of this linkage is rigidly connected to the output shaft of a base-mounted
actuator. The output rotation from this parallelogram is then progressively transmitted
through subsequent linkages (as shown in Figure 2b) to the final joint of the wrist.

As shown in Figure 2a, the First-stage parallelogram mechanism forms the L-E-P-K
closed loop, which consists of the fixed link l1, the driving link l2, the coupler link l3, and the
output link l4. Under ideal conditions, this mechanism behaves as a perfect parallelogram,
meaning φ2 = φ4, where φ2 is the angle of the driving link and φ4 is the angle of the output
link. However, to account for manufacturing and assembly errors, it must be modeled as a
general four–bar linkage. A planar Cartesian coordinate system, o–uv, is established with
its u–axis aligned with the fixed link l1. The lengths of the links are denoted by l1, l2, l3, and
l4, and their respective angles with the u–axis are φ1, φ2, φ3, and φ4. The corresponding
complex number representation for each link is therefore l1ejφ1 , l2ejφ2 , l3ejφ3 , and l4ejφ4 .

Since the four–bar linkage forms a closed kinematic loop, its vector loop equation in
the complex plane can be established for the LEPK linkage as:

∑4
k=1 lkejφk = 0 (1)

To analyze the sensitivity of the output link’s angle to small geometric errors, we take
the total differential of the vector expression for each link, yielding:

d
dt

(
lkejφk

)
= ∆lkejφk + jlk∆φkejφk (2)

Summing the differential terms for all four links gives the error loop equation:
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4

∑
k=1

(
∆lkejφk + jlk∆φkejφk

)
= 0 (3)

To facilitate the subsequent derivation, all terms in Equation (3) are projected onto
a reference frame aligned with the direction of link l3 (i.e., angle φ3). This is achieved
by multiplying both sides of Equation (3) by e−jφ3 and then taking the real part, which
results in:

4

∑
k=1

[∆lkcos(φk − φ3)− lk∆φksin(φk − φ3)] = 0 (4)

Since Link 2 is the driving link, we assume its angular error is zero (i.e., ∆φ2 = 0),
as it serves as the input reference. For an ideal parallelogram mechanism, the following
geometric relationships between the link lengths and angles must be satisfied:

l1 = l3, l2 = l4, φ1 = π, φ4 = π + φ2 (5)

Substituting these relationships into Equation (4), the expression for the output angle
error, ∆φ4, is obtained as:

∆φ4 =
cosφ2(∆l2 − ∆l4) + (∆l3 − ∆l1)

−l2sinφ2
(6)

To simplify the subsequent analysis, the four individual link length errors are consoli-
dated into two terms representing the differences in opposing link lengths: the driving–side
error, ∆ls = ∆l2 − ∆l4, and the transmission–side error, ∆lt = ∆l3 − ∆l1. The error function
can thus be expressed in a more compact form with the input angle φ2 and these error
difference terms as variables:

∆φ4 = f (φ2, ∆ls, ∆lt) =
∆lscosφ2 + ∆lt

−l2sinφ2
(7)

Equation (7) clearly reveals the nonlinear mapping between the output angle error,
∆φ4, and the input angle, φ2. The denominator, −l2sinφ2, approaches zero as φ2 approaches
the singular configurations of 0 or π. In these regions, the system becomes highly sensitive
to geometric errors, leading to a singular response. Therefore, the operational workspace
of the driving angle must be designed to avoid these sensitive regions.

For a multi–stage transmission chain composed of serially connected four-bar linkages,
each stage transmits the angle from the previous stage to the next while introducing an
additional angular error. These errors accumulate and are ultimately reflected in the final
output angle. It is therefore necessary to establish a general error model for such multi-stage
structures. For the n-th stage in the chain, let the input angle be φn_i, the output angle be
φn_o, and the angular error induced by its link length imperfections be ∆φn. This error
depends on the link error terms and the input angle of the current stage, expressed as:

φn_o = φn_i + ∆φn = φn_i + f (φn_i, ∆ls, ∆lt) (8)

where ∆ln_s = ∆ln_2 − ∆ln_4 is the driving-side error term for the n-th stage, and
∆ln_t = ∆ln_3 − ∆ln_1 is the transmission-side error term. The input angle of each stage is
determined by the output of the previous stage, following this recursive relationship:

φn_i = φn−1_o = φn−1_i + ∆φn−1 n = 1, 2, . . . (9)

This model captures the nonlinear and coupled characteristics of the errors within the
transmission chain. The error at any given stage is influenced not only by its own geometric
parameters but also by the accumulated errors propagated from all preceding stages. This
formulation lays the groundwork for the subsequent sensitivity analysis and error compensation.
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It should be noted that the model established by Formulas (7) and (9) is a kinematic
model, which mainly focuses on the geometric dimensional errors (i.e., link length errors
∆ls, ∆ls) caused by manufacturing and assembly tolerances. This model assumes that
all links are rigid bodies and does not consider nonlinear dynamic effects such as elastic
deformation, joint clearance, or friction under load. This is because, under low-speed, light-
load calibration conditions, geometric errors caused by tolerances are usually the dominant
factors leading to deviations in the accuracy of the robotic arm’s end effector. Therefore,
this study focuses on identifying and compensating for these first-order geometric errors,
which is critical for improving the manipulator’s absolute positioning accuracy.

2.2.2. Error Kinematic Modeling of the 3-DOF Serial Main Arm

This section establishes an error kinematic model for the first 3-DOF serial main arm
of the hybrid manipulator. This part consists of three joints: the base revolute joint, the
main arm revolute joint, and the forearm revolute joint, forming a typical 3-DOF serial
structure. Under ideal modeling conditions, its forward kinematics can be modeled using
the D-H method. The D-H transformation matrix can be expressed as:

i−1
i T = Rot(z,θi)Trans(z,di)Trans(x,ai)Rot(x,αi)

=


cθi −sθicαi sθisαi aicθi

sθi cθicαi −cθisαi aisθi

0 sαi cαi di

0 0 0 1

, i = 1, 2
(10)

However, the traditional D-H model can exhibit singularities when adjacent joints are
parallel or nearly parallel, and its representation of parameter perturbations is not contin-
uous. Therefore, when there are two consecutive parallel joints, a five-parameter MDH
model is adopted, which introduces an additional y-axis rotation. Its MDH transformation
matrix can be expressed as:

i−1
i T = Rot(z, θi)Trans(z, di)Trans(x, ai)Rot(x, αi)Rot(y, γi)

=


cθicβi − sθisαisβi −sθicαi cθisβi + sθisαisβi aicθi

sθicβi + cθisαisβi cθicαi sθisβi − cθisαicβi aisθi

−cαisβi sαi cαicβi di

0 0 0 1

, i = 3
(11)

where the five MDH parameters are defined as:
βi: the initial correction angle around the y-axis (to compensate for initial mechanism

offsets).
θi: the joint variable, corresponding to the rotation angle around the z-axis.
di: the link offset, corresponding to the translation along the z-axis.
ai: the link length, corresponding to the translation along the x-axis.
αi: the link twist, the angle between adjacent z-axes measured about the common

X-axis.
When introducing error modeling, we consider that the link parameters have

small perturbations. Let the geometric parameter deviation vector for the i-th link be
ei = [∆ θi, ∆di, ∆ai, ∆αi, ∆βi], and the manipulator’s overall error vector be e = [e1, e2, e3].
The joint variables are q = [θ1, θ2, θ3]. The third joint of the 3-DOF serial main arm is driven
by a parallelogram mechanism. As can be seen from the schematic diagram in Figure 1, its
joint angle, θ3, is the same as the output angle of the parallelogram, φ2. From Equation (7),
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it is known that the opposing-side length error ∆l = [∆ls, ∆lt] of the parallelogram will
cause an angular error of ∆φ4 for θ3.

According to the theory of homogeneous transformations, the error mapping matrix
from the manipulator’s base coordinate system can be expressed as:

0
3T(q, e) = 0

1T(e1)
1
2T(e2)

2
3T(e3, ∆l) =

[
r p
0 1

]
(12)

For i = 1, 2:

i−1
i T(ei) = Rot(zi, θi + ∆θi)Trans(zi, di + ∆di)Trans(xi, ai + ∆ai)Rot(xi, αi + ∆αi) (13)

For i = 3:

3
2T(e3) = Rot(z3, θ3 + ∆θ3 + ∆φ4)Trans(z3, d3 + ∆d3)Trans(x3, a3 + ∆a3)Rot(x3, α3 + ∆α3)Rot(y3, β3 + ∆β3) (14)

Equation (12) can be expressed as a mapping relationship between the position vector
p, the joint variables q, and the parameter error set e, as follows:

p = F(q, e) (15)

where the mapping function F represents the complete kinematic error model of the 3-DOF
serial main arm, and e is the set of all its geometric parameter errors. For the forearm
joint, the model explicitly includes the angular error ∆φ4, which is propagated from the
parallelogram transmission mechanism and is defined in Equation (7). Therefore, the error
modeling for this hybrid serial-parallel structure not only encompasses the deviations in
nominal geometric link parameters but also accounts for the error propagation path from
the internal transmission mechanism. This comprehensive model forms the basis for the
subsequent sensitivity analysis and parameter identification.

2.2.3. Error Kinematic Modeling of the 2-DOF Parallel Wrist

Figure 3a shows the Virtual prototype of the 2-DOF parallel wrist. For descriptive
convenience, the model is simplified into a kinematic diagram as shown in Figure 3b.
As can be seen from Figure 3b, the 2-DOF parallel wrist at the end consists of a moving
platform (F1, S1, S2) and two identical RUS kinematic chains (R1-U2-S1 and R1-U3-S2) on
the left and right sides. In the diagram, ‘U’ represents a universal joint, ‘R’ a revolute joint,
and ‘S’ a spherical joint. The two revolute joints, R1 and R2, serve as the base points for
the two kinematic chains. The mechanism is actuated by the multi-stage parallelogram
transmission chains on either side of the manipulator, which drive the rotation of R1 and R2

to achieve the 2-DOF rotation of the terminal parallel mechanism about the x- and y-axes.

  
(a) (b) 

Figure 3. Parallel Wrist Mechanism: (a) Virtual prototype; (b) kinematic diagram.
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Let q1 and q2 be the rotation angles of the cranks R1U2 and R2U3 about the R1—R2 axis,
respectively. It is defined that when the cranks R1U2 and R2U3 are horizontal, q1 = q2 = 0.
The plane U1U′

2U′
3 constitutes the stationary platform, where{

U1U′
2 = U1U′

3 = F1S1 = F1S2

R1R2 = S1S2 = U2U3
(16)

As shown in Figure 3b, coordinate systems for the parallel mechanism are established.
The origins of the stationary and moving platform coordinate systems are defined as o4 and
o5, respectively. The origin o4 is located at the midpoint of the R1—R2 line segment. When
the joint angles q1 and q2 are zero, the o5 coordinate system is positioned directly above the
o4 coordinate system. The angles γ and β represent the rotation of the moving platform
about the x4- and y4-axes, respectively. In this home pose, both the input and output angles
are zero. For descriptive convenience, we make the following conventions:

R1R2 = S1S2 = U′
2U′

3 = r

R1U2 = R2U3 = s

S1U2 = S2U3 = F1U1 = u

(17)

In the coordinate frame o4, the coordinates of points U1, U2, and U3 are expressed as:
U4

1 = (0, 0, 0)
U4

2 =
(
scq1,− r

2 , ssq1
)

U4
3 =

(
scq2, r

2 , ssq2
) (18)

In the coordinate frame o5, the coordinates of points U1, U2, and U3 are expressed as:
F5

1 = (0, 0, 0)

S5
1 =

(
s, − r

2 , 0
)

S5
2 =

(
s, r

2 , 0
) (19)

The transformation matrix from frame o4 to frame o5, T54, for an x-y-z fixed-angle
rotation sequence, is given by:

T45 =

[
R45 P45

0 1

]
=


cβ sβsγ sβcγ x45

0 cγ −sγ y45

−sβ cβsγ cβcγ z45

0 0 0 1

 (20)

where the vector P45 = [x45, y45, z45]T represents the coordinates of the origin of frame o5

expressed in the stationary frame o4. The inverse transformation, T54, is obtained as:

T54 =

[
RT

45 P54

0 1

]
=


cβ 0 −sβ −(x45cβ − z45sβ)

sβsγ cγ cβsγ −(x45sβsγ + y45cγ + z45cβsγ)

sβcγ −sγ cβcγ −(x45sβcγ − y45sγ + z45cβcγ)

0 0 0 1

 (21)

Using the transformation from frame o4 to o5, the coordinates of the universal joint U1

can be expressed in frame o5:
U5

1 = T54U4
1 (22)
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Since the point U1 on the stationary platform has a fixed position relative to the moving
frame o4, its coordinates in frame o5 are constant, given by P54 = [0, 0, −u]. By substituting
this into the equation above and combining it with Equation (21), the relationships can
be simplified: 

0 = −x45cβ + z45sβ

0 = −x45sβsγ − y45cγ − z45cβsγ

−u = −x45sβcγ + y45sγ − z45cβcγ

→


x45 = usβcγ

y45 = −usγ

z45 = ucβcγ

(23)

Substituting these simplified relations back into Equation (20), we obtain the updated
transformation matrix T45:

T45 =


cβ sβsγ sβcγ usβcγ

0 cγ −sγ −usγ

−sβ cβsγ cβcγ ucβcγ

0 0 0 1

 (24)

Using the transformation matrix T45 from frame o5 to frame o4, the coordinates of the
spherical joint S1, S2 in frame o4 can be obtained as follows:

S4
1 = T45S5

1 =


scβ − r

2 sβsγ + usβcγ

− r
2 cγ − usγ

−ssβ − r
2 cβsγ + ucβcγ


S4

2 = T45S5
2 =

 scβ + r
2 sβsγ + usβcγ

r
2 cγ − usγ

−ssβ + r
2 cβsγ + ucβcγ


(25)

Since the distance between the universal joint and the spherical joint is constant and
equal to u, applying the distance formula between these two points gives:

∣∣S4
1U4

2

∣∣ = √(
scβ − r

2 sβsγ + usβcγ − scq1
)2
+
(
− r

2 cγ − usγ + r
2
)2

+
(
−ssβ − r

2 cβsγ + ucβcγ − ssq1
)2

= u∣∣S4
2U4

3

∣∣ = √(
scβ + r

2 sβsγ + usβcγ − scq2
)2
+
( r

2 cγ − usγ − r
2
)2

+
(
−ssβ + r

2 cβsγ + ucβcγ − ssq2
)2

= u
(26)

Equation (26) can be simplified to:{
K11cq1 + K12sq1 = K13

K21cq2 + K22sq2 = K23
(27)

where the coefficients K11, K12, K13, K21,K22, K23, are functions of γ and β, with their specific
expressions given by: 

K11 = rssβsγ − 2s2cβ − 2ussβcγ

K12 = rscβsγ + 2s2sβ − 2uscβcγ

K13 = r2cγ
2 − r2

2 + rusγ − 2s2

K21 = −rssβsγ − 2s2cβ − 2ussβcγ

K22 = −rscβsγ + 2s2sβ − 2uscβcγ

K23=
r2cγ

2 − r2

2 − rusγ − 2s2

(28)
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By applying the tangent half-angle substitution, the joint variables q1 and q2 are
reparameterized as: {

u1 = tan q1
2

u2 = tan q2
2

(29)

It follows that the sine and cosine terms can be expressed as:sinq1 = 2u1
1+u1

2 , sinq2 = 2u2
1+u2

2

cosq1 = 1−u1
2

1+u1
2 , cosq2 = 1−u2

2

1+u2
2

(30)

Substituting these expressions into Equation (27) yields:K11
1−u1

2

1+u1
2 + K12

2u1
1+u1

2 = K13

K21
1−u2

2

1+u2
2 + K22

2u2
1+u2

2 = K23

(31)

Equation (31) can be simplified and rearranged to obtain:{
(K11 + K13)u2

1 − 2K12u1 + K13 − K11 = 0

(K21 + K23)u2
2 − 2K22u2 + K23 − K21 = 0

(32)

The solution to Equation (32) is discussed on a case-by-case basis:
Case 1: When K11 + K13 ̸= 0, K11 + K13 ̸= 0, the expressions in (32) are quadratic

equations. Solving for u1 and u2 yields:
u1 =

K12±
√

K2
11+K2

12−K2
13

K11+K13

u2 =
K22±

√
K2

21+K2
22−K2

23
K21+K23

(33)

Case 2: When K11 + K13 = 0, K11 + K13 = 0, the expressions in (31) degenerate into
linear equations. The solutions are:  u1 = K13−K11

2K12

u2 = K23−K21
2K22

(34)

By combining the solutions from both cases and reversing the tangent half-angle
substitution, the joint angles q1 and q2 are found as: q1 = arctan 2u1

1−u2
1

q2 = arctan 2u2
1−u2

2

(35)

The derivation above establishes the inverse kinematic model for the parallel wrist.
Due to the inherent complexity of parallel mechanisms, closed-form analytical solution
often does not exist for their forward kinematics. Simplifying Equation (26) results in
a transcendental equation simultaneously involving γ and β, which cannot be solved
analytically. Consequently, it is infeasible to establish a mapping between the pose error in
the o5 coordinate frame and the parameter error of the parallel mechanism. This limitation
presents a significant bottleneck for traditional calibration methods that rely on end-effector
pose errors. To address this issue, this section proposes an innovative joint-space error
calibration strategy based on the inverse kinematics model. The core idea of this method is
to avoid establishing a mapping between geometric parameter errors and end-effector pose
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errors. Instead, it utilizes the derived closed-form inverse kinematics model to establish
a mapping between geometric parameter errors and driven joint angle errors, thereby
circumventing the intractable problem of solving the forward kinematics model.

Ideally, Pn represents the nominal design values of the kinematic parameters for the
2-DOF parallel mechanism. However, due to manufacturing and assembly errors, the actual
geometric parameters will deviate from their nominal values. Let ∆p be the set of these struc-
tural parameter errors. When the precise actual orientation of the terminal moving platform,
xm = {γm, βm}, is acquired via an external measurement device, and the corresponding actual
angles of the actuated joints, qm = {qm1, qm2}, are measured simultaneously, the mapping
relationship between the actuated joint angles, the moving platform’s orientation, and the
parameter error set can be derived from Equations (27)–(35) as follows:

qm = F(γm, βm, Pa) = F(xm, Pn + ∆P) (36)

The mapping function F represents the kinematic error model of the parallel mechanism.
Similar to the transmission chain model, the parallel wrist inverse kinematic error

model established by Equation (36) is also based on the rigid body assumption. This
model aims to identify the geometric parameter errors of the mechanism (such as ∆s,
∆r), but does not yet include factors such as elastic deformation or joint clearance. This
simplification is reasonable and effective for kinematic calibration under quasi-static condi-
tions, and its focus is on correcting geometric error sources caused by manufacturing and
assembly tolerances.

3. Sensitivity Analysis and Parameter Identification
In Section 2, a composite error model was established for the 5-DOF hybrid manip-

ulator, which incorporates the serial main arm, the parallel wrist, and the multi-stage
transmission chains. This model contains a large number of geometric error parameters.
Identifying all parameters simultaneously would not only make the calibration process
overly complex but also risk numerical instability due to parameter coupling and redun-
dancy, ultimately compromising the accuracy and reliability of the results. Therefore, the
objective of this section is to perform a sensitivity analysis on all geometric error sources.
This analysis will identify key parameters that significantly affect the manipulator’s end-
effector accuracy and eliminate minor parameters with negligible influence, leading to
a more streamlined and robust minimal-parameter error model. This model lays the
foundation for subsequent efficient and precise calibration.

It is worth noting that the sensitivity analysis presented in this section focuses exclu-
sively on geometric kinematic parameters. While dynamic factors such as link mass, inertia,
and joint friction can influence end-effector accuracy under high-speed or heavy-load
conditions, this study targets kinematic calibration under quasi-static conditions. Therefore,
dynamic parameters are excluded from the sensitivity analysis to isolate the impact of
geometric manufacturing and assembly tolerances, which are the dominant error sources
in the focused application scenario.

Considering the relative independence of the error models for each subsystem, we adopt
a hierarchical analysis strategy. This involves separately analyzing the sensitivity of three
components: the impact of the 3-DOF serial main arm’s geometric errors on end-effector pose
accuracy; the influence of the 2-DOF parallel wrist’s geometric errors on joint-space drive
angles; and the effect of the transmission chain’s geometric errors on the final output angles.

This study employs the Monte Carlo simulation method for sensitivity analysis. This
method, through a large number of random sampling simulations, can effectively evaluate
the comprehensive impact of a single error source on the system’s output under various
uncertainties [44]. Based on the manipulator’s tolerance design (as shown in Table 2), we
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assume that each independent geometric error parameter, δn(e.g., ∆ai, ∆di, ∆ls, etc.), is a
random variable following a normal distribution, N(0, σ2), with a mean of µ = 0 and a
standard deviation of 1/6 of the tolerance. This corresponds to the 6–σ (±3 σ) principle
commonly used in industry, which assumes that 99.73% of the machining error falls within
the tolerance zone. This is a standard practice for evaluating the impact of tolerances.
During the analysis, we adhere to the “one-parameter-at-a-time” principle. This means that
only one error parameter, δn, is randomly sampled from its distribution at a time, while all
other error parameters, δn ̸=k, are kept at zero. The OAT method was employed to identify
first-order sensitivities. This approach is, by design, limited to first-order effects and does
not capture parameter interactions or dynamic effects (e.g., load, speed), as the scope of
this study is kinematic. The goal was not a full uncertainty analysis, but rather to identify
the critical parameters for a streamlined calibration model.

Table 2. The tolerances and order numbers of geometric source errors in 5-DOF hybrid manipulator.

Order
Number Error Tolerance Order

Number Error Tolerance Order
Number Error Tolerance Order

Number Error Tolerance

1 ∆a1 0.115 mm 7 ∆d2 0.062 13 ∆β3 0.2◦ 19 ∆lsA1 0.074 mm
2 ∆α1 0.2◦ 8 ∆θ2 0.2◦ 14 ∆ls 0.074 mm 20 ∆ltA1 0.155 mm
3 ∆d1 0.037 mm 9 ∆a3 0.155 mm 15 ∆lt 0.155 mm 21 ∆lsA2 0.074 mm
4 ∆θ1 0.2◦ 10 ∆α3 0.2◦ 16 ∆s 0.052 mm 22 ∆ltA2 0.155 mm
5 ∆a2 0.155 mm 11 ∆d3 0.074 mm 17 ∆r 0.062 mm 23 ∆lsA3 0.074 mm
6 ∆α2 0.2◦ 12 ∆θ3 0.2◦ 18 ∆u 0.062 mm 24 ∆ltA3 0.155 mm

The errors for each subsystem are calculated as follows:
For the 3-DOF Serial Main Arm: To comprehensively evaluate the overall impact of

error parameters on the end-effector pose of the main arm, we define a weighted composite
pose error metric, Epose. First, N sets of joint angle vectors are generated within the
workspace. For a case with a single injected error, we first calculate the ideal pose matrix,
Tideal, and the actual pose matrix, Tactual. Subsequently, the position error, Ep, and the
orientation error, Eo, between these two poses are calculated separately. The final composite
error metric is given by the following equation:

Epose = wp · Ep + wo · Eo (37)

where wp and wo are weighting coefficients used to balance the influence of the different
units. This method ensures that parameters such as ∆α3, which only affect orientation, can
also be accurately evaluated.

For the 2-DOF Parallel Wrist: The sensitivity analysis adopts a strategy based on the
inverse kinematic model. First, N sets of target orientation angles, xm = [γm, βm]

T, are
generated within the reachable orientation workspace of the wrist. For each set xm, the
inverse kinematic model (Equation (35)) is used to solve for the two actuated joint angles,
qideal and qactual , using the ideal geometric parameters (Pn) and the parameters with a
single injected error (Pn + ∆Pk), respectively. The Euclidean distance between these two
resulting vectors is then calculated as the joint-space error: ∆qk = ∥ qactual − qideal ∥.

For the Multi-stage Four-bar Linkage Transmission Chain: Due to the structural sym-
metry of the two transmission paths, we only analyze one of them. During the sensitivity
analysis, N sets of target input angles, φn_i, are generated within the driving range of the
first-stage drive link. For each input angle φn_i, the actual output angle, φn_o, is calculated
using Equation (7) after injecting a single error, δk. The joint-space error is then calculated
as the absolute difference between the two angles: ∆φn = |φn_o − φn_i|.

To comprehensively evaluate the impact of each error parameter, we repeat the afore-
mentioned simulation process M times (where M = 1000). For each error parameter δn, we
record the maximum output error it causes over the M simulations (with each simulation
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iterating through the N workspace poses or configurations). This maximum error can be
max(∆pk), max(∆qk), or max(∆φn), depending on the subsystem. We define this absolute
maximum value as the sensitivity index, Kn, for that parameter. This index, Kn, intuitively
quantifies the maximum possible impact that a single error source can cause under the
worst-case scenario.

Figure 4 shows the results of the parameter sensitivity analysis within each subsystem.
For the 3-DOF serial main arm (Figure 4a), the analysis clearly reveals that the transmission
errors introduced by the main arm’s parallelogram mechanism are absolutely dominant.
Among these, the sensitivity of the transmission-side error, ∆lt,main (sensitivity: 0.2402), and
the driving-side error, ∆ls,main (sensitivity: 0.1736), significantly exceeds that of the standard
D-H parameters. This verifies that the transmission mechanism exhibits a significant error
amplification effect when operating near singular poses. Among the D-H parameters, the
link length errors (∆a1, ∆a2, ∆a3) have a secondary impact, while the influence of ∆α3 and
∆β3, which are closely related to the end-effector orientation, is the least negligible. For
the wrist’s transmission chain (Figure 4b), the analysis shows that the influence of the
transmission-side error, ∆lt, on the output angle is generally greater than that of the driving-
side error, ∆ls. At the same time, the error’s influence shows a progressive amplification
trend, with the error parameter of the third-stage transmission chain, ∆ltA3 (sensitivity:
0.0167), being the most sensitive for the 2-DOF parallel wrist (Figure 4c).

(a) 

 
(b) (c) 

Figure 4. Sensitivity Analysis of Geometric Error Parameters for Robot Subsystems: (a) Sensitivity
Analysis of 3-DOF Serial Arm; (b) Sensitivity Analysis of Wrist Transmission Linkage; (c) Sensitivity
Analysis of 2-DOF Wrist.
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Although there are only a few geometric parameters, the analysis indicates that the
importance of the platform radius errors, ∆rwrist (sensitivity: 0.0007) and ∆swrist (sensitivity:
0.0008), is significantly higher than that of the leg length error, ∆uwrist (sensitivity: 0.0001).
Through this hierarchical analysis, we can systematically select a reduced parameter set
consisting of the 19 most sensitive parameters from the total of 24 potential error param-
eters (excluding ∆α3, ∆β3, ∆lsA2, ∆lsA1, ∆uwrist). This parameter set will be used for the
global identification and calibration in Section 4. This approach significantly improves the
computational efficiency and numerical stability of the calibration process while ensuring
the completeness of the model.

4. Hierarchical Identification and Calibration
Based on the decoupled, hierarchical error model established previously, this section

proposes a hierarchical calibration strategy. The core of this strategy is to independently
calibrate the pose error of the 3-DOF serial main arm and the orientation error of the 2-DOF
parallel wrist by utilizing different measurement devices, corresponding error models,
and identification algorithms. This approach decomposes the complex, multi-parameter,
coupled identification problem into two relatively independent sub-problems to improve
calibration efficiency and accuracy. For the 3-DOF serial main arm, its end-effector position
error stems primarily from a combination of its link geometric parameter errors and the
geometric parameter errors of its parallelogram mechanism. We will employ an NDI
optical measurement system to perform position measurements of the 3-DOF serial main
arm and then identify the errors using the GA (Genetic Algorithm). Subsequently, for the
2-DOF parallel wrist, orientation errors are attributed to the geometric inaccuracies of the
parallel mechanism itself and the accumulated errors propagated through the multi-stage
transmission chain. All relevant error parameters for the wrist and its transmission chain
are identified by fusing data from an attitude sensor and motor encoders. To systematically
demonstrate the superiority of the proposed models and identification algorithm (GA), this
section will also define a set of baseline comparison models and ablation study protocols
for the calibration of the series arm and the parallel wrist, respectively. The detailed
performance comparison results will be discussed in Section 6.

4.1. Pose Calibration of the 3-DOF Serial Main Arm

For the position measurement in the calibration experiment, this paper uses a Polaris
Vega VT optical measurement system from NDI (Northern Digital Inc., Waterloo, ON,
Canada) for high-precision pose measurement. At an operating distance of less than 3 m,
this optical positioning system has an absolute distance error of up to ±60 µm, which
meets the requirements of the calibration experiment. The calibration procedure is as
follows: First, a series of measurement points is planned within the main arm’s workspace.
Then, the manipulator is driven to reach each point sequentially, and two sets of data are
recorded synchronously: the joint angles, qk, fed back by the three motor encoders of the
manipulator, and the actual pose of the end-effector’s marker plate, Tm,k, recorded by the
NDI system.

This paper employs the GA for error parameter identification. As a global optimization
algorithm, the GA can effectively handle problems with highly nonlinear models [45]
and mitigates the risk of entrapment in local optima. Its fitness function is defined as
the composite pose error between the theoretical pose, calculated by the error model,
and the actual pose, measured by the optical measurement system, evaluated over N
measurement points. The objective of the identification is to determine an optimal set of
error parameters, eopt, that minimizes the value of this fitness function. The fitness function,
F(e), is expressed as:
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F(e) =
1
N

N

∑
k=1

(
wp ∥ pc(qk, e)− pm,k ∥

2 +wo · θerr(Rc(qk, e), Rm,k)
2
)

(38)

where pc and pm denote the calculated and measured position vectors, respectively; Rc

and Rm are the calculated and measured rotation matrices; θerr is the orientation error
angle; and wp, wo are the weighting coefficients. GA optimization commences with an
initial population randomly generated within the tolerance domain of the error parameters
(refer to Table 2). In each generation, the fitness of every individual (i.e., a set of error
parameters) within the population is evaluated according to the predefined objective
function, which then determines the individual’s survival probability for producing the
subsequent generation through genetic operators such as selection, crossover, and mutation.
The iterative process continues until the maximum number of generations is reached or the
fitness value converges, at which point the optimization terminates. The individual with
the best fitness at termination represents the identified set of optimal error parameters, eopt.

Baseline Comparison and Ablation Study (Serial Arm)

To validate the necessity of the proposed composite model, which includes the four-
bar linkage transmission error (hereafter referred to as ‘Proposed—GA15’, with 15 error
parameters), we designed the following baseline comparison models:

MDH-Only Model (GA13): This is an ablation study model that disregards the four-
bar linkage transmission error. This model uses only standard MDH error parameters
(13 parameters in total) and is also identified using GA. Comparing the results of GA15
and GA13 allows us to quantify the contribution of the four-bar linkage transmission error
model to accuracy.

Deterministic Algorithm Comparison (LM15): To compare the performance of the
GA global optimization algorithm, we also used the classic Levenberg–Marquardt (LM)
deterministic algorithm to identify the complete 15-parameter model (Proposed).

4.2. Calibration of the 2-DOF Parallel Wrist and Its Transmission Chain

Given that the forward kinematics of the 2-DOF parallel wrist lacks a closed-form
analytical solution and the remote multi-stage drive introduces nonlinear transmission
errors, traditional calibration methods based on end-effector pose are rendered inapplicable.
To address this challenge, this paper adopts a joint-space error calibration strategy based
on the inverse kinematic model. The core of this strategy lies in using the inverse kinematic
model of the parallel mechanism and the forward transmission error model of the chain to
calculate two theoretical angles: the theoretical actuated output angle of the 2-DOF parallel
wrist (derived from the measured moving platform orientation) and the output angle of
the multi-stage transmission chain (derived from the measured motor drive angle). By
minimizing the discrepancy between these two theoretical values, the geometric errors of
both the parallel mechanism and the transmission chain are identified simultaneously. By
effectively addressing the coupling problem between transmission and geometric errors,
this approach enhances calibration efficiency and accuracy.

The objective of this calibration step is to identify the geometric errors of the entire
parallel wrist system. This not only includes the parameters of the 2-DOF parallel mecha-
nism itself (∆s, ∆r, ∆u) but also covers the parameters of the two three-stage parallelogram
transmission chains (∆lsA1, ∆ltA1, ∆lsB1, · · · , ∆ltB2), totaling 19 parameters.

For the 2-DOF parallel calibration experiment, a high-precision WIT attitude sensor
is installed on the terminal moving platform (the F1S1S2 plane in Figure 3) to directly
measure the orientation angles, γ and β, of the moving platform about the x- and y-axes.
The drive motors move the parallel wrist to a series of calibration points within its reach-
able orientation workspace. The actual orientation angles measured by the WIT sensor,
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Xm = {xm1, xm2, · · · , xmn}, and the actual angles measured by the encoders of the actuated
joints R1 and R2, Qm = {qm1, qm2, · · · , qmn}, are recorded synchronously.

The GA is again used for identification. According to the calibration strategy based
on inverse kinematics proposed in Section 2.2.3, the objective function is no longer the
end-effector pose error, but rather the error in the actuated joint angles. Instead of linking
geometric parameter errors to end-effector pose errors, this method uses the derived closed-
form inverse solution to map parameter errors to driven joint angle errors. This approach
effectively bypasses the difficulty of solving the forward kinematics.

The objective function, G(∆P, ∆X), is defined as follows:

G(∆P, ∆X) =

√
1
N ∑N

k=1∥qc(xmk, Pn + ∆P) − qo(qmk, ∆X)∥2 (39)

where

• ∆P is the vector of error parameters to be identified for the parallel mechanism (∆s,
∆r, ∆u).

• ∆X is the vector of error parameters to be identified for the two transmission paths
(∆lsA1, ∆ltA1, ∆lsB1, . . .).

• xmk is the actual orientation angle (γk, βk) of the k-th point measured by the WIT
sensor.

• qmk is the actually measured angle of the actuated joints R1 and R2 corresponding to
the k-th orientation point.

• qc(xmk, Pn + ∆P) is the theoretical input angle of the parallel mechanism, calculated
using the inverse kinematic error model from Equation (35), by substituting the
measured orientation xmk and the geometric parameters including errors, Pn + ∆P.

• qo(qmk, ∆X) is the theoretical output angle from the transmission chain, calculated
using its error model by substituting the measured input angle qmk and its error
parameters ∆X.

The subsequent identification process is similar to that in Section 4.1. By leveraging
the global search capability of the GA, an optimal set of error parameters, ∆Popt and ∆Xopt,
is sought in the multi-dimensional parameter space to minimize the objective function for
the joint-space error, G(∆P, ∆X). Through the hierarchical identification and calibration
method described above, the key geometric error parameters of each part of the manipulator
can be obtained efficiently and accurately, laying the foundation for subsequent error
compensation and accuracy enhancement.

Baseline Comparison and Ablation Study (Parallel Wrist)

To validate the effectiveness of the proposed physics-based identification strategy
for the multi-stage transmission chain of the parallel wrist (hereafter referred to as
‘Proposed—GA’), we designed the following comparative models:

2nd-Order Polynomial Fit Model (2nd-Poly—GA): This model uses the inverse kine-
matic model but replaces the complex physical transmission chain model. It assumes the
transmission error (the difference between the theoretical output angle and the motor input
angle) can be fitted by a second-order polynomial: ∆q = c2 · q2

in + c1 · qin + c0. The identi-
fication process (GA) simultaneously identifies the geometric parameters of the parallel
wrist and the polynomial coefficients.

1st-Order Polynomial Fit Model (1st-Poly—GA): Similar to the model above but uses
a first-order polynomial ∆q = c1 · qin + c0 for fitting.

Zero-Calibration Model (Zero-Cal—GA): This is the most simplified baseline, assum-
ing all errors manifest as zero-offset biases in the drive joints, i.e., only identifying the ∆q1,
∆q2 zero-offset error parameters.
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All comparative models are identified using GA and evaluated on the same validation
dataset.

5. Calibration Experiment
To validate the effectiveness of the aforementioned layered identification and calibration

method, we constructed an experimental calibration system based on a self-developed 5-DOF
hybrid manipulator prototype (as shown in Figure 5). The core equipment includes an NDI
Polaris Vega VT optical measurement system (accuracy: ±60 µm) for 3D position tracking
and a high-precision WIT attitude sensor (accuracy: ±0.1◦) for orientation measurement.

  
(a) (b) 

Figure 5. Experimental setup for kinematic calibration of 5-DOF manipulator: (a) Calibration of the
3-DOF main arm; (b) Calibration of the 2-DOF wrist.

The experimental setup is as follows. For the 3-DOF main arm calibration (Figure 5a),
a target plate equipped with four non-collinear optical markers was mounted on the end of
the serial main arm. Additionally, a static reference marker was positioned near the robot
base to establish a global coordinate frame. For the 2-DOF wrist calibration (Figure 5b),
the high-precision WIT attitude sensor was rigidly mounted to the end-effector’s moving
platform. This sensor directly measured the platform’s orientation angles, γ and β, around
the x- and y-axes, respectively, while the input angles of the transmission chain were
recorded by encoders.

Prior to calibration, coordinate registration is performed using discrete feature points.
Theoretical coordinates, PB, of at least three non-collinear markers in the robot base frame,
OB, are obtained from the design model. Corresponding markers are rigidly mounted on
the experimental setup, and their actual coordinates, Pc, are captured by the NDI system in
the measurement frame, OC. By solving the Absolute Orientation Problem (AOP) [46] to
minimize the root-mean-square error (RMSE) between these point sets, the homogeneous
transformation matrix, T, is calculated. This matrix unifies all subsequent measurements
into the base frame, eliminating systematic errors caused by arbitrary sensor placement.

The data collection procedure comprises two stages. The first stage addresses the pose
accuracy of the 3-DOF serial main arm. A target plate with optical markers was attached
to the end-effector. As shown in Figure 6a, 160 measurement points were planned within
the workspace, split equally into calibration (80) and validation (80) sets to evaluate model
generalization and prevent overfitting. The manipulator sequentially traversed these points
while the NDI system recorded the spatial pose errors, forming the serial arm dataset P_m.
The second stage focuses on the orientation accuracy of the 2-DOF parallel wrist. As depicted
in Figure 6b, 60 calibration and 60 validation poses were collected. At each pose, the platform
orientation angles {γm, βm} from the WIT sensor and the transmission input angles {qm1, qm2}
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from motor encoders were synchronously recorded. Additionally, to assess robustness, a
“stress test” dataset comprising 30 points near transmission singularities was collected. This
dataset serves to evaluate model performance under worst-case conditions.

 

(a) (b) 

Figure 6. (a) Position distribution for position accuracy calibration and validation; (b) Orientation
distribution for pose accuracy calibration and validation.

6. Results and Discussion
This section presents the experimental results based on the hierarchical calibration

strategy and dataset protocols defined in Sections 4 and 5. The identified kinematic
parameters are presented in Table 3. We first analyze the results for the 3-DOF serial arm,
including baseline comparisons, robustness stress tests, and algorithm stability. We then
present the results for the 2-DOF parallel wrist, including its ablation studies.

Table 3. The kinematic parameter calibration results.

Serial Arm Parameter Identified
Value Parameter Identified

Value Parameter Identified
Value Parameter Identified

Value

∆a1 0.209 mm ∆α1 0.498◦ ∆d1 0.037 mm ∆θ1 0.394◦

∆a2 −0.179 mm ∆α2 0.420◦ ∆d2 0.739 mm ∆θ2 0.420◦

∆a3 0.844 mm ∆α3 - ∆d3 0.074 mm ∆θ3 0.397◦

∆β3 - ∆ls 0.0122 mm ∆lt −0.119 mm

Parallel
Wrist Parameter Identified

Value Parameter Identified
Value Parameter Identified

Value Parameter Identified
Value

∆lsA1 - ∆ltA1 0.025 mm ∆lsA2 - ∆ltA2 −0.003 mm
∆lsA3 0.124 mm ∆ltA3 0.472 mm ∆lsB1 −0.128 mm ∆ltB1 0.003 mm
∆lsB2 −0.308 mm ∆ltB2 0.166 mm ∆lsB3 0.309 mm ∆ltB3 −0.315 mm

∆s −0.08 mm ∆r 0.349 mm ∆u -

6.1. Serial Arm Calibration Results and Ablation Study

First, the 3-DOF serial arm was calibrated. The results of the proposed method versus
the baseline models, all evaluated on the 80-point independent validation dataset, are
shown in Figure 7. As shown in Figure 7a, the mean position error of the manipulator
before calibration was substantial, measuring 2.199 mm. Employing the proposed GA15
model (incorporating both MDH and four-bar linkage transmission errors), the mean error
was reduced to 0.658 mm. This corresponds to a 70.1% accuracy improvement, validating
the method’s effectiveness.
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Figure 7. Calibration results and baseline comparison for the 3-DOF serial arm on the validation dataset.
(a) Comparison of mean position errors. (b) Box plot of position error distributions. (c) Position errors
for each validation point, and the dashed lines represent the mean error values of the corresponding
methods. (d) Spatial comparison of position errors before and after calibration.

We then evaluated the baseline models defined in Section Baseline Comparison and
Ablation Study (Serial Arm):

Algorithm Comparison: The LM15 method (using the deterministic LM algorithm on
the same 15-parameter model) reduced the mean error to 0.809 mm. While effective, it under-
performed compared to the GA15 method (0.658 mm). This suggests that for this complex,
nonlinear model, the global search capability of the GA successfully avoided local optima
that likely trapped the LM algorithm, thus finding a superior parameter solution. Ablation
Study: Most importantly, the MDH-Only (GA13) model, which removed the four-bar linkage
transmission error model, could only reduce the mean error to 0.885 mm. This forcefully
demonstrates that the nonlinear error introduced by the four-bar linkage transmission mecha-
nism is a dominant error source. The proposed composite error model is therefore essential
and critical for accurately calibrating this class of manipulator. Figure 7b further confirms
this with a box plot of the error distributions. The Proposed—GA15 method not only has the
lowest median error but also the narrowest interquartile range, indicating a more stable and
robust calibration result. Figure 7c shows the point-by-point error, where the Proposed—GA15
outperforms the other methods at the vast majority of validation points. Finally, Figure 7d
provides a spatial error map. Before calibration, large errors (>3 mm) were concentrated in
regions with high z-axis and large x-axis values. After calibration, the errors at all points are
significantly reduced and distributed much more uniformly across the workspace, visually
demonstrating the calibration’s global effectiveness.

Additionally, as the GA is a stochastic optimization algorithm, its stability and repeata-
bility were evaluated. We conducted 20 independent calibration runs on the serial arm’s
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Proposed-GA15 model, each initialized with a distinct random seed. The results showed
high consistency: the post-calibration mean RMSE across all 20 runs was 0.5722 mm with
a standard deviation of only 0.0071 mm. This demonstrates that the GA exhibits high
repeatability and reliably converges to a high-quality solution.

6.2. Serial Arm Robustness in Singular Region (Stress Test)

To evaluate the robustness of the identification algorithm, specific ‘stress test’ datasets
were collected in regions close to the mechanism’s transmission singularities. Mathemat-
ically, these singular configurations were identified by analyzing the kinematic Jacobian
matrix (J) of the transmission chain 1. A singularity occurs when the determinant of the
Jacobian matrix approaches zero ( det(J) → 0), leading to a loss of rank [47]. For the paral-
lelogram mechanism utilized in this study (modeled in Equation (7)), these singularities
correspond to the driving angle φ2 approaching 0 or π. Operating near singular config-
urations leads to a sharp increase in actuation forces and error sensitivity, which is often
referred to as ‘closeness to singularity’ [48]. To test the algorithm’s robustness in these
sensitive regions, we defined the singular test region as the configuration space where the
transmission angle deviates from the critical limit by less than 5◦. In these regions, the error
amplification factor increases significantly, making the system highly sensitive to geometric
parameters and providing a rigorous testbed for the algorithm’s stability.

The results are shown in Figure 8. On this dataset, the pre-calibration mean position
error was as high as 4.495 mm due to the proximity to the singularity. After calibration with
our model, the mean error was still significantly reduced to 2.212 mm, a 50.8% improvement.
Although the residual error of 2.212 mm is higher than that on the standard validation
set (0.658 mm), positions near singularities can be avoided in practice by restricting joint
angles via software limits. Meanwhile, this experiment demonstrates that the proposed
model still significantly improves positioning accuracy, even when operating near these
singular positions.

Figure 8. Validation results of the GA15 model on the Stress Test Dataset.

6.3. Parallel Wrist Calibration Results and Ablation Study

Next, the 2-DOF parallel wrist and its transmission chains were calibrated. Figure 9
shows the results of its comparative experiments. As shown in Figure 9a, the mean
orientation error of the parallel wrist before calibration was 0.8976 deg. Using the physics-
based model proposed in this paper, the Proposed-GA method reduced the mean error to
0.1767 deg. In contrast, the mean error using the LM algorithm was 0.1929 deg. The supe-
rior result of GA over LM demonstrates its global optimization advantage in handling such
complex nonlinear models. To verify the necessity of the physics-based model, we com-
pared it with simplified models. The 2nd-Poly (GA9) model’s mean error was 0.2568 deg,
and the 1st-Poly model’s mean error was 0.3843 deg. In conclusion, the calibration effect of
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the proposed physics-based transmission error model is significantly superior to methods
using generic polynomial fitting, and also surpasses the identification results of the LM
algorithm. This validates the accuracy and necessity of the multi-stage transmission chain
model established in this paper, confirming that simple fitting functions are insufficient to
capture the complex nonlinear error characteristics inherent to the system [49,50]. Finally,
the spatial error map in Figure 9d visualizes the post-calibration residuals, demonstrating
the method’s efficacy across the entire orientation workspace.

   
(a) (b) (c) 

 
(d) 

Figure 9. Calibration results and ablation study for the 2-DOF parallel wrist on the validation dataset.
(a) Comparison of mean pose errors. (b) Box plot of pose error distributions. (c) Pose errors for each
validation point, and the dashed lines represent the mean error values of the corresponding methods.
(d) Spatial error map of the parallel wrist before and after calibration.

7. Conclusions and Future Work
This paper proposes and validates an innovative hierarchical and decoupled high-

precision calibration framework for a class of serial-parallel hybrid robots featuring paral-
lelogram mechanisms for remote actuation. The framework offers two core contributions:
first, it accurately quantifies the coupled errors of the 3-DOF serial main arm and its trans-
mission chain through a composite error model; second, it employs a joint-space error
identification strategy based on inverse kinematics, which circumvents the intractability of
solving the forward kinematics for the 2-DOF parallel wrist.

The experimental results confirmed the framework’s effectiveness. Crucially, through
comprehensive baseline comparisons and ablation studies, this paper quantitatively demon-
strates that the proposed composite error model, based on the transmission chain model,
is essential for achieving high accuracy, with its performance significantly surpassing
standard or simplified calibration methods.

Despite the effective results, this study has several limitations. The models established
herein focus primarily on kinematic errors and do not yet account for nonlinear dynamic
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effects, such as elastic deformation under load, joint backlash, or friction. Consequently,
the calibration was performed under quasi-static conditions.

Future work will primarily address these limitations. First, dynamic calibration
will be investigated, establishing a more comprehensive error model to compensate for
errors induced by speed, inertia, and varying loads. Second, the integration of machine
learning methods with the physics-based model will be explored to compensate for residual
nonlinear errors not captured by the current model. Finally, based on the high-precision
model, hybrid force/position control under redundant actuation [51], will be studied to
achieve high-precision dynamic control of the manipulator in precision industrial scenarios.
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