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Abstract

Path tracking is a fundamental function for autonomous vehicles, but its performance often
degrades under parameter variations and controller fragility—an issue seldom addressed
together in prior studies. This paper develops a robust non-fragile Linear Quadratic
Regulator (LQR) using linear matrix inequality (LMI) optimization, explicitly considering
uncertainties in vehicle speed, mass, and cornering stiffness as well as gain perturbations
from implementation. A two-degrees-of-freedom bicycle model is employed for controller
design, and a weighted least-squares allocation method integrates multiple actuators,
including front steering, rear steering, four-wheel independent drive, and braking. A
double lane-change maneuver in CarSim evaluates the proposed design. The robust and
non-fragile LQR maintains lateral offset within 0.02 m and overshoot below 1% under
+20% parameter variation, offering improved stability margins compared with the baseline
LOR. The results highlight context-dependent actuator effects and clarify the trade-off
between control complexity, robustness, and real-world applicability.

Keywords: path tracking control; robust non-fragile control; Linear Quadratic Regulator
(LQR); control allocation; autonomous vehicles

1. Introduction

Since the last decade, autonomous driving has attracted considerable attention as a
transformative technology in both academia and the automotive industry [1]. The mo-
tivation stems not only from the potential to reduce collisions caused by human errors
but also from the promise of improving energy efficiency and alleviating traffic conges-
tion [2]. For instance, aggressive driving behaviors, such as abrupt acceleration or braking,
are closely related to unnecessary fuel consumption and pollutant emissions, while het-
erogeneous human driving patterns often prevent road networks from being utilized at
their maximum throughput. A typical autonomous driving framework consists of several
functional modules, including perception, localization, prediction, planning, and control.
More recently, an alternative paradigm known as end-to-end driving has been explored,
where perception and decision-making are jointly optimized. Within this broad spectrum
of research, path tracking control (PTC) has emerged as a particularly critical component,
and extensive studies have been devoted to this topic over the past decade [3-15]. In
addition to control accuracy, recent studies have emphasized actuator smoothness and
implementation feasibility in real driving conditions, considering factors such as delay and
sampling limitations [16].
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Nevertheless, the design of path tracking controllers is not straightforward because
real vehicle dynamics inevitably involve parameter uncertainties. Typical examples are
variations in vehicle mass and speed. Another factor that strongly influences control
performance is the tire-road friction coefficient, which is difficult to measure or estimate in
real time. Consequently, vehicle systems should be regarded as time-varying and uncertain.
In most cases, however, controllers are designed based on models with fixed or nominal
parameter values, and such mismatches often degrade control performance [17-19]. The
same issue also arises in the domain of PTC [7-9,11-13,15]. Recently, some approaches have
attempted to integrate path planning and robust control under real-world uncertainties
to enhance overall vehicle safety and consistency [20]. To cope with these challenges, a
variety of robust design methods have been introduced for PTC since 2015 [21-39].

In view of controller design methodology, the quadratic stabilization with linear
matrix inequality (LMI) with H, /LQR and He control, sliding mode control (SMC), model
predictive control (MPC), gain scheduling, and adaptive control have been applied to PTC
to date. The quadratic stabilization with Hp /LQR and H., control adopts full-state or output
feedback with an LQ objective function, and it is solved with LMI optimization [21,22,29,30].
This method tries to control an uncertain system with a single gain. As a result, this
method has worse robust performance than the others. SMC is known to be robust against
parameter uncertainty and external disturbance. For this reason, SMC has been adopted
as a robust controller for PTC [36-38]. SMC has not been used alone but in combination
with others, such as adaptive control [36-38]. In recent years, robust MPC approaches with
LMI-based constraint enforcement have been proposed for autonomous steering systems,
addressing parameter uncertainty and control constraints simultaneously [40]. MPC has
been adopted as a robust controller for PTC in combination with He control, adaptive
control, or gain scheduling since 2019 [23,27,33]. The advantage of MPC is the inclusion of
other methods, such as H control, adaptive control, and gain scheduling. For example,
Hy performance can be integrated with the objective function of MPC [33]. An adaptive
control or parameter adaptation scheme can be used to estimate uncertain parameters or
disturbances of the model used in MPC [27].

Gain scheduling has been widely investigated for PTC as a means of handling param-
eter variations [24,33,35,39]. The idea is to pre-design controllers at several representative
operating conditions and then interpolate among them parameters such as speed or mass
change. Although effective in covering broad operating regions, this approach requires
multiple controller designs and is sensitive to the choice of scheduling variables, which are
often vehicle states or their inverses. In contrast, adaptive control adjusts controller gains
online in response to parameter variations [25-28,31,32,34-38]. Estimation techniques, such
as recursive least squares (RLS) or neural networks [27,31,32,37,38], are typically employed
to identify uncertain parameters, which are then fed back into the controller. While adap-
tive methods can offer improved robustness, their effectiveness depends heavily on the
speed and accuracy of the adaptation mechanism. In many studies, gain scheduling and
adaptive control have also been combined with He, control, MPC, or SMC, often formulated
as optimization problems using LMI [21,23,24,29,33,35,39]. Motivated by this trend, the
present work also employs an LMI-based design framework.

With regard to vehicle modeling, the majority of PTC studies adopt a state-space
formulation based on the reference trajectory and the two-degrees-of-freedom (2-DOF)
bicycle model [21-39]. This model inherently contains parameters that are uncertain or
time-varying, such as mass, yaw inertia, forward velocity, and tire cornering stiffness.
In particular, variations in velocity and cornering stiffness have been shown to strongly
influence tracking performance. Therefore, following common practice in robust control
design, this study considers these two parameters as uncertain. Unlike approaches that rely
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on linear parameter-varying (LPV) gain scheduling, we focus on developing a controller
that maintains robustness against unknown parameter fluctuations.

From the perspective of controller gains, parameter uncertainties naturally lead to gain
variations. When the uncertainty is significant, the corresponding change in the controller
gain can also be large. Therefore, a controller that is robust to gain fluctuations can also
be regarded as robust against parameter uncertainties. Historically, gain variation—often
referred to as controller fragility—was mainly considered an implementation issue arising
from fixed-point arithmetic in microprocessors. A controller designed to withstand such
fragility is called a non-fragile controller [41,42]. In this study, fragility is interpreted
more broadly as a manifestation of parameter uncertainty, and a non-fragile controller is
developed accordingly. To this end, an LQR formulation solved via LMI optimization is
adopted [42], and the resulting design is further integrated with a robust LQR framework.

Regarding actuators for PTC, most existing studies employ front-wheel steering (FS, Jy)
as the primary control input. Some works also consider four-wheel steering (4S, &, J;),
which combines FS with rear-wheel steering (RS, J,) [21,22,26,34]. In addition, a few studies
incorporate yaw moment control (AM;) alongside FS [23,32,35,39]. The yaw moment can
be generated by tire forces through four-wheel independent driving (4ID) or a torque
vectoring device (TVD) and alternatively by four-wheel independent braking (41B) [43,44].
Despite these efforts, the combined influence of multiple actuators—such as FS, RS, 41D,
and 4IB—on robustness and tracking performance has not been fully explored. Motivated
by this gap, the present study investigates the effectiveness of RS, 4ID, and 4IB as actuators
for robust PTC.

This study proposes a design framework for a robust and non-fragile controller in the
context of path tracking. Specifically, a Linear Quadratic Regulator (LQR) is employed, for-
mulated on a state-space representation that includes lateral offset, heading error, side-slip
angle, and yaw rate as state variables [21,22,24,31,35]. A preview term is incorporated into
the model to enhance anticipative behavior [23,24,29,31,37,39]. Three input configurations
are investigated, [(5f], [(5f 6r], and [5f AM.], which involve front-wheel steering (Jf), rear-
wheel steering (6,), and yaw moment control (AM,) [43]. The system is assumed to contain
norm-bounded uncertainties derived from polytopic descriptions, including variations in
cornering stiffness, vehicle mass, velocity, and tire-road friction. Robust, non-fragile, and
robust non-fragile LQR controllers are then designed for each input configuration using
LMI optimization, and their path tracking performance is compared. When AM, is chosen
as a control input, control allocation is applied to distribute it into tire forces generated by
multiple actuators such as RS, 41D, and 41IB [43,44]. The proposed method is validated in
CarSim through a double lane-change maneuver scenario for collision avoidance [25,35],
demonstrating its effectiveness under parameter variations. Unlike conventional robust
control frameworks that primarily address model uncertainty or rely on extensive gain
scheduling, the present study emphasizes controller fragility as an equally critical factor.
By integrating robustness and non-fragility within a unified LMI-based LQR design, this
work offers a distinct contribution that bridges theoretical stability analysis and practical
implementation reliability.

The main contributions of this work can be summarized as follows:

1. A robust and non-fragile path tracking controller is newly formulated using an LMI-
based LOR framework. The proposed approach explicitly integrates the non-fragile
property—an aspect rarely addressed in previous path tracking studies—into the
controller design, thereby improving both robustness and implementation reliability
under parameter perturbations.

2. A systematic comparative analysis of multiple actuators (RS, 4ID, and 4IB) for yaw-
moment generation is conducted. While most existing robust PTC studies have relied
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solely on FS or 4S5, this work provides the first structured evaluation of how different
actuator combinations affect path tracking robustness and overall vehicle stability.

3. The comprehensive simulation results identify optimal controller-actuator configura-
tions for practical implementation. The study demonstrates that when performance
differences are minor, a simpler LOR design remains the most effective choice—
offering clear design guidance for real-world autonomous vehicle control.

The remainder of this paper is organized as follows. Section 2 describes the vehicle
model and outlines the controller design methodology. Section 3 introduces new evaluation
metrics for path tracking. Section 4 presents the simulation settings and results, followed
by a discussion. Finally, Section 5 concludes the paper.

2. Design of a Robust Non-Fragile Path Tracking Controller

Section 2 presents the research methodology, including controller design and modeling
procedures. In this study, the path tracking task is addressed using an LQR-based control
framework. A full-state feedback structure is considered, and the corresponding LQ cost
function is employed to balance tracking accuracy and control effort. Robust and non-
fragile variants of the LOR are formulated within an LMI optimization setting. In addition,
when yaw moment control (AM,) is introduced, a control allocation scheme is applied so
that the commanded moment is distributed to physically realizable inputs such as rear
steering angle, wheel braking torques, or driving torques generated by RS, 41D, and 4IB.
These actuator signals, computed through allocation, are then utilized to generate the
necessary tire forces for vehicle maneuvering. Figure 1 shows the overall structure of the
proposed robust and non-fragile path tracking controller.

Reference
Path . & % .
——| Path tr.ackmg 5,5
R - with :
: i Non-fragile L., T, Vehicle >
LQR Control
s,, 5., aM_| Allocation
B Extended
Kalman Filter
O VY, @

Figure 1. Overall structure of the proposed robust and non-fragile path tracking controller.

2.1. State-Space Model Formulation

For controller design, a two-degrees-of-freedom (2-DOF) bicycle representation is
adopted, which has been widely used in path tracking studies [43—45]. This modeling
approach has also been validated through various experimental studies on real vehicles
under different operating conditions [46,47]. The coordinate system and relevant variables
are illustrated in Figure 2 together with the reference path. This simplified model captures
lateral dynamics and yaw motion while assuming a constant longitudinal velocity (vy). The
state vector is defined by yaw rate y and side-slip angle j3, leading to the equations of motion
shown in (1) [21-23,31,35]. The front and rear tire slip angles, af and a,, are introduced
in (2), and the associated lateral tire forces, Fyf and Fy,, are expressed in linearized form
in (3). By combining (1)—(3), the state-space equations of the bicycle model are obtained, as
summarized in (4).

{ mvx</3+7): yf-l-Fyr 1)
Ly = lnyf — l,Fyr + AM,
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Figure 2. Coordinates and variables of the 2-DOF dynamic bicycle model used for path tracking.

In path tracking formulations, the lateral displacement error (e,) and the heading
error (¢p) are commonly defined at a reference point P, as illustrated in Figure 2. To
improve tracking accuracy, a preview mechanism is incorporated following approaches
reported in previous studies [23,24,29,31,37,39]. The preview distance Ly is introduced
in (5), where t, denotes the preview time and functions as a velocity-dependent gain. In
Figure 2, the vehicle’s center of gravity (C.G.) is indicated by point C, while the preview
point Q and the corresponding target point R on the reference trajectory are defined based
on the calculated distance L,. At point R, the time derivatives of e, and e, are obtained, as
shown in (6). Under the assumption that e, remains within small angles (less than 10°), the
approximation siney, ~ e, is applied.

Ly =ty vy (5)

{ éy:?xsin?¢—vxﬁ—Lp7zvxe(p—vxﬁ—Lp’y ©)
Co=Pa—P=UxX 7

Utilizing the state variables ey, ey, B, and 7, the state vector, x, the disturbance, w,
and control input u are established in Equation (7). The state-space equation for the
path tracking control system, presented in Equation (8), is a result of the integration of
Equations (4), (6), and (7). Within Equation (8), the matrices for the system, disturbance,

and input are denoted by A, By, and B,.

x:[ey ep B 'yr,w:x,u:[éf Oy AMZ}T (7)

x = Ax+ Biw + Bou (8)
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A 0 0 0 -1 B Uy B 0 0 0 o)
= c c , b1 = ; by = 2C 2C,
0 mizlh m;,% —1 0 gfvﬁc moy 0
00§ R : B Cde g

The control input, denoted as u in Equation (7), comprises three elements: (5f, Or,
and AM;. These elements are used to define three distinct control inputs, named uy, uy,
and us, corresponding to input configurations CONFIG-1, CONFIG-2, and CONFIG-3, as
outlined in reference [41]. Derived from Equation (9), the input matrices By1, Byy, and
B,; are determined in Equation (10), with B, (k) representing the k-th column of matrix
B,. Notably,  is available in all input configurations, while 4, is exclusively employed
in CONFIG-2 and CONFIG-3. In the case of CONFIG-3, involving AM,, the generation of
AM,,;, involves the availability of 4IB and 41D, which are instrumental in converting AM,
into J, and determining the braking and traction torques (T’5; and Tp;) for each wheel. This
paper adopts the assumption that Tp; and Tp; are generated through the use of 4IB and
41D, respectively.

u :5f . B21 = [Bz(l)] for CONFIG —1

w=[é & |  Bn=|B1) By2) | for CONFIG-2 (10)
T

w=[d AM. | Byu=|Bay(l) By(3) | for CONFIG-3

2.2. Design of LQR

For each of the three input configurations (CONFIG-1, CONFIG-2, and CONFIG-3), a
quadratic performance index is defined, denoted by |1, |2, and J3, respectively, as expressed
in (11). These cost functions are then rewritten in vector—matrix form, as shown in (12). The
weighting matrices Q and R; are specified in (13). The selection of the weights p; follows
Bryson’s rule [43,48], in which the parameter ¢; indicates the maximum permissible value
for each state or input. By adjusting ¢;, the balance between tracking performance and
control effort can be tuned.

Within the LOR framework, the control input u; corresponding to CONFIG-i is ob-
tained according to (15). Here, P;, which is the solution of the associated Riccati equation,
determines the optimal feedback gain and thus plays a central role in the computation.

Jo= [y {pwﬁ + P25 + p3p* + p472}dt
h=Jlo+Jy (psé})dt for CONFIG — 1

o0 (11)
Jo=Jo+ J57 (ps0% +ped} )dt  for CONFIG —2
I=Jo+ [ (p55} + p7AMg)dt for CONFIG — 3
T 0 0
i —— dtl | = 1/2/3 12
]l /O |}1;| 0 R,’ ui] ! ( )
R; =ps5 for CONFIG —1
Q = diag(p1,02,03,04), § Ry = diag(ps,p6) for CONFIG —2 (13)
R3 = diag(ps,p7) for CONFIG —3
1
= = (14)
Pz 612

u; = —Kx=-R'BlPx, i=1,2,3 (15)
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2.3. Design of Robust Non-Fragile LQR

In Section 2.2, the fundamental formulation of the LQR problem was presented,
focusing on the nominal system without uncertainty. In this section, the LQR framework
is extended to explicitly address parameter uncertainty and controller fragility. A system
subject to both effects can be represented as in (16), where the state-space matrices and
controller gains include uncertain components. The uncertain components, denoted as
AA, AB,, and AK, are outlined in (17), with the assumption that ®(t) and A(t) are diagonal
and bound within a norm. Within (17), matrices H, E;, Ey, E and G can be readily derived
from a polytopic uncertainty model or within a specified range centered around a nominal
operating point. In (16), B, takes one of three forms, namely, By1, By, and By, as defined in
(10), contingent on the specific input configuration. Given the control input outlined in (16),
designing a robust controller is challenging due to the inherent uncertainty in the control
gains. To address this challenge, it is assumed that the controller gains are not uncertain,
as described in (16). Leveraging the state-space model and control input from (16), in
conjunction with the LQ objective function from (12), a robust non-fragile controller is
formulated through LMI optimization [49].

x = (A+ AA)x+ Byw + (B, + ABy)u
{ u = (K+ AK)x 1 ’ i (16)
[AAABy] =H®(t)| By E | @T(He() <1 W
AK = FA(t)G AT(HA(t) <1

To develop LOR, the first step is to ensure that the controller gain remains stable
without fragilities, meaning that AK in Equation (16) is set to zero. To achieve robust
stability, it is necessary to meet the quadratic stabilization condition, expressed by the
Riccati inequality in Equation (18). Throughout the subsequent equations, the subscript i
refers to the input configuration specified in Equation (10). In Equation (18), sym{X} denotes
the symmetric part of X, and P; represents a positive definite symmetric matrix, which is
the solution to the Riccati Equation (15). The key challenge lies in eliminating the uncertain
block, ®(t), from Equation (18). This problem is addressed by employing the quadratic
inequality presented in Equation (19), with ¢ as a non-zero tuning parameter through LMI
optimization. Equation (19) is applied to the terms containing the uncertain block ®(t) in
(18). This step effectively removes that source of uncertainty. Consequently, Equation (20)
is derived, wherein the uncertainty block, ®(t), has been successfully eliminated. Subse-
quently, Equation (18) is transformed into Equation (21). By applying the Schur complement
on Equation (21), the LMI condition for quadratic stabilization is derived, as indicated in
Equation (22). The application of variable changes, as defined in Equation (23), and the
linear congruent transform results in the final form of the LMI, presented as Equation (24).
Notably, Equation (24) introduces the term denoted as II; on the left-hand side, which
serves as the LMI utilized in the design of a robust LQR.

sym{P;[A + B,K + H®(t)(E; + E;K)]} + Q + KTR,K < 0 (18)

H®(t)ET + E®(tH)H! < eH®T (1)@ (t)H' + %ETE < eHHT + %ETE if ®T(He(t) <1 (19)
1

sym{P;H®(t)(E; + E;K)} < e;P;HHTP; + —(E1 + E:K)' (E; 4+ E;K) (20)
1

1
sym{P;(A +B,K)} + Q + K'R/K + ¢;P;HHP; + o (E; + EK) (B + B;K) <0 (21)
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sym{P;(A +B,K)} + &sP;HH'P; * 5
E; + E;K —eq1 * *
<0 22
I 0 Q' @)
K 0 0 -R;!
Y, =P/ !, L, =KY, (23)
sym{(AY; +ByL;)} + etHHT * *
E1Y; + EL; —eq1
M, — 1Yi + B at oot ot <o (24)
I 0 -Q *
L; 0 0 -R*

The next phase involves the development of a non-fragile LQR controller, with the as-
sumption that there are no parameter uncertainties in matrices A and B, (i.e., AA = AB; = 0).
It starts with the nominal system represented by (A, B,) and the fragile controller K + AK.
The Riccati inequality (25) is defined within the nominal system (A, B;) and the fragile con-
troller K + AK. Applying the Schur complement to (25) yields (26). Equations (26) and (27)
segregate LMIs with and without AK. Applying the quadratic inequality to the second LMI
on the left-hand side of (27) leads to (28). By further applying the Schur complement to (28)
and combining it with the first LMI on the left-hand side of (27), we obtain (29). The final
form of the LMI (30) is achieved through the application of the change in variables defined
in (23) and the linear congruent transform. In (30), the left-hand term is denoted as (2;, and
this LMI is used for designing a non-fragile LOR.

sym{P;[A + By(K + AK)]} + Q + (K + AK) R;(K + AK) < 0 (25)
sym{P;(A + B,K + B,AK)} * *
I -0l % |<oO (26)
K+ AK 0 -R;!
sym{P;(A+ByK)} % [sym{P;(B,FA(t)G)} *
I Q! |+ 0 0 x| <0 (27)
K 0 -R! I FA(t)G 00
P,B,F P,B,F| [P;B.F| el
sym| | 0 [AB[G 0 0] | <ef 0 0 | +—|0 (G 0 o] <008
F F || F 1o
sym{P;(A + B,K)} * * * *
I —Q*1 * * *
K 0 -R' = x| <0 (29)
82(PiBzF)T 0 £2FT —821 *
G 0 0 0 —el
sym{(AY; + B,L;)} * * * *
Y; —Q_1 * * *
O = L; 0 -R*' x | <0 (30)
) (BzF)T 0 SzFT —821 *
GYi 0 0 0 —eol

A robust non-fragile LOR is designed in the third step. Instead of using K, K + AK
is substituted in (22). The terms containing the uncertainty block, AK, are separated from
those not in (22), resulting in (31). AK is replaced with FA (t)G in the second term of the
left-hand ones in (31), giving us (32). The quadratic inequality is applied to this term,
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eliminating the uncertain block A (t), as shown in (33). The second term of the left-hand
ones in (31) is replaced with (33), and the Schur complement is applied to it, resulting in
the LMI presented in (34). By employing the change in variables defined in (23) and the
linear congruent transform, the final form of the LMI is obtained as (35). Let the left-hand
side of (35) be denoted as O.

sym{P;(BoAK)} = x %
E;AK 0 *x =
I1; <0 31
i+ 0 0 0 = (31)
AK 0 0 O
sym{P;(BoAK)} * * x| [P;B,Hg
E,AK 0 *x = E>F
= At 32
0 0 0 «| Y™ 0 ()[GOOO} (32)
AK 0 0 0 F
- 4T
P;B,Hg P;B,Hg P;B,Hg GT
E>F E>F E,F 1 0
sym : AM[G 0 0 of <er| o : +1 (G 00 0<0 3
F F | F | 0
[(A + B,K) P; + Pi(A 4 B,K) + &1 P;HHTP, % * % % .
E; + E;K —eq1 * * * *
I 0 —-Q! * * *
0 34
&2 (P;BoF)T e(BF)T 0 eFT  —el
I G 0 0 0 0 —el
[(AY; +B,L)" + (AY, + B,L;) + e;HH % % * x « ]
E1Y; + ExL; —g1 * * * *
Y; 0 -Q! * * *
O, = ! <0 35
i Li 0 0 —lel * * ( )
S2(B2F)T £2(E2F)T 0 SzFT —é&rl *
i GY; 0 0 0 0 =11
The LMIs for robust non-fragile controllers have been derived as (24), (30), and (35),
respectively. Equations (35) and (35) comprise a combination of (24) and (30), a well-known
characteristic of LMIs. Utilizing these LMIs, LMI optimization problems are formulated for
robust, non-fragile, and robust non-fragile control, denoted as (36). In (36), three distinct
LMI optimization problems emerge, LMLR, LMLNF, and LMILRNF, signifying the robust,
non-fragile, and robust non-fragile controllers, respectively. As depicted in (36), LMLR,
LMINF, and LMILRNF involve four, four, and five optimization variables, respectively. The
controller gain, K;, for the input configuration i is obtained from the solutions Y; and L;
presented in (36), resulting in (37).
LMIR LMINF LMI.RNF
min  trace(Z) min  trace(Z) min trace(Z)
Yl‘,L,',Z,El Y,‘,Li,Z,Sz Yl‘,Ll‘,Z,Sl,SZ
Y, =Y >0 Y, =Y >0 Y, =Y >0
(36)
s.t. Z 1 s.t. Z 1 s.t. Z 1
>0 >0 >0
I Y; I Y; I Y;
II, <0 0; <0 ;<0
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K; = LY ! (37)

2.4. Constraints Related to Tire Slip Angle

Previous studies have introduced slip-angle constraints in order to prevent lateral
tire force (Fy) saturation [50]. Excessive steering can cause the front and rear lateral forces
(Fyrand Fy,) to reach their limits when the slip angle a exceeds a critical value a;;, which
corresponds to the angle that yields the peak force. Once these forces are saturated, path
tracking accuracy is noticeably degraded. To avoid this effect, the steering inputs ér and 6,
are restricted so that a« remains below «,.

It is assumed that the maximum lateral force, Fy, yax, occurs at a,,. Beyond this point,
Fy decreases with increasing a, meaning that the controller cannot fully exploit the available
tire capacity [51,52]. For this reason, the slip angle is constrained to remain below a
prescribed threshold, a4y, as expressed in (38). Unlike o, which is determined by tire
characteristics or experimental data, such as carpet plots, ay,y is selected by the designer.
Combining (38) with the slip angle definitions in (2) leads to (39), and from (39), the
constraints on Jy and 4, are derived, as shown in (40). These constraints are subsequently
imposed on the steering commands generated by LOR, LMILR, LMLNE, and LML.RNF
controllers. In earlier studies, a;,,x Was typically set to about 8°.

‘D(| < Wpax (38)

Ley l
‘Déf‘ = ’51’_'8_;;,5‘ < Wmax, |1Xr| = 5r—ﬁ+;7: < Qmax (39)

1 1
{ _“max+,3+%§5f§“max+,3+%

(40)
—“max+,3—%§5r§“max+ﬁ—%

2.5. Control Allocation for LQR with CONFIG-3

According to (10), input configuration CONFIG-3 produces a control yaw moment,
AM;. Once this quantity is obtained, it must be distributed into longitudinal and lateral
forces at the wheels. Such forces can be realized through different actuator combinations,
including RS, 4IB, and 4ID. The transformation process is referred to as control allocation.
In this study, a weighted least-squares (WLS) approach is adopted, following methods
reported in earlier works [23,32,35,39]. The allocation problem is formulated as a quadratic
program with equality constraints. Figure 3 depicts the mapping between AM, and the
corresponding tire forces for the case of a positive yaw moment [43,44,53,54].

Figure 3. Coordinate system on vehicle geometry with tire forces and control yaw moment.
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In Figure 3, AFy, denotes the additional lateral force produced by the rear wheels via
RS, while AFyq, AFyy, AFy3, and AFy4 represent the longitudinal forces generated by 41D or
4IB. When AF,; is positive, it corresponds to traction torque Tp; from 4ID; if it is negative,
it corresponds to braking torque Tp; from 4IB. These five force components collectively
realize the commanded yaw moment, and their values are computed using the WLS-based
allocation scheme.

The equilibrium condition relating AM, and tire forces is derived from the geometric
relationship depicted in Figure 2, as expressed in (41) [43,44,53,54]. The components of
vector p are defined in (42).

AF,,
AF4
[Pl P2 pP3 ps Ps||AFa| =AM; (41)
AF,3
P AF,4
H/—/
q
p1 = 2l, cosdy,
p2 = —lf sin(5f +tf coséf, p3 = —lf sinsz —tycos (Sf, (42)
pa = Iy sindy + t, cos oy, ps = I, sind, — t, cos J,

The quadratic objective function for WLS is given in (43). In this formulation, yF,;
denotes the friction circle radius at wheel i. On a flat road, this value can be estimated
from sensor-based acceleration measurements [55]. A vector of virtual weights, k, is also
introduced in (43) to specify the contribution of each actuator combination [44,53,54,56].
The equality constraint in (41) is reformulated into quadratic form, as shown in (44). Earlier
studies emphasized that satisfying (41) was critical for generating AMp. By combining
the cost function (40) with the constraint (41) using a Lagrange multiplier {, a unified
expression (45) is obtained. To guarantee feasibility,  must be set to 1 or greater; otherwise,
the constraint in (41) cannot be enforced. The closed-form solution of (45) is then derived
as (46) by differentiating with respect to q [43].

_ KAFY | kAP, | KIAFLAKGAFZ ki AFg+KsAFL
] E — 2 2 2 2
(nEx1) (HE:2) (HE:3) (WFz4)

W = di 1 LSS W RS N | (43)
1ag (]’IFZ3)2+ (FFZ4)2 (P‘le)z (P‘FZZ)Z (‘L‘Fz?y)z (}‘Fz4)2 3

K:diag[rq Ko K3 K4 Ks

=p"Wp

Jec = (pq — AM:)" (pq — AM) (44)

Jea=TJe+C Jec = A" Wq +{(pq — AM:)" (pq — AM:) (45)
-1

dopr = C(W+7p"P)  PTAM: (46)

When WLS is applied for distributing AM,, different actuator sets—RS, 41B, and 4ID—
can be flexibly considered, depending on the input configuration. To reflect these choices,
the virtual weights «; are adjusted according to the selected actuator combination [44,53,54].
The weight vector for RS is shown in (47). Initially, all weight components are set to unity.
In (47), e is 107#, and the entries marked with a “e” indicate negligible influence on the
steering actuator. The first term of k corresponds to AFy,, which is converted into J,. When
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this weight is replaced with ¢, AF,, is generated through the WLS process, as indicated in
the first row of (47).

RS: K:diag[s o o o o}

(47)
NoRS: K:diag[ 1 o o o o }
The vectors corresponding to 4IB and 4ID are summarized in (48). As illustrated in
Figure 3, when only 4IB is available and AM, is negative, tire forces AFy, and AFy4 must be
produced; this situation is described in the second row of (48). In contrast, when both 4IB
and 4ID are available, no restrictions are placed on the longitudinal force distribution, as
shown in the last row of (48). Thus, the virtual weight vectors in (47) and (48) allow flexible
configuration of actuator combinations for generating AM,.

—

e 1 |ifAM; <0

€ if AM; >0 (48)
1 if AM, <0

4D+ 41B: k=diag[ e & ¢ ¢ €]

Kk =diag| e ¢

k=diag| ¢ 1 e 1 ¢ |[ifAM,;>0
41D :

kK =diag| e ¢
41B : { &

—_
—_

k = diag| e 1

o
o

Table 1 summarizes the virtual weight vectors used for different actuator combinations
in CONFIG-3 [57]. By appropriately configuring these weights, seven distinct actuator
combinations—SET-3 through SET-9—are defined within this input configuration.

Table 1. Virtual weight settings for the control allocation scheme.

Actuator Combinations Vector of Virtual Weights

CONFIG-1 ~ SET-1 FS
CONFIG2  SET-2 48
SET-3 +RS K:diag[s 1 11 1]
k=diag[ e 1 ¢ 1 ¢ ]ifAM,;>0
SET-4 +RS + 41D { k=diag[ e ¢ 1 ¢ 1 JifAMZ<O
sers wseas 2GS T DL LA 0
CONFIGS SET-6 +RS+4ID + 4IB k=diagle ¢ ¢ & ¢
SET-7 R I TR R H iyt
SET-8 4B { K:d%ag: 1 1 ¢1 FfAMZ>O
k=diag| 1 1 & 1 € |ifAM;<0

SET-9 +41D + 41B k=diag[l ¢ ¢ ¢ ¢

In this study, the traction and braking torques (T; and Tp;) at wheel 7 are derived from
the longitudinal forces AFy1, AFy), AFy3, and AFy4, which are obtained via the WLS method
using the optimal solution qgp in (46). The sign of AF,; determines whether the value
corresponds to Tp; and Tp;, and the computation is carried out as given in (49) [44,55,56,58].

Tg; if AFy; iAFy
Bi 1 xl<0 :h<rwl Xl,wi), 121,’4 (49)
Tp; if AF; >0 U;
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The rear steering angle 6, is computed from AF,,, and it is also obtained from qgpt, in
combination with the definitions in (2) and (3). Specifically, AFy, is first converted into the
rear slip angle a, using the second term of (3), and then J, is determined according to (2),
as shown in (50) [58]. Since this procedure requires knowledge of the side-slip angle 8, an
extended Kalman filter is applied in this work to provide its estimate [59].

Ly . ARy

Loy
o, = — — 2~ _1r
7 ar + 0y 2C, + ,B -~ (50)

3. Performance Measures for Path Tracking Control

In path tracking control (PTC), the lateral displacement error (e,) and heading error
(e(P) are conventionally used as performance indicators. In this work, however, evaluation is
carried out using a double lane-change maneuver as the reference trajectory, representing a
typical collision-avoidance scenario [25,35,43,51,57]. This maneuver is particularly suitable
for assessing the agility and reachability of a path tracking controller [43,45]. Figure 4
illustrates the reference path together with the vehicle trajectory. Based on these trajectories,
five performance metrics are defined in (51): peak center offset (AX), peak lateral offset
(AY), overshoot percentage (OS%), response delay (ADX), and settling delay (ASX). These
metrics are also depicted in Figure 3, where the subscripts X and Y indicate the respec-
tive coordinates of the marked point. In general, smaller magnitudes of these quantities
correspond to improved tracking performance.

AX = Dy — Ax = Dy — 73.20

AY = Dy — Ay = Dy — 3,53

ADX = Ex — By = Ex — 91.50 (51)
ASX = Gx — Cx = Gx — 102.50

05% = 14 » 100

AY ¢ A
............................................................. Q Target Path
...................... D~ P
INGW IS
e Y
3.53m AX
- \
Oy : ‘

Actual trajecto

. L6sm|  16m \C} - 40.05m
of the vehicle "o o |

732m  91.5m 190.0m

Figure 4. Measures for path tracking performance.

In Figure 4, agility is represented by AX and reachability by AY. A performance
criterion is satisfied if AY remains greater than —0.05 m. The overshoot percentage OS%
reflects lateral damping and agility; acceptable performance is achieved if OS% stays below
16%, which corresponds to a lateral overshoot of 0.85 m. The metric ADX denotes response
delay, indicating the promptness of longitudinal motion, while ASX corresponds to settling
time, reflecting how quickly the vehicle converges to the target lateral position. In this study,
performance is considered satisfactory when ASX < 16 m. The best results are generally
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obtained when OS% is around 1% while ensuring AY > —0.05 m. For controller tuning,
the weights and k; in 1, J2, and J3 are adjusted so that AY is maintained close to —0.02 m,
which consistently yields OS% values below 1%. Additional details on these metrics are
available in [43,45,51,57]. Conventional metrics such as steady-state error and settling time
mainly assess steady-state tracking accuracy, whereas the proposed measures (AX, AY,
OS%, ADX, ASX) capture both lateral and longitudinal agility. In particular, ADX and ASX
quantify transient delay more directly, offering clearer physical interpretation for double

lane-change maneuvers.

4. Simulation and Validation

The performance measures defined in Section 3 are now applied to evaluate the
proposed controllers through simulation. Numerical simulations were carried out to
compare the performance of four controllers—LQR, LMIL.R, LMLNEF, and LMI.RNF—under
low-friction road conditions. The controllers were implemented in MATLAB/Simulink and
coupled with the CarSim vehicle simulation platform. The double lane-change maneuver
shown in Figure 4 served as the test scenario. For the simulations, the built-in F-segment
sedan model available in CarSim was used [60], and its parameters were mapped to the
bicycle model as listed in Table 2. All parameters and input signals were derived from the
validated CarSim vehicle database and literature-based tire data, ensuring consistency with
experimentally verified vehicle dynamics.

Table 2. Parameter of the F-segment sedan in CarSim.

Parameter Value Unit
My 1823 kg
lf 1.27 m
I, 1.90 m
I, 6286 kg-m?
ty 0.80 m
tf 0.80 m
Cr 42,000 N/rad
C, 62,000 N/rad

The steering actuators for FS and RS were modeled as first-order systems with a time
constant of 0.05 s. Similarly, 4IB and 4ID were modeled as first-order systems with a time
constant of 0.1 s. During controller design, the road friction coefficient was fixed at y = 0.6,
and the vehicle speed was maintained at 50 km/h. A built-in speed controller in CarSim
was used to hold this constant velocity. The maximum steering ranges were set to 30° for
FS and 5° for RS.

4.1. Controller Tuning

With nine actuator configurations, SET-1~SET-9, given in Table 1, the controllers LOR,
LMI.R, LMILNF, and LMI.RNF were tuned such that AY is near —0.02m, and AX and ASX
were as small as possible. The tuning parameters are the maximum allowable values ¢; in
J’s and k.

In this paper, the parameters m, I, Cr, Cr, vy, and k, were assumed to be uncertain.
When designing LMLR and LMI.RNF, the percentage variations of the uncertain parameters
[m I, Cr Cr vy ko] were set as [5% 5% 20% 20% 10% 10%] of the nominal values given in
Table 2. The variations of Cr and C; are proportional to y. For this reason, the variations
of Crand C; were given by multiplying y by the nominal one in Table 2. The variations of
controller gains in LML.NF and LMILRNF were set to 1% for the gains of LQR.
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Tables 3—6 show the tuning results on LOR, LMLR, LMILNEF, and LMLRNF with the
nominal parameters given in Table 2. The set of the maximum allowable values in |’s and
kv, used to calculate these controllers, are given in the tables in Appendix A. As shown in
those tables, the controllers show nearly the same performance as each other. As mentioned
earlier, OS% is less than 1 if AY is near —0.02 m. Moreover, most of ADX, ASX, and f§ are
less than 1, 0, and 2, respectively. This is caused by the fact that those controllers were tuned
such that AY is near —0.02 m and the other measures are maintained as small as possible.

Table 3. Simulation results for the LOR designed with the nominal parameters.

Actuator AX AY  0S% ADX  ASX  max|f| max’ /'3‘
Combinations (m) (m) (%) (m) (m) (deg) (deg/s)
CONFIG-1  SET-1 FS 0.39 —-0.020 05 0.69 —2.29 1.5 5.1
CONFIG-2  SET-2 45 0.39 —-0.020 05 0.67 —2.32 2.0 6.4
SET-3 +RS 0.31 —-0.021 04 0.54 —2.53 1.9 6.2
SET-4 +RS + 41D 0.34 —0.020 0.6 0.59 —3.08 1.8 6.2
SET-5 +RS + 4IB 0.36 —-0.020 0.6 0.57 —2.76 2.0 6.4
CONFIG-3
FS SET-6 +RS + 4ID + 41B 0.35 —0.020 0.6 0.54 -3.13 2.0 6.4
SET-7 +41D 0.33 —-0.020 0.7 0.88 —4.19 1.2 6.0
SET-8 +41B 0.29 —-0.021 04 0.47 —2.51 1.7 52
SET-9 +41ID + 41B 0.28 —0.020 03 0.48 —2.79 1.5 5.6
Table 4. Simulation results for LMIL.R designed with the nominal parameters.
Actuator AX AY  0S% ADX  ASX  max|f| max’ /'s‘
Combinations (m) (m) (%) (m) (m) (deg) (deg/s)
CONFIG-1  SET-1 FS 0.59 —0.020 09 0.95 —3.04 1.5 4.9
CONFIG-2  SET-2 45 0.57 -0.021 09 0.89 —2.83 2.5 7.7
SET-3 +RS 0.39 —-0.021 0.6 0.63 -3.07 1.9 6.1
SET-4 +RS + 41D 0.41 -0.021 09 0.75 —3.67 1.7 6.0
SET-5 +RS + 41B 0.49 -0.020 09 0.75 —3.41 2.0 6.2
CONFIG-3
FS SET-6 +RS + 41D + 41B 0.49 —0.021 09 0.74 —3.54 1.9 6.2
SET-7 +41D 0.34 —0.021 0.8 0.98 —4.52 1.1 7.7
SET-8 +41B 0.31 -0.021 03 0.52 —-2.79 1.7 5.5
SET-9 +41D + 41B 0.28 —-0.021 02 0.52 —2.76 1.5 5.6

The controllers, i.e., LMIL.R and LMILRNF, gave a smaller AX than the others for SET-
3~SET-9. As shown in those tables, the controllers with RS, i.e., SET-2~SET-6, have a
larger B than the other actuator configurations. Especially, SET-2 is the largest among the
actuator configurations. On the contrary, the controllers without RS, i.e., SET-7~SET-9,
have a smaller 8. This is caused by the fact that the latter was assisted by 4ID or/and 4IB.
The tuning parameters used for the controller design are summarized in Tables A1-A4.
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Table 5. Simulation results for LMLNF designed with the nominal parameters.

Actuator AX AY  0S% ADX  ASX  max|f| max’ ,z';‘

Combinations (m) (m) (%) (m) (m) (deg) (deg/s)
CONFIG-1  SET-1 FS 0.32 —0.021 04 0.59 —2.03 1.5 52
CONFIG-2  SET-2 4S 0.12 —0.020 01 0.30 —0.94 2.2 7.4
SET-3 +RS 0.39 —-0.020 05 0.67 -1.79 1.9 6.5
SET-4 +RS + 41D 0.43 —0.021 0.7 0.72 —2.64 1.9 6.3
SET-5 +RS + 4IB 0.23 —0.021 0.3 0.41 —-1.96 2.0 6.7

CONFIG-3
ES SET-6 +RS + 41D + 41B 0.44 —0.020 038 0.68 —2.76 2.0 6.3
SET-7 +41D 0.43 —-0.020 09 1.04 —3.52 1.2 55
SET-8 +41B 0.35 —-0.020 05 0.59 —2.41 1.7 53
SET-9 +41ID + 41B 0.35 —-0.020 0.5 0.61 —2.65 1.6 5.6
Table 6. Simulation results for LMIL.RNF designed with the nominal parameters.

Actuator AX AY 0S% ADX ASX  max|B| max ’ B ‘

Combinations (m) (m) (%) (m) (m) (deg) (deg/s)
CONFIG-1  SET-1 FS 0.57 —0.021 0.9 0.95 —3.01 1.5 4.9
CONFIG-2  SET-2 4S 0.59 —0.020 09 0.92 —2.75 25 77
SET-3 +RS 0.39 —0.020 05 0.67 —-1.79 1.9 6.5
SET-4 +RS + 41D 0.14 —0.021 0.3 0.53 —1.62 1.7 19.3
SET-5 +RS + 41B 0.13 —0.021 0.1 0.31 —0.53 2.0 7.1

CONFIG-3

FS SET-6 +RS + 41D + 41B 0.12 —0.021 0.0 0.34 0.14 1.9 72
SET-7 +41D 0.30 —0.020 05 1.16 —2.45 1.1 21.7
SET-8 +41B 0.27 —0.020 0.1 0.55 —0.89 1.7 6.3
SET-9 +41ID + 41B 0.28 —0.021 0.1 0.65 —0.31 1.5 6.0

4.2. Simulation on CarSim for the Controllers with Actuator Configurations

In this subsection, the robust performance of four controllers, LOR, LMILR, LML.NF,
and LMILRNE designed in the previous subsection is tested on CarSim. From the simulation
results, the robustness of the controllers and the effects of actuator configurations on the
robustness are analyzed.

When simulating the controllers on CarSim, the percentage variations of the uncertain
parameters [m I, Cr Cr vy k,] were set as [5% 5% 20% 20% 10% 10%] of the nominal values
given in CarSim. The variations of C; and C; are proportional to y. For this reason, the
variations of Cf and C, were given as [0.5, 0.7] of u in CarSim. The variation of v, was also
set as [40, 60] km/h in CarSim. The variation of k, was set by multiplying 0.9 and 1.1 by
the value obtained in Section 4.1. The pair of m and I, varies in the same way because
those variables are proportional to each other. The pair of Crand C; changes in the same
way as y varies in CarSim. For this reason, four parameters, (m, ), (Cf, C,), vy, and k,, are
uncertain. As a result, the number of sets of the uncertain parameters is 16. For 36 pairs
of the controllers and the actuator configuration given in Tables 3-6, a simulation was
performed with those sets of uncertain parameters. As a result, 576 runs of simulation
were performed.

Tables 7-10 show the simulation results of LQR, LMI.R, LMI.NF, and LMI.RNF on
16 sets of uncertain parameters in CarSim. Table 11 shows the simulation results for
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four controllers on various actuator configurations and uncertain parameters. Table 12

shows the simulation results of each actuator configuration for four controllers on vari-

ous uncertain parameters. The values in those tables are the means, and there are 95%

confidence intervals for the simulation results.

Table 7. Simulation results for LQR under various conditions on CarSim.

AC' AX AY 0S% ADX ASX max| | max’js‘

(m) (m) (%) (m) (m) (deg) (deg/s)
CONFIG-1 SET-1 056 4+040 —-0.023£0.021 09+£06 179+117 844+491 154+04 77+19
CONFIG-2 SET-2 056 +0.38 —-0.022+£0.021 15+£11 175£115 957+597 20+03 83+20
SET-3 0.65+040 —0.006£0.025 23+17 182+116 918+562 15£03 75£18
SET-4 0.654+040 —0.006£0.025 23+17 182+116 918+562 154+03 75+1.8
SET-5 0.654+040 —0.006£0.025 23+17 182+116 918+562 154+03 75+1.8
COI\{:I;IG-?) SET-6 0.69+041 —0.001£0.026 24+18 18=*117 927+574 154+03 75+18
SET-7 036+033 —-0.037+0.023 34+£30 148+£101 781+573 154+03 77+19
SET-8 047+036 —-0.019+£0.026 37+£32 157+£107 785+6.09 15+03 78+19
SET9 048+£0.37 —-0.017+£0.026 37+32 158+108 7844612 15£03 78=£19

Table 8. Simulation results for LMI.R under various conditions on CarSim.

AC AX AY 0% ADX ASX max|g| max’ﬁ‘

(m) (m) (%) (m) (m) (deg) (deg/s)
CONFIG-1 SET-1 074+046 —0.028+0.022 114+06 206£125 1071+£545 15+04 81+£25
CONFIG-2 SET-2 0.724+043 —-0.027£0.020 1.8+11 197+120 11.89+647 254+02 94+25
SET-3 0.784+045 —0.003£0.028 34+£25 196+£120 963+588 15+04 80x23
SET-4 0.714+043 —-0.010£0.027 35£27 187*£116 960+571 154+04 81+23
SET-5 0.87+046 —0.002+£0.026 26=£16 209+£122 948+594 154+04 78+22
COI\IIJZ;IG_B SET-6 0.87+046 —0.002+£0.026 26+16 2094122 948+594 15+£04 78£22
SET-7 0334+035 —0.045+0.025 43+£38 144+£101 878+596 154+04 85+24
SET-8 0.574+041 —-0.016£0.029 47+39 169+111 949+566 154+04 84+24
SET-9 0514+039 —-0.022+£0.028 48+41 163£109 929+566 15+04 84+24

Tables 7-10 show the means and their 95% confidence intervals of the results of 16 runs

of simulation. For this reason, a t-distribution is used to calculate the 95% confidence

interval because the number of samples is 16. On the other hand, Tables 11 and 12 show the

means and their 95% confidence intervals of the results of 144 and 64 runs of simulation,

respectively. For this reason, a normal distribution is used to calculate the 95% confidence

interval because the number of samples is larger than 30.

In view of the performance measures, there are a few differences between the four

controllers, as shown in Tables 7-11. Especially, Table 11 shows this fact. For this reason,

it can be concluded that the robust and non-fragile path tracking controllers can provide

similar performance to LQR.
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Table 9. Simulation results for LMI.NF under various conditions on CarSim.
AC AX AY 0S% ADX ASX max|g| max’B‘
(m) (m) (%) (m) (m) (deg) (deg/s)
CONFIG-1 SET-1 0504039 —-0.022+0.022 144+10 170£115 877579 154+04 79+19
CONFIG-2 SET-2 0394+040 —-0.013£0.030 42438 147+115 976+773 234+02 98+25
SET-3 0.734+043 —-0.007£0.023 13+£08 197+£123 10.04+557 154+04 78=+19
SET-4 076 +043 —-0.008£0.022 09+£05 203+£124 839+509 15+04 7719
SET-5 0.60+042 —0.000£0.029 32+£25 174+£118 1052+6.13 154+04 83+21
COI\{:I;IG_B SET-6 0.79+044 —0.004+£0.023 1.0+05 205+126 856+532 15+£04 77£19
SET-7 0414037 —-0.040+£0.021 16£13 160£109 873+548 154+04 78=+20
SET-8 0554+040 —-0.018+0.024 20£15 173£116 1027+565 15+04 8.0+20
SET-9 0554+040 —-0.018£0.024 20£15 173£116 1024+565 154+04 8.0x20
Table 10. Simulation results for LMIL.RNF under various conditions on CarSim.
AC’ AX AY 08% ADX ASX max| | max‘ ;';‘
(m) (m) (%) (m) (m) (deg) (deg/s)
CONFIG-1 SET-1 0.74+046 —0.0294+0.022 11+07 206+125 1081+548 154+04 81+25
CONFIG-2 SET-2 073+£043 —-0.0274+0.019 16+10 1994121 1204+652 254+02 94+25
SET-3 0.97 £0.63 0.009 £ 0.034 1.1+06 235+£154 1235+596 154+04 126441
SET-4 0544+052 —0.008+0.032 24+£20 175+£132 14304+6.82 154+04 126440
SET-5 0.78 +0.58 0.017+£0036 23+17 203+144 1453+724 154+04 128142
COZ\IIJI;IG_3 SET-6  0.70 &+ 0.56 0.009 +£0.034 234+18 194+140 14494+704 154£04 128441
SET-7 022+043 —-0.0494+0.025 20+18 142+116 11.64+713 154+04 120+£37
SET-8 0.74+0.60 —0.002+£0.035 13+£09 207+£148 13.17+566 15+04 127442
SET-9 0584+055 —0.022+0.030 12+08 190+139 12824513 154+04 127+41
Table 11. Simulation results for the controllers under various conditions on CarSim.
T S SR o <N S o
LQR 0.56 £0.12 —0.015 £ 0.007 25+0.7 1.72 £ 0.34 870+ 1.71 1.5+0.1 77 +£05
LMILR 0.68 £0.13 —0.017 £ 0.008 32+08 1.87+035 981+1.75 1.6 £0.1 83+0.7
LMINF 0.59 +£0.12 —0.014 £ 0.008 19+£0.6 178035 948 +£1.75 1.6 £0.1 8.1+0.6
LMILRNF 0.67 +0.16 —0.011 £ 0.010 1.7+ 04 1954+041 1291 +£1091 1.6 £0.1 11.8+1.2

The thing that is noteworthy is that LML.RNF shows a larger ASX and side-slip angular
rate than the others, as shown in Tables 10 and 11. Another notable feature is that the
controllers with RS show a larger AX than the others. This can be checked in Tables 8-12.
Moreover, SET-2 shows a larger §, as pointed out in Section 4.1. Generally, RS can reduce
B in vehicle stability control [56]. However, this is not valid for path tracking control.
For this reason, RS is not recommended in path tracking control unless 4ID or 4IB are
used together with it. Although 4ID and 4IB improve yaw-moment controllability, their
implementation increases system cost and hardware complexity. In contrast, RS and 45
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require less modification but offer limited yaw control authority. These trade-offs should
be considered in practical applications.

Table 12. Simulation results for each actuator configuration under various conditions on CarSim.

AC AX AY 0% ADX ASX max|g| max‘B

(m) (m) (%) (m) (m) (deg) (deg/s)
CONFIG-1 SET-1 0.63+019 —0026+0010 11+03 190+054 9.68+245 15+02 79410
CONFIG-2 SET-2 0.60+019 —0022+0010 23+10 179+053 1081+£302 23+01 92411
SET-3 078+022 —0.002+0013 20+07 202+058 1030+260 15+02 9.0=+13
SET-4 0.66+020 —0008+0012 23+09 187 +055 1037+269 15+02 9.0=+13
SET-5 0724021 0002+0013 26+09 192+056 1093+£286 15+02 91+13
COI\{:I;IG'3 SET-6 076+021 0000+0012 21+07 198+057 1045+277 15+02 9.0+13
SET-7 033+017 —0.043+0011 28+12 149+048 924+276 15+02 9.0+13
SET-8 0584020 —0014+0013 29+12 177+055 1019+263 15+02 92+13
SET9 053+019 —0020+0012 30+13 171+05 1005+257 15+02 92+13

In view of the controller, there are a few differences among them, as shown in Table 11.
In view of the actuator configurations, there are a few differences among them, as shown in
Table 12. This means that a robust controller or a non-fragile controller is not needed for
path tracking control. This is caused by the fact that the lateral tire forces are easily saturated
under severe maneuvers, such as a double lane change for collision avoidance [43-45,51].
This is equivalent to the actuator saturation. For this reason, FS is recommended for path
tracking control. This was pointed out in the previous works [43-45,51,58].

The proposed robust and non-fragile LQR consistently maintained lateral offset within
about 0.02 m and overshoot below 1% under +20% parameter variations, outperforming
the baseline LQR. More importantly, the results demonstrate stable and uniform control
behavior across different actuator configurations and uncertainties, emphasizing that the
strength of this approach lies not in a specific algorithm or actuator setup but in its inherent
robustness and non-fragility. This consistency highlights a practical balance between
controller simplicity and reliability under diverse conditions.

Although this study focuses on the double lane-change maneuver, the proposed
framework can be extended to other conditions, such as varying road friction, actuator
degradation, or external disturbances. These cases are expected to be handled effectively
by the LMI-based robust formulation and will be investigated in future work.

5. Conclusions

This study presented the design and evaluation of robust non-fragile path tracking
controllers for autonomous vehicles. Parameter variations such as vehicle speed and tire
cornering stiffness were explicitly addressed using an LMI-based robust control formu-
lation, while controller fragility due to gain perturbations was mitigated within an LQR
framework. A CarSim-based double lane-change simulation was performed to assess
multiple actuator configurations, including FS, RS, 4IB, and 4ID.

The results show that the proposed robust and non-fragile controllers achieve path
tracking performance comparable to the baseline LOR under nominal conditions while
providing additional safety margins against parameter and gain uncertainties. Differences
among actuator configurations were relatively small; however, RS without additional yaw-
moment actuators (41B or 4ID) increased side slip, indicating that actuator effectiveness is
context-dependent and requires careful integration in real implementations. These findings
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demonstrate that controller fragility—an often overlooked issue in vehicle control—can be
explicitly modeled and suppressed within an LMI-based LQR framework.

In practice, a simple LQR is sufficient when vehicle parameters remain close to nominal
and the tracking metrics are met without retuning. A robust or non-fragile LQR becomes
necessary when large parameter variations or gain perturbations threaten stability or
consistency. While the robust non-fragile design offers the greatest safety margin, it also
introduces higher computational and tuning complexity, emphasizing the trade-off between
robustness and simplicity in controller selection.

Future work will extend this framework toward predictive control integration (e.g.,
MPC with LMI constraints), reinforcement learning-based adaptation under high uncer-
tainty [61], and hardware-in-the-loop or real-vehicle experiments. Further studies will also
address actuator saturation, sensor faults, and delay compensation to ensure real-time
feasibility and enhance the controller’s robustness in diverse driving environments.
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Appendix A

The tuning parameters, i.e., ky and the maximum allowable values ¢; in J’s, for LQR,
LMILR, LMILNE and LMILRNF are given in this appendix. In these tables, MAV is the
maximum allowable value.

Table Al. The set of tuning parameters for LQR designed with the nominal parameters.

Corl?l(;illrla;t(;:)ns ky The Vector of MAVs, &;

CONFIG-1 FS 0.186 [0.150 0.02 0.10 0.20 0.03]
CONFIG-2 4S 0.182 [0.140 0.02 0.10 0.20 0.03 0.003]
+ RS 0.201 [0.120 0.02 0.10 0.50 0.03 2000.0]
+ RS +4ID 0.201 [0.120 0.02 0.10 0.50 0.03 2000.0]
+ RS +4IB 0.201 [0.120 0.02 0.10 0.50 0.03 2000.0]

CONFIG-3

ES + RS + 41IB + 41D 0.198 [0.120 0.02 0.10 0.50 0.03 2000.0]
+ 41D 0.214 [0.100 0.02 0.10 0.50 0.03 2000.0]
+ 41B 0.203 [0.100 0.02 0.10 0.50 0.03 2000.0]

+ 41B + 41D 0.202 [0.100 0.02 0.10 0.50 0.03 2000.0]
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Table A2. The set of tuning parameters for LMLR designed with the nominal parameters.

Coi(lfill::gl(;ns ko The Vector of MAVs, ¢;

CONFIG-1 FS 0.187 [0.130 0.10 0.10 0.20 0.03]
CONFIG-2 4S 0.177 [0.140 0.05 0.50 0.10 0.03 0.004]
+ RS 0.201 [0.100 0.05 0.10 0.10 0.03 2000.0]
+ RS +4ID 0.203 [0.096 0.05 0.10 0.10 0.03 2000.0]
+ RS + 4IB 0.206 [0.1100.05 0.10 0.10 0.03 2000.0]

CONFIG-3

FS + RS + 4IB + 41D 0.206 [0.110 0.05 0.10 0.10 0.03 2000.0]
+4ID 0.195 [0.074 0.02 0.10 0.10 0.03 2000.0]
+ 41B 0.197 [0.082 0.05 0.10 0.10 0.03 2000.0]
+ 41IB + 41D 0.198 [0.079 0.05 0.10 0.10 0.03 2000.0]

Table A3. The set of tuning parameters for LMLNF designed with the nominal parameters.

Coi(l;tﬁ:’?il(‘ms ko The Vector of MAVs, ¢;

CONFIG-1 FS 0.180 [0.140 0.02 0.10 0.20 0.03]
CONFIG-2 4S 0.153 [0.100 0.02 0.10 0.20 0.03 0.003]
+ RS 0.180 [0.160 0.02 0.10 0.50 0.03 2000.0]
+ RS +4ID 0.182 [0.170 0.02 0.10 0.50 0.03 2000.0]
+ RS + 41B 0.170 [0.120 0.02 0.10 0.50 0.03 2000.0]

CONFIG-3

FS + RS + 4IB + 41D 0.179 [0.170 0.02 0.10 0.50 0.03 2000.0]
+4ID 0.196 [0.140 0.02 0.10 0.50 0.03 2000.0]
+ 41B 0.181 [0.140 0.02 0.10 0.50 0.03 2000.0]
+ 41IB + 41D 0.181 [0.140 0.02 0.10 0.50 0.03 2000.0]

Table A4. The set of tuning parameters for LML.RNF designed with the nominal parameters.

Actuator

Combinations ky The Vector of MAVs, ¢;

CONFIG-1 FS 0.186 [0.130 0.10 0.10 0.20 0.03]
CONFIG-2 4S 0.174 [0.150 0.05 0.50 0.10 0.03 0.004]
+ RS 0.118 [0.100 0.10 0.01 0.05 0.05 600.0]
+ RS +4ID 0.102 [0.160 0.05 0.10 0.10 0.05 800.0]
+ RS +4IB 0.088 [0.160 0.05 0.10 0.10 0.05 500.0]

CONFIG-3

ES + RS + 4IB + 41D 0.093 [0.160 0.05 0.10 0.10 0.05 600.0]
+4ID 0.128 [0.160 0.10 0.01 0.05 0.02 300.0]
+ 41B 0.113 [0.160 0.10 0.01 0.05 0.03 300.0]

+ 41B + 41D 0.124 [0.160 0.10 0.01 0.05 0.03 300.0]
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