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Abstract: This paper presents a non-linear model predictive control approach for offset-free tracking
and the rejection of piece-wise constant disturbances. The approach involves augmenting the
system’s state vector with the integral of the tracking error, enabling the design of a non-linear
model predictive controller for this augmented system. Nominal closed-loop stability is enforced
thanks to a terminal equality constraint and proven by a Lyapunov argument. Compared to the
existing offset-free approaches in the literature, our method offers greater simplicity, as it does
not rely on linear approximations of the system to control. Furthermore, it eliminates the need to
estimate disturbances, a task that is especially challenging with non-linear systems. Comprehensive
simulations and experimental tests are conducted according to a non-linear, coupled, two-tank
laboratory experiment, demonstrating the robustness and effectiveness of the proposed approach.

Keywords: non-linear model predictive control; optimal control; integral control; real-time control;
water tank process

1. Introduction

Model predictive control (MPC) is a class of algorithms that use a model of the system
to be controlled (the so-called prediction model) from which an optimal control sequence is
obtained by solving a constrained optimisation problem at each sampling instant. In the
literature on MPC, offset-free tracking for piece-wise constant set-points is traditionally
solved by augmenting the system dynamics with a disturbance model, see, e.g., [1–3].
An observer is then required to estimate the states of the augmented system. This approach
is extended in [4] to tackle the case of non-linear systems where sufficient conditions for
the feasibility of the optimisation problem and the stability of the closed-loop are provided.

Recently, researchers proposed an offset-free MPC design for non-linear systems using
the Koopman approach in [5–7]. They used Koopman operator theory to create a globally
linear prediction model capturing the system’s non-linear dynamics. This model was then
enhanced with a disturbance model to enable offset-free tracking in the presence of model
mismatch. However, one challenge with these approaches is that they all require the design
of observers, which can be complex, especially for non-linear systems.

In [8], a control strategy consisting of a feedforward linear model predictive controller
and a proportional integral feedback controller is proposed. The model predictive con-
troller provides reference signals which are tracked by the proportional integral controller.
The proposed approach ensures the robustness of the tracking and the rejection of unmea-
sured but constant disturbances. More recently, ref. [9] introduced the concept of feasible
trajectories to deal with piece-wise constant set-point tracking for non-linear systems.

An alternative to observer-based approaches to offset-free tracking is to use integral
control. Refs. [10,11] present integral model predictive controllers for linear systems where
offset-free tracking is automatically guaranteed thanks to integral action. While these
approaches use linearised models in the controller design, their performance may be
unsatisfactory when the system state is far from the equilibrium point, especially for highly
non-linear systems.
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This paper extends the ideas introduced in [10,11] to non-linear systems. Offset-free
tracking and the rejection of unknown but constant disturbances are achieved by augment-
ing the non-linear system dynamics with integrators. Thanks to integral action, the pro-
posed approach efficiently and automatically handles steady-state offsets, which are caused
by the model’s uncertainties and/or disturbances acting on the system. The non-linear
model predictive control problem is efficiently solved by the freely available GRAMPC
model predictive control solver developed for Matlab [12], which combines an augmented
Lagrangian method with a projected gradient algorithm. Nominal closed-loop stability is
met by imposing a terminal equality constraint, and a proof of stability based on a Lya-
punov function is provided. The proposed integral MPC offers several advantages. First,
it does not require an observer if the system states are available for measurement, which
simplifies this approach compared to using disturbance models. Second, the performance
can be guaranteed for highly non-linear systems thanks to the non-linear prediction model,
which outperforms linear integral MPC.

The model predictive control strategy in this paper is successfully applied to a non-
linear, coupled, two-tank water process system. Extensive simulations show the robustness
of tracking despite process uncertainties and the application of external disturbances.
The non-linear model predictive feedback controller is then validated experimentally and
compared to a proportional integral feedback controller. The experimental results show
that non-linear MPC with integral action outperforms the proportional integral controller
in terms of tracking.

This paper is structured as follows: Section 2 introduces the non-linear model pre-
dictive control formulation with integral action. Section 3 presents an example to show
the effectiveness of the presented controller both in simulations and for a physical system.
Some conclusions are given in Section 4.

2. Integral Model Predictive Control

Offset-free tracking for non-linear systems can be achieved with integral action, see,
e.g., [13]. The objective of this section is to show how to use integral action to design an
offset-free model predictive feedback controller for a non-linear system described by a
continuous state-space model.

2.1. Problem Formulation

The plant to control is described by a continuous-time, non-linear state-space model:

dx
dt

= f (x, u) (1)

y = g(x, u) (2)

with state x ∈ Rn, control input u ∈ Rm, and output y ∈ Rp. The functions f (x, u) and
g(x, u) are assumed to be continuously differentiable in the domain X × U where X and
U are convex and compact subsets of Rn and Rm, respectively. We will assume that the
state vector x and the output y are both available for feedback. Let r in Rp be a constant
set-point, and the control objective is to design a feedback controller such that

y(t) → r as t → ∞. (3)

This tracking problem is achieved by stabilising the system at an equilibrium point
(xss, uss) in X × U such that

0 = f (xss, uss) (4)

0 = g(xss, uss)− r (5)

which we will assume is unique. To make the system output track the desired set-point, r,
let us define the tracking error as e(t) = y(t)− r(t) and the new state as σ̇ = e.
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The original tracking problem consists of stabilising the non-linear system augmented
with the integrator state σ:

dx
dt

= f (x, u) (6)

dσ

dt
= e = g(x, u)− r (7)

In compact form,

dξ

dt
= fa(ξ, u, r) (8)

where ξT = [xT , σT ]. The feedback controller is thus designed to ensure the closed-loop
stability of (8), which, in turn, guarantees, in a steady state, x = xss, u = uss and e = 0, that
is, offset-free tracking.

There are many possibilities for designing a stabilising feedback controller for the
non-linear system (8). Depending on the system’s structural properties, the design can
follow Linearisation, Differential Geometric Approaches, Input–Output Linearisation or
Backstepping, to cite a few approaches: see, e.g., [13,14]. In this paper, we adopted a
non-linear model predictive control approach. Model predictive control is an appealing
control technique which offers flexibility and a generic formulation which permits a variety
of physical constraints to be incorporated into the control problem. Another advantage is
that a number of customised and efficient numerical solvers are available nowadays for
solving non-linear model predictive control problems.

The non-linear model predictive control problem stabilisation of (8) is formulated in
continuous time as

min
U

J(U; ξk; rk) =
∫ T

0
l(ξ(τ), u(τ)) dτ (9a)

s.t. ξ̇(τ) = fa(ξ(τ), u(τ), r), ξ(0) = ξk, r = rk (9b)

ξ(τ) ∈ Ξ, u(τ) ∈ U (9c)

ξ(T)− ξss = 0 (9d)

where T is the prediction horizon, U is the optimal control input sequence computed over
the horizon [0, T], Ξ is the augmented state vector set, ξk and rk are, respectively, the state
and the set-point vectors measured at instant kTs and Ts is the sampling period. The stage
cost l(ξ, u) is defined as

l(ξ, u) = (ξ − ξss)
TQ(ξ − ξss) + (u − uss)

T R(u − uss), (10)

where Q = QT ≥ 0 and R = RT > 0 are the weighting matrices, tuned for different
performance requirements; see, e.g., [15]. The proposed controller scheme is shown in
Figure 1.

+ -

Figure 1. Integral model predictive controller with system plant.
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2.2. Stability

The stability of a system controlled by a model predictive feedback controller can
be proven thanks to a Lyapunov function. Ref. [16] shows that nominal stability and
feasibility are achieved by choosing a terminal equality constraint appropriately. The ter-
minal equality constraint (9d) is introduced to transform the finite horizon problem into
an infinite equivalent horizon problem for which establishing closed-loop stability is easy.
This approach, which was developed for linear systems, can readily be extended to the
non-linear integral MPC of this paper.

The proof for nominal stability requires that a control input u ∈ U such that ξ ∈ Ξ
at each time instant. If this assumption holds and if the prediction and the plant models
are identical, then the closed-loop is asymptotically stable, with its state converging to the
desired equilibrium defined by set-point r. The proof can be found in Appendix A.

It is worth noting that model uncertainties affect the system’s equilibrium points,
but the presence of the integrator naturally forces the tracking error, e, to converge. Thus,
offset-free tracking in the steady state is guaranteed despite the presence of constant
disturbances and uncertainties affecting the system providing that closed-loop stability
is preserved.

2.3. Non-Linear Model Predictive Control Algorithm

Optimisation problem (9a)–(9d) can be solved efficiently with dedicated non-linear
quadratic programming solvers. We chose GRAMPC [12] for its C programming language
implementation, which provides computational efficiency, and for its simple interface with
Matlab and Simulink. GRAMPC uses an augmented Lagrangian method in which the
inequality constraints are converted into equality constraints. The optimisation problem is
then transformed into an unconstrained optimisation problem consisting of the original
cost function plus a quadratic penalty function term. This approach presents the advantage
of being able to deal with numerically ill-conditioned problems [12].

GRAMPC requires analytical expressions of the Jacobian matrices ∂ fa
∂ξ and ∂ fa

∂u . The gra-
dients of the cost, l(ξ, u), with respect to ξ and u also need to be passed to the solver. These
are given by

∂l
∂ξ

= 2(ξ − ξss)
TQ (11)

∂l
∂u

= 2(u − uss)
T R (12)

3. The Coupled Water Tank System

This section introduces the design of an integral non-linear model predictive feedback
controller for a coupled, non-linear water tank system. The integral model predictive
controller will be tested both in simulations and as part of a physical laboratory experiment.

3.1. The Water Tank Model

The water tank system in this paper consists of two interconnected tanks, shown in
Figure 2.

The dynamics of the coupled tank system are

dh1

dt
= − ac

A1

√
2g|h1 − h2|sgn(h1 − h2)−

a1

A1

√
2gh1 +

1
A1

w (13)

dh2

dt
=

ac

A2

√
2g|h1 − h2|sgn(h1 − h2)−

a2

A2

√
2gh2 +

1
A2

u (14)

where h1 and h2 are the water levels in Tank 1 and Tank 2, respectively. u is the input flow to
Tank 2 supplied by the pump, and w is the disturbance input. sgn denotes the sign function.
Ai and ai are the cross-sectional areas of the two tanks and of the two outlets, i = 1, 2. Water
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flows into the tank of the lowest level through the connecting pipe of cross-sectional area
ac. The aim of the control system is to control the water level of Tank 1.

Figure 2. The coupled tank system.

3.2. Parameters and Uncertainties

The plant parameters are those of a laboratory experiment developed at the University
of Leicester, shown in Figure 3.

Figure 3. The coupled tank experiment.

The system’s parameters are determined experimentally and expressed as

ac = ao
c(1 + δ1wac)

A1 = Ao
1(1 + δ2wA), A2 = Ao

2(1 + δ3wA)

a1 = ao
1(1 + δ4wa1), a2 = ao

2(1 + δ5wa2)

where ao
c , Ao

1, Ao
2, ao

1, and ao
2 are the measured parameter values, and wac , wA, wa1, and wa2

are the parameter uncertainty weights, |δi| ≤ 1, i = 1, . . . , 5. This model takes into account
the irregularities in the tanks’ cross-sectional areas (as these vary with height) and pipe
leakages. We assume that the cross-sectional area uncertainties are 20% and the uncertainty
of the connecting pipe is 10%. The values of these parameters are given in Table 1.

Table 1. Coupled tank parameters.

Ao
1 , Ao

2 ao
1 ao

2 ao
c g wac wA wa1 wa2

[cm2] [cm2] [cm2] [cm2] [cm2] [cm2] [cm2] [cm2] [cm2]

150 0.45 0.87 0.85 981 0.1 0.2 0.2 0.2
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3.3. Constraints

The maximum capacity of the pump is 11 ℓ/min or 183.3 cm3/s. Thus, the control
input constraints are umin = 0 cm3/s and umax = 183.3 cm3/s, or 0 cm3/s ≤ u ≤ 183 cm3/s.
The water tank water levels are limited to 11 cm, i.e., hmin

1,2 ≤ h1,2 ≤ hmax
1,2 , where hmin

1,2 = 0 cm,
hmax

1,2 = 11 cm. The terminal equality constraint (9d) is forcing the final state to be equal
to the desired equilibrium state. This mechanism is used to ensure nominal stability (see,
e.g., [3]).

3.4. The Jacobian Matrix

The Jacobians of the state equation, for h1 ̸= h2, are given by

∂ fa

∂ξ
=


− ac

A1

√
g

2|h1−h2|
− a1

A1

√
g

2h1

ac
A1

√
g

2|h1−h2|
0

ac
A2

√
g

2|h1−h2|
− ac

A2

√
g

2|h1−h2|
− a2

A2

√
g

2h2
0

1 0 0

, (15)

and

∂ fa

∂u
=

[
0 1

A2
0
]T

. (16)

Note that the Jacobian ∂ fa
∂ξ is not defined when h1 = 0 or h2 = 0 or h1 = h2. In practice,

the terms |h1 − h2| (resp., |h1| and/or |h2|) will be replaced by tol if |h1 − h2| < tol (resp.,
|h1| < tol and/or |h2| < tol) where tol = 0.01 is a small positive number.

3.5. Tuning and Simulation Results

The weighting matrices Q = diag(q1, q2, q3) and R are the tuning parameters that
determine the closed-loop performance. Increasing the input weighting R and the values of
q1 and q2 reduces overshoot and results in smoother but slower responses. A higher value
of q3 leads to faster tracking responses but may cause the responses to overshoot.

The prediction horizon, denoted as T, is a critical tuning parameter for model predic-
tive control (MPC), as it directly impacts the stability of the closed-loop system. A short
prediction horizon can lead to infeasibility or instability, while a too large prediction hori-
zon is undesirable due to the increased computational burden and potential numerical
instability. The selection of the prediction horizon T involves a process of trial and error
until satisfactory stability, robustness and performance are achieved.

A prediction horizon T of 50 s is used in (9a)–(9d). The system is discretised with the
sampling period Ts = 0.1s. The weighting matrices are chosen as Q = diag(200, 200, 3),
R = 2.

3.5.1. Simulation Results for the Nominal Plant

Figure 4 shows the responses corresponding to the nominal plant when a piece-wise
constant set-point is applied. One can see that the responses are well damped and that
offset-free tracking is achieved in the steady state. The responses corresponding to an
impulse, w, as it applies to Tank 1 are shown in Figure 5. One can see that the disturbed
state h1 returns rapidly to its initial value with no steady-state error.
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Figure 4. Tracking responses (left) and corresponding control action (right) with the non-linear model
predictive controller for the nominal model.
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Figure 5. Disturbance rejection responses and corresponding control action with the non-linear model
predictive controller for the nominal model in simulation.

3.5.2. Simulation Results for the Uncertain Plant

This section presents the responses for a family of 32 coupled tank systems corre-
sponding to uncertainties δi = ±1, i = 1, . . . , 5. Figure 6 shows the tracking responses for
the plant family obtained from the uncertain model. The responses are dispersed due to
the uncertainties. Despite this, the responses are well damped, and offset-free tracking is
achieved. This shows that integral action enables us to achieve steady-state tracking in the
presence of model uncertainties.

Figure 6. Responses of Tank 1 (left) and Tank 2 (right) for the non-linear plant family.
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3.6. Real-Time Application

This section details the real-time implementation of the non-linear model predictive
feedback controller from this paper. The main limitation of implementing the proposed con-
trol scheme on hardware is that the non-linear programming solver based on GRAMPC can
be challenging to implement on low-cost microcontrollers due to memory limitations. We
chose to use an Arduino Mega 2560 as a communication interface between the PC running
Matlab and Simulink and the physical system, as illustrated in Figure 7. The Arduino’s
digital I/O ports are connected to the sensors and receive the system states from the analog
pins. The sensor readings are transmitted to the PC via a USB connection and captured in
Simulink using a dedicated block from the Instrument Control Toolbox. The control action
computed by GRAMPC is transmitted to the Arduino via the USB connection. The control
action is then converted by the Arduino into a PWM signal, which is then applied to the
pump DC motor amplifier. This setup allows for the full use of the computational power of
the PC despite the implementation being low-cost. The sampling time, Ts, is fixed and set
at 0.1 s.

GRAMPC ARDUINO
MEGA 2560

Sensors

Pumps
USB I/O

MATLAB/Simulink
Coupled-Tank System

liquid level

PWM

Figure 7. Hardware implementation.

3.6.1. Real-Time Results for Tracking and Disturbance Rejection

Figures 8 and 9 show the real-time responses and control corresponding to the track-
ing of a piece-wise constant set-point and a constant disturbance realised by applying a
40 cm3/s water flow into Tank 1 for 10 s. In both cases, the responses are fast, and offset-free
tracking of Tank 1 is achieved.
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Figure 8. Real-time tracking responses and corresponding control action with non-linear model
predictive controller.
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Figure 9. Real-time disturbance rejection and control action with non-linear MPC controller.

3.6.2. Comparison between NMPC and PID

This section compares the effectiveness of the proposed non-linear integral MPC with
that of a PID controller. PID controllers are the most commonly used controllers and are
usually designed and tuned by linearising around an equilibrium point. Figure 10 displays
the responses obtained by a PID controller with proportional, integral and derivative gains
kp = 13, ki = 0.2 and kd = 1.2. One can see that the responses with the PID controller are
generally slower than those of the MPC controller. The non-linear integral MPC feedback
controller works better than the PID controller because it takes advantage of the non-linear
model, while the PID controller can only perform well around the equilibrium based on
which it has been tuned.

0  100 200 300 400 500 600

time [s]

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

he
ig

ht
 [c

m
]

h
1

h
2

ref

0  100 200 300 400 500 600

time[s]

55

60

65

70

75

80

85

90

in
pu

t f
lo

w
[c

m
3
/s

ec
]

u

Figure 10. Real-time tracking responses and control action with a PID controller.

The root mean square (RMS) of the tracking error for Tank 1, erms, between instants t1
and t2 is defined as

erms =

√
1

t2 − t1

∫ t2

t1

(h1 − r)2dt. (17)

The RMS signals erms obtained with the PID and NMPC controllers for the set-points
shown in Figure 8 are shown in Table 2 and Figure 11. We can see that the MPC controller
generally performs better than the PID controller. As shown in Figure 10, the responses
obtained with the PID controller are less consistent than those of the NMPC controller, and
it takes longer for the PID controller to eliminate the steady-state error.
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Table 2. Real-time tracking performance comparison.

erms [cm]

Set-point 1 Set-point 2 Set-point 3
t1∼t2 0 s∼200 s 200 s∼400 s 400 s∼600 s

Non-linear MPC 0.0197 0.1399 0.3084
PID 0.0406 0.1731 0.2954

0  100 200 300 400 500 600

time [s]

0

0.05

0.1

0.15

0.2

e
rm

s [c
m

]

MPC
PID

Figure 11. The RMS signals for the MPC and PID controllers.

4. Conclusions

This paper presents a non-linear integral model predictive controller design for offset-
free tracking. The proposed controller design methodology is designed to work with
uncertain, non-linear, constrained systems, assuming that the nominal model and the
system’s Jacobian matrices are available to the designer. This approach is based on classical
control ideas which offer the advantages of not requiring observers when the system states
are available and simplicity over the approaches in the literature. The problem in this paper
is formulated as a continuous-time optimisation problem and solved using an augmented
Lagrangian gradient optimisation approach. It is shown that the resulting controller ensures
offset-free tracking in the presence of constant parametric uncertainties and piece-wise
constant disturbances that do not destroy the stability thanks to integral action. Analysis
of the closed-loop stability is based on a Lyapunov function. The proposed controller is
experimentally tested on a non-linear, multivariable, two-tank system.

One issue with the current approach is that the integrator state may be affected by
windup. Future work will focus on combining the non-linear integral MPC from this paper
with an anti-windup technique.
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Appendix A

A discretised version of system (8) is

ξ(t + 1) = f+0 (ξ(t), u(t), r). (A1)

Consider the optimisation problem at instants i and i + 1, and let z∗i = [u∗
i . . . u∗

i+Tp−1]
T be

the optimal control input sequence minimising at instant i:

V∗(ξi) = J(z∗i ; ξi; r) =
Tp−1

∑
τ=0

l(ξ(i + τ), u(i + τ)). (A2)

At i + 1, the control input sequence zi+1 = [u∗
i+1 . . . u∗

i+Tp−1 ũ]T is constructed.
The cost of zi+1 is then

V(ξi+1) = J(zi+1; ξi+1; r) = V∗(ξi)− l(ξi, u∗
i ) + l(ξ(i + Tp), ũ) (A3)

where

l(ξ(i + Tp), ũ) = 0, (A4)

l(ξi, u∗
i ) > 0 ∀ξi − ξss ̸= 0. (A5)

Since zi+1 is not the optimal control input sequence,

V∗(ξi+1) ≤ V(ξi+1) = V∗(ξi)− l(ξi, u∗
i ). (A6)

Therefore, V∗(ξ) is monotonically decreasing, i.e., (V∗(ξi+1)− V∗(ξi))/Ts < 0. V∗(ξ)
is then a Lyapunov function for the closed-loop, and the equilibrium set-point (ξss, uss) is
asymptotically stable.
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